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Abstract

We discuss nonparametric estimation of the linear multiplier in a trend coeffi-
cient in models governed by a stochastic differential equation driven by a fractional
Lévy process with small noise.
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1. Introduction

Statistical inference for fractional diffusion processes satisfying stochastic differen-
tial equations driven by a fractional Brownian motion (fBm) has been studied earlier
and a comprehensive survey of various methods is given in Mishura [9] and Prakasa Rao
[12]. There has been a recent interest to study similar problems for stochastic processes
driven by a-stable noises and by fractional Lévy processes.

Prakasa Rao [11] investigated minimum L;-norm estimation for fractional Ornstein-
Uhlenbeck type process driven by a fractional Brownian motion. Diop and Yode [3] stud-
ied minimum distance parameter estimation for Ornstein-Uhlenbeck processes driven by
a Lévy process. Parametric estimation for Ornstein-Uhlenbeck process driven by frac-
tional Lévy process is discussed in Shen et al. [16].

In modeling processes with possible long range dependence, it is possible that no
special functional form is available for modeling the trend a priori and it is necessary to
estimate the trend function based on the observed process over an interval. This prob-
lem of estimation is known as nonparametric function estimation in classical statistical
inference (cf. Prakasa Rao [10]).

Nonparametric estimation of the trend for stochastic differential equations driven
by fractional Brownian motion is investigated in Mishra and Prakasa Rao [8]. Following
techniques in Mishra and Prakasa Rao [8], Zhang et al. [17] studied a similar problem
when the driving force is a small a-stable noise. Nonparametric estimation of trend for
stochastic differential equations driven by a fractional Lévy process is investigated in
Prakasa Rao [13].
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2 B. Prakasa RAO

Our aim im this paper is to study nonparametric estimation of the linear multiplier
in the trend function when the process is governed by a stochastic differential equation
driven by a fractional Lévy process following the ideas of density function estimation
and regression function estimation in classical statistical inference. Several methods are
present for nonparametric function estimation as described in Prakasa Rao [10]. The
method of kernels is widely used for the estimation of a density function or a regression
function and it is known the properties of such an estimator do not depend on the
choice of the kernel in general but on the choice of the bandwidth. Properties of the
estimators of a density function and a regression function, using the method of kernels,
are described in Prakasa Rao [10]. Our aim is to propose a kernel type estimator for the
linear multiplier in the trend function and study its properties. We will show that the
kernel type estimator is uniformly consistent over a class of trend functions and obtain
the asymptotic distribution of the estimator in the presence of small noise. We will
also obtain the optimum rate of convergence of the kernel type estimators for the trend
function. Results derived in this paper will be useful when there is no information on
the functional form of the trend coefficient and the trend has to be estimated from the
observed path of the underlying process.

We define a fractional Lévy process (fLp) in Section 2 and describe its properties.
Section 3 contains a preliminary description of processes driven by a fLp with small
noise. Estimation of the trend function by the kernel method is suggested and results
on its rate of convergence is investigated in Section 4. Proofs of these results are given
in Section 5. An alternate estimator of the linear multiplier based on a modified or
a second stage sampling process via kernel method is described and its properties are
discussed in Section 6.

2. Fractional Lévy Process

We will now describe some properties of a fractional Lévy process (fLp) and prop-
erties of processes driven by a fractional Lévy process. A fractional Lévy process is
a generalization of the integral representation of fractional Brownian motion. For any
t € R, define t; = max(t,0) and {_ = max(—t,0).

Definition: (Marquardt [7]) Let {L1(t),t > 0} and {L2(t),t > 0} be two independent
copies of a one-sided zero mean Lévy process . Let L(t) = Li(¢),t > 0 and L(t) =
—La(—t_),t < 0. Further suppose that E([L(1)]?) < oo and the process {L(t),t € R}
has no Brownian component. For d € (0, %), define the stochastic process

7 ﬁ /jo [(t — 5)* — (~s)L]L(ds),t € R. (2.1)

This process is called a fractional Lévy process .

Suppose the process L; is a Lévy process with E[L1(1)] = 0 without Brownian com-
ponent. Further suppose that E[L;(1)]* < co. This in turn implies that E[L;(¢)]? < oo
since Var(Ly(t)) = tVar(Li(1) (cf. Sato [15], Example 25.12; Marquardt [7], Equation
(2.6)). The following two results are due to Marquardt [7].

Theorem 2.1: Let the function g € H where H is the completion of L'(R) N L?(R)
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- t to th 2 _ _E(LM) Ty
with respect to the norm ||g|| fR([gd)Z(u)du en

/ g(s)dLd = / (1) (u) L () (2.2)
R R

where the equality holds in the L?-sense and Ij denotes the Riemann-Liouville fractional

integral defined by .
@) = 575 | st - oan (2.3)

Theorem 2.1 gives a representation of the integral with respect to a fractional Lévy
process (fLp) as an integral with respect to a transformed function with respect to a
Lévy process. The next result gives a formula for the product moment of two integrals
with respect to fractional Lévy process.

Theorem 2.2: Let |f],|g| € H. Then

E( /R f(s)dLY) =0 (2.4)

and
£l [ seans [ i) = S0 EDD [ gt - sptas. 29

Bender et al. [1] presented a maximal inequality for a fractional Lévy process.

Theorem 2.3: Let {L¢ ¢t € R} be a fractional Lévy process. Then, for every p > 2
and § > 0 such that d + & < 1, there exists a constant C} 54 independent of the Lévy
process L such that for every T' > 1,

B( sup |L{|P) < Cps.aB(|L(1)P)TP+z+0), (2.6)
0<t<T

Remarks : It is known that a fractional Lévy process (fLp) is not a semimartingale in
general for a broad class of Lévy processes and hence it is not possible to extend the
notion of the Ito stochastic integral for stochastic integrals with respect to a fractional
Lévy process. However it is possible to extend the notion of a Wiener integral with
respect to a fLp when the integrand is a non-random function using the ideas from
fractional calculus. The covariance structure of fLp is almost the same as that of a
fractional Brownian motion. In fact,

E[L(1)%]

ov(Ly, L) 2I'(2d + 2)sin(m(d + 1))

Ht|2d+1 _ |t _ S\Zd—i—l + |S|2d+1]. (27>

Furthermore the increments of a fLp are stationary and exhibit long memory. Its sample
paths are Holder continuous of order 8 < d and the fLp is not self-similar. For details,
see Marquardt [7]. For additional properties of fractional Lévy processes, see Bender et
al. [2], Fink and Kluppelberg [5], and Engelke [4].
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3. Preliminaries

Let us consider the stochastic differential equation
dXy = 0(t) X; dt + e dL%, Xog = 20,0 <t < T (3.1)
where the linear multiplier 6(.) is an unknown function and the constant d is known with

0<d< % We assume that 7' > 1 hereafter. Suppose {z;,0 < ¢ < T} is the solution of
the differential equation

dz

e O(t)xy, 20,0 <t <T. (3.2)

We would like to estimate the trend 6(¢)x; based on the observation {X;,0 <t < T}.
(A1) We assume that the linear multiplier 6(.) is bounded by a constant L.

Lemma 3.1: Let X; and x; be the solutions of the equation (3.1) and (3.2) respectively.
Let 6 > 0 such that d+ 6 < % and T > 1. Then, with probability one,

(a)| Xy — x| < e sup |LY| (3.3)
0<s<t

and, for T > 1, there exists a constant Co 54 such that

(b) sup E|X; — z4|*> < CosaE[(L(1))2]e*ET 2T+ 5+0), (3.4)
0<t<T

Proof of (a) : Let uy = |X¢ — x¢|. Then

IN

» /0 10(0) (X, — )|dv + € | L] (3.5)

IN

¢
L/ updv + ¢ sup |L9|.
0

0<s<t
Applying the Gronwall’s lemma, it follows that

uy < e sup |LY el (3.6)
0<s<t

Proof of (b) : Let T'> 1. Applying Theorem 2.3, it follows that

sup B|X; — a2 < HTEE|( sup |LY))?] (3.7
0<t<T 0<s<T

Ci,5.4B[(L(1))?]e2"T T T+349),

IN



Nonparametric estimation of linear multiplier for fractional SDE with small noise 5

4. Main Results

Let ©¢(L) denote the class of all functions 6(.) with the same bound L. Let O (L)
denote the class of all functions 6(.) which are uniformly bounded by the same constant
L and which are k-times differentiable with respect to ¢ satisfying the condition

0@ (@) =0V (y)] < Life —yl,x,y € R

for some constant L; > 0. Here g(*) (x) denotes the k-th derivative of g(.) at z for k > 0.
If k = 0, we interpret ¢(©) as g.

Let G(u) be a bounded function with compact support [A, B] with A < 0 < B
satisfying the condition

(Ag) [¥ Glu)du = 1.
It is obvious that the following conditions are satisfied by the function G(.) :

(1) [7°|G(u)|*du < oo

oo
(i) [75 [T G (u) [P du < .
We define a kernel type estimator 6; of the function 0(t) by the relation
@Xt—l/TG<T_t) dx, (4.1)
e Jo Pe

where the normalizing function p. — 0 as ¢ — 0. Let Ep(.) denote the expectation
when the function 6(.) is the linear multiplier.

Theorem 4.1: Suppose that the linear multiplier 0(.) € ©¢(L) and the function ¢ — 0
and 29?1 — 0 as e — 0. Let T > 1. Suppose the conditions (Ay) — (As) hold. Then,
for any 0 < a < b < T, the estimator 0, is uniformly consistent, that is,

lim sup  sup Eg(|6:X; — 0(t)xze]?) = 0. (4.2)
“00()€b0(L) a<t<d

In addition to the conditions (A4;) and (Asz), suppose the following condition holds.
(A3) [T W G(u)du =0 for j=1,2,..k.
Theorem 4.2: Suppose that the function 0(.) € Or1(L) and the conditions (A1) — (As)
hold. Further suppose that p. = ¢ TF=2TFE | Then,
4(k+1)

limsup  sup sup Ep(|0, X, — 0(t)x4)?)e 72055 < o0, (4.3)
e—=0  0(.)€EOk4+1(L) a<lt<d

Theorem 4.3: Suppose that the function 6(.) € Opy1(L) for some k > 1 and the
1
conditions (Ay) — (As) hold. Further suppose that ¢, = €**>~ 2 Let J(t) = O(t)x.



6 B. Prakasa RAO

Then, as € — 0, the asymptotic distribution of

—kt) J(k+1)
Rt (0, X, — J(t) — N0 / G(u)u™ du)

has mean zero and variance

o’ = / / G(u)G(v)|u — v[**t dudv

and the asymptotic distribution is that of the family of random variables
_(d+ ) / G de

as € — 0.

5. Proofs of Theorems

Proof of Theorem 4.1 : From the inequality
(a+b+c)® < 3(a®+b*+c?),a,b,c €R,
it follows that
(5.1)

T J—
Eolli(t)a: — 0()a?] = Egné/o G(T%t> (O(1) X — 0(F),) dr

1 /T B T _
| (T t) o), dr — 0(t)ee + < | G (”) L))
Pe Jo Pe Pe Jo Pe

3E9[|i /OT G (T - t) (O(1) X~ — () )dr[?]

Pe

+aml - [ e (T otryer — oty

IN

€ Pe

T
\/ e (T )deP
0 Pe

= Il +Ig+]3 (Say).

62
+3?E9

€

By the boundedness condition on the function 6(.), the inequality (3.3) in Lemma 3.1
and the condition (Asg), and applying the Holder inequality, it follows that

e T—1 2
E/O ¢ ( e ) (O(7) X7 = 8(r)ar)dr

|60 01t + o) Xt = 00t + pet)is ) du

(5.2)

I

35,

2

3E,
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< 3(B-4) / |G(u)*L*E | X 10 — act_w,eu\Q du (by using the condition (4;))
< 3(B- A)/ IGw)|?> L2 sup  Eg|Xitpu — Tirpul du

—0 0<t+pu<T
< 3(B— A)L*Cy s 4E[(L(1))?]eET T2 35+9) / |G(u)|>du (by using (3.4))

— 00

which tends to zero as € — 0. For the term I3, by the boundedness condition on the
function 6(.), the condition (Az) and the Holder inequality, it follows that

1 (T t ?
_—

— G O(1T)z dr — 0(t)x

= e(T e (1)

3 ‘ [ O; Gu) (B0 + pe)iru — O(t)ar) du

(5.3)

I, = 3Eb

2

IN

38 - a2 | T G ) Pdu (by (As)).

The last term tends to zero as € — 0. We will now get an upper bound on the term I5.
Note that
(5.4)

2
I = 35E

2
T J—
[eCz
€ 0 Pe
I'(1 -2 — —
_ 36 ( d // (T t) (T S>|t—s|2d_1dsdt
pz  T(@T Pe
€2Q0?d+1 / / G _ ’U|2d_1dud’l]

for some positive constant C;. Theorem 4.1 is now proved by using the equations (5.1)
o (5.4).

IN

Proof of Theorem 4.2 : Let J(t) = 0(t)x;. By the Taylor’s formula, for any = € R,

b —z)i )k
)+ 300 o) - g0 @ L

for some z such that |z — | < |y — z|. Using this expansion, the equation (3.2) and the
condition (As) in the expression for I defined in the proof of Theorem 4.1, it follows
that
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2
Iy

3 { [ T Gw) (J(t + ) — I(1)) du
= 300 Gwdngin
([ G I9z0) = T ) )

for some z, such that |z — 24| < |Ti4p.u — 2| < Cleeul. Hence

[e%s) 2
L < 312 { / |G(u)uk+1|gpf+1(k!)_1du} (5.5)
< 3L%(B — A)(k!)"2p2(k+1) / G2 (u)u*+Y dy
S CQQOE(IC+1)

for some positive constant Cy. Combining the equations (5.2)- (5.5), we get that there
exists a positive constant C3 such that

sup Egl0i X, — 0(t)z]? < C(e? + p2+1) | 2,241,
a<t<b
4(k+1)

limsup  sup sup Fpl0(t)X; — 0(t)zy|*e 2233 < oo.
e—0 0(.)€@k+1(L) a<t<b

This completes the proof of Theorem 4.2.

Proof of Theorem 4.3: Let a = %2_’“%6!2“. Observe that 0 < a < 1. From (3.1), we
obtain that

0 X, — 9(2%) (5.6)
_ e*a[i/o e (T@: t) OF)X, — 0(r)a,) dr
LA e (T%t> (1) dr — O(t)a; + é OTG (Lf) dL?)

®e Jo
= U GO+ ) Xir s — 0+ )i )
[T G0 + pa)ris o~ 00)) du
T —
+< | @ (T t) dLd).

; 0 Pe
= Ri+Ry+ R3 (say)
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By the boundedness condition on the function (.) and part (a) of Lemma 3.1, it follows
that

Ry

IN

- / G(W) (Ot + ) Xrspu — Ot + et)Trsp.) dul (5.7)

< el / G| (Xt — Tespon)ldu

—0o0

o0
< LelTeo / G sup  |Ld, ., ldu.
oo 0<t+pcu<T

Applying the Markov’s inequality and Theorem 2.3, for any n > 0,

PR >0) < oy e [ (GIE s [Hude (63)
—o0 > PeUS
< eyl / G@)[Bol( sup  (Ld,o,)2)Y2du
—o0 0<t+p.u<lT ¢
-, — 1 o
< oyt Le T O [By(|L(1) ) V2T 3+ / G (u)|du.

and the last term tends to zero as € — 0. Let J; = 0(t)z;. By the Taylor’s formula, for
any t € [0,7],

k+1 ; k+1
_ o) (t—to)? (k+1) (k+1) (t — to)
Jy = Jy, + ; gy i oy ti—te) — Tt ]W

where 0 < v < 1 and ¢y € (0,7). Applying the Condition (A43) and the Taylor’s expan-
sion, it follows that

k+1 oo

Re = (300 Gl duel) (5.9)

k+1 00
e / Gluyur (52D, — T dul

<k+ 1)' oo t+ypeu
J(k+1) 0o
= (Ict—i— ol / G(u)u* 1 du
e 1 > k k
+pktle G / Guyu (T — T8 du.

Observing that 0(t) € ©;41(L), we obtain that

T .
L / Glup (I = 7 ) du (5.10)

1 e E k
< (k"'l)'/ |G(U)Uk+1(<]t(+:’y_;)eu*<]t( +1))|du

Loe %
< (k:—|—1)!/ |G (u)u*T2|du.
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Combining the equations given above, it follows that

Gy JHD oo
e =@t (0, X, — J(t) — M/ G(u)u+ du) (5.11)

:Op(la)+0(ak+2 10471

From the choice of ¢, and «, it follows that

(4l
el awzl ¢6(d+2)

and, by Theorem 2.2,

Varjps @t ’/ G(T@:t> dL? (5.12)

T T _
= gp;(zd“)/ / G<T S)G(T t) |t — 5|~ dsdt
o Jo Pe Pe
= //G(u)G(U)|u—v|2d_1dudv.
RJR

Applying the Slutsky’s theorem and the equations derived above, it can be checked that
the random variable

—(k+1)

k+1
k+2—(d+1) () o k+1
€ 2 (QtXt Jt ]{ n 1 G du)

has a limiting distribution as € — 0 as that of the family of random variables

@Z(”%)/ G(T )de
—0 Pe

as € — 0. This completes the proof of Theorem 4.3.

Remarks: Let Y = [,(I&)(u)dL(u). Following the results in Rajput and Rosinskii
[14] and Marquardt [7], it follows that the distribution of Y is infinitely divisible with
characteristic function

EleiY] = exp[/R /Rew U * 1 — g (14)(s) v(dw)ds] (5.13)

where v(.) is the Lévy measure corresponding to the process L. Furthermore E(Y) =0
and E(Y?) = E[L(1)*]] [ [(1&)(s)|* ds.
6. Alternate Estimator for the Multiplier 6(.)

Let ©,(L~) be a class of functions §(t) uniformly bounded by a known constant L
and k-times continuously differentiable for some integer k > 1 with the k-th derivative
satisfying the Holder condition of the order v € (0,1) :

05 (1) — 0P (s)| < Lyft — s, p = k + .
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Suppose the process {X;,0 < t < T} satisfies the stochastic differential equation given
by the equation (3.1) where the linear multiplier is an unknown function in the class
©,(L,) and further suppose that zy > 0 and is known. From the Lemma 3.1, it follows
that

| X; — x| <ee™ sup [LY|.
0<s<T

Let

and let A = Ar. Following the technique suggested in Kutoyants [6], p. 156, we define
another process Y with the differential

dY; = 0(t)I(Ay)dt + 2x5 ' e"TI(A;) dLE,0 <t < T.

We will now construct an alternate estimator of the linear multiplier 6(.) based on the
process Y over the interval [0, T]. Define the estimator

/ Gt—s
905

where the kernel function G(.) satisfies the conditions (A1) — (Az). Observe that

Elj(t) - 6(t)* = EolI(A 0(s) — 6(t))ds

FI(A)O(t) + I(A)— / G(t — %YougtelTaLdP?
Pe Jo Pe

3Ey|1(A) / G)[O(t + upe) — O(t)]dul® + 3]6(1) P[P (A°))?

IA

|E —1 LTde”

2

= Di+ D2 + Ds. say)

Applying the Taylor’s theorem and using the fact that the function 0(t) € ©,(L,), it
follows that

1 2 2p
Cl(k‘Jrl)'(pe /|G (uw)u’|du.

Note that, by Lemma 3.1,

c _ : 1 —LT
P(A°) = P(OglrtléTXt < 5%o¢ )
I _rr
< —
< P(0<ntl£ | X: — x| + <1nf T < S %o¢ )

Lo _rr
< — - —
< P(0<ntl£ | X: — x| < 5 L0e )
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1
< P(sup |X;— x| > —xpe LT)
0<t<T 2
1
< P(eel” sup |LY| > —xoe 1)
0<t<T 2
= P(sup |L¢ |> 20 _QLT)
0<t<T
To _ _
< gﬁzMUQE[wpuﬁﬂ
€ 0<t<T
ZTo _ _ 1
< (706 2LT) 2C2,5,dE(|L(1)2)T2(d+2+6)

2e

by Theorem 2.3 for some positive constant C5 5 4. The upper bound obtained above and
the fact that |0(s)] < L,0 < s < T leads an upper bound for the term Dy. We have used
the inequality

¢
Ty = o exp(/ (s)ds) > zge 11
0

in the computations given above. Applying Theorem 2.1, it follows that

EU()/TGU 52y Le T aLap]

< |/ c(E=2)arap)

- C’Var[/ G(“S

—_ 2d+1/ / *U|2d71dud’l}

for some positive constant C' which leads to an upper bound on the term Ds. Combining
the above estimates, it follows that

)dL{]

El6(t) = 0(t)]* < C102 + Cae* + Cae® 2!
for some positive constants C;,¢ = 1,2, 3. Choosing ¢, = e2pf§d+1, we obtain that
E|0(t) - 0(t)]® < Caem 251 4 Cye

for some posmve constants Cy and Cf. It easy to see that 0 < TH <4forp>2d—1
since 0 < d < 5. Hence we obtain the following result implying the uniform consistency

of the estimator 0(t) as an estimator of A(t) as € — 0.

Theorem 6.1: Let 6 € ©,(L) where p > 2. Let . = 2/2r=24+1)  Suppose the condi-
tions (A1) — (As) hold. Then, for any interval [a,b] C [0, T,

limsup sup  sup E|0(t) — 6(t)|2e’2p74#+1 < 0.
=0 0(.)€O, (L) a<t<b
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