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ABSTRACT

In large eddy simulation (LES), the mean-velocity distribution in wall turbulence depends strongly on the distribution of the ensemble-
averaged Reynolds (Re) shear stress, which consists of two parts: the resolved grid-scale (GS) and unresolved subgrid-scale (SGS) components.
As the grid resolution becomes coarser, the GS component decreases and thus the SGS component must increase to compensate for this. The
GS decrease is originally caused by filtering, through which the power spectrum is cut off mainly in the high-wavenumber region. Therefore,
the SGS model has been discussed mostly in terms of the energy transfer between the GS and SGS components. Recently, however, some
studies have found that the SGS-stress anisotropy directly influences instantaneous GS vortex motions. This also means that the SGS stress
may have a large effect on the ensemble-averaged GS Re stress because the instantaneous fluctuation of the SGS stress correlates with that of
the velocity gradient in the GS budget. In this study, we investigate in detail the effect of the SGS stress on predicting the resolved GS Re shear
stress through its budget. For this purpose, we perform a priori tests with highly resolved LES data of a plane channel flow. The knowledge
obtained is then confirmed by a posteriori tests for various grid resolutions and Reynolds numbers. It is found that the SGS-stress anisotropy
is very important for providing a reasonable trend of the GS Re shear stress, leading to more accurate prediction of the mean velocity for
coarse-grid resolutions.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5121528

I. INTRODUCTION as 7" = Tjj — T 0jj/3, where the SGS stress 7;; is originally expressed

Large eddy simulation (LES) has long been used to predict com-
plex turbulence in engineering applications. In LES, a flow variable
is decomposed into a directly resolved grid-scale (GS) component
and an unresolved subgrid-scale (SGS) component.

The canonical governing equations for incompressible turbu-
lence may be written as

ou; OUU; 1P 0

8t * axj :_;873“+87"C,i(21}5ij_1-ij ), (1)
@_0 S--—l an_,_an
6x,- v v 2 6xj 8xi ’

where ﬁ denotes a filtered value. The quantities p, P, U;, v, and
Sij are the density, filtered static pressure, filtered velocity, kinematic
viscosity, and strain-rate tensor, respectively. Note that 7;; is defined

as
Tij =TU]'—Uiﬁj. (2)

Therefore, P in Eq. (1) includes ptj,/3 in this study.

Because LES success requires accurate representation of the
SGS stress, a number of research groups' '~ have proposed several
SGS models for 7;;. Although these models have provided encour-
aging results, there remain several aspects to be further improved.
Among them, an important concern is the reduction of the pre-
dictive accuracy when an SGS model is applied to an engineer-
ing application using a coarse-grid resolution, particularly near
the wall.

Generally, a conventional linear eddy-viscosity model (EVM)
such as the Smagorinsky model' (SM) does not show the correct
principal direction of the real SGS stress. A dynamic Smagorinsky
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model (DSM) promises better performance (Refs. 2 and 3). How-
ever, the correct principal direction cannot be reproduced within
the framework of an EVM, although this model potentially provides
both the forward and backward scatters. This type of SGS model is
also known to cause numerical instability, owing to the effect of this
backward scatter.

Another approach, referred to as “implicit LES,” has shown
promise for practical LES. In general, this method does not explic-
itly introduce any SGS model. Instead of an SGS model, the dis-
sipative feature originally involved in the discretization scheme is
expected to suffice for properly extracting the kinetic energy from
the GS component. Although the implicit LES is becoming increas-
ingly popular in this research field," its performance depends
strongly on the dissipative feature originating from the discretiza-
tion scheme. Because this strategy focuses mainly on energy transfer,
it does not always account for the detailed dynamics of small-scale
turbulent structures. Therefore, it is difficult to discuss how each
implicit LES deals with the SGS-stress components in the calculation
process.

An alternative method for a physics-oriented improvement of
the predictive accuracy is the scale-similarity model, the most pop-
ular version of which is the model proposed by Bardina et al.’
This type of model provides much better alignment with the
real SGS stress tensor.” However, it is not always dissipative and
often suffers from numerical instability. The concept of a mixed
model'” " is worth noting as a remedy. The mixed model is a
combination of the scale-similarity model and a dissipative EVM
such as the SM. Although mixed SGS models provide encourag-
ing results, their computational stability for complex turbulence is
still unknown because the scale-similarity model originally involves
some backward-scattering effect. In fact, they have not been applied
much to practical engineering problems with complex geometries.

To overcome this difficulty, Abe'® recently proposed a new
anisotropy-resolving SGS model, where the SGS-stress expression
is constructed by combining an isotropic EVM with an extra
anisotropic term (EAT) that excludes a possible numerical insta-
bility from a scale-similarity model. This SGS model successfully
improved predictive accuracy, particularly with a coarse grid near
the wall, while maintaining computational stability. Although this
modeling concept has been successfully applied to several test
cases,’”"’ it is not yet clear how the anisotropic term works for
improving the predictive performance.

In LES, the mean-velocity distribution in wall turbulence
depends strongly on the distribution of the ensemble-averaged
Reynolds (Re) shear stress, which consists of both the GS and SGS
components. Generally, as the grid resolution becomes coarser,
the GS component decreases and thus the SGS component must
increase to compensate for the GS component. The GS decrease is
originally caused by filtering, through which the power spectrum
is considered to be cut off mainly in the high-wavenumber region.
Therefore, the SGS model has been discussed mostly in terms of the
energy transfer between the GS and SGS components. Our recent
studies,"*'” however, have found that an anisotropic SGS model
effectively enhances near-wall turbulent vortexes. This also means
that an SGS model may directly affect statistical values of the GS
flow field.

Considering Eq. (1) being ensemble-averaged, we obtain the
equation

scitation.org/journal/phf
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where ( ) denotes an ensemble -averaged quantity, a double prime
means its fluctuation (ie., u; = U; — (U,)), and <u," J"> is the
resolved GS Re stress. To study the GS behavior in more detail, we
consider the budget of (u;"uj’).

From Egs. (1) and (3), we obtain the transport equation of u;’,

and then, the transport equation of (u,(' u}') is obtained as follows:
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7,/ is the instantaneous fluctuation of 7;* defined as

©)

In Eq. (5), if
T,»j“” = 7" — (7;"). All terms except for &; and 5 on the right side
of Eq. (4) have the same definitions as generally known. Therefore,
the two terms &; and {j are newly added in the budget of the GS
Re stress in LES. Hereafter, we call &;; the “SGS-strain term” and (j;
the “SGS diffusion term.” It is clear that the instantaneous fluctua-
tions 1" and 7, are closely coupled in these terms, and thus, not
only (7;*) in Eq. (3) but also its fluctuation z;} " are very impor-
tant for accurately predicting the mean velocity through the (uf’u}')
budget.

Thus, in this study, we investigate in detail the effect of the
SGS stress on predicting the resolved GS Re stress through its
budget. Primary attention is paid to the budget of the GS Re

shear stress (u"v"), which is most important for predicting the

streamwise mean velocity (U) in a wall-shear flow. We perform
a priori tests using highly resolved LES data of a fully devel-
oped plane channel flow. By filtering the LES data, all terms in
the ( " ") budget are calculated for various coarse grid resolu-
tions. We then compare the predictions of conventional EVM-
type SGS models and an anisotropy-resolving SGS model with the
filtered data. Furthermore, the knowledge obtained is confirmed
by a posteriori tests for various grid resolutions and Reynolds
numbers.

Il. FLOW DATA USED FOR DETAILED INVESTIGATIONS

A. Test cases and computational conditions

In this study, we investigate the LES results for a plane chan-
nel flow that were originally obtained by Abe.”’ The computational
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TABLE I. Computational parameters for channel flow. The computational domain is fixed to 6.48 x 28 x 3.24 for all test cases.

Case Re; Model Grid type  Grid numbers Ax Ay Az Axt Ay AL At

C395A 395 SMM ' Finest 513x98 x 513 0.0125 1x10 >-0.05 0.00625 5  04-20 25 3x10°*
C395B 395 SMM Fine 257 x 98 x 257  0.025 1x107°-0.05 0.0125 10 0420 5 3x10°*
C395C 395 SMM Medium 129 x 98 x 129 0.05 1x107%-0.05 0.025 20 04-20 10 5x10*
C395D 395 SMM Coarse 65x98x65 0.1 1x1073-0.05 0.05 40 04-20 20 1x10°
C395E 395 SMM Coarsest 33x98x33 02 1x107%-0.05 0.1 80 04-20 40 1x10°
C395F 395 EVM Fine 257 x 98 x 257 0.025 1x107°-0.05 0.0125 10 04-20 5 3x107*
C395G 395 EVM Medium 129 x 98 x 129  0.05 1x107%-0.05 0.025 20 04-20 10 5x107*
C395H 395 EVM Coarse 65x98x65 0.1 1x107%-0.05 0.05 40 04-20 20 1x10°
C3951 395 EVM Coarsest 33x98x33 0.2 1x107%-0.05 0.1 80 04-20 40 1x10°
CIE3] 1000 SMM 65x 181 x65 0.1 3x10°%-0.03 0.05 100 03-30 50 3x10°*
CIE3K 1000 EVM 65x 181 x65 0.1 3x107%-0.03 0.05 100 03-30 50 3x10°*
C2E3L 2000 SMM 129 x 181 x 129  0.05 3x107%-0.03 0.025 100 0.6-60 50 2x107*
C2E3M 2000 EVM ... 129 x 181 x 129 0.05 3x1074-0.03 0.025 100 06-60 50 2x10°*
C3950 395 No SGS model Fine 257 x 98 x 257  0.025 1x107°-0.05 0.0125 10 0420 5 3x10°*
C395P 395 NoSGSmodel Medium 129 x98 x 129  0.05 1x107%-0.05 0.025 20 04-20 10 5x10*
C395Q 395 NoSGSmodel  Coarse 65x98x65 0.1 1x1073-0.05 0.05 40 04-20 20 1x10°
C395R 395 NoSGSmodel Coarsest 33x98x33 02 1x107%-0.05 0.1 80 04-20 40 1x10°

parameters are listed in Table I, where ( ); denotes a quantity in
the wall unit. In the table, the symbol “SMM” means an anisotropy-
resolving SGS model by Abe'® that is named the “stabilized mixed
model” (SMM hereafter), while “EVM” denotes its isotropic version.
Note that brief descriptions of these SGS models including the origin
of the name “SMM” will be given in Sec. II1.

The Reynolds number Re; for the basic test cases in Table I was
395, which corresponds to the direct numerical simulation (DNS) of
Moser et al.”' (Re; = u:0/v, where u;, is the friction velocity and §
is the half-channel height). Note that in addition to the test cases in
the work of Abe,”’ we added other cases with a much coarser grid
resolution (Ax" = 80, Az" = 40; referred to as the “coarsest” grid).
Furthermore, to make the role of the anisotropic term clearer, calcu-
lations with no SGS model were performed using the same grid res-
olutions as C395B, C395C, C395D, and C395E. We also performed
calculations at much higher Reynolds numbers (Re; = 1000, 2000)
with a coarse grid resolution (Ax" = 100, Az" = 50) similar to that of
the aforementioned coarsest grid in Table I. The obtained results are
compared with the corresponding DNS data by Lee and Moser.”
The cases of higher Re are expected to provide useful knowledge
on the model performance when applied to more practical high Re
turbulent flows.

The computational domain was fixed to 6.46 x 26 x 3.2§ in
the streamwise (x), wall-normal (y), and spanwise (z) directions,
respectively. As seen in Table I, we tested five types of grid nodes
for simulations at Re; = 395, among which the finest grid, 513 x
98 x 513 (C395A), was expected to provide highly resolved results
with quality sufficiently close to that of the DNS. Therefore, we treat
the C395A results as the true values for reference in the following
discussion. Other computational procedures including the bound-
ary clonditions and numerical schemes are described in the work of
Abe."

B. Fundamental features of simulation results

First, to confirm the basic performance of the SGS models
adopted, we compare the mean-velocity distributions for Re; = 395
with various grid resolutions in Fig. 1. In the figure, panels (a) and
(b) are the SMM and EVM results, respectively, and (c) shows the
results with no SGS model. Note that the results for C395A are also
included in Fig. 1(b) for reference.

For a more detailed discussion, the error in the prediction of
the skin friction coefficient C is investigated. The error in Cy is
defined as

T

Cr-C
Error (%) = fci = U+/Z’ (6)
PYs

where 7, and U, denote the mean wall-shear stress and the bulk-
mean velocity, respectively. The predicted Cy is compared with the
DNS data in Table II. Note that the bulk-mean velocity in the wall
unit Uj, is also compared in the table.

The SMM results in Fig. 1(a) agree well with those of the
DNS’' regardless of grid resolution. This can also be confirmed
quantitatively from the data in Table II. In contrast, the EVM
performance in Fig. 1(b) worsens as the grid resolution becomes
coarser, particularly for C395H and C395I. This decline in pre-
dictive accuracy typically occurs in conventional isotropic SGS
models.

On the other hand, it is a little surprising that the predictions
obtained with no SGS model are rather reasonable for fine- and
medium-grid resolutions compared with those from the EVM. Even
for C395Q with a coarse grid resolution, the prediction accuracy
is still sufficiently high. In general, a calculation using the spectral
method with an insufficient grid resolution often shows a down-
ward shift in the mean-velocity distribution compared with the DNS

Phys. Fluids 31, 105103 (2019); doi: 10.1063/1.5121528
Published under license by AIP Publishing

31,105103-3


https://scitation.org/journal/phf

Physics of Fluids

25

«==(395A, dx+=5, dz+=2.5
e==(395B, dx+=10, dz+=5
20 | e=(C395C, dx+=20, dz+=10

4 | =—C395D, dx+=40, dz+=20
——(C395E, dx+=80, dz+=40
15 F --.DNs
10
5
0
1 10 v+ 100 1000
(a)

25

==(395A, dx+=5, dz+=2.5
«==(395F, dx+=10, dz+=5
20 | «=(C395G, dx+=20, dz+=10

5 @==(C395H, dx+=40, dz+=20
==(395I, dx+=80, dz+=40
15 F —-.DNs
10
5
0 . .
1 10 v+ 100 1000
(b)
25
«=(3950, dx+=10, dz+=5
«=(395P, dx+=20, dz+=10
20
«==(395Q, dx+=40, dz+=20
+
2 e C395R, dx+=80, dz+=40
15 -=--DNS
10
5
0 . .
1 10 v+ 100 1000
(©

FIG. 1. Mean-velocity predictions for various grid resolutions: (a) SMM, (b) EVM,
(c) no SGS model. The finest-grid case (C395A) is included in (b) for reference.

data.”” In contrast, the present calculation adopts the second-order
central difference scheme,'®*" making the computational results dis-
sipative compared with the spectral method. Because these two fac-
tors work in opposite directions, it sometimes results in a reasonable

ARTICLE scitation.org/journal/phf

TABLE II. Comparison of the bulk-mean velocity U, and the friction coefficient C¢
with the DNS data”' for Re, = 395.

Case Model U, Error (%) Cr Error (%)
DNS* 17.55 6.50 x 10>

C395A SMM 17.70 090 638x107° —1.78
C395B SMM 17.61 037 645x10° —0.73
C395C SMM 17.58 021 647 x107°>  —0.42
C395D SMM 1724 —176 6.73x10° 3.61
C395E SMM 1737 —097 6.63x10° 1.97
C395F EVM 17.89 199 625x10° —3.86
C395G EVM 18.15 347 607x107° —6.6
C395H EVM 1970 1231 5.15x107° —20.72
C3951 EVM 21.13 2044 448 x 107> —31.07
C3950 No SGS model 17.58 022 647x10° —0.44
C395P NoSGSmodel 17.06 —2.78 6.87 x 107> 5.80
C395Q No SGS model 17.56 009 649x107° —0.18
C395R No SGSmodel 19.86 13.17 507 x10° —21.92

prediction of the mean velocity. This situation can be considered as
an implicit LES. However, for C395R with the coarsest grid resolu-
tion, the prediction accuracy with no SGS model rapidly worsens.
This is because the grid resolution is close to (or a little larger than)
the representative scale of turbulent vortex structures in the near-
wall region; thus, these structures cannot be properly captured by
the discretization scheme used in this study.

In contrast, the SMM provides reasonable predictions even
under such a severe condition of C395E, as seen in Fig. 1(a) and
Table II. This is a notable feature of the present anisotropic SGS
model. Our previous studies'®'” indicated that the SMM enhanced
near-wall vortex structures for coarser grid resolutions. This fact is
considered to be closely related to the improvement of the prediction
accuracy.

In general, LES depends strongly on the numerical scheme
as well as the SGS model adopted in each program code. There
are a number of combinations of the discretization scheme, SGS
model, and grid topology.”’ Calculations with no SGS model may
provide reasonable results as an implicit LES for moderate grid res-
olutions. In such cases, introduction of an isotropic SGS model is
likely to make the results more dissipative, leading to worse predic-
tions. However, the performance of such an implicit LES may rapidly
worsen as the grid resolution becomes close to the scale of represen-
tative vortex structures. Such a rapid decline in predictive accuracy is
undesirable for practical LES because engineering applications may
include a wide range of grid resolutions.

An important feature of the anisotropic term in the SMM is that
it yields strictly no energy transfer between the GS and SGS com-
ponents.'”"” This is the reason why the SMM provides more stable
computation compared with conventional scale-similarity models.
Considering the remarkable improvement of the prediction accu-
racy for the coarsest grid (C395E) without any energy transfer by
the EAT, an important role of an SGS model is to directly enhance
GS structures through the momentum equation in Eq. (1). In this
sense, a detailed investigation of the budget of the GS Re shear stress
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is very important for further development of practical LES including
coarse grid resolutions.

Figure 2 shows the Re shear stress predicted by the SMM.
The aforementioned feature in the mean-velocity predictions is

1
e==(395A, dx+=5, dz+=2.5
e==(395B, dx+=10, dz+=5
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FIG. 2. Total (GS + SGS), GS, and SGS Re shear stress for various grid resolutions
calculated by SMM: (a) Total (GS + SGS) Re shear stress, (b) resolved GS part,
(u''v'"), and (c) modeled SGS part, (712).

scitation.org/journal/phf

reasonably explained from Fig. 2(a), where the total (GS + SGS)
values predicted by the SMM show almost no grid dependency.
However, the balance between the GS and SGS parts changes accord-
ing to grid resolution. As the grid resolution becomes coarser,
the GS part decreases and the SGS part increases. Note that
Fig. 2(c) confirms again that the SGS model has almost no effect in
C395A.

Researchers have thought that the primary role of the SGS part
is to compensate for the decrease in the GS part according to the
grid resolution, as seen in Fig. 2(c). However, our previous stud-
ies'®"” found that the anisotropic part of the SMM directly enhanced
turbulent vortex structures. This also means that the GS compo-
nent is strongly affected by an SGS model. Therefore, an aim of this
study is to reveal how an SGS model directly affects prediction of the
ensemble-averaged GS Re stress in Fig. 2(b).

To understand the scale distribution of turbulence in the calcu-
lated flows, we compare the energy spectra of the streamwise velocity
at y* = 20 for various grid resolutions. Figures 3(a) and 3(b) show
the energy spectra obtained from the simulation results by the SMM
and EVM, respectively, while Figs. 3(c) and 3(d) show those of the
GS and SGS components, respectively, obtained from the finest-grid
data (C395A) using the top-hat filter. Note that the original energy
spectrum for C395A (red line) is also included in all panels of Fig. 3
for reference.

The SMM results in Fig. 3(a) show a trend similar to that of the
filtered values obtained from the finest-grid data in Fig. 3(c), while
the EVM energy spectra decay more rapidly for coarse grids. Treat-
ing the finest-grid results as the true values, we consider the spectra
in Fig. 3(c) calculated with the top-hat filter to be ideal distributions.
The SMM thus performs much better than the EVM, particularly for
coarse grids. We expect that the SMM has a capability of providing
reasonable energy spectra in wavenumber regions close to the filter
width used.

Another notable feature of Fig. 3(d) is that the SGS compo-
nent is significant even in the low-wavenumber region. It is gen-
erally known that the SGS component consists mainly of high-
wavenumber modes. In fact, the power spectrum in the high-
wavenumber region is mostly covered by the SGS component. How-
ever, although the SGS component is much smaller than the GS

one at a low wavenumber, its level is rather higher than at a high
wavenumber. Regarding this topic, a notable report was given by
Piomelli et al.”* that there is a significant difference in simulations
between the Gaussian filter and the sharp cutoff filter. It is well
known that the top-hat filter generally has a trend similar to that of
the Gaussian filter. Therefore, if we use the top-hat filter in LES, the
low-wavenumber range involved in the SGS component may affect
flow simulations.

lll. TURBULENCE MODELS TESTED IN THIS STUDY

We now briefly describe the SGS models investigated in this
study.

A. A priori test using the true SGS stress obtained
from finest-grid data

Knowing the correct model prediction is very useful for dis-
cussing model performance quantitatively. For this, we decomposed
the finest-grid data (C395A) into the GS and SGS components
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FIG. 3. Energy spectra of the streamwise velocity at y* = 20 for various grid resolutions: (a) SMM results, (b) EVM results, (c) a priori test (top-hat filter) of GS velocity using
C395A, and (d) a priori test (top-hat filter) of SGS velocity using C395A. The finest-grid case (C395A) is included in all figures for reference. The dashed-dotted line in (c) and

(d) denotes the filter width corresponding to the case in the same color.

through grid-filtering using the top-hat filtering operator. Note that,
according to Horiuti,” we applied the filtering operator in the homo-
geneous directions (the x- and z-directions). We selected four grid-
filter widths corresponding to the resolutions for the fine-, medium-,
coarse-, and coarsest-grid cases in Table I. In this study, we evalu-
ated the true values of the SGS stress using the original definition in
Eq. (2) (7truejj hereafter).

B. Conventional linear eddy-viscosity model

To compare the characteristics of conventional SGS frame-
works, two EVMs were tested: the SM' and the DSM.”” The canon-
ical form of a linear EVM is

7" = =2 vsas Sij, (7)
where vsgs is the SGS eddy viscosity. In the SM, vsgs is modeled,
+
VSGS = (CsfsA)z\/ 282, fs =1- eXp(—yZ), (8)

where §* = SijSij. In Eq. (8), Cs = 0.1 and A = 25 are generally used
constants. In contrast, vsgs in the DSM is

VsGS = CA? \/ﬁ, 9)

where the coefficient C is locally determined using the dynamic pro-
cedure proposed by Germano et al.” together with the least square
approximation of Lilly.”

C. Anisotropy-resolving SGS model

To learn more about SGS model effects in LES, we then investi-
gated an anisotropic SGS model originally proposed by Abe.'® This
model is constructed by combining an isotropic EVM with an EAT.
The SGS stress is modeled as

Tija = =2 vsGs Sij + 2 ksas bgAT = EVM;; + EATj;, (10)
where kggs is the SGS turbulence energy defined as ksgs = 74/2 in
this study. The anisotropy tensor bﬁAT in the EAT of Eq. (10) is
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modeled as
a
BEAT _ 7 — (-2v'Sy) s 7" — (-2v'Sy)
UooT - (—2vS) 37 7 ’
kk kk (11)
; T{jaSij ’ — = —_ =
AT o= (0-T)(T-T)

where T{ja = 7j;-1;03/3.In Eq. (11),v" is an equivalent eddy viscosity

obtained using an EVM-type linear approximation for 7;;/, which is
given by the scale-similarity model of Bardina et al.® Note that ()
denotes a test-filtered value. Further details of this SGS model are
given in the reference paper.'®

Considering that the EAT in Eq. (11) yields no undesirable
extra energy transfer between the GS and SGS components, we
expect this anisotropic SGS model to successfully predict the SGS-
stress anisotropy with no significant effect on computational sta-
bility. In this sense, this SGS model is regarded as a combination
of a linear EVM” and a scale-similarity model effectively modified
for stable computation, hence the name “stabilized mixed model”
(SMM).

To clarify the role of the EAT in the SMM, we also investigated
an isotropic EVM version consisting of only the first term on the
right side of Eq. (10). This isotropic version is referred to as “EVM”
described in Table I.

IV. RESULTS AND DISCUSSION
A. Budget of GS Reynolds stress

To validate the quality of our simulation with a sufficient grid
resolution, Fig. 4 compares the budget quantities of (u"v") for the
finest-grid data (C395A). Figure 4(a) compares the long-time aver-
aged data with those of the DNS,”" while Fig. 4(b) shows the results
obtained only from the plane-averaged data at an instantaneous time
step. The latter confirmation is important because we need to use
the reference data for comparison in the following a priori tests, for
which we have to produce filtered data for all budget terms using the
finest-grid data at an instantaneous time step. Because this plane-
averaging procedure has often been used for a priori tests in many
studies,”’ """ it is generally useful. However, the number of sam-
ple data used for a plane-averaged value is much lower than that
for a long-time averaged one. Therefore, to reveal how the num-
ber of sample data affects the analysis, we compare the distributions
obtained with these two procedures in Fig. 4(b).

As seen in Fig. 4(a), the simulation results show good agree-
ment with the DNS data for all budget quantities. This confirms
the basic quality of our LES with sufficient grid resolution. Also,
the plane-averaged data reasonably agree with the long-time aver-
aged data in Fig. 4(b). The plane-averaged data show no significant
discrepancy with the long-time averaged ones, although statistical
convergence is not perfect and some wavy profiles remain. Note that
we intentionally exclude the effects of the SGS stress from the plane-
averaged results. The fact that the balance is sufficiently maintained
only by the GS data confirms that the SGS stress has almost no effect
on the budget for the finest-grid case.

This validation means that we can successfully produce filtered
budget data for coarser grids, using the finest-grid data with filter-

mn_r

ing. We then calculate the budget of the GS Re shear stress, (u % ),
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FIG. 4. Budget of Re shear stress for the finest-grid case (C395A) (P.S.: pressure-
strain; T.-diff.: turbulent diffusion; P.-diff.; pressure diffusion; V.-diff.: viscous diffu-
sion; SGS-diff.: SGS diffusion; SGS-S.: SGS-strain): (a) comparison of long-time
averaged and DNS?' data and (b) comparison of plane-averaged and long-time
averaged data. All budget terms are normalized by the wall unit.

for the fine, medium, coarse, and coarsest grids in Table L. Figure 5
compares the results calculated from the filtered values with those
from the original finest-grid data. All budget terms tend to decrease
as the grid becomes coarser. Considering the results in Fig. 2, this
seems a natural consequence of the change in grid resolution. Thus
far, however, we have not known how the results should behave
when grid resolution decreases, so the present results including all
terms in Eq. (4) are very important for determining the perfor-
mance of an SGS model for coarse grids. We treat these filtered
data as the reference values to be reproduced for the correspond-
ing grid resolution. Henceforth, we call these reference values the
“true values” for convenience, although their quality is not always
perfect.

In this study, we focus especially on the SGS-strain term &, in
Eq. (4). We discuss how £}, behaves in the budget as the grid resolu-
tion decreases. We also study the pressure-strain term ¢ in Eq. (4)
because ¢1 is one of the main budget contributors. If we consider a
statistically steady-state plane channel flow taking i=1and j=2in
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FIG. 5. Budget of GS Re shear stress for various grid resolutions: (a) fine, (b)
medium, (c) coarse, and (d) coarsest. The finest grid results (C395A) are included

for reference.
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Eq. (5), ¢12 and &1, are expressed as
7 4 4
bra = (P(au . 8V)>
p\ 0y Ox

£ La” "’ ol o’ ol o'’
12 = —_— — + T —_—
®oox Y 9y Y 0z

" au” ” au” ” au”
+(Tyx W‘FT/V), 87}}+Tyz az)) (12)

As seen in Eq. (12), both ¢1, and &, involve instantaneous fluctua-
tion of the velocity gradient. Also, considering that p’’/p is originally
(p"/p)0» the formulations of ¢1 and &, are basically similar, and
thus, &1, is expected to work in conjunction with ¢15.

Figure 6 shows the distributions of ¢, and &;, as well as their
total (¢12 + &12) for the fine, medium, coarse, and coarsest grids. The
effect of &1, increases as the grid resolution becomes coarser. For
the coarsest-grid case in Fig. 6(d), &1 is significant near the wall at
around y+ = 20. As stated before, we regard these as the reference
distributions to be reproduced for the corresponding grid resolu-
tion. We next perform a priori tests for &1, with several SGS models
using the filtered data. We calculate &), in each SGS model and com-
pare the results with the reference data. The primary concern is how
well each SGS model works for reproducing the &;, distributions in
Fig. 6. We also investigate in detail the role of the EAT in predictive
accuracy of an SGS model.

B. Isotropic and anisotropic contributions of the true
SGS stress to the SGS-strain term

We further discuss the true values of £}, in Fig. 6. As mentioned
in Sec. 111, using the equivalent eddy viscosity to decompose an SGS-
stress tensor into the isotropic EVM and the remaining component
is very effective in investigating model performance because such
an EVM part has exactly the same amount of the energy transfer
between the GS and SGS parts at any point. Therefore, we introduce
this procedure to the true SGS stress obtained from the filtered data
as follows:

Ttrue Z‘ = EVMiye ij + EATrye ij = -2 Vg S‘] + EA Ty ij- (13)

In Eq. (13), vg is the equivalent eddy viscosity calculated using an

EVM-type linear approximation for the true SGS-stress tensor as

follows:

Ttrue Z‘ Sij
A

The residual is regarded as the anisotropic part of the true SGS stress
defined as

Ttrue ?js,-j = —2VES;Sij — VvE=— (14)

EATtue ij = Tirue 5 — (=2 VE Si). (15)

As found from Eq. (14), the isotropic part EVMrye jj using vg com-
pletely reproduces the energy transfer between the GS and SGS parts
including both the forward and backward scatters. We regard vg as
the ideal distribution of the SGS eddy viscosity (vsgs) to be repro-
duced by an SGS model. Therefore, investigating the performance of
EVMire jj should show us a basic potential of an isotropic EVM-type
SGS model for predicting &15.

By using EVMue 44 and EATtye ij» We decompose &1 into its
isotropic and anisotropic parts as follows:
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FIG. 6. Contribution of the SGS-strain term to the pressure-strain term for various
grid resolutions: (a) fine, (b) medium, (c) coarse, and (d) coarsest. The finest grid
results (C395A) are included for reference.
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br=EM+ f:?T, (16)
where
a r 8 "
M _(pymt &y pyml 2, 17)
Bxk 8xk
8 I/ 8 n
EAT _(gaT & L paT 2, (18)
axk axk

Figure 7 shows the results for &5 at various grid resolutions,
and Fig. 8 shows those for &5, Note that in these a priori tests,
the ¢y, distributions shown in green are the same for a fixed grid
resolution. The figure shows definite differences between the gm
and &5 distributions, particularly for the coarse and coarsest grids.

Surprisingly, EVMye 7 in Fig. 7 has little or no effect on the
&1, prediction. This may be a major problem for a linear EVM-
type SGS model. Because EVMye ij completely includes both the
forward and backward scatters, this shows that even perfectly repro-
ducing the energy transfer between the GS and SGS parts may not
improve the predictive accuracy of the (u"v") budget for coarse
grids.

In contrast, &5 in Fig. 8 yields distributions that correspond
fairly well to the true values. This means that most of &;, is actu-
ally generated by the anisotropic part of the SGS stress. It is noted
again that EATn. j; yields no energy transfer between the GS and
SGS components because this term is a residual after subtract-
ing an equivalent eddy-viscosity form from the original true SGS
stress [Eq. (15)]. Note that detailed investigation of each term in
Eq. (18) revealed a remarkable correlation between EAT»" and
ou’l dy. Because no such effect is seen in the other combinations,
this correlation is the main contributor to &15.

These investigations provide the following important infor-
mation. The difference between Figs. 7 and 8 shows that a linear
EVM approximation of the true SGS stress using vg cannot rea-
sonably predict &1, even if both the forward and backward scatters
are included in the SGS eddy viscosity. Furthermore, a strong cor-
relation between EAT»"" and Ou''/0y indicates that accurately pre-
dicting &, requires reproduction of the SGS-stress anisotropy. The
anisotropic part in Eq. (15) works well for this purpose, although
it provides neither forward nor backward scatter. The information
obtained here may lead to further improvement in predicting the GS
Re shear stress, resulting in more accurate mean-velocity predictions
for coarse grids.

C. A priori tests of several SGS models

To confirm the information obtained in Sec. I'V B, we perform
the same a priori tests using the SGS models described in Sec. I11.

The SM' and the DSM" have often been used in engineering
applications, so we study the performances of these two conven-
tional linear SGS models by using them in the next a priori tests.
Figure 9 shows the &}, distributions predicted by the SM, and Fig. 10
shows those by the DSM. Both the SM and the DSM have little or no
value for £},, resulting in a total (¢, + &12) different from that of the
true value.

Next, the anisotropic SGS model of Abe'® (SMM) is used
in these a priori tests. Note that its isotropic version (EVM) is
also tested for comparison. Figure 11 shows the &1, distributions
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FIG. 9. A priori test of SM using the filtered coarse-grid values: (a) fine, (b) medium,
(c) coarse, and (d) coarsest.

FIG. 10. A priori test of DSM using the filtered coarse-grid values: (a) fine, (b)
medium, (c) coarse, and (d) coarsest.
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FIG. 11. A priori test of EVM using the filtered coarse-grid values: (a) fine, (b)
medium, (c) coarse, and (d) coarsest.

FIG. 12. A priori test of SMM using the filtered coarse-grid values: () fine, (b)
medium, (c) coarse, and (d) coarsest.
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predicted by the EVM, and Fig. 12 shows those by the SMM. In 02
the EVM results of Fig. 11, &1, has almost no value even if the grid
resolution becomes coarse. This is similar to what was found for
the results by other EVM-type SGS models. In contrast, the SMM
yields significant &1, distributions that show generally good agree-
ment with the true values, although there are still some discrepan-
cies. As a result, the total (¢12 + &12) from the SMM also shows much
better agreement with the true values than that of the EVM.

The information obtained here shows no disagreement with

Gain

Loss

that obtained from the true values in Sec. IV B. The EVM part o -P.-strain (Filtered) 5-5GS-strain (Filtered) - (P.+SGS)-strain (Filtered)
in an SGS model does not work properly for providing a reason- —p.-strain (Model) —SGS-strain (Model) ~ ==(P.+SGS)-strain (Model)
able &), distribution in the GS field, although it is necessary as a 02 ‘ ‘ ‘ ‘

part of the production term for ksgs in the SGS field. We therefore 0 20 0  vv 60 80 100
expect an anisotropy-resolving SGS model to improve the predic- . (@)

tive accuracy not only for the SGS part (7;) but also for the GS
part (u]'u') through its budget. A better prediction of both (7;)
and (u,{'uj') directly leads to an improved mean-velocity predic-
tion. This may be why the SMM shows relatively low grid depen-

dency compared with isotropic EVM-type SGS models, as shown
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e —
in Fig. 1.
D. A posteriori tests of the present anisotropic .
SGS model go1 |
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knowledge about how an SGS model should work for improving the 02 ‘ ‘ ‘ ‘
prediction accuracy for coarse-grid resolutions. The investigations 0 20 0 v+ 60 80 100
indicated that introducing an anisotropic term is very effective for (b)
0.2

further improvement of the LES performance. In a real calculation,
however, several factors may influence the computational results.
Therefore, in this section, we calculate the terms in the (#"'v') bud-
get using the results of a posteriori tests for various grid resolutions
at Re; = 395, as detailed in Table I. We then compare the predictions
with the filtered true data for the corresponding grid resolutions,
respectively.

Figure 13 shows the &1, distributions obtained from the results
of a posteriori tests by the EVM, and Fig. 14 shows those obtained
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by the SMM. It can be seen that &'12 has almost no Value in the --P.-strain (Filtered) -»-SGS-strain (Filtered) -0-(P.+SGS)-strain (Filtered)
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pressure-strain term considerably decreases in the real calculation as 0.2 : : : :
the grid resolution coarsens. It is considered that this decrease of the 0 20 0 yroos0 8 100
pressure-strain term in the real calculation results in the decline of 02 ©
the prediction accuracy for coarse-grid cases.

In contrast, Fig. 14 shows that the SMM returns definite &, dis-
tributions in the real calculations. For the fine- and medium-grid 01 -

Gain

cases, the &, distributions predicted by the SMM generally show
reasonable agreement with the results of a priori tests, although some
discrepancies are still seen in the medium-grid case. Concerning the )
coarse- and coarsest-grid cases, the SMM considerably overpredicts
in the region close to the wall surface (i.e., y* < 10). Although the

values of &1, predicted by the SMM are generally considered to con- o1 |
tribute to the improvement of the mean-velocity prediction, such an o Postrain (Filtered] - —+-SGS-strain (Filtered)  -{P.+SGS} strain (Fltered)
error in the real calculation should be reduced; thus, further detailed ~—P--strain (Model) —=SGS-strain (Model)  —(P.+5GS)-strain (Model)
investigation is necessary. 02 : : : :
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E. Higher Reynolds-number cases (d
Finally, we investigate the model performance for higher Re FIG. 13. A posteriori test of EVM: (a) fine, (b) medium, (c) coarse, and (d)
cases (Rer = 1000, 2000). Figure 15 shows the mean-velocity coarsest.
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FIG. 15. Mean-velocity predictions for higher Reynolds numbers: (a) SMM and
(b) EVM.

distributions obtained by the SMM and the EVM. Note that in the
figure, the results for C395E and C3951 are also included for refer-
ence because their grid resolution in the wall unit is similar to that
of the higher Re cases. The predicted Uy and Cy are compared with

the corresponding DNS data™ in Table IT1.

TABLE IlI. Comparison of the bulk-mean velocity U, and the friction coefficient C¢
with the DNS data?” for higher Re cases.

Case  Model Re; U,  Error (%) Cr Error (%)
DNS™ 1000 19.99 501 x 1073

ClE3] SMM 1000 19.15 —421 546x10°° 8.99
CIE3K EVM 1000 22.69 1352 3.88x10 ° —22.40
DNS™ 2000 21.80 421 x 1073

C2E3L  SMM 2000 21.06 —3.39 4.51x10° 7.15
C2E3M EVM 2000 2424 11.19 340x10 ° —19.11
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As shown in Fig. 15(b), the EVM provides considerable over-
predictions, where the results shift upward from the DNS data.
This is a well-known feature that was already seen in coarse grid
resolutions at Re; = 395.

==-DNS, Re_tau=395
==-DNS, Re_tau=1000

0.8 -=-DNS, Re_tau=2000
e==(C395E, dx+=80, dz+=40
e==(C1E3J, dx+=100, dz+=50

0.6
e==(C2E3L, dx+=100, dz+=50
b
3
\\
0.4
0.2
0 . . . .
0 0.2 0.4 y/6 0.6 0.8 1
(a)
1
[T ==-DNS, Re_tau=395
[PALTS -

- =-DNS, Re_tau=1000
2 -=-DNS, Re_tau=2000

——C395E, dx+=80, dz+=40
——C1E3J, dx+=100, dz+=50

0.8

0.6
H e==(C2E3L, dx+=100, dz+=50

E

o

0.4

0.2

0 .
0 0.2 04 y/6 06 0.8 1

(b)

1
ST ~=-DNS, Re_tau=395
1,=3
" Py -=-DNS, Re_tau=1000
b, T

08 i/ Ny -=-DNS, Re_tau=2000

n x,

" b ——C395E, dx+=80, dz+=40
—=C1E3J, dx+=100, dz+=50
—=—C2E3L, dx+=100, dz+=50

0 0.2 04 y/6 06 0.8 1
(©)

FIG. 16. Total (GS + SGS), GS, and SGS Re shear stress calculated by SMM for
higher Reynolds numbers: (a) total (GS + SGS) Re shear stress, (b) resolved GS
part, (u"'v"}), and (c) modeled SGS part, (z1,).
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In contrast, the trend of the SMM is clearly different from
that of the EVM. The SMM generally returns reasonable predic-
tions of the mean velocity for all Re cases, although slight under-
predictions are seen in the logarithmic region. In general, such an
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FIG. 17. A posteriori test of SMM for higher Reynolds numbers: (a) C395E, (b)
C1E3J, and (c) C2E3L. Because the filtered true values are not available for higher
Re cases (b) and (c), the original pressure-strain term corresponding to each test
case is included for comparison. The results in (a) for C395E are the same as

those in Fig. 14(d).
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improvement of the prediction accuracy indicates a reasonable pre-
diction of the mean-friction coefficient. This is quantitatively con-
firmed in Table I1I.

Figure 16 shows the Re shear stress predicted by the SMM.
The feature in the mean-velocity predictions is reasonably explained

0.2
-0-P.S. (DNS)
==P.S. (Present)
- «==SGS-S. (Present)
K] 01 I —(P.+5GS.)-S. (Present)
0 = —————
]
801
-0.2
0 20 40 y+ 60 80 100
(a)
0.2
--P.S. (DNS)
==P.S. (Present)
- «==SGS-S. (Present)
£ 01
g 0 ==(P.+5GS.)-S. (Present)
;»
() ——
2
801 f
-0.2
0 20 40 y+ 60 80 100
0.2
--P.S. (DNS)
==P.S. (Present)
< «==SGS-S. (Present)
= 0.1
g 0 ==(P.+5GS.)-S. (Present)
S ~— [
() ——
2
8-01
-0.2
0 20 40 y+ 60 80 100

(c)

FIG. 18. A posteriori test of EVM for higher Reynolds numbers: (a) C395I, (b)
C1E3K, and (c) C2E3M. The results in (a) for C395] are the same as those in
Fig. 13(d).
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from Fig. 16(a), where the total (GS + SGS) values predicted by the
SMM generally show good agreement with the corresponding DNS
data. As is similar to the cases at Re; = 395, the balance between the
GS and SGS parts changes according to the flow conditions.

To investigate how the (1”'v"") budget in the near-wall region is
affected by the Reynolds number, Fig. 17 compares the & distribu-
tions predicted by the SMM and Fig. 18 compares those by the EVM
for various Reynolds numbers. Note that the filtered true values are
not available for higher Re cases; thus, the original pressure-strain
term corresponding to each test case is included for reference.

Itis confirmed again that the EVM results of Fig. 18 have almost
no value of &1, even if the Reynolds number becomes higher. In con-
trast, the SMM yields significant &1, distributions for higher Re cases,
although the accuracy is still far from perfect. It is however interest-
ing that very similar trend is obtained in the &, distributions for
all Re cases. Therefore, the obtained feature is expected to be seen
not only in low Re flows but also in much higher Re flows. This also
indicates that even an improvement of the model performance in
the near-wall region at a low Re will make a contribution to further
development of higher Re practical LES.

V. CONCLUDING REMARKS

In this study, we investigated the effect of the anisotropic term
in an SGS model on predicting the resolved GS Re stress through
its budget. We performed a priori tests using highly resolved LES
data of a plane channel flow. We evaluated all budget terms of the
GS Re shear stress for various coarse grids by filtering the simulation
data for the finest grid. Among them, we focused on the contribu-
tion of a term closely related to the instantaneous fluctuation of the
SGS stress. We compared the results of some conventional EVM-
type SGS models and an anisotropy-resolving SGS model with the
true values obtained from the filtered data.

Research so far on the SGS contribution to mean-velocity pre-
diction has focused mainly on its ensemble average (71) appear-
ing in the mean-velocity equation [Eq. (3)]. In this study, however,
we have found that the instantaneous fluctuation of the SGS stress
coupled with that of the GS velocity gradient largely affects the dis-
tribution of the resolved GS Re shear stress (u"v") through &3 in
Eq. (4).

Because the (u"v") distribution is most important for pre-
dicting the mean velocity in a wall-shear flow, we carefully investi-
gated the effect of &1, on the (u”'v"") budget. We decomposed &1,
obtained from the filtered data into its isotropic and anisotropic
parts. Their comparison showed that most of the contribution was
given by the anisotropic part, while the isotropic part had little
effect on predicting &;,. Because other conventional isotropic SGS
models also showed little effect on its prediction, isotropic EVM-
type SGS models essentially cannot improve the distribution of
(u"v”). This may be why an anisotropy-resolving SGS model greatly
improves the mean-velocity prediction for coarse grids compared
with conventional isotropic SGS models.

Furthermore, to validate the results obtained from the a priori
tests, we performed a posteriori tests for various grid resolutions
and Reynolds numbers. The anisotropy-resolving SGS model gen-
erally provided reasonable mean-velocity predictions even for high
Reynolds numbers (Re; = 1000, 2000) with coarse grid resolution
(Ax" =100, Az" = 50). In contrast, the isotropic SGS model returned
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considerable overpredictions in the mean-velocity distributions. The
anisotropy-resolving SGS model showed a highly similar trend in the
(u"v") budget near the wall for all Re cases. Although there remain
some discrepancies to be further improved, this modeling concept
is expected to work effectively in the near-wall region for higher Re
practical LES.

Finally, we note the following as areas of future study. An
important factor to be considered in this study is the filtering opera-
tor. We used a top-hat filter to decompose the variables into GS and
SGS components. Generally, we understand that the SGS compo-
nent consists mainly of the high-wavenumber modes. However, the
SGS component obtained with the top-hat filter involves a signifi-
cant effect from the low-wavenumber region, although it also covers
most of the high-wavenumber region. This indicates that the sta-
tistical value of the SGS component may show a trend that derives
from the low-wavenumber region. This may be why the SGS-stress
anisotropy calculated using the top-hat filter is not isotropic but,
rather, similar to that of the GS Re stress, as found in our previous
studies.'”*

If we consider a wide range of engineering applications, we have
to adopt strategies, such as a generalized coordinate system, unstruc-
tured grid system, or building-cube method, to deal with complex
geometries. Under such difficult conditions, we cannot use the sharp
cutoff filter based on the spectral method and have to adopt the
top-hat or Gaussian filter, which can be directly applied to com-
plex geometries. Therefore, we must always consider the effect of
the low-wavenumber region in the SGS component. Regarding this
topic, Piomelli et al.”* suggested using a mixed SGS model com-
bined with the Gaussian filter. Because the top-hat filter generally
has a trend similar to the Gaussian filter, the information presently
obtained generally corresponds to that found by Piomelli et al.”!

Many mixed-type SGS models have been proposed so far.
Although they show greater potential than conventional EVM-type
SGS models, they have rarely been used in practical engineering
applications. The main reason for this may be the computational
instability in their application to turbulent flows with complex
geometries. However, the effective strategy'® proposed to overcome
this difficulty makes it possible to use anisotropy-resolving SGS
models practically. Improving LES performance for a wide range
of grid resolutions with complex geometries requires further study
on the effect of an SGS model on predicting the GS component.
The budget of the resolved GS Re stress is thought to be particularly
important.
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