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ABSTRACT. The figure below was drawn by S. Ushiki using his software HenonFEzplorer [Ul].
This complicated object is the Julia set of a complex Hénon map fes(z,y) = (22 + ¢ — by, z)
defined on C? together with its stable and unstable manifolds, hence it is a fractal set in the
real 4-dimensional space! The purpose of this paper is to survey some results, questions and
problems on the dynamics of polynomial diffeomorphisms of C? including complex Hénon maps
with an emphasis on the combinatorial and topological aspects of their Julia sets.

F1aure 1. The Phoenix [Ul]. It is interesting to contrast this figure with the
earlier picture (which looks like a phoenix) published in [U2].

Date: April 24, 2017. This manuscript was written for a special volume of the Arnold Mathematical Journal
on the occasion of the 25th anniversary of the Institute for Mathematical Sciences at Stony Brook University.
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1. DYNAMICS OF POLYNOMIAL MAPS IN ONE COMPLEX VARIABLE

Dynamics of complex Hénon maps or, more generally, polynomial diffeomorphisms of C?
has been a growing subject in the last 25 years'. The purpose of this survey paper is to discuss
some results, questions and problems on this subject with an emphasis on the combinatorial and
topological aspects of their Julia sets. We regret not to touch the ergodic properties of polynomial
diffeomorphisms of C? [BS¢3, BLS1, BLS2] and some of the recent remarkable progress such as
the structural stability [DL], the classification of Fatou components [LP], etc. For other related
topics, we recommend the survey papers [B1, B2, B3, S2].

In this section we present ten topics on the dynamics of polynomial maps in dimension one.
These topics are chosen to foreshadow the problems we will present in dimension two. For some
of them we restrict our attention to the quadratic family p.(z) = 22 + c¢. Most results in this
section are well-known except for the item (vi) below where we present a new construction of
automata called tight automata [IS2] which describe the combinatorics of Julia sets.

The basic terminologies and results which appear in this section can be found in [M2]. Below
we use the notations Ng = NU {0}, T=R/Z and A ={z € C: |z| < 1}.

(i) Connectivity of J,. Let p: C — C be a polynomial of degree d > 2. We call
K, ={z € C:{p"(2)}n>0 is bounded in C}
the filled Julia set of p and its boundary Jp = 0K, the Julia set of p. Let
Crit(p {z eC:p(2)= 0}
be the set of critical points of p. The follovvlng is classmal.
Theorem 1.1. The Julia set Jy, is connected iff Crit(p) C K.

As in Theorem 1.1 (and as we will see below), critical points play a dynamically important
role. However, polynomial diffeomorphisms of C? do not have critical points in the standard
sense. In Subsection 3.1 we will introduce the Green function and use it to define “dynamical
critical points” for such maps. To motivated it, let us first introduce the Green function for p:

) 1 "
Gp(z) = hm d—nlog+ Ip"(2)],

max{0,logt}. One can see that G, is continuous, subharmonic and satisfies
p(z) on C. It is harmonic on C\ K, and Gp(z) >01ffz€C\K Let

Crit(Gp) = {z € C\ K, : z is a critical points of G} .
Since z € Crit(G)) iff p*(2) € Crlt( ) \ K, for some k > 0, Theorem 1.1 yields
Corollary 1.2. The Julia set J, is connected iff Crit(Gp) = 0.

where log™t =
Gp(p(2)) =d- G

This statement will be rephrased in the context of polynomial diffeomorphisms of C? in
Subsection 3.1 (see Corollary 3.4) which is a theoretical basis for a computer algorithm to draw
the connectedness locus in the parameter space of the complex Hénon family.

(ii) External rays for J,. By Bottcher’s theorem there exists R > 0 so that
1
= | 7 an
pp(2) = lim (p"(2))7
defines a holomorphic map with ¢,(z)/z — 1 as |z| — oo (by choosing an appropriate d"-th

root) and satisfies ¢, (p(2)) = (¢p(2))? for |z| > R, which serves as the Bdéttcher coordinate of p
near co. We also have Gj(z) = log|¢,(2)| for |z| > R.

1 Almost the same age as the IMS at Stony Brook.
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Now assume that J, is connected. Then, (CU {oo}) \ K, is a simply connected domain in the
Riemann sphere. Therefore,

Theorem 1.3. If J, is connected, then the map ¢, extends to a conformal isomorphism:
0, : C\K, — C\ A
which satisfies (¢p(2))? = pp(p(2)).
Definition 1.4. We call R,(0) = {go;l(rezme) :1r > 1} the external ray of angle 6 € T for K.

An external ray R, (6) is said to land on a point z,(6) € J, if the limit point lim,|; ¢, (re?™)

exists and is equal to z,().

(iii) Expansion on J,. Recall the following notion.

Definition 1.5. We say that a polynomial map p is expanding on Jy, if there exist C > 0 and
X > 1 so that for any z € J, we have ||(p™)'(2)|| > CA™ (n > 0), where || - || is the norm with
respect to the spherical metric.

The next classical result provides a criterion for a polynomial p to be expanding.

Theorem 1.6. A polynomial map p is expanding on J,, iff p"(c) either converges to an attractive
cycle of p or tends to infinity for every c € Crit(p).

The proof is supplied by using the Poincaré metric defined in a neighborhood of Jj,.

(iv) Quotient of a circle. Assume that .J, is connected and p is expanding on .J,,. Then, R,(6)
is shown to land on a point z,(0) € J, for any § € T. This gives rise to a continuous surjection:
Py T 30— 2,(0) € Jp

which satisfies 1,(84(0)) = p(¥p(0)), where 64(0) = d - 0. For 0,0" € T, we write § ~py 0" iff
p(0) = 1p(0'). Then the quotient dynamics dq/~py : T/~py — T/~py is well-defined.

Theorem 1.7. Assume that J, is connected and p is expanding on J,. Then, the factor map
Up/~pn 2 T/ mpy = Jp 15 a topological conjugacy from 04/ ~py @ T/npy = T/npy top:Jp = Jp.

The equivalence relation ~py is well understood (see [D, T| and (v), (vi), (vii) and (ix) below).

(v) Hubbard trees. Hubbard trees in C have been originally defined by J. H. Hubbard in
Orsay Notes [DH] (see also [D]). Here we introduce Hubbard trees presented in [I2] which is given
in the framework of multivalued dynamical systems [IS1] (the original definition of a Hubbard
tree is a single space T defined below). Let us first recall some terminologies from [IS1].

A multivalued dynamical system is a quadruple (X, X':1x, f) where X? and X! are a pair
of spaces and tx, f : X' — XY is a pair of maps between them. Note that ¢y is not necessarily
injective. If vx is injective, then L)_(l o f is single-valued, and if ¢x is not injective, then L;(l ofis
multivalued. The standard construction of the pullbacks of spaces gives a sequence of multivalued
dynamical systems ¢y, f : X" — X" where X" is the space of orbits of length n:

X" ={(20,...,n-1) € (X")": far) = tx(Tps1) }-
This gives rise to the one-sided orbit space:
X = {(ar)rz0 € (XN 1 flax) = ex(wr41) }
and the two-sided orbit space:
XE° = {(zr)rez € (XN 1 flan) = tx(zpp1) }
as well as the shift maps f+>° : Xt — X and f*>°: X+ _ X+ regpectively.
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A classical dynamical system f : X — X can be interpreted as a multivalued dynamical
system by letting X° = X' = X and vx : X' — X© to be the identity map. In this case, X+
can be identified with the so-called natural extension of f : X — X. A polynomial-like map
f:U — V with U C V is regarded as a multivalued dynamical system by letting X° = V,
X! =U and 1y : U — V is the inclusion map (a similar idea has been introduced in [Ka] for
the study of renormalization of polynomial maps). When both X? and X! are finite sets, any
pair of maps tx, f : X' — XY can be interpreted as a finite directed graph; the vertex set is X
and we regard an element x € X' as an arrow from tx(z) € X" to f(z) € X". In this case, the
orbit space X+ (resp. XT°°) is a one-sided (resp. two-sided) subshift of finite type.

An important class of multivalued dynamical systems is

Definition 1.8. Let (X™,d™) (m = 0,1) be complete length spaces. A multivalued dynamical
system vy, f : X1 — X0 is called expanding if (i) f : X! — X© is a covering, and (ii) there exist
§ >0 and XA > 1 so that d°(f(z), f(2")) > X-d°(ex(x),tx(2")) holds whenever d*(z,x") < .

Now we formulate a Hubbard tree as a multivalued dynamical system after [I2] based on the
following notions [D]. Throughout this subsection we assume that any critical point of p is either
periodic or tends to infinity. Let A” be the set of superattractive periodic points of p and set
Al = p~1(AY). For each connected component U of int(K),) there is a unique a € U which is
eventually mapped to A°. Let xy : U — A be a Béttcher coordinate of U so that yy(a) = 0.
Since AU is locally connected, this extends to a homeomorphism g : U — A. An internal ray
in U is the inverse image of a ray in A by xy. An arc v C K, is called a legal arc if for any
connected component U of int(K},), the intersection y N U is contained in the union of two rays
in U. Then, any two points in K, is connected by a unique legal arc. The legal hull of a finite
subset of K, is the union of such legal arcs connecting any two points in the finite subset.

For m = 0,1, the vein H™ is defined as the legal hull of A™ in the filled Julia set K,. If a
point a € H™ belongs to A™, we replace a € H™ by a loop to obtain a tree decorated with loops
denoted by 7™. The polynomial map p naturally induces a map 7: 7+ — T up to homotopy.
One can also define a continuous map ¢ : 7+ — 7° up to homotopy which is the identity on
T and smashes each connected component of 7'\ 7° to a point in 7.

Definition 1.9. We call the multivalued dynamical system 7,7 : T — T the Hubbard tree.
Let 77 : T+ — T+ be the shift map on the one-sided orbit space of vy, 7: T+ — TO.

Theorem 1.10. Assume that all critical points of p are either periodic or tend to infinity. Then,
p: Jp — Jp is topologically conjugate to 77 : T+ — T o0,

A proof can be found in [I2] which uses the idea of homotopy shadowing developed in [IS1].

(vi) Tight automata. In his PhD thesis [Ol], Ricardo Oliva has given a recipe to construct
automata which describe the equivalence relation ~pg in Theorem 1.7 for some real quadratic
polynomials. This recipe was supported by a great deal of evidence but without a formal proof.
Following our forthcoming paper [IS2] we here construct an automaton called a tight automaton
for any expanding polynomial map and justify the argument of Oliva. In [IS2] we explain the
construction only for the quadratic case, but here we discuss a polynomial of arbitrary degree
d > 2. Throughout the item (vi) we assume that any critical point of p is either periodic or
tends to infinity. In particular, p is expanding on J,.

Remark 1.11. In [IS2] we will introduce a yet another version of Hubbard tree called a homotopy
Hubbard tree as a purely homotopical object. We will demonstrate that this notion not only
fits better to the construction of tight automata but also unifies several other combinatorial
descriptions of Julia sets such as Thurston’s lamination theory [T].
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N N |
K o ) |

FIiGURE 3. Tight paths in WY (left) and in W (right) for the Rabbit map [IS2].

Let VY be a neighborhood of K, which does not contain any critical points of p in C\ K, and
satisfies p~1(V9) € V0. Take a neighborhood U? of the set A° of superattractive periodic points
of p so that p(U%) c U°. Let W0 = VO\ U0 and W' = p~1(WP). This defines a multivalued
dynamical system tyy,p: W' — WO, where 11y is the inclusion.

Denote by z,(f) the landing point of the external ray R,(6). Let HO be the legal hull
of {2,(0)} U A% in K, and define 70 = #° U R,(0). Similarly, let 7! be the legal hull of
{2p(0), 2p(3), ..., (1) } U AL in K, and define TL=H'U Ry(0)UR, (LU UR,(4F). We
call the pair of spaces T = (7\'0, 7\'1) the extended Hubbard tree of p.

Choose a basepoint b € Ry,(3) and set {bg, b1 ...,bg_1} = p~1(b) so that by, € Rp(Qg—i;l).

Definition 1.12. A path in W° from b to itself which intersects 70 transversally at most once
is called a tight path in WO. A path in W' from a point in p~(b) to a point in p~1(b) which
intersects T' transversally at most once is called a tight path in W1,
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FIGURE 4. Directed segments for the Basilica map [IS2].

ST U {b, by} = Q

SOU {b} U3 Q

FIGURE 5. Directed segments for the Rabbit map [IS2].

See Figure 2 where the blue curves? represent the boundaries of W™, green curves represent
the segment part of 7™ and the red curves represent the tight paths in W™ (m = 0,1) for the
Basilica map. Figure 3 describes the corresponding objects for the Rabbit map.

2Please see the electronic version of this paper to distinguish the color of the curves in Figures 2 and 3.
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FIGURE 6. Tight automaton for the Basilica Julia set [IS2].
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Ficure 7. Tight automaton for the Rabbit Julia set [IS2].

The homotopy class of a path in W° from b to itself relative to endpoints is called a tight
homotopy class in W9 if it contains a tight path in W°. The homotopy class of a path in W
from a point in p~(b) to a point in p~!(b) relative to endpoints is called a tight homotopy class
in W if it contains a tight path in W1,

Now we construct a labeled directed graph as follows. Fix a family of paths ~; in W0\ 70
from b to b;. The vertex set consists of all tight homotopy classes in W9. The arrow set consists
of all tight homotopy classes in W'. When [y] is the tight homotopy class of a tight path ~y
from b; to b; in W1, one can check that both [p(v)] and [; - tw () -7;1] are tight in W0, where
- denotes the concatenation of two paths and 7! is the time reversal of . Therefore, such [v]
can be regarded as an arrow from its tail [y; -ty (7y) -'y;l] to its head [p(v)] and we label it as

(i,7) € X2, where X4 = {0,...,d — 1}. This gives a directed labeled graph denoted by QlT(g)
Definition 1.13. The directed labeled graph QLT(§) is called a tight automaton of T

Denote by EdNO = {epe1- -+ 1 g € ¥4} the space of all one-sided sequences over ¥; equipped
with the product topology. Let o : ZSIO — ESIO be the shift map given by o(gpe1--+) =169+ -.
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Let Ap = QlT(i) be the tight automaton of T. For ¢ = (En)neNg, € = (€))nen, € ESIO we
write € ~g,, € if there exists a sequence of successive arrows in 27 along which the sequence of
labelings is (en, &7, )nen,- This defines the factor o/, : sy ~ap sloy ~q,. Of the shift map.
The next result shows that the tight automaton describes the combinatorics of the Julia set.

Theorem 1.14 (Ishii-Smillie [IS2]). Let p be a polynomial of degree d > 2 and assume that
any critical point of p is either periodic or tends to infinity. Then, p : J, — J, is topologically
conjugate to 0 /wy, E?O/NQT — EdNO/NmT.

Next we explain a recipe a la Oliva [O]] to compute tight automata in terms of the extended
Hubbard tree alone. For z € 7™ (m = 0,1) the number of connected components of 7™\ {z} is
called the valency at z and denoted by v(z). A point z € T™ is said to be branching if v(z) > 3.
Let B™ be the set of branching points in 7™. The trunk T, of T' is the union of the legal hull
of {2,(0),..., zp(d%dl)} in K}, and R,(0)U--- U Rp(d%dl). Note that Ti; cuts W1 into d pieces.
Recipe for 2. Consider the following multivalued dynamical system:

v T U {bo, . bar} — TOU{b},
where ¢7 is the identity map on R,(0), tr(2) = b is the constant map on R,(3) U+ U R,(%51),
and LT(bk) = T(bk) =bfor k e Xy
(1) A connected component of 7™\ ({loops in T™}UB™) is called a segment in 7™. Denote
by S™ the set of segments in 7™. To each segment s € S we associate two directions
to obtain the two directed segments denoted by s™ and s~. Let S™ be the totality of
the directed segments in 7™. For two directed subsegments s and s’ in 7™, we write

s o s’ if s C s as subsets of 7™ and the orientations of s and s’ coincide.
(2) We let S*U{bo, ...,bg_1} be the arrow set and S°U{b} be the vertex set of the directed
graph as follows. Choose a € Sty {boy...,bg—1}.
e When both ¢7(a) and 7(a) are directed subsegments in 72, we draw an arrow from
v e S to v € 8% so that vp(a) o v and 7(a) v are satisfied.
e When 7 (a) is a point and 7(a) is a directed subsegment in 70, we draw an arrow
from b to v’ € S so that 7(a) o v/ is satisfied.
e When both ¢r(a) and 7(a) are points (this happens exactly when a = by, for some
k € ¥4), we draw an arrow from b to itself.
This give a new multivalued dynamical system:

vp, 72 SY U b, ... ba—r} — SO U {b}.
Note that there are 2(d — 1) arrows which represent the directed segments corresponding
to Rp(3), ... ,Rp(%) € St from b to the directed segments corresponding to R,(0) € S°.
(3) We label the arrows as follows to obtain an automaton 2.
e When a € S! is a subset of Tir, we label the arrow by (k, k'), where b (resp. byr)
belongs to the right-hand (resp. left-hand) component of W'\ Tg,.

e When a € S! is a subset of 77 \ Tir, we label the arrow by (k, k), where by, belongs
to the connected component of W'\ T, containing a.
e When a = by, we label the arrow by (k, k).

(end of recipe for Ag)
The directed segments for the Basilica map and the Rabbit map are presented in Figures 4

and 5 respectively. The tight automata for the Basilica map and the Rabbit map computed
through the recipe above are presented in Figures 6 and 7 respectively.
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Let M = max{v(z): z € T'}. We have
Theorem 1.15 (Ishii-Smillie [IS2]). Assume that M < 3. Then, A7 = Ag.

The above theorem applies to the real quadratic polynomials as well as the Rabbit map. In
particular, this justifies the observation of Oliva in [Ol]. A statement without the assumption
M < 3 requires an additional automaton 2y, and shows that the “join” g U2l is identical
to A7 (see [IS2] for more details). The proofs of the results in the item (vi) use the idea of
homotopy shadowing [IS1] and a “duality” between a directed segment and a tight path.

(vii) Iterated monodromy groups. In [Nel] Volomydir Nekrashevych has developed a group-
theoretic framework to describe the dynamics of branched partial self-covering, which led the
solution to the so-called twisted rabbit conjecture [BN]. Throughout the item (vii) we assume
that J, is connected and p is expanding on J,. Then, as in (vi) one can take a path-connected
neighborhood W9 of Jp so that vy, p - W1t — W0 is an expanding system, where W' = p~1(W?).

For the multivalued dynamical system 20 = (W° W1, p), one can define its pullbacks
ww,p: W™ — Wn1 g0 that the iterations Ly, P W — WY are well-defined. By the definition
of W™ we see that p : W — WY is a covering of degree d > 2. Fix a base-point b € W°. We
define T* = | [°°,p"(b) and draw an arrow from y € p~"1(b) to ¥ € p~"(b) whenever
p(y) = v'. The directed rooted d-regular tree obtained in this way is called the preimage tree
and denoted by 7. Since p : W' — W70 is a covering, the fundamental group 71 (W?, b) acts on
p~"(b) for each n > 0, hence on T'. Let the homomorphism ¢ : w1 (W?,b) — &(T) be the action
of m1(W?,b) on T. Following Nekrashevych [Nel, BGN] we define

Definition 1.16. We call
IMG(20) = m1 (W, ) /Ker()
the iterated monodromy group for the multivalued dynamical system 20 = (WO Wiy, p).

Let X7 be the set of words of length n > 0 over X4 and put X = | |>2, X, where 22 consists
of the empty word ). Fix a bijection A : ¥4 — p~1(b) C W' and a family of paths {l.}.cx,
where [ connects b to tyy(A(g)) in WO Forn>1andeg:--¢, € EZH we inductively define a
path le,...., in WY as follows. Assume that I, ..., is determined for any e --- &, € 7. We put

leger-en = leg - LW(p_l(lEr--En)A(Eo))a

where p~1(lz,.e, ) A(co) i the lift of I, ..., by p whose initial point is A(ep).
Given a path [, let e(l) be its end point and put

A(5051 e '571) = e(p_l(li-?r"in)/\(ao))'

Since we can verify p(A(eo---€n)) = tw(A(e1 - - €p)), the finite sequence:
K(8061 oen) = (Aeo - en), Aler - en)s ..., Alen))
gives a point in p~"~1(b). This defines A Eg“ — p~"~1(b), which gives rise to an isomorphism:
NS — T,

where we set A(()) = b (see Proposition 5.3 in [BGN]). The action of IMG(20) on T* induces an
action on ¥ which we call the standard action of IMG(20) on ¥7.

Definition 1.17. We say that & = (€,)n>0 and g’ = (g),)n>0 in 250 are asymptotically equivalent
and write € ~asym €' if there exists a finite set F C IMG(20) so that one can find v, € F with

(50...571)7”:66...5%

for any n > 0.
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It is easy to see that the asymptotic equivalence forms an equivalence relation. The quotient
space EdNO [~asym 18 called the limit space of IMG(20). The shift map o : Ego — ESIO defines a
factor map o/~ : 250 [ ~asym 250 [ ~asym- Nekrashevych proved the following.

Theorem 1.18 (see Theorem 9.7 in [BGN]). Let p be a polynomial of degree d > 2 and assume
that J, is connected and p is expanding on J,. Then, p : J, — Jp is topologically conjugate to

th@ fG’CtOT ma’p U/Nasym : z)S]O/"‘asym — Ego/’\‘asym'
The action of IMG(20) has the following significant property called the self-similarily.

Proposition 1.19 (Proposition 5.4 in [BGN]). For every g € IMG(20) and ¢ € X, there exist
unique gl. € IMG(20) and &' € %4 so that (ew)? = £'(w)9 holds for any word w € 5.

This property allows us to define two maps:
7 3g x IMG(20) — IMG(20)
by m(e,9) = gle and
A Xy x IMG(2D) — 34

by A(e,g) =¢’. Given a word ¢+ &, € ESH we inductively define glzg.e,, = (9leg-en_1)len-
The nucleus of IMG(20) is defined as

MMG(QB) = U ﬂ U {9@}7

gE€G neN |w|>n

where |w| denotes the length of the word w. It can be shown that the nucleus Ny is
finite when the polynomial p is expanding on J, (see the first half of Theorem 9.7 in [BGN]).
Moreover, the above two maps restrict to the nucleus to obtain 7 : X4 x Mmcar) — Nivc )
and A : Xg X ./\/'IMG(;m) — Y4. This gives a directed labeled graph as follows; the vertex set is
Nivcar) and we draw an arrow from g € Mgy to ¢' € Muca) iff ¢ = (e, g) holds for
some ¢ € ¥4 and label the arrow as (g, A(e, g)).

Definition 1.20. The directed labeled graph obtained in this way is called the IMG automaton
of 2 and denoted by Amvic(2W0).

Let v = Amac (20) be the IMG automaton of 20. As for a tight automaton this defines an
equivalence relation ~g,,, in ESIO. In Proposition 9.2 of [BGN] it was shown that the asymptotic
equivalence ~gugym and ~g,, . are identical. Therefore, Theorem 1.18 yields

Corollary 1.21 (Nekrashevych). Let p be a polynomial of degree d > 2 and assume that J, is
connected and p is expanding on J,. Then, p : J, — J, is topologically conjugate to the factor

. NO NO
map O-/NQLIMG ’ Ed /NQ”IMG - Ed /NQlIMG'

See [Nel, BN, BDN] for more details. In [IS2] we plan to discuss the relationship between the
tight automata in (vi) and the IMG automata in (vii). Note that a polynomial diffeomorphism
of C? can not be a covering and can not be expanding in a neighborhood of the Julia set.
Therefore, formulating iterated monodromy groups for such class of dynamical systems is not
obvious (see [I3] for more details).

(viii) Monodromy representation on shift space. Let o : EdNO — EdNO be the shift map on
the space of one-sided symbol sequences with d symbols. Recall that the space EI}J inherits the
product topology. A shift automorphism of degree d is a homeomorphism 7 : EdNO — ESIO which

commutes with the shift map o : EdNO — ZSIO, i.e. 0oT = 7o00. Denote by Aut(ESIO,a) the
space of all shift automorphisms of degree d. This space forms a group under composition.
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Any polynomial of degree d > 2 is affine conjugate to a polynomial of the form p(z) =
24 4 ag_929%2 + .-+ 4+ ap. Below we identify p with the point (ag_s,...,a9) € C¥1. The
connectedness locus is defined as

My = {p eCit. Jp is connected} = {p e ¢4 Crit(p) Kp}
and the shift locus is defined as
Sy ={peC¥: Crit(p) N K, = 0}.
By using the Poincaré metric one can easily show that for p € S, the restriction p : J, — Jj is
expanding and topologically conjugate to o : ZdNO — ZdNO. Note that Mq LI So = C holds, but
MU S, does not coincide with C4~ 1 for d > 2.

In order to study the topology of the locus Sy, Blanchard-Devaney—Keen [BDK] introduced
the following homomorphism?. Fix p, € S4, p«(2) = 2% + ap with |ag| sufficiently large and
choose a loop 7 : [0,1] — Sg with v(0) = (1) = p«. Since J, () is a Cantor set and p = 7(t)
is expanding on J, = J, for all ¢ € [0,1], every point in J, ) = Jp, uniquely continues to a
point in J, (1) = Jp,. In particular, this defines a homeomorphism pg(7) : Jp, — Jp,. It is easy
to see that pg(y) commutes with the shift map o on ESIO. Therefore, we have a homomorphism:

pa : m1(Sa,pi) — Aut(X)°, o)
satisfying pa(71 - 72) = pa(r2)pa(v1). We call pg the monodromy representation of m1(Sg, p«).-

Theorem 1.22 (Blanchard-Devaney-Keen [BDK]). The monodromy representation pq is sur-
jective for any d > 2.

The proof relies on the quasiconformal surgery of polynomials and the fact that an efficient
system of generators for Aut(ZdNO, o) is known [As] (compare with the group of shift automor-
phisms Aut(XZ, o) on two-sided symbol sequences in Subsection 7.1).

(ix) Dynamics-parameter correspondence. We consider the quadratic family p.(z) =
22 + ¢ (c € C) and discuss its dynamics-parameter correspondence discovered by Douady—
Hubbard [DH] (see also [M3]). Below we write J. = Jp,, K. = Kp,, ¢c = ¢p,, Re(0) = Ry, (0)
and G.(z) = Gp.(z). Let U, = {z € C: G.(z) > G¢(0)}. We then see that U, U {00} is a simply
connected domain in the Riemann sphere for any ¢ € C. Therefore, one can extend ¢, to a
holomorphic function: B
we: U —> C\ A.
The Mandelbrot set M is defined as
MEMQZ{CECIJC isconnected} :{CE(C:OEKC}.
This leads to the following dichotomy.

e When ¢ € M (i.e. J. is connected), we have G.(0) = 0 by Corollary 1.2 and hence
U. = C\ K.. Therefore, . defines a conformal isomorphism ¢, : C \ K. — C\ A.

e When ¢ ¢ M (i.e. J. is disconnected), we have G.(0) > 0 by Corollary 1.2. This
yields G¢(c) = Gc(pc(0)) = 2G(0) > G.(0) and hence ¢ € U.. In particular, p.(c) is
well-defined.

Theorem 1.23 (Douady-Hubbard [DH]). The map:
O:C\M>3c— p.(c) eC\A

gives a conformal isomorphism. In particular, the Mandelbrot set M is connected.

3Connectivity of Sy is implicitly assumed in [BDK]. Its proof can be found in Corollary 6.2 of [DP)].
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People often call ®(c) = ¢.(c) the “magic formula” for the quadratic family p.. Thanks to
this theorem, we can define the external rays for M.

Definition 1.24. We call Ry(0) = {®(re?™) : 1+ > 1} the external ray of angle § € T for
the Mandelbrot set M.

We say that an external ray Ra(0) lands on a point ¢ € OM if the limit lim,.; &1 (re? )

exists and equals to c.

A connected component of {¢ € M : p. is expanding on J.} is called a hyperbolic component
of M. An example of a hyperbolic component is the Main Cardioid denoted by © consisting of
the parameters ¢ € C so that p. has an attractive fixed point.

Let H be a hyperbolic component of M and let ¢ € H. By Theorem 1.6 we see that the orbit
of 0 converges to a unique attractive cycle A of certain period k(H) > 1. Thanks to the chain

rule, the multiplier (plg (H))’ (a) of the cycle A is independent of the choice of a € A.

Theorem 1.25 (Douady—Hubbard [DH]). Let H be a hyperbolic component of M. Then,
A H3e— (pFHY(a) e A

gives a conformal isomorphism.

We call ¢(H) = A5 (0) € H the center of H and rp(H) = limyyy At (\) € H the root of H
in the parameter space. Set

Om(H) = {6 €T: Rr(6) lands on ra(H)}.

Theorem 1.26 (Douady—Hubbard [DH]). For any hyperbolic component H different from the
Main Cardioid Q, there are exvactly two angles 0 < 05 < 0} <1 so that O (H) = {05,05;}.

For convenience we set f; = 0 and 3 = 1 and therefore © (V) = {0} C T.

Now let us describe a surprising dynamics-parameter correspondence. Let H be a hyperbolic
component of M. Then, 0 is a superattractive periodic point of period k(H) for p.m. Let
F(pry be the Fatou component of p. () containing the critical value c¢(H) of p.gy. By Béttcher’s
theorem, there exists a unique conformal isomorphism:

Xe(m) : Fogry — A

which conjugates pls((g)) P By = Py to A 3 2 22 € A and X;(H)(C(H)) = 1. We call
r(Fomy) = limgp XC_(}{)(Z) € F, ) the root of Fpy) in the dynamical space. Set

G(FC(H)) = {9 eT: RC(H)(G) lands on T(Fc(H))}
The next claim builds a “bridge” between the dynamical space and the parameter space.

Theorem 1.27 (Douady—Hubbard [DH]). For any hyperbolic component H of M, we have
O(Fem)) O OMm(H).

Here is a list of examples:

e When H = Q is the Main Cardioid, we have ©(F,)) = Om(V) = {0}.

e When H is the Basilica component, we have ©(F,)) = @M(H) ={1/3,2/3}.

e When H is the Airplane component, we have ©(F.)) = Om(H) = {3/7,4/7}.

e When H is the Rabbit component, we have {1/7, /7,4/ } = O(Fym) D OMm(H) =

(1/7,2/7).
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(x) Real quadratic family. In this item (x) we discuss an application of complex methods
to real dynamics. A quadratic map p. is said to be real if ¢ € R. A real map p. is called
a hyperbolic horseshoe on R if the restriction of p.Jg : R — R to its non-wandering set is
expanding and topologically conjugate to the shift map o : E§° — 212\10. We also know that
0 < htop(pe|r) < log 2 holds for all ¢ € R. Therefore, we say that p. attains the mazimal entropy
on R if hyop(pe|r) = log 2.

Theorem 1.28. A real quadratic map p. is a hyperbolic horseshoe on R iff ¢ < —2, and p.
attains the maximal entropy on R iff ¢ < —2.

In particular, the boundary of the hyperbolic horseshoe locus and the maximal entropy locus
for p. coincide and equal to the one-point set {—2}. The proof of the above theorem is supplied
by using Poincaré metrics and the symmetry of p. with respect to the complex conjugation.

2. PRELIMINARIES ON POLYNOMIAL DIFFEOMORPHISMS OF C?

In this section we recall some preliminaries on polynomial diffeomorphisms of C? and propose
ten problems related to the ten items presented in the previous section.

2.1. Classification. A polynomial map f : C2 — C? is called a polynomial diffeomorphim of
C? if it has a polynomial inverse. Examples of polynomial diffeomorphims of C? are an affine
map:

a:(xz,y) — (a1x + b1y + ¢1, a2 + bay + ¢2)
where a1by — asby # 0, an elementary map:

B:(x,y) — (ax + ¢ p(z) + by)
where p(x) is a polynomial of degree d > 2 and ab # 0, and a generalized Hénon map:

fp,b : (ﬂf,y) — (p(SU) - by,.T)
where p(x) is a polynomial of degree d > 2 and b € C* = C\ {0}.
Let Poly(C?) be the space of polynomial diffeomorphisms of C2. This forms a group by the
composition of two maps and the conjugacy classes can be classified into three types.

Theorem 2.1 (Friedland—Milnor [FM]). Any f € Poly(C?) is conjugate in the group Poly(C?)
to either

(1) an affine map,

(2) an elementary map, or

(3) a composition of finitely many generalized Hénon maps.

The proof of Theorem 2.1 is based on a classical result of Jung [J] which claims that the
group Poly(C?) is generated by the affine maps and the elementary maps. One may wonder
if an analogous result holds for the group of polynomial diffeomorphisms of C3. In his 1972
paper [N], Masayoshi Nagata® proposed the map:

(2,y,2) = (& + (2 = y2)z,y + 2(2” — yz)z + (2 — y2)*z, 2)

as a possible counterexample to this analogy. More than 30 years later, Shestakov and Umir-
baev [SU] finally showed Nagata’s conjecture in the affirmative, i.e. the Nagata map is not
contained in the subgroup of Poly(C?) generated by affine maps and the elementary maps.

4He was nicknamed “Mr. Counterexample” with admiration. He also gave a counterexample to the 14th
problem of David Hilbert. See the paper by M. Miyanishi, Masayoshi Nagata (1927-2008) and his mathematics,
Kyoto J. Math. 50 (2010), no. 4, 645-659.
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It is easy to see that the dynamics of the cases (a) and (b) in Theorem 2.1 is simple, so the
only dynamically interesting case is (c¢). Therefore, we will hereafter treat a map of the form:

= fp17b1 ©---0 fpk:bk'
Note that for a map of this form, the Jacobian determinant is given by det(Df) = by - - - by. We

define d = d; - - - di, and call it the degree of f, where d; = deg p;. The next result indicates that
the maps in this class exhibit rich dynamics.

Theorem 2.2 (Friedland-Milnor [FM], Smillie [S1]). We have hiop(f) = logd.
Let us define the forward/backward filled-Julia sets of f as
K* = {(z,y) e C*: {fE (2, y) }nso is bounded},

the forward/backward Julia sets of f as J& = OK*. We also define K;=K"NnK~. We put
J=Jr=JTNJ and call it the Julia set® of f.
As a comparison with the quadratic family p. we consider the complex Hénon family:

fc,b : («T,y) — (.’E2 +c— by,.’E)

defined on C?, where (¢,b) € C x C* is a parameter. Let us call f., real if (c,b) € R x R*.
When f.}, is real, the dynamical system f.; : R? — R? is well-defined.

2.2. Ten problems. Based on the ten items discussed in Section 1, we propose the following
ten problems for polynomial diffeomorphisms f of C? or the Hénon family.

Problems:

(i) Define “dynamical critical points” of f. Related it to the connectivity of the Julia set.
(ii) When the Julia set is connected, define the notion of external rays.
(iii) Establish a criterion for hyperbolicity of f on the Julia set and construct examples.
(iv) When the Julia set is connected and hyperbolic, describe it as a quotient space of a
“simple” space like a circle.
(v) Define the notion of a Hubbard tree for f. Prove that it reconstructs the Julia set.

(vi) Construct a (tight) automaton for f. Prove that it reconstructs the Julia set.

(vii) Define the notion of an iterated monodromy group for f. Prove that its limit space is

homeomorphic to the Julia set.

(viii) Study the monodromy representation for the complex Hénon family. Is it surjective?

(ix) Establish a dynamics-parameter correspondence for the complex Hénon family.

(x) Characterize the hyperbolic horseshoe locus and the maximal entropy locus for the real
Hénon family.

In the rest of this article, we will discuss the above problems for polynomial diffeomorphisms
of C? or for the Hénon family. Section 3 is devoted to Problems (i), (i) and (iv) where the
results are obtained in [BS¢5, BSc6, BSc7]. Section 4 is the “Intermezzo” of this article and
noting to do with the problem list above, where we discuss an application of the convergence
theorem of currents [BSc1, BSc2, BSc3] to curious objects in general topology called the Lakes
of Wada. Section 5 discusses Problem (iii) and we present a construction of a hyperbolic Hénon
map with intrinsically two-dimensional dynamics in [I1]. The following Section 6 is dedicated to
Problems (v), (vi) and (vii) where we present some results in [I12, 13]. Problems (viii) and (ix)
are discussed in Section 7 and two conjectures from [L] are presented. Finally in Section 8 we
consider Problem (x) and present some related results in [BSg1, BSg2, AI, AIT].

SWe are also interested in the set .J 7 defined as the support of the unique maximal entropy measure [BSc1, BLS1]
(see Subsection 3.1). We see that J; C J; holds in general, and J; = J; can be shown when f is hyperbolic [BSc1].
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3. CONNECTIVITY OF THE JULIA SETS AND THEIR EXTERNAL RAYS

This section is devoted to Problems (i), (ii) and (iii). Recall that J; = J;-1 holds. Therefore,
so far as we discuss the connectivity of Jy, we may assume |det(Df)| < 1.

3.1. Connectivity. We first introduce the following notion.

Definition 3.1. We say that the Julia set Jy is unstably connected with respect to a saddle
periodic point q if W*"(q) N Jy has no compact components.

The following fundamental theorem states that the connectivity of J; can be detected through
the complex one-dimensional slice of J; by some/any unstable manifold.

Theorem 3.2 (Bedford—Smillie [BSc6]). Let |det(Df)| < 1. Then, the following are equivalent:

(1) Jy is connected,
(2) Jy is unstably connected with respect to some saddle periodic point gq,
(3) Jy is unstably connected with respect to any saddle periodic point q.

Indeed, Bedford—Smillie showed (Theorem 0.1 in [BS¢6]) that (2) and (3) above are equivalent
without |det(Df)| <1, and called a map f satisfying the conditions unstably connected.

Our next task is to restate the conditions (2) and (3) in the theorem above so that they can
be verified by computer experiments. To do this, let us introduce the Green functions of f as

1 n
GE(z,y) = lim — log™ || /=" (z,y)|.

n—-+oo d"
One can see that G¥(x,%) are continuous and plurisubharmonic and satisfy G*(f(z,y)) =
d*'-G*(x,) on C?, pluriharmonic on C2\ K* and G*(z,y) > 0iff (x,y) € C?>\ K*. Therefore,
pE = 5-dd°G* define positive (1,1)-currents on C2.
Define an analogy of the Bottcher coordinate:
* lim (m, o f"(2,y)7"

n—-+o0o

o' (z,y)

(by choosing an appropriate d"-th root) for (z,y) € V4 = {(z,y) € C? : |z| > R, |z] > |y|},
where 7, is the projection to the z-axis and R > 0 large. Note that we have p*(x,y)/x — 1 as
|z| — oo for every fixed y and G (z,y) = log ¢ (z,y)| for (z,y) € V4.

It was observed in [BSc6] that, when we try to extend ¢ along J~ \ K, an obstruction is
the critical points of Gt on W"(q) \ K. This leads to define the dynamical critical set as

ct = U Crit(G™T; q),
qER
where R denotes the set of Pesin regular points in Jy (e.g. the saddle periodic points) and
Crit(GT;q) = {(z,y) € W"(q) \ K" : (z,y) is a critical point of G+|Wu(q)\K+}
for g € R (see [BSc¢h]). These critical points represent tangencies between the lamination of J~
by unstable manifolds and the foliation on C? \ KT defined by the holomorphic 1-form 0G™.

By the laminar structure of x~, it induces a measure p, on the dynamical critical set C*. This
measure yields a formula for the Lyapunov exponent of f [BSc5]:

M) =togd+ [ Gty
{1<G+<d}

with respect to the unique maximal entropy measure = u™ Ap~ (see [BLS1] for more details),
where {1 < GT < d} is a fundamental domain for C*. This formula generalizes the corresponding
one-dimensional formula given in [P] and was a key step in the proof of Theorem 3.2.
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The following claim has been obtained as a combination of an argument by R. Dujardin and
ones in [BSc¢6]. For the proof we refer to [I4].

Theorem 3.3 (Bedford-Smillie [BSc6], Dujardin). Let |det(Df)| < 1 and let q be any saddle
periodic point of f. Then, the following holds.

(1) Jy is connected iff Ky is connected.
(2) J is unstably connected with respect to q iff Crit(G*;q) = 0.

In particular, Theorems 3.2 and 3.3 yield

Corollary 3.4. Let |det(Df)| <1 and let q be any saddle periodic point of f. Then, the Julia
set Jy is connected iff Crit(G™; q) = 0.

This justifies the algorithm of the program SaddleDrop [SD] to draw the connectedness locus
of the complex Hénon family. SaddleDrop was written around 2000 by Karl Papadantonakis,
then an undergraduate student at Cornell. The procedure to use SaddleDrop is as follows.

e Step 1: Choose (cg,bp) € C x C* with |bo| < 1.

e Step 2: Compute W"(q) of a saddle fixed point g for f¢, p,-

e Step 3: Draw the set K™ NW"(q) as well as some equi-potential curves of G+‘Wu(q) for
feo.bo 0 the uniformized coordinate C = W*(q).

e Step 4: By looking at equi-potential curves of G+|Wu(q) in C = W"(q), we try to find
an element in Crit(GT;q).

e Step 5: If we can find a critical point, click it; then SaddleDrop traces all parameters
(c,bp) € C x C* to which a continuation of the chosen critical point survives. Repeat
this procedure for as many points in Crit(G*;q) as you can find.

e Step 6: Choose a new ¢y € C (by keeping by € C*) which was not traced from any of
the previous choices and return to Step 2.

According to Corollary 3.4, the algorithm above yields the following claims.

(i) If (¢, bo) can be traced from some (cg, bg) through a critical point, then we are sure (up
to numerical error) that the Julia set of f. 4, is disconnected.

(ii) If (¢, bo) can not be traced from any (co,by) through any critical points we found, then
the Julia set of f.p, is “presumably” connected.

The claim (ii) is valid at best “presumably” because we do not know if the intersection of the
complement of the connectedness locus with the slice {(¢,b) € CxC* : b = by} is connected and
because it is not theoretically possible to do Step 5 in the algorithm for all points in Crit(G™;q)
which could be an infinite set. Modulo these issues, it seems that SaddleDrop may give a good
approximation of the connectedness locus for the complex Hénon family. We refer to [Kol] for
several pictures obtained by SaddleDrop as well as some other issues related to the algorithm.

3.2. External rays. In this subsection we define the notion of external rays and discuss a topo-
logical model for a connected and hyperbolic Julia set. We say that a polynomial diffeomorphism
f of C? is hyperbolic if its Julia set .J 7 is a hyperbolic set for f.

Let pg: C\ A — C\ A be the monomial map py(z) = 2% of degree d > 2. The projective limit
of pg: C\' A — C\ A denoted as SS together with the shift map on it pg : Sg — Sg is called
the complex solenoid of degree d (denoted as X1 in [BSc7]). Similarly, let 64 : T — T be the
map given by 64(0) = d - 6. The projective limit of 54 : T — T denoted as S§ together with the
shift map on it g : SE — SE is called the real solenoid of degree d (denoted as ¥y in [BSc7]).
In the context of complex Hénon maps, real solenoids had appeared earlier, although in quite a
different form, in [Hu, HO1] as “the dynamics at infinity”.
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The next theorem states that, when Jf is connected and f is hyperbolic, one can define the
notion of external rays in J~ \ KT which are parameterized by the “space of angles” S§.

Theorem 3.5 (Bedford-Smillie [BSc7]). Let |det(Df)| < 1. If J; is connected and f is hyper-
bolic, there exists a homeomorphism:

U:S§— J\KT
which conjugates the shift map pg: S —S§ to f: J -\ KT — J \ K+,

Indeed, it is shown in [BSc6] that, if [det(Df)| < 1 and Jy is connected, the holomorphic
function ¢* : Vi — C\ {|z| < R} extends to ¢ : J~ \ KT — C\ A. Hence one can define

O JT\KT 3 (2,y) — (¢ o f(2,9))nez € Sg.

When moreover f is hyperbolic, ® : J= \ KT — S§ is a finite covering [BSc7]. By modifying
the “local inverse map” of ® appropriately, we obtain the homeomorphism W : SS — J \ KT in
Theorem 3.5 (see Section 4 in [BSc7]). It is still an open question if ® itself is a homeomorphism
(see a remark just after Corollary 4.2 of [BSc7]). If it is the case, we have ¥ = &1,

Thanks to the theorem above one can define (when f is hyperbolic) the notion of external
rays in J~ \ KT as the push-forward of the rays in Sg by W. Hyperbolicity of f also implies
that every external ray has a well-defined landing point in .J;. In particular, we have

Corollary 3.6 ([BSc7]). Let |det(Df)| < 1. If J¢ is connected and f is hyperbolic, ¥ extends
to a surjective semiconjugacy ¥ : Sﬂj — Jy from b4 Sﬂj — Sﬂj to f:Jy— Jy.

In particular, f : J; — J; is conjugate to the factor 64/mps © SE/mps — SE/mpe, Where we
define 0 ~pg 0 iff U(0) = ¥(@') for 0,0' € S§. The nature of ~pg is, however, still mysterious
(cf. the thesis of Oliva [Ol]) and we will discuss this issue in Section 6.

4. FATOU-BIEBERBACH DOMAINS AND LAKES OF WADA IN C2

In this survey article we focus on combinatorial and topological aspects of the dynamics.
An important topic we miss here is potential theoretic and ergodic approach which has been
extensively studied in a series of papers [BSc1, BSc2, BSc3, BLS1, BLS2] and also in [FS].

4.1. Lakes of Wada. First we remark that as a consequence of the convergence theorem of
currents, Bedford and Smillie obtained the following curious result.

Theorem 4.1 (Bedford-Smillie [BS¢2]). For any attractive basin B for f, we have 0B = JT.

This result reminds us the so-called Lakes of Wada; mutually disjoint three domains in the
plane which possess common boundary. Such a curious example was first constructed in an
article of Kuniz6 Yoneyama [Y]. Here we quote the following nice explanation from [HO2]:

Consider a circular island, inhabited, to the sorrow of the others, by three phi-
lanthropists. One has a lake of water, another of milk and a third of wine. The
first, in a fit of generosity, decides to built a network of canals bringing water
within 100 meters of every spot of the island. It is clearly possible to do this
keeping the union of the original water lake and the water canals connected and
simply connected, with closures disjoint from the other lakes.

Next the second, perhaps worried about child nutrition, decides to bring milk
to within 10 meters of every spot on the island, and builds a system of canals to
that effect. She also keeps her milk locus connected and simply connected.
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Not to be outdone, the purveyor of wine now decides to bring wine to within
1 meter of every spot on the island. He finds his canal building rather more of
an effort than the previous two, but being properly fortified, he carries it out.

In turn, each of the three philanthropists brings his or her product closer to
the poor inhabitants. It should be clear that the construction can be continued,
and that in the limit the construction achieves the desired result: each of the
lakes, being an increasing union of connected and simply connected open sets, is
a connected, simply connected set, and each point of the boundary of one is in
the boundary of the other two.

In the same paper Yoneyama writes that the construction “was informed to me by Mr. Wada.”
(see the footnote in page 60 of [Y]). This is why such domains are now called Lakes of Wada.
But, who is this Mr. Wada? Here is his picture:°

FIGURE 8. Takeo Wada (1882-1944).

He is Takeo Wada, a Japanese mathematician working on analysis and general topology. He
was one of the first students in the mathematics department of Kyoto Imperial University (now
Kyoto University) and he later became a full professor there.”

What is surprising about Theorem 4.1 is that a single map f possessing at least two attractive
periodic points generates such domains in C? (notice that the boundary of C?\ K is also J*).
In [HO2] Hubbard and Oberste-Vorth obtained a sufficient condition for a real Hénon map to
have such curious domains in R? as its attractive basins.

6By courtesy of Mathematics Library at Kyoto University.
7According to J. H. Przytycki, most likely Wada published the first paper in Japan devoted to topology in
1911/1912. See his article Notes to the early history of the knot theory in Japan, Arxiv:math/0108072.



20 YUTAKA ISHII

4.2. FB domains. A Fatou-Bieberbach domain in C? is a proper subdomain in C? which is
biholomorphically equivalent to C2. Since any attractive basin of f is contained in K+ and
since C2\ K is non-empty, it is always a Fatou-Bieberbach domain.

Another question related to Theorem 4.1 is the existence/non-existence of a Fatou-Bieberbach
domains with smooth boundaries. There exists a Fatou-Bieberbach domain with C'*°-smooth
boundary by using a non-autonomous iterations [St]. On the other hand, as a consequence of
Theorem 4.1 we have

Corollary 4.2 (Bedford—Smillie [BSc2]). If f has at least two attractive basins, their boundaries
cannot even be a topological manifold at any point.

Therefore, the only remaining case where the boundary of an attractive basin could be smooth
is when f has only one attractive basin. Very recently the following result has appeared.

Theorem 4.3 (Bedford-Kim [BK]). For any f, its forward Julia set J* can not be smooth of
class C' as a manifold with boundary.

This result gives a complete answer to the question mentioned above.
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5. CONSTRUCTION OF HYPERBOLIC COMPLEX HENON MAPS

In this section we discuss Problem (iii). In Subsection 5.1 we establish a criterion for hyper-
bolicity of a polynomial diffeomorphism of C? and in Subsection 5.2 we construct a first example
of a hyperbolic Hénon map whose dynamics is intrinsically complex two-dimensional.

5.1. Hyperbolicity. Let p : C — C be a polynomial of degp > 2 and let J, is its Julia
set. Following [HO2| we denote by J, = L(p, ») the projective limit of p : J, — J, and by
p: J — J the shift map on it.

Definition 5.1. A polynomial diffeomorphism f of C? is called planar® if there exists an ex-
panding polynomial p so that f : Jy — J; is topologically conjugate to p : J — J

As an example of hyperbolic polynomial diffeomorphisms of C?, it is known that a small
perturbation of an expanding polynomial is hyperbolic. More precisely,

Theorem 5.2. Let p be expanding. Then, there exists b, > 0 so that for any 0 < |b| < by the
generalized Hénon map f = fpp is hyperbolzc on its Julia set [F'S, HO2|. Moreover, f : Jf — Jy

is topologically conjugate to p : J — Jp, i.e. such fpyp is planar [HO2].

Next we introduce a criterion for hyperbolicity of polynomial diffeomorphisms f of C2. Let A,
and A, be bounded domains in C and let A = A, x A,. We then have projections 7, : A — A,
and 7, : A — A,. The following condition has been first introduced in [HO2] when A is a
polydisk (see [I1, IS1] for more general case).

Definition 5.3. We call 14, f : AN f~1(A) = A a crossed mapping of degree d if
pr = (mpo fumyoia) AN FHA) — A
is proper of degree d, where 14 : AN f~1(A) — A is the inclusion.
Let Fj, = {Az(y)}yea, be the horizontal foliation of AN f~1(A) with leaves A, (y) = (Ag x

{yH N (AN f7YA)), and F, = {A,(2)}zea, be the vertical foliation of AN f~1(A) with leaves
Ay(x) = ({o} x Ay) N (AN f71(A)). Another condition we employ is the following [I1, IS1].

Definition 5.4. We say that a crossed mapping 14, f : ANf~1(A) — A satisfies the no-tangency
condition if f(Fp) and v4(Fy) have no tangencies in A.

Let | - |4, and |- |4, be Poincaré metrics in A, and A, respectively. The horizontal Poincaré
cone field ({Cg‘}qu, |- ln) is
Cg = {v = (vg,vy) € TpA : |vg]a, = |vyla, }
with the metric ||v|[, = |Dm:(v)|a,. The vertical Poincaré cone field ({C}qea, |l - [lv) is
Cy = {v = (va,vy) € TyA : |va]a, < |vyla, }

with the metric ||v]|, = [Dmy(v)|a,. A product set A = A, x A, equipped with the horizontal
and the vertical Poincaré cone fields is called a Poincaré box.

A crossed mapping ¢4, f : AN f71(A) — A is said to expand the horizontal Poincaré cone
field if there exists A > 1 so that for any ¢ € AN f~1(A), we have Dt ;' (C’LhA(q yc DfL(C q))

and || Dug(v)||n < ||Df(v)||n for any v € T,(AN f71(A)) with Dig(v) € C’LA(q). Slmllarly,
crossed mapping is said to contract the vertical Poincaré cone field if there exists A > 1 so that

8In this article the word planar in Definition 5.1 is a special usage; it means complex one-dimensional (real
two-dimensional).
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FiGURE 9. Poincaré boxes for the non-planar map in Theorem 5.8.
for any ¢ € AN f~1(A), we have Df_l(C’;(q)) C Dbil(CZ’A(q)) and A||Df(v)|ly < ||Dta(v)|, for
any v € T,(AN f~1(A)) with Df(v) € C’}’(q). A crossed mapping is called a hyperbolic system if
it expands the horizontal Poincaré cone field and contracts the vertical Poincaré cone field.

The following statements give hyperbolicity criterion for polynomial diffeomorphisms of C?
with a single Poincaré box.

Theorem 5.5 (Ishii-Smillie [I1]). If a crossed mapping 14, f : AN f~H(A) — A satisfies the
non-tangency condition, it is a hyperbolic system.

Corollary 5.6 (Ishii-Smillie [I1]). If a crossed mapping 14, f : AN f71(A) — A satisfies the
non-tangency condition, f is uniformly hyperbolic on (", ez f™(A).

Note that there are more checkable criteria for a map to be a crossed mapping called the
boundary compatibility condition (Definition 2.15 in [I1]) and for the non-tangency condition
called the off-criticality condition (Definition 2.16 in [I1]) which can be verified by hand or by
computer assistance. Together with the technique of homotopy shadowing developed in [IS1],
one obtains a quantitative estimate for the constant b, in Theorem 5.2 and a new proof of the
latter half of the statement in the theorem.

Corollary 5.7. For the complexr Hénon family:
f=fep i (@y)— (2 +c—by,2),
we have the following.
(1) When |c| > 2, we may take b, = \/|c|/2 — 1 in Theorem 5.2 [Ob, MNTU].

(2) When ¢ =0, we may take b, = (v/2 —1)/2 in Theorem 5.2 [IS1].
(3) When ¢ = —1, we may take b, = 0.02 in Theorem 5.2 [IS1].

We remark that Theorem 5.5 as well as Corollary 5.6 holds for a map f from a Poincaré box
to a different Poincaré box (see Corollary 2.17 in [I1]). Moreover, one can extend them to the
case where f is a system of maps from the disjoint union of finitely many Poincaré boxes to
itself (see Corollary 2.18 in [I1]).
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5.2. Non-planarity. Theorem 5.2 tells that the dynamics of a Hénon map obtained as a small
perturbation of an expanding polynomial is intrinsically complex one-dimensional. Therefore,
a natural question arise; is there a hyperbolic polynomial diffeomorphism which is non-planar?
The first non-planar example of a hyperbolic Hénon map was constructed by the the author [I1].

Theorem 5.8 (Ishii [I1]). The cubic complex Hénon map:
fap: (2,y) — (=2 +a — by, x)
with (a,b) = (—1.35,0.2) is hyperbolic but non-planar.
The proof of Theorem 5.8 goes as follows. First we choose four Poincaré boxes {A;}?_, in C?
where A; = A, ; x Ay (see Figure 9). Note that A, ¢ and A, 3 are annuli so that Ay and A3

have vertical holes which are shaded in Figure 9. Also note that, A; and As are drawn at the
same place to simplify the figure, although they are actually disjoint. Set ¥° = {0, 1,2,3} and

El = {<O73)7 (170)7( ) )7(172>7(270)7< ) )7( ) )7(370)7(371>7(372)}
We first show that the union J;c50 A; covers the Julia set J; of the non-planar map f = f,
in Theorem 5.8 with computer assistance. Next, the multivalued dynamical system:

(1) warf A= | A4 — A= 4
(i,j)ext jexo

lifts to the disjoint union of boxes:

(2) iaf A= || AnfiA) — A= | ] A

(i,5)ext jexo

We show that ta, f : A;N f _I(Aj) — Aj is a crossed mapping satisfying the non-tangency
condition for all (i,j) € X! by verifying the checkable conditions mentioned above again by
computer assistance. This implies that (2) is a hyperbolic system in an extended sense.

Note that since the boxes {Ai}?zo have overlaps in C?, this does not immediately imply the
hyperbolicity of the original system (1). To overcome this point, we define a new horizontal cone
at a point in the overlap as

= ﬂ CZ

1€I(p)
for p € A°, Where Ci is the horizontal Poincaré cone at p € A; with respect to the Poincaré box
A and I(p) = {i € ZO p € A;}. We also define a metric || - || in it by

[vlln = min {[v]l; : i € I(p)}

for v € C}' (see Definition 4.1 in [IS1]). One can then verify that it is invariant and expand-
ing (Proposition 4.3 in [IS1]) and indeed non-empty (Corollary 4.21 in [IS1]). This yields the
hyperbolicity of the cubic Hénon map in Theorem 5.8 on its Julia set.

Next we prove the non—planamty of the cubic Hénon map g = f, 5. Suppose that g : J, — J, is
topologically conjugate to p : J — J for an expanding polynomial p. Then, by the comparison
of the entropy, we know that the degree of p is 3. Since g has an attractive 2-cycle and since
its Julia set J, is neither connected nor totally disjoint, we know that one of the two critical
points of p escapes to infinity and the other converges to an attractive 2-cycle. This puts certain
constraints on jp. On the other hand, by using the four Poincaré boxes in the proof of Theorem
5.8, we can analyze the topology of J; in terms of a symbolic dynamics (Theorem 4.23 in [IS1]).
By comparing the topological types of some path-components of .J,; and jp, we finally arrive at
a contradiction (see the end of Section 4 in [I1] for more details).
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FIGURE 10. Intersecting pair of pinching disks { Dy, D1 }.

6. THREE METHODS TO DESCRIBE HYPERBOLIC JULIA SETS

In this section Problems (v), (vi) and (vii) will be discussed. Namely, we construct Hubbard
trees, iterated monodromy groups and associated automata for hyperbolic polynomial diffeo-
morphisms of C? starting from the family of Poincaré boxes employed in Subsection 5.2.

6.1. Hubbard trees. Let us first explain the construction of Hubbard trees [I12] by using the
non-planar map obtained in Theorem 5.8. Let {A4;}?_, be the family of Poincaré boxes appeared
in the proof of Theorem 5.8 where A; = A, ; x A, ;. Define the forward Julia set of the disjoint
system (2) by
JUH =V (Feigh) ™A
n>0

(and similar definition for J1(f)). Since A,; is simply connected and the disjoint system (2)
is a hyperbolic system, one can show that J7*( f) N A; forms a lamination where every leaf is
a vertical disk of degree one in A;, i.e. the projection of the disk to A,; is a proper map of
degree one. Moreover, one may assume that these disks are straight vertical (see the comment
following Lemma 5.5 of [IS1]). In particular, the image of any leaf of the lamination by the
projection m, : A; — A, ; is one point. Therefore, by letting S; = A, 4, 6 =m0 f o 7'r;1 and

is =7z 0007, L, we obtain the multivalued dynamical system:

(3) ls,0 51 = |_| Siﬁ&’l(Sj) — go = I_l Sj.
(i,5)ext jex0
Since the disjoint system (2) expands the horizontal Poincaré cone field, the system (3) equipped

with the Poincaré metrics in S™ (m =0,1) is expanding in the sense of Definition 1.8.
Now we proceed as explained in item (v) in Section 1, but here is a crucial difference which

comes from the overlaps of Poincaré boxes. Let pr 4 : A™ — A™ be the obvious map.

Definition 6.1. Let Dy and Dy be two leaves in the lamination JT'(f) (m =0,1). We call the
pair {Do, D1} a pair of pinching disks in Amif pr4(Do) Npra(Dy) # 0. Such disks are called
pinching disks in A™ (see Figure 10).



DYNAMICS OF POLYNOMIAL DIFFEOMORPHISMS OF C2 25

Ay A A(A2)
{ fas)
|
B b
B
\ s \
f a,  f)

FIGURE 11. Poincaré boxes for the Basilica-Horseshoe map.
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FIGURE 12. Hubbard tree for the Basilica-Horseshoe map fgy.

The images of the pinching disks in Am by the projection 7, to S™ is called the pinching locus
in 8™ and denoted by P™. We fill up all holes in S™ (m = 0,1) and choose a point from each
hole which we call a center. Let C"™ (m = 0, 1) be the set of centers in S™. We define H™ to be
the legal hull of P™ U C™ in 8™ (just as in item (v) of Section 1) and then replace every point
¢ € H™ which belongs to C™ by a loop to obtain a tree 7™ decorated with loops. The map &
naturally induces a map 7 : 7! 70 up to homotopy. One can also define a map 7 : T! 70
up to homotopy which is the identity on 79 and smashing each connected component of T! \7'0
to a point. We say that two points t and ¢ in P™ form a pinching pair and denoted as t ~,, t’
if there exist a pair of pinching disks {D, D’} in A™ so that t = 7,(D) and ' = 7, (D).

Definition 6.2 (Ishii [I2’, 13]). We call the multivalued dynamical system:
ir 7 Th—T°
together with the set of pinching pairs in P™ the Hubbard tree for f.
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FiGURE 13. Poincaré boxes for the Airplane-Basilica map.

FIGURE 14. Hubbard tree for the Airplane-Basilica map fap.

Remark 6.3. The above definition has been first presented in Definition 2.4 of [12'] which is
slightly different from the original one in Definition 4.5 of [12].

Now we construct a topological model for the Julia set starting from a Hubbard tree [12, 13].
Consider first the shift map on the orbit space:
Ftoo . %ioo SN z?iioo

of the Hubbard tree i7,7 : T1 — T9. For t = (tn)nez and t = (t/)nez in T, we define
t Aioo tif either ¢; =t} or ¢; ~1 t} holds f0~r any i € Zﬂ We alsp write t ~4 t' if there exist a
sequence of points t = t0, ¢!, ... JtF =1 in T+ with t7 ~yo 71 for all 0 < 7 <k —1. Then,
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F1cURE 15. Transition diagram for the Basilica-Horseshoe map.

~+oo defines an equivalence relation in 7+, hence the factor map:
~+o00 . Ttoo T+oo
T /N:too : T /N:too 7- /N:too

of 7+ is well-defined.”
The following theorem states that the dynamics of f is reconstructed from its Hubbard tree.

Theorem 6.4 (Ishii [I12’, I3]). Let 14, f : A' — A° be a hyperbolic system and let T be its
Hubbard tree. If AT> is a hyperbolic set and Jr C A°, then f : Jy — Jy is topologically

conjugate to the factor 75/ : %ioo/Nioo — %ioo/Nioo.

The proof of this result is based on the method of homotopy shadowing [IS1].

Here we present two examples of hyperbolic systems and their Hubbard trees. The first one
called the Basilica-Horseshoe map denoted by f = fpp consists of three Poincaré boxes which
are mapped with each other as described in Figure 11. This looks similar to the non-planar
cubic Hénon map in Figure 9, but we merge the right-upper boxes A; and As in Figure 9 into
one box (and denote it by A9 in Figure 11). The map fpy has a unique attractive cycle of period
two and its Julia set is disconnected. Note that the restriction fgy : Az N fgé (A1) — Ap looks
like the Horseshoe map, and the restriction fgy : Az N fgé(Al) — A; looks like the Basilica
map. Figure 12 describes the Hubbard tree for fpy.

The second one called the Airplane-Basilica map denoted by f = fap consists of three
Poincaré boxes which are mapped with each other as described in Figure 13. The map fap
has two attractive cycles of period two and and three respectively, and its Julia set is connected.
Note that the map fap looks like a mixture of the Airplane map and the Basilica map. Figure
14 describes the Hubbard tree for fap.

6.2. IMG actions. In this subsection we introduce the notion of the iterated monodromy
groups for a class of hyperbolic polynomial diffeomorphisms of C2. Here we formulate an iterated
monodromy group as an inverse semigroup action on certain quotient space of the disjoint union
of several preimage trees (see Appendix of [I3] for the generality on inverse semigroup actions). In
the original paper [I3] we defined this notion in terms of its Hubbard tree in an algorithmic way.
Here, however, we give an intuitive definition starting from the data of a family of Poincaré boxes
with overlaps. This definition is purely geometric and we explain it by the Basilica-Horseshoe
map fpu appeared in the previous subsection.

Let A, and A, be connected open subsets of C with A, simply connected and let A = A, x A,
be a Poincaré box. Let 14, f : AN f~1(A) — A be a hyperbolic system obtained as a small
perturbation of an expanding polynomial map p : A, Np~1(A,) — A, of degree d > 2. By an

9This is what we called the limit-quotient model in the paper [I3].
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FIGURE 16. Identifying the preimage trees for the Basilica-Horseshoe map.

appropriate change of coordinates (see Subsection 5.1 of [IS1]) we have p o pr, = pr, o f, where
r, : A— A, is the z-projection. Then, for any vertical disk V' in A, the slice V' N f*(.A) has a
nested structure so that V' N J°(f) becomes a Cantor set, where

J2f) = () (F o) (A).

n>0

Hence, the projection pr, : J(f) — A, is a fibration with Cantor fibers, and the Cantor fiber
over x € A, can be identified with the “ideal boundary” of the preimage tree of p rooted at x.
With this identification, the action of the iterated monodromy group of p on 7' is interpreted as
the holonomy group action on a Cantor fiber. Moreover, we note that each connected component
of VN f™(A) can be identified with certain subtree of T'.

Next consider the disjoint model L;A,f‘ c AL 5 A0 of a hyperbolic system ¢4, f : Al — A°
with several Poincaré boxes, where A% = | |;.50 A;j and A = (J;c50 A (see Subsection 5.2 for

the definition of A' and A'). Then, the lamination in each box J°(f) N A; looks similar to the
previous case, where
I2(f)y= (N (feig) (A%
n>0
(and similar definition for J* (f)). To the lamination in J°(f) N.4; we can associate a preimage
tree T;. Note that since the degree of the map varies from boxes to boxes, the preimage trees
are no more regular but “SFT-like”.

Finally, we define the iterated monodromy group for a hyperbolic system ¢4, f : A" — A°
with overlapping Poincaré boxes A" = Uieso Ai and Al = U(Z’J)ezl A; 0 f7YHA;). To do this,
we first need to define a space on which the iterated monodromy group acts. Note that in this
case the laminations in pr 4(J™(f) N A;) are overlapping with each other. Since a geometric
interpretation of an iterated monodromy group is the holonomy group action for the laminations,
we need to understand how these laminations are continued from boxes to boxes. Each section
of the lamination is identified with the ideal boundary of the corresponding preimage tree, so
the overlapping data should be described by certain identification between the preimage trees.
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Below we explain this identification rule for the Basilica-Horseshoe map. In this process, the
following principle is important which extends the observation for the case of a single Poincaré
box; there is a one-to-one correspondence between a subtree 7;, in Tj, of the form:

/ (N-1)
big — by, «— -+ —b; < Tiy
and a connected component of

Vi, N F(AL) N0 FY (i) 0 FY (Aiy),

where b; is the base-point of a connected component 7; of 70 (hence it is the root of the preimage
tree T;) and Vj, = pry *(b;) is the vertical disk in A; over b;.

First note that the transitions between the Poincaré boxes for this map are described in Figure
9 and hence its transition diagram is given in Figure 15.

Step 1: T, can be seen as a subtree of T;. The two subtrees T3’s in the first level of
T (the zeroth level is the root) correspond to the two connected components of Vy, N f(As)
denoted by Dj and Ej respectively. Similarly, the subtree T} in the first level of T corresponds
to Dy, = Vp, N f(A2). Then, one of pr4(Dy, ) and pr4(F} ) coincides with pr4(Dj ) in A by
letting pr 4(V5,) N pra(Ve,) # 0. Assume that Dj is such a connected component and identify
the corresponding subtree Ty in the first level of T} with the subtree 7% in the first level of Tb.
Similarly we identify one of two T3’s in the first level of T7 with T3 in the first level of T5. This
gives a bijective correspondence between the infinite paths ending at b; in 77 through the union
of Tj and T3 in the first level of T} and the ones ending at by in T5. Hence T5 can be seen as a
subtree of T (see Figure 16).

Step 2: T3 can be seen as a subtree of 7. Let Ty (resp. T3) in the first level of T} be the
one corresponding to the remaining component of Vi, N f(As) (resp. Vi, N f(As3)). We identify
these two subtrees with T5. To the root b5 of this subtree T3 in T} we have two edges from the
subtrees T3 and T3 in the second level of T, and to the root bj of the subtree T3 in the first
level of T} we have an edge from 77 in the second level of T7. To the root b of the subtree T}
in the first level of T3 we have four edges from two T3'’s and two T3’s in the second level of Tj.

The two subtrees T4’s in the second level of T3 correspond to the two connected components
of Vi, N f (A1) N f2(A2) denoted by D{)’B and El’,'3 respectively. Similarly, the subtree T4 in the
second level of Ty corresponds to Ej = V3, N f(A2) N f2(Az). Then, one of pr A(Dy,) and
pr4(Ey,) coincides with pr 4 (£} ) by letting pr 4 (V, ) Npr4(Vh,) # 0. Assume that Dy is such a
connected component and identify the corresponding subtree 73 in the second level of T3 with
the subtree T4 in the second level of T7. Similarly we identify one of two T%’s in the second
level of T3 with 74 in the second level of T3.

Now we repeat this procedure. Then, for most infinite paths in 7} ending at the root point
one can find corresponding paths which are eventually identified by the procedure above. The
only exception is the path:

by «— by «+— b +— by «— -+
in T7. We define its corresponding path in T3 to be the one:
by +— by «— b +— b +— -+

This gives a bijective correspondence between the infinite paths ending at by in 77 through the
union of Ty and T3 in the first level of T} and the ones ending at bs in T3. Hence T3 can be seen
as a subtree of T} (see Figure 16 again).
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Step 3: Action of IMG(%) on 7. The discussion in the previous step defines an equivalence
relation called the holonomy equivalence denoted by ~yg1, in the disjoint union 77 U Ts LI T3 of
the preimage trees. Set
T=(TUToUTs)/mp0-
In the example discussed above, we identified T and T3 as subtrees of 17, therefore T' = T7.
Let IMG(%)i be the iterated monodromy group associated to a connected component 7; of 7°
acting on T;. Let x : 71 UT5 LT3 — T be the natural projection. Then, the action of IMG(%)i on

T; descends to an inverse semigroup action on 7" which is denoted by k«(IMG(%);). We define

IMG(T) = £, (IMG(T)1) ® k2 (IMG(T)2) ©® £ (IMG(T)3),
where G1 © G5 denotes the free product of two inverse semigroup actions G and Gy (see Section
7 of [13]), and call it the iterated monodromy group of the Hubbard tree ¥.
Let II be the set of arrows in the diagram of Figure 15 and put

I =117 *° U IL, > U II5 ™,
where
I, = {(mp)n<—1 € TN h(m,_1) = t(my,) for all n < —1 and h(n_;) = i}

is the space of symbol sequences corresponding to the infinite paths in T; ending at its root

point. Hence, II™°° can be seen as the “ideal boundary” of T'. Note that every element in I17°°

corresponds to an infinite path in 7' ending at some root point which we call a rooted path.
Let II**° be the set of bi-infinite paths in the diagram of Figure 15.

Definition 6.5. We say that © = (7,)nez and © = (7)) nez in IIE are holonomy equivalent
and write ™ ~yolo T if for any n € Z, one of the following two conditions is satisfied;

(i) there exists N < n so that the subpaths corresponding to ---mn_17N and -~-7r§\,717r§v
of the rooted paths corresponding to ---mp_17, and -7, _ym, in T respectively are
identified in T/, ., or

(ii) the sequences - w17y and - - -7

/ , ,
n—1Ty, form an exceptional pair.

The action of the iterated monodromy group IMG(¥) on T*/., . induces an action on
I1*/..,... through the bijection A : II* — T* which extends to an action on II7°/. . We
call it the standard action of IMG(T) on 117/, . For e,e’ € [IT*°/_,  we write € ~agym €’ if
T ~asym T in the extended sense of Definition 1.17 (see Subsection 9.4 of [BGN] for more precise
definition) for some representatives ™ € e and =’ € ¢/. The equivalence relation generated by
Rlasym 18 called the asymptotic equivalence in [+ /oo and is denoted again by Rlasym- Simi-
larly, for E, E' € TIT>/ ~asym WE Write B Xpglo B’ if T ~polo 7' in the sense of Definition 6.5 for
some representatives m € E/ and ' € E’. The equivalence relation generated by a4, is called
the holonomy equivalence in TIT> [ and is denoted again by ~jclo-

Definition 6.6. We call

asym

— +o0
SIMG(T) = (H /Nholo)/zasym
the limit solenoid of the iterated monodromy group IMG(¥) for the Hubbard tree ¥.

We denote by s : Spugs) — Stma(s) the factor of the shift map on 1+°°,

Theorem 6.7 (Ishii [I3]). Let t4, f : A' — A° be a hyperbolic system and let T be its Hubbard
tree. If A*> is a hyperbolic set and Jy C A°, then f : Jy — Jy is topologically conjugate to the
factor s : Spva(zy — Smaa(x) of the shift map.

The proof of this result is based on the method of homotopy shadowing [IS1].
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6.3. Automata. In his thesis [O]] R. Oliva introduced an algorithm for drawing gradient lines
which allows the gradient lines to be drawn all the way until they land at .J;. Thus the computer
can determine whether two gradient lines land at the same point. These pictures are colored
in a way that shows the solenoidal coding, and conversely, given a point of the solenoid, the
computer can plot the corresponding ray. This gave Oliva the data (pairs of identified solenoidal
points) which were the basis for his automaton. Figures 4.16, 4.17 and 4.18 in [O]] give plots
where many pairs of rays were tested to corroborate his automaton.

The purpose of this subsection is to construct automata associated with iterated monodromy
group actions for certain hyperbolic polynomial diffeomorphisms of C? along with [I3] (see also
Lemma 1 in [F] for a related result). The idea of the construction is as follows. First, the inverse

semigroup actions of IMG(¥); give rise to the direct sum of the inverse semigroup actions of

IMG(T) = [] IMG(T);
iex0

on the disjoint union of preimage trees | |;cy0 7; (see Appendix of [I3] for the definition of
the direct sum of inverse semigroup actions). We next reformulate the notion of holonomy
equivalence in terms of an inverse semigroup action called the holonomy pinching group Zs.
Intuitively the action of IMG(¥) describes the dynamics in the expanding direction and the
action of Zg describes the dynamics in the contracting direction. It is shown that the two actions
are both self-similar and hence can define corresponding automata. We define the automaton
for a polynomial diffeomorphisms of C? as certain power of the product of the two automata
(Definition 6.12) and show that the quotient space with respect to the equivalence relation
generated by the automaton is identical to Spvig(s) (Theorem 6.13).

To accomplish this procedure we first reformulate the notion of an automaton as follows and
introduce the notion of the product of two automata. Let II be a set called an alphabet.

Definition 6.8. An automaton over 11 is a triple A = (Q, q, ), where (i) Q is a set, and (ii)
m:IIxQ--+11 and q: 11 x Q --+ Q are partially defined maps with a common domain.

It is often convenient to write an automaton 2 = (@, ¢, 7) as a pair of partially defined maps
7= (¢gm) : I xQ --»Q xII. Given two automata 2 = (Qxu, g, ™) and B = (Qsm, gn, T™3)
over a same alphabet II we define their product AB = (Qg X Qsw, guss, mus) over 11, where
Toas = (quss, mass) : 1T X Qg X Qs -+ Qg X Qg x II is given by the successive compositions:

H X QuXxQp - Qu xIIxQp --> Qo x Qg x 11
of first 79 = (ga, my) and next 7y = (g, ™).

An automaton A = (Q,q,7) over II defines a binary relation Ry C II% x I1%. Let © =
(Tn)nez, ™ = (7!)nez € 1% be two bi-infinite sequences. We say that (z, 7') € II* x IT* belongs
to Ry if there exists a sequence (¢, )nez € Q% so that gn41 = q(Tn, ¢n) and 7/, = 7(m,, ¢,) hold.

From an automaton 2 = (Q, ¢, ) over an alphabet II, one can construct a doubly labeled
directed graph called the Moore diagram of 2. Its vertex set is given by @, and for (7/,¢") € IIxQ
in the common domain of 7 and ¢ we draw an arrow from ¢(7’,¢’) to ¢’ labeled by the pair
7'|m(7’,q"). Note that the direction of arrows defined here is opposite to the one in [BGN].

Definition 6.9. Let 2 be an automaton over Il. For © = (mp)nez, ' = (7)) nez € % we write
7 ~o T if there exists a bi-infinite path in the Moore diagram of 2 along which the sequence of
labelings is (mn |7}, )nez.-

This definition is consistent with the binary relation Rgy. Namely, for m, 7’ € II? we have
(m, ") € Ry if and only if = ~g 7’. When the binary relation Ry is an equivalence relation, we
say that 2 generates the equivalence relation ~sg.
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Given two binary relations R, Ry C IIZ x IT% in IIZ, their product Ry Ry C IIZ x 11 is defined
as follows; we say (w!,72) € RyRy iff there exists § € ITZ so that (z',0) € Ry and (J,72) € Ry
hold. Similarly, given two equivalence relations ~1, ~y C IIZ x IIZ in IIZ, their product ~1~s is
defined as the transitive closure of ~1 and ~s. In particular, we have

~ave = | (RuRa)™
m>0
if two automata 21 and B generate the equivalence relations ~g and ~g respectively.
A key property in the construction of finite automata for Hénon maps is

Definition 6.10. Let M > 1 and let Ry and Ry be the binary relations in 11% defined by
automata A and B respectively. We say that the product AB is M-boundedly generating in 1%
if Russym C Rgpym holds for every m > 1.

Next we reformulate the holonomy equivalence in terms of certain inverse semigroup action.
Choose 4,1’ € X0 with i # i’ so that E(i,4') # 0 holds, i.e. T; and T; are identified at some points
by ~go. For ---m_om_y € II;7° and --- 7/ yn’ | € 11,7, we set 1y (- mom1) = -7l on’
and vy (-l on! ) = m_gm_y if either

(i) there exists N < —1 so that the subpaths ---7y_17y and ---7y_;7y of the paths
---m_gm_q and -- -y’ | respectively are identified in 7'/, , or
(i) -+-m_gm_; and -+ -7’ o7’ form an exceptional pair.

This gives an involution ¢y; ;) from a subset of II;"* LTI;,* to itself.

Definition 6.11. The inverse semigroup generated by the maps v(; iy and the identity map on

7% = | |;c50 ;7 is called the holonomy pinching group of the Hubbard tree T and is denoted
by Ig.

The holonomy pinching group Zs acts on II7°° faithfully and we denote its action of ¢+ € Zx
as (---m_gm_1)" for ---m_gm_; € II7*°. Note that Zz is similar to the holonomy pseudogroup in
the foliation theory [CC, Ne2|. The holonomy equivalence relation in Definition 6.5 can be then
expressed in terms of Zg as follows. Let © = (7,)nez, @ = (7)) nez € IT>®. Then, T ~polo '
holds iff for any n € Z there exists ¢, € Zg so that (- mp_17y)" = -+ 7,7, holds.

The notion of self-similarity of a group action is generalized to the setting of inverse semigroup
actions in an appropriate way (see Definition 3.6 of [BGN]). One can show that the inverse

semigroup actions of Zg and IMG(%) on II7°° are both self-similar and contracting. Let 24, @

be the Moore diagram of the automaton ( . Also, we denote by 2z,

NIMG(%) ' TIMG () qIMG(fE))
the Moore diagram of the automaton (Nz, 7z, qz. ). Denote by card(X") the cardinality of .
A key observation is that the product QIIMG(‘E)‘AIQ is card(X°)-boundedly generating in IT*>

(Proposition 5.17 in [I3]). This motivates to define

Definition 6.12. The card(X°)-th power (QlIMG@)QlIT)CMd(EO) of the product 2
called the automaton for a Hubbard tree T and denoted by 2Us.
Let T be a Hubbard tree and IT*> be the subshift of finite type associated to it. Let s be the

automaton for T. Recall that for 7 = (7 )nez, ™ = (7}, )nez € IIF°°, we write 1 ~g, 7' if there
exists a bi-infinite path in Az so that the sequence of labelings along the path is (7, |7}, )nez-

Theorem 6.13 (Ishii [I3]). Let va, f : AY — A° be a hyperbolic system and let T be its Hubbard
tree. If AT is a hyperbolic set and Jp C A% then f: Jp — Jy is topologically conjugate to the
factor U/N,ZLT : Hioo/w(T — Hj[o"/wglT of the shift map.

meEAzs 18

On the other hand, no tight automata theory for Hénon maps is established yet.
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7. EXPLORING THE PARAMETER SPACE OF THE HENON FAMILY

In this section we investigate the complex quadratic Hénon family:
fc,b : (‘Tay) — (‘T2 +c— by,x)

where (¢,b) € C x C*. Let us call C x C* the parameter space of the complex Hénon family.
Currently it is a far reaching problem to establish a dynamics-parameter correspondence for such
complex 2-dimensional dynamical systems. However, there is a series of interesting conjectures
which could be a hint towards this problem. In Subsections 7.1 and 7.2 we explain these
conjectures which are based on numerical experiments.

7.1. Is p surjective? Write X9 = {A, B} and denote by

EgE {--'8_1'5081”‘181‘ 622}
the space of all two-sided symbol sequences over 2. We also consider the shift map o : E% — Z%
givenby O-(...g_l .5051...) =---E_1E0-E1""".

We say that a complex Hénon map is a hyperbolic horseshoe on C? if its Julia set Jep is a
hyperbolic set and f.p : J.p — Jp is topologically conjugate to the shift map o : Z‘% — E%,
where Z% is the space of bi-infinite symbol sequences with two symbols. The complex hyperbolic
horseshoe locus is defined as

He = {(c,b) € Cx C* : f.p is a hyperbolic horseshoe on (CQ}

Note that we do not know if Hc is connected. We define the shift locus S, for the complex
Hénon family as the connected component of H¢ containing the region Hoy = {(¢,b) € CxC* :
le| > 2(1 + |p|)?} found in [Ob] (see (1) of Corollary 5.7).

Fix (co,bo) € Hov. As in the case of polynomial maps in one complex variable (see item (viii)
in Section 1), we have an anti-homomorphism:

p: 7T1(Sc’b, (Co, bg)) — Aut(EZ,U)

satisfying p(y1-72) = p(72)p(71), where Aut(X%, o) is the group of homeomorphisms 7 : ¥5 — %2
which commutes with the shift map o on ¥5. We call p the monodromy presentation of the
fundamental group 71 (S, (co, bo)).

Conjecture 7.1 (Hubbard, see [BScr]). The image p(m1(Sep, (co,bo))) together with the shift
map o : X% — %% generate Aut(¥%, o).

It is easy to see that the locus Hc is not simply connected; take a loop y(t) = (c(t),bo) € Hov
where ¢(t) is a large loop surrounding the Mandelbrot set once with ¢(0) = cp, then p(v)
exchanges the two symbols A and B. Moreover, Arai [A] found an element v € m1(Scp, (o, bo))
so that p() has infinite order.

One of the reasons why Conjecture 7.1 seems much more difficult to prove than Theorem 1.22
is that the group Aut(XZ, o) is “huge” compared to Aut(EIQ\IO, o). For example, it is known that
Aut(X%,0) contains every finite group and the direct sum of countably many copies of Z, and
no convenient system of generators is known.

7.2. Lipa’s conjectures. Since the complex Hénon map is a diffeomorphism, it does not possess
critical points in the usual sense. Therefore, one can not expect to obtain a “magic formula” as in
item (ix) in Section 1 for the complex Hénon family. Here we propose two conjectures following
the thesis of Chris Lipa [L] concerning the dynamics-parameter correspondence in the complex
Hénon family. To do this, we investigate detailed combinatorial structure of the Mandelbrot set
M based on Theorem 1.26.



34 YUTAKA ISHII

Let H be a hyperbolic component of the Mandelbrot set M. Theorem 1.26 implies that the
union Rpq(07) U Rpm(07;) U {ram(H)} divide the complex plane into two parts when H # Q,
and we also have Ruq(6) U Rv(05) U {rm(Q)} = [1/4, +00).

Definition 7.2. The connected component of C\ (Rap(0) U Rpm(07) U {rm(H)}) containing
H is called the wake associated with H and denoted by Wy.

One can associate the notion of a kneading sequence with each wake as follows [LS, L] whose
idea originates in Milnor-Thurston theory for maps of the interval [MT]. Let H be a hyperbolic
component and let k(H) be the period of the unique attractive cycle of p. with ¢ € H. Given
0 € T, we define K};(0) = (i}t )n>0 € 25° as

Z,+_{A if 2”96[%,
B if 270 €[5, %),

for n >0, and K5 (0) = (i;, Jn>0 € X5° as

for n > 0. One can then show that K+ (6,;) = K~ (6};) holds if H # Q.

Definition 7.3. The kneading sequence of the wake Wy associated with H #  is the first k(H)
letters of the sequence KT (0) = K—(0};) and is denoted by K(Wg), where k(H) is the period
of the unique attractive cycle of p. for c € H. We also set K(Wo) = A.

We define the discarded kneading sequence of the wake Wy as the first k(H) — 1 letters of the
sequence K+ () = K~ (0};) and denote it by I?(WH) We also set IA((W@) to be the empty
word €.

Here is a list of examples:

e When H = Q is the Main Cardioid, we have 6, = 0, 6 = 1 and k(Q) = 1. Since
K(Wo) = A holds, we see IA((W@) =e.

e When H is the Basilica component, we have 05 = 1/3, 0}, = 2/3 and k(H) = 2. Since
K(Wy) = BA holds, we see K(Wpy) = B.

e When H is the Rabbit component, we have 6, = 1/7, 0}, = 2/7 and k(H) = 3. Since
K(Wpg) = BBA holds, we see K(Wpy) = BB.

e When H is the Airplane component, we have 0 = 3/7, 6}, = 4/7 and k(H) = 3. Since
K(Wpg) = BAA holds, we see K(Wy) = BA.

Another consequence of Theorem 1.26 is that the Mandelbrot set M has a tree-like structure.

More precisely, it yields that either Wy D Wy, Wy C Wy or Wy N Wy = 0 holds for two
hyperbolic components H and H' of M.

Definition 7.4. Let H and H' be two hyperbolic components of M. We say that the wake Wy
s conspicuous to the wake Wy if

(1) W C Wh,

(2) k(H') < k(H),

(3) there are no hyperbolic components H" with k(H") < k(H') and Wy C Wgr C Wy

We remark that a wake is always conspicuous to itself.
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FIGURE 17. The c-planes with b =0 (left), b = 0.015¢ (middle) and b = 0.05¢ (right) [L].

F1GURE 18. A loop surrounding the B-herd of Airplane wake with b = 0.05¢
(left) which splits to the BB-herd and the AB-herd with b = 0.2+0.3i (right) [L].

Through her numerical experiments with SaddleDrop, S. Koch [L, Ko2] observed the “splitting
phenomenon” of the Mandelbrot set M. Based on this phenomenon she defined (naively) the
notion of herds as follows.

Suppose first that b = 0 and look at the c-plane in the parameter space (see the left picture
in Figure 17); we then see the Mandelbrot set M in the c-plane. If we change b slightly, we still
have a Mandelbrot-like set in the corresponding c-plane to which we still have a well-defined
notion of wakes.

Let Wy be a wake of the Mandelbrot-like set with k(H) = 2. As we perturb b more, the wake
Wy seems to split into two different pieces (see the middle picture in Figure 17). One, called
the A-herd of Wy, which contains all the wakes in Wy whose discarded kneading sequences
end in A, moves to the direction in the c-plane that b is perturbed in. The other, called the
B-herd of Wy, which contains all the wakes in Wy whose discarded kneading sequence end in
B, moves in the opposite direction (see the right picture in Figure 17).



36 YUTAKA ISHII

Let Wy be a wake of the Mandelbrot-like set with k(H’) = 3 and Wy C Wpg. As we perturb
b even more, the A-herd of Wy inside Wy splits into two pieces. One, called the AA-herd of
Wy, which contains all the wakes in Wy whose discarded kneading sequences end in AA,
moves a bit farther to the direction in the c-plane that b is perturbed in than the other, called
the BA-herd of Wy, which contains all the wakes in Wpg+ whose discarded kneading sequence
end in BA. Similarly, the B-herd of Wy inside Wy (see the left picture in Figure 18) splits into
two pieces; the AB-herd of Wy and the BB-herd of Wy (see the right picture in Figure 18).

After one more splitting, we have 8 herds associated with discarded kneading sequences in
the following order: AAB, BAB, BBB, ABB, ABA, BBA, BAA, AAA (note that the parity
of the number of the letter B flips the lexicographical order). In this way we obtain the notion
of the v-herd of a wake Wy for a word v over the alphabet Yo = {A, B}. According to [L], this
splitting phenomenon has been observed numerically using SaddleDrop to a depth of 5.

Below the length of a word w over the alphabet {4, B,«} is denoted by |w|. Given a word
w over {A, B, } containing exactly one %, we will define a continuous map 7, : E% — E% as
follows. Take a sequence g = (g, )nez € ¥5. If there exist k € Z with g - - - Ek+lw|-1 = W except
for the digit of % in w, we replace the letter in the corresponding digit in w to the opposite one
(i.e. Ato B and B to A). If there is no such k € Z, ¢ is left unchanged. By operating the above
procedure to all possible k € Z, we obtain a new sequence denoted by 7, (g) € ¥Z.

Definition 7.5. Let W = {w!,... , w™} be a set of finite words over {A, B, *}, each containing
exactly one *. Assume that T,1,...,Tym are all commutative with each other with respect to the
composition of the maps. Then,

’TWE’Tme"'OTwIIE%—)E%

is called a compound marker endomorphism given by W. If a compound marker endomorphism
1s an automorphism, it is called a compound marker automorphism.

Now we are in position to state the first conjectures of Lipa (Conjecture 8.3 in [L]).

Conjecture 7.6. Let Wy be a wake with its conspicuous wakes Wy, , ..., Whg,, and let v be a
word over {A, B}. Suppose that v € m1(Sep, (co,bo)) winds around the v-herd of the wake Wy
and let w' = v * KWhm,). Then, T,1,...,Tym are all commutative and the compound marker
endomorphism Ty given by W = {w', ..., w™} coincides with p(vy). In particular, it is an
automorphism.

When Wy is the Airplane wake, we have K (Wpg) = BAA. He observed that the monodromy
action p(7y) along the path v in the left picture of Figure 18 coincides with 1y, where W =
{B x BAA} (see Subsection 9.1 of [L]). Similarly, he observed such coincidence of p(v) for the
two loops in the right picture of Figure 18 and y with W = {BB«xBAA} and W = {ABxBAA}
respectively (see Subsection 9.2 of [L]).

In Conjecture 8.4 of [L], Lipa proposed the following “converse” to Conjecture 7.6.

Conjecture 7.7. Let Wy be a wake with its conspicuous wakes Wy, , ..., Wg,, and v be a
word over {A,B}. Let w' = v K(Wpg,) and assume that T,1,...,Tym are all commutative.
Suppose that the compound marker endomorphism Ty given by W = {w!, ..., w™} is not an

automorphism. Then, there is no v € m(Sep, (co,bo)) which winds around the v-herd of Wy .

For example, Lipa showed that my with W = {A x BAA} is not a compound marker auto-
morphism and claims that he was not able to find a loop in the horseshoe locus that winds only
around the A-herd of the Airplane wake in Subsection 9.3 of [L]. See Subsections 9.5 and 9.6
of [L] for more examples and related discussions.
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FIGURE 20. Hénon map at the classical parameter [U1].
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FIGURE 22. Hénon map with coexisting attractive cycles [U1].
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7.3. Visualization in C?. There are several programs to draw the Julia sets and parameter loci
of the Henon family f, 4 : (z,y) — (22 —a—by, z) in C? which are extremely useful for theoretical
considerations of the dynamics. FractalAsm [FA] and SaddleDrop [SD] are created by Cornell
Dynamics group (see Subsection 3.1). S. Ushiki [U1l] made programs called HénonExplorer and
Stereo Viewer; Figures 1, 19, 20, 21 and 22 are drawn by these programs. These pictures present
sets in four-dimensional space, and this software helps to visualize these pictures by showing
them under different projections to the two-dimensional computer screen, or onto a stereo 3D
viewer. An important feature is that the viewer allows the set to be viewed as it is rotated in
4D space. We recommend to visit his webpage [U1] where more images can be found.

Figures 1 and 19 are drawn by HénonExplorer and Figures 20, 21 and 22 are drawn by
StereoViewer. Each of these figures shows a “cloud” of points which are colored whitish blue.
These are the periodic points of periods up to 20 for a Hénon map f. Asymptotically, most
periodic points are of saddle type, and the asymptotic distribution of the saddle periodic points
gives the unique maximal entropy measure py of f (see [BLS2]). Thus this cloud of points
approximates the set J;I, which is defined as the support of the measure py (see Footnote 5 in
Subsection 2.2). For the maps of Figures 1 and 19, there are two saddle fixed points, and the
surfaces shown in the figures are portions of the stable and unstable manifolds. Note that if
we wish to display stable or unstable manifolds, we need to truncate them. This is because the
stable and unstable manifolds of any saddle periodic point have homoclinic intersection, hence
they return arbitrary close to the periodic point (see [BLS1]).

In Figure 1 there are two saddle fixed points close to each other which are bifurcated from
a parabolic fixed point. The rectangular surface colored orange/brown is a piece of the stable
manifold of one of the two saddle fixed points (there is a similar cyan-colored region, correspond-
ing to the other saddle fixed point.) The darker shading corresponds to the values of G7; the
darkest part indicates points of J~, where G~ (z,y) = 0. The other two surfaces are portions of
the unstable manifolds, cut off so as not to obscure other portions of the picture. The shading
corresponds to the value of GT, with the darkest part showing the points of J*. These saddle
points in Figure 1 are bifurcated from a map with a semi-parabolic fixed point. This bifurcation
corresponds to a “parabolic implosion”, which we can see because the fixed points show the spi-
raling behavior seen with the parabolic explosion of the familiar one-dimensional “caulifiower”
Julia set. Such bifurcations were studied in detail by Bedford-Smillie-Ueda [BSU], and it is
interesting to compare Figure 1 with the figures in [BSU]J.

Figure 19 describes the dynamics of a Hénon map which has an almost tangential heteroclinic
intersection. In the figure, the truncated surface colored green/yellow/red surrounding the one-
dimensional-like filled Julia set in purple represents a part of the unstable manifold of a saddle
fixed point. The other surface colored pink, which looks like an arch, represents the stable
manifold of another saddle fixed point. As in Figure 1, the darkness of the shading corresponds
to the value of G*, and the darkest part indicates points of J* where the surfaces intersect with
the whitish blue cloud of points. The two surfaces intersect with each other almost tangentially
at the “saddle point” of the arch, but this intersection does not belong to R2.

Figure 20 describes the support J}" of the maximal entropy measure for the Hénon map f, 4
at the classical parameter (a,b) = (1.4, —0.3) [Hé| seen from different directions. In each figure
one can find the well-known strange attractor embedded in the picture which is the closure of
the real unstable manifold of a saddle fixed point in the first quadrant of R%2. The attractor is
decorated with portions of J;j not in the real plane. These are the “pruned branches” emanating
into the imaginary directions. When we change the direction of our view-point as in the figures,
these directions are twisted unexpectedly. These pruned branches become smaller when the
parameter a increases, and eventually disappear when f,; becomes a horseshoe on R2.
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Figures 21 describes the dynamics of a real Hénon map which preserves the area in R2. The
large red curves are the KAM invariant circles of period two sitting in the real plane on which
the twice iterate of f, is topologically conjugate to an irrational rotation. One can also observe
the nested structure of smaller KAM circles in red and the so-called chaotic sea in purple/yellow
where the Lyapunov exponent is conjecturally strictly positive. Blue and green points represent
orbits of randomly chosen initial points near the complex extensions of the KAM circles. They
seem to present quasi-periodic motions, but we do not know if their orbit closures form tori.

Figure 22 describes J]”Z of a Hénon map which possesses two attractive cycles of periods one
and three respectively. The set J}" looks disconnected and hyperbolic (since it seems to satisfy
the cigar condition; see [BSc7] for more details). The largest circle in J} as well as its images
belong to the boundary of the attractive basin of period one, and the other circles belong to the
boundary of the attractive basins of period three. Locally J;Z looks like the product of a portion
of a one-dimensional-like Julia set and a Cantor set. However, since this map is quadratic and
has two attractive cycles, one can show that it is non-planar (by assuming its hyperbolicity).

Let us explain some mathematical background behind Ushiki’s programs. In these programs
we first compute periodic points of the Hénon map f of period m, say m < 20. This means that
we need to find all points (z,y) € C? satisfying f™(x,y) = (z,y). However, this is a polynomial
equation of degree 2™ and, when m is large, it is practically impossible to find the zeros of
the equation with such large degree by Newton’s root-finding algorithm because the size of the
attractive basins for the solutions can be extremely small.

To overcome this difficulty, Ushiki employed an algorithm of Biham and Wenzel [BW1, BW2],
now called the BW-algorithm. For a given symbol sequence (,,)nez € {+1, —1}%, the algorithm
consists of the following infinitely many ordinary differential equations:

d
(4) o
where s, (t) is a C-valued function. Note that an equilibrium (s}),ez of the system (4) satisfies
the recursion equation s}, ,; = (s};)? — a — bs};_,, which is equivalent to (s}, ,s}) = fa(81,85)-
In particular, by taking (e,)ncz as a periodic sequence, an equilibrium of (4) corresponds to
a periodic point of f,;. Biham and Wenzel [BW1, BW2| conjectured that (4) has a unique
(globally attracting) equilibrium (s ),ez for any (€,)nez € {+1, —1}% and (a,b) € C x C*, and
the correspondence (g, )nez — (55)nez from {41, —1}% to the space of all bounded bi-infinite
orbits of f,5 in C? is bijective. Although a counter-example was found for (a,b) = (1,0.54)
in [GKM] where (4) has a limit cycle for certain (&,,)nez, the BW-algorithm is practically a very
useful algorithm to find periodic points. It would be interesting to give a rigorous proof of its
convergence for reasonable initial data (s,(0)),ez and appropriate choice of parameter (a,b).
Note that Sterling-Meiss [SM] justified the convergence of the algorithm in R? for a > 0 large
by employing the idea of anti-integrable limits and Mummert [Mu] extended their convergence
result to other cases in C2.

As we saw above, the images drawn by HénonExplorer/StereoViewer are presented as objects
in the two/three-dimensional space. However, the actual Julia sets are in C? which has real
dimension four. As we observe especially through Figure 20, it is hard to imagine how they
are sitting in the four-dimensional space. Recently we have launched a 4D visualization project
called Watch_H [AAIIKT]. The goal of the project is to express the images related to complex
dynamics as fractal objects in the four-dimensional space and make an archive of such images
(dynamical and parameter spaces for the Hénon family, dynamics on complex surfaces, etc).
Towards this goal, we plan to employ a 3D virtual reality system, analyze the rotation in the
four-dimensional space and develop new rendering techniques adapted to it.

sn(t) = en {sn41(t) = su(t)” +a+bsp_1(t)},



DYNAMICS OF POLYNOMIAL DIFFEOMORPHISMS OF C2 41

8. APPLICATIONS TO THE DYNAMICS OF HENON MAPS IN R?

In this section we discuss the problems (x). In Subsection 8.1 we study global topology of
two real parameter loci and in Subsection 8.2 we investigate local geometry of their boundaries
and apply it to the study of ground states at “temperature zero”.

8.1. Two real loci. Let f be a polynomial diffeomorphism of C? and let d > 2 be its degree. We
say that f is real if all the coefficients of f are real. In this case, the restriction f|g2 : R? — R? is
a well-defined dynamical system. It is known [FM] that the topological entropy of f|r2 satisfies
0 < hiop(flr2) < logd for any real f of degree d. We therefore say that a real polynomial
diffeomorphism f attains the mazimal entropy if hiop(f|r2) = logd.

In [BSc8] Bedford and Smillie developed the theory of quasi-hyperbolicity. An important
example of a quasi-hyperbolic map is a real polynomial diffeomorphism f with maximal entropy.
Based on this theory, they have solved the so-called “first tangency problem” as follows.

Theorem 8.1 (Bedford—Smillie [BSg1]). Assume that a real polynomial diffeomorphism f at-
tains the mazximal entropy. Then, either f|g2 is uniformly hyperbolic on the non-wandering set
Q(f|r2) or has a tangency between stable and unstable manifolds.

Hereafter, we restrict our attention to the following form of the Hénon family:
fa,b:(xay)'_>($2_a_by7$)a (aab)ERXRX

as dynamical systems on R?. Let us call R x RX the parameter space for the real Hénon family
fap- When b # 0 is fixed and a is large enough, f,p is a hyperbolic horseshoe on R?, i.e. the
restriction of f, to its non-wandering set is uniformly hyperbolic and is topologically conjugate
to the full shift with two symbols [DN]. Such f,; attains the maximal entropy among the Hénon
maps since we know 0 < hiop(fap) < log2 for any (a,b) € R x R* by [FM].

We are thus led to introduce the hyperbolic horseshoe locus:

Hr = {(a, b) € R x R* : f, is a hyperbolic horseshoe on RQ}
as well as the mazimal entropy locus:
Mg = {(a,b) € R x R* : f, attains the maximal entropy log2}.

Note that Hg is open and Mg is closed in R x R* (since htop(fap) is a continuous function of
(a,b) by results of Katok and Newhouse; see page 110 of [M1]), hence Hr C Mg.

Theorem 8.2 (Bedford—Smillie [BSg2], Arai-Ishii [Al]). There exists a real analytic function
atge : R* = R from the b-azis to the a-axis of the parameter space for the Hénon family fqp
with limy_, atgc(b) = 2 so that

(i) (a,b) € Hr iff a > atge(b),

(ii) (a,b) € Mg iff a > atge(b).

This result has been first obtained by Bedford and Smillie [BSg2] for the case |b| < 0.06 and
then generalized to all b # 0 by Arai and the author [AI]. We note that, when a = atg.(b), the
map f,p has exactly one orbit of either homoclinic (b > 0) or heteroclinic (b < 0) tangencies of
stable and unstable manifolds of suitable saddle fixed points [BSg1]. The strategy of [BSg2, Al]
is first to extend the dynamical and the parameter spaces over C, investigate their complex
dynamical and complex analytic properties, and then reduce them to obtain conclusions over R.
In the article [AI] we also employ interval arithmetic together with some numerical algorithms
such as set-oriented computations and the interval Krawczyk method to verify certain numerical
criteria which imply analytic, combinatorial and dynamical consequences.
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FIGURE 23. Bifurcation curves of the Hénon family [EM].

The statements described in Theorem 8.2 justify what were numerically observed at the
beginning of 1980’s by El Hamouly and Mira, Tresser, Ushiki and others. Figure 23 is obtained
by joining two figures in the numerical work of El Hamouly and Mira [EM] and turning it
upside down. There, the graph of the function atg. is implicitly figured out by the right-most
wedge-shaped curve.

As a consequence of Theorem 8.2, we obtain some global topological properties of the two
loci. To state them, let us put Hg = Hg N {#b > 0} and ME = Mg N {£b > 0}. Below, we
take the closure and the boundary of Hz and Mg in {+b > 0}.

Corollary 8.3 (Arai-Ishii [AI]). Both loci HI:RE and Mﬁ are connected and simply connected in

{£b > 0}. Moreover, we have Hi = Mg and OHz = OMZ.

We note that this corollary can be regarded as a first step towards the understanding of
an “ordered structure” in the parameter space for the Hénon family. Recall that in [MTDS]
the monotonicity of the topological entropy for the cubic family (which has two parameters) is
formulated as the connectivity of the isentropes. Therefore, the above result indicates a weak
form of monotonicity of the entropy function (a,b) — hiop(fap) at its maximal value.

It should be interesting to compare our results to the so-called anti-monotonicity theorem
in [KKY]. To be precise, we let h; : R2 — R? (¢ € R) be a one-parameter family of dissipative
C3-diffeomorphisms of the plane and assume that h;, has a non-degenerate homoclinic tangency
at certain parameter ¢ = tg. Then, there are both infinitely many orbit-creation parameters
and infinitely many orbit-annihilation parameters in any neighborhood of ¢ty € R. It has been
shown in [BSgr2] that for the one-parameter family of Hénon maps {f, s, }acr with a fixed
b, > 0 sufficiently close to zero, the map at a = atgc(b*) taken from the boundary 8?—[% =
8/\/1% has a non-degenerate homoclinic tangency. Of course, anti-monotonicity of some orbits
does not necessarily imply anti-monotonicity of topological entropy. Nonetheless, the anti-
monotonicity theorem suggests that, a priori, both Hr and Mg might have holes or several
connected components separated from the largest one described in Corollary 8.3.

In their recent work [BSr3] Bedford and Smillie gave a characterization of the loci boundary
for [b] < 0.06 in terms of symbolic dynamics with respect to a family of three polydisks. A
similar characterization of the loci boundary should be possible for all values of b in terms of
symbolic dynamics with respect to a family of four polydisks for b > 0 and a family of five
polydisks for b < 0 constructed in [AI].
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Further problems and questions follow:

e Is the function ae. monotone on {b > 0} and on {b < 0}?

e Is the boundary of the zero-entropy locus piecewise real analytic (see [GT])? This is true
when |b| is close to zero [GST, CLM].

e Is the complex hyperbolic horseshoe locus H¢ for the complex Hénon family connected?
We already know that it is not simply connected (see Subsection 7.1). Remark that since
hiop(fa,p) = log 2 for any (a,b) € C x C* by Theorem 2.2, the complex maximal entropy
locus Mc is the entire parameter space C x C*.

8.2. Ground states. One of the key steps in the proof of Theorem 8.2 was to show that the
boundaries of the first tangency locus 87—[1:5{'5 is surrounded by “tin cans” in the complexified
parameter space (see Subsection 5.2 in [Al]). This condition has been verified by employing the
interval Krawczyk method, an interval arithmetic version of Newton’s root-finding algorithm.
By modifying this argument together with the Schwarz Lemma in the parameter space we obtain
the following estimate on the derivative of the function agge.

Theorem 8.4 (Arai-Ishii-Takahasi [AIT]). We have
23

9 . dat gc
b) < .

8 <

Theorem 8.4 is applied to investigate ergodic properties of the real Hénon maps f,; at the
first bifurcation parameters (a,b) € OH;. Among others, we are interested in a variational
characterization of equilibrium measures “at temperature zero”. To state it, denote by M (f)
the space of f-invariant Borel probability measures of a Hénon map f. An invariant measure
w € M(f) is called a (4)-ground state if there exists an increasing sequence t, € R with
t, — 400 as n — oo so that u is obtained as the weak limit of equilibrium measures for the
potential function —t, log || D, f|EY||, where EY is the unstable direction of D, f at p € R®. Let

x(5) = [ 1og .11 Idu(o),
be the unstable Lyapunov exponent of f with respect to u € M(f) and let

AU(a,b) = inf  AY(fop).
(a,b) et v(fap)

An invariant measure p € M (f) is called Lyapunov minimizing if it attains the infimum above.
An invariant measure p € M(f) is called entropy mazimizing among the Lyapunov minimizing
measures if it attains the supremum of the metric entropy h,(f) over all Lyapunov minimizing
measures v (see [Ta] for more detail).

Let Us be the d-neighborhood of the Chebyshev point (a,b) = (2,0) in the parameter space
of the real Hénon family f,;. One can see that Theorem 8.4 yields a non-degeneracy condition
in Theorem A (a) of [Ta] for the Hénon maps f,; with (a,b) € Hg NUs. As a consequence,
we have the following variational characterization of the (+4)-ground states.

Corollary 8.5 (Arai-Ishii-Takahasi [AIT]). There exists 6 > 0 so that any (4)-ground state of
any Hénon map fup with (a,b) € 8’Hﬁ£ N Us is Lyapunov minimizing, and entropy maximizing
among the Lyapunov minimizing measures.

Corollary 8.5 indicates that a local geometric property of a complexr parameter locus yields
ergodic property of real Hénon maps.



44 YUTAKA ISHII

Acknowledgement. The author thanks Laurent Bartholdi, Eric Bedford, Romain Dujardin,
John Hubbard, Hiroyuki Inou, Sarah Koch, Mitsuhiro Shishikura, John Smillie and Shigehiro
Ushiki for their comments on the subjects of the manuscript. He is also grateful to the anonymous
referee for his/her careful reading of the manuscript and detailed comments. This research is
partially supported by JSPS KAKENHI Grant Numbers 25287020 and 25610020.

REFERENCES
[AAIIKT] K. Anjyo, Z. Arai, H. Inou, Y. Ishii, S. Kaji, K. Tateiri, Watch-H: a 4D visualization project.
[A] Z. Arai, On loops in the hyperbolic locus of the complex Hénon map and their monodromies. Physica D
334 (2016), 133-140.

AJ] Z. Arai, Y. Ishii, On parameter loci of the Hénon family. Preprint (2015). arXiv:1501.01368

AIT]  Z. Arai, Y. Ishii, H. Takahasi, Boundary of the horseshoe locus for the Hénon family. In preparation.
As] J. Ashley, Marker automorphisms of the one-sided shift. Ergodic Theory Dyn. Syst. 10 (1990), 247-262.
B1] E. Bedford, Iteration of polynomial automorphisms of C?. Proceedings of the International Congress of
Mathematicians, Vol. I, IT (Kyoto, 1990), 847-858, Math. Soc. Japan, Tokyo, 1991.

[B2] E. Bedford, Dynamics of rational surface automorphisms. Holomorphic dynamical systems, 57-104, Lec-
ture Notes in Math., 1998, Springer, Berlin, 2010.
[B3] E. Brdford, Dynamics of polynomial diffeomorphisms in C2: foliations and laminations. ICCM Not. 3

(2015), no. 1, 58-63.

[BDN] L. Bartholdi, D. Dudko, V. Nekrashevych, Iterated monodromy groups of quadratic polynomials II. Man-
uscript (2015).

[BGN] L. Bartholdi, R. I. Grigorchuk, V. Nekrashevych, From fractal groups to fractal sets. In Peter Grabner
and Wolfgang Woess, editors, Fractals in Graz 2001, 25-118, Trends Math., Birkhauser (2003).

[BN] L. Bartholdi, V. Nekrashevych, Thurston equivalence of topological polynomials. Acta Math. 197 (2006),
no. 1, 1-51.

[BK] E. Bedford, K. Kim, No smooth Julia sets for polynomial diffeomorphisms of C? with positive entropy.
Preprint (2015). arXiv:1506.01456

[BLS1] E. Bedford, M. Lyubich, J. Smillie, Polynomial diffeomorphisms of C*: IV. The measure of mazimal
entropy and laminar currents. Invent. Math. 112 (1993), no. 1, 77-125.

[BLS2] E. Bedford, M. Lyubich, J. Smillie, Distribution of periodic points of polynomial diffeomorphisms of C?.
Invent. Math. 114 (1993), no. 2, 277-288.

[BScl] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C*: currents, equilibrium measure and hyperbol-
icity. Invent. Math. 103 (1991), no. 1, 69-99.

[BSc2] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C2. II. Stable manifolds and recurrence. J. Amer.
Math. Soc. 4 (1991), no. 4, 657-679.

[BSc3] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C>. III. Ergodicity, exponents and entropy of the
equilibrium measure. Math. Ann. 294 (1992), 395-420.

[BSc5] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C2. V. Critical points and Lyapunov exponents.
J. Geom. Anal. 8 (1998), no. 3, 349-383.

[BSc6] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C?. VI. Connectivity of J. Ann. of Math. (2) 148
(1998), no. 2, 695-735.

[BSc7] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C2. VII. Hyperbolicity and external rays. Ann.
Sci. Ecole Norm. Sup. (4) 32 (1999), no. 4, 455-497.

[BSc8] E. Bedford, J. Smillie, Polynomial diffeomorphisms of C2. VIII. Quasi-expansion. Amer. J. Math. 124
(2002), no. 2, 221-271.

[BScr] E. Bedford, J. Smillie, The Hénon family: the complex horseshoe locus and real parameter space. Complex
dynamics, 21-36, Contemp. Math., 396, Amer. Math. Soc., Providence, RI, 2006.

[BSr1l] E. Bedford, J. Smillie, Real polynomial diffeomorphisms with mazimal entropy: Tangencies. Ann. of
Math. (2) 160 (2004), no. 1, 1-26.

[BSr2] E. Bedford, J. Smillie, Real polynomial diffeomorphisms with mazimal entropy. II. Small Jacobian. Er-
godic Theory Dynam. Systems 26 (2006), no. 5, 1259-1283.

[BSr3] E. Bedford, J. Smillie, A symbolic characterization of the horseshoe locus in the Hénon family. To appear
in Ergodic Theory Dynam. Systems.

[BSU] E. Bedford, J. Smillie, T. Ueda, Parabolic bifurcations in complex dimension 2. Preprint (2012).
arXiv:1208.2577



[BW1]
[BW2]
[BDK]
[CC]

[CLM]

[DN]

[DH]

[DP]
(DL]

(EM]

DYNAMICS OF POLYNOMIAL DIFFEOMORPHISMS OF C2 45

O. Biham, W. Wenzel, Characterization of unstable periodic orbits in chaotic attractors and repellers.
Phys. Rev. Lett. 63 (1989), no. 8, 819-822.

O. Biham, W. Wenzel, Unstable periodic orbits and the symbolic dynamics of the complex Hénon map.
Phys. Rev. A (3) 42 (1990), no. 8, 4639-4646.

P. Blanchard, R. L. Devaney, L. Keen, The dynamics of complex polynomials and automorphisms of the
shift. Invent. Math. 104 (1991), no. 3, 545-580.

A. Candel, L. Conlon, Foliations I. Graduate Studies in Mathematics, 23. American Mathematical
Society, Providence, RI, 2000. xiv+402 pp.

A. de Carvalho, M. Lyubich, M. Martens, Renormalization in the Hénon family, I: Universality but
non-rigidity. J. Stat. Phys. 121 (2005), no. 5-6, 611-669.

R. Devaney, Z. Nitecki, Shift automorphisms in the Hénon mapping. Comm. Math. Phys. 67 (1979), no.
2, 137-146.

A. Douady, Descriptions of compact sets in C. Topological methods in modern mathematics (Stony
Brook, NY, 1991), 429-465, Publish or Perish, Houston, TX, 1993.

A. Douady, J. H. Hubbard, Etude dynamique des polynémes complexes. Partie I. Publications
Mathématiques d’Orsay, 84-2. Université de Paris-Sud, Département de Mathématiques, Orsay, 1984. 75
pp- Partie II. With the collaboration of P. Lavaurs, Tan Lei and P. Sentenac. Publications Mathématiques
d’Orsay, 85-4. Université de Paris-Sud, Département de Mathématiques, Orsay, 1985. v+154 pp.

R. DeMarco, K. Pilgrim, Polynomial basins of infinity. Geom. Funct. Anal. 21 (2011), no. 4, 920-950.
R. Dujardin, M. Lyubich, Stability and bifurcations for dissipative polynomial automorphisms of C2.
Invent. Math. 200 (2015), no. 2, 439-511.

H. El Hamouly, C. Mira, Lien entre les propriétés d’un endomorphisme de dimension un et celles d’un
difféomorphisme de dimension deuz. C. R. Acad. Sci. Paris, Sér. I Math. 293 (1981), no. 10, 525-528.
J. E. Fornzess, N. Sibony, Complex Hénon mappings in C? and Fatou-Bieberbach domains. Duke Math.
J. 65 (1992), no. 2, 345-380.

FractalAsm, available at http://www.math.cornell.edu/ dynamics/Henon/SD4.html

D. Fried, Finitely presented dynamical systems. Ergodic Theory Dynam. Systems 7 (1987), no. 4, 489—
507.

S. Friedland, J. Milnor, Dynamical properties of plane polynomial automorphisms. Ergodic Theory Dy-
nam. Systems 9 (1989), no. 1, 67-99.

P. Grassberger, H. Kantz, and U. Moenig, On the symbolic dynamics of the Hénon map. J. Phys A, 22
(1989), 5217-5230.

J.-M. Gambaudo, S. van Strien, C. Tresser, Hénon-like maps with strange attractors: there exist C'™
Kupka-Smale diffeomorphisms on S? with neither sinks nor sources. Nonlinearity 2 (1989), no. 2, 287—
304.

J.-M. Gambaudo, C. Tresser, How horseshoes are created. Instabilities and nonequilibrium structures,
III (Valparaiso, 1989), 13—-25, Math. Appl., 64, Kluwer Acad. Publ., Dordrecht, 1991.

M. Hénon, A two-dimensional mapping with a strange attractor. Comm. Math. Phys. 50 (1976), no. 1,
69-77.

J. H. Hubbard, The Hénon mapping in the complex domain. Chaotic dynamics and fractals (Atlanta,
Ga., 1985), 101-111, Notes Rep. Math. Sci. Engrg., 2, Academic Press, Orlando, FL, 1986.

J. H. Hubbard, R. W. Oberste-Vorth, Hénon mappings in the complex domain. I. The global topology of
dynamical space. Inst. Hautes Etudes Sci. Publ. Math. 79 (1994), 5-46.

J. H. Hubbard, R. W. Oberste-Vorth, Hénon mappings in the complex domain. II. Projective and induc-
tive limits of polynomials. Real and complex dynamical systems (Hillergd, 1993), 89-132, NATO Adv.
Sci. Inst. Ser. C Math. Phys. Sci., 464, Kluwer Acad. Publ., Dordrecht, 1995.

Y. Ishii, Hyperbolic polynomial diffeomorphisms of C2. I: A non-planar map. Adv. Math. 218 (2008),
no. 2, 417-464.

Y. Ishii, Hyperbolic polynomial diffeomorphisms of C*. II: Hubbard trees. Adv. Math. 220 (2009), no. 4,
985-1022.

Y. Ishii, Corrigendum to [12]. Adv. Math. 226 (2011), no. 4, 3850-3855.

Y. Ishii, Hyperbolic polynomial diffeomorphisms of C*. III: Iterated monodromy groups. Adv. Math. 255
(2014), 242-304.

Y. Ishii, MathSciNet review article for [Kol].

Y. Ishii, J. Smillie, Homotopy shadowing. Amer. J. Math. 132 (2010), no. 4, 987-1029.

Y. Ishii, J. Smillie, The homotopy kernel. In preparation.



46

[Kol]

[Ko2]
[LS]

(L]
(LP]

[M1]
(M2]

(M3]

[MT]

YUTAKA ISHII

H. W. E. Jung, Uber ganze birationale transformationen der Ebene. J. Reine Angew. Math. 184 (1942),
161-174.

I. Kan, H. Kocak, J. Yorke, Antimonotonicity: Concurrent creation and annihilation of periodic orbits.
Ann. of Math. 136 (1992), no. 4, 219-252.

J. Kahn, A priori bounds for some infinitely renormalizable quadratics: 1. Bounded primitive combina-
torics. Preprint (2006). arXiv:math/0609045

S. Koch, SaddleDrop: a tool for studying dynamics in C2. Teichmiiller theory and moduli problem,
465—479, Ramanujan Math. Soc. Lect. Notes Ser., 10, Ramanujan Math. Soc., Mysore, 2010.

S. Koch, Private communications (2012).

E. Lau, D. Schleicher, Internal addresses in the Mandelbrot set and irreducibility of polynomials. Preprint
(1994). arXiv:math/9411238

C. Lipa, Monodromy and Hénon mappings. Ph.D dissertation, Cornell University (2009).

M. Lyubich, H. Peters, Classification of invariant Fatou components for dissipative Hénon maps. Geom.
Funct. Anal. 24 (2014), no. 3, 887-915.

J. Milnor, Nonexpansive Hénon maps. Adv. Math. 69 (1988), no. 1, 109-114.

J. Milnor, Dynamics in one complex variable. Third edition. Annals of Mathematics Studies, 160. Prince-
ton University Press, Princeton, NJ, 2006. viii+304 pp.

J. Milnor, Periodic orbits, externals rays and the Mandelbrot set: an expository account. Géométrie
complexe et systémes dynamiques (Orsay, 1995). Astérisque 261 (2000), xiii, 277-333.

J. Milnor, W. Thurston, On iterated maps of the interval. Dynamical systems (College Park, MD, 1986—
87), 465-563, Lecture Notes in Math., 1342, Springer, Berlin, 1988. See also a preprint version (1977).

[MTDS] J. Milnor, C. Tresser, On entropy and monotonicity for real cubic maps. With an appendix by Adrien

Douady and Pierrette Sentenac. Comm. Math. Phys. 209 (2000), no. 1, 123-178.

[MNTU] S. Morosawa, Y. Nishimura, M. Taniguchi, T. Ueda, Holomorphic dynamics. Cambridge Studies in

[Mu]
(N]

[Nel]

Advanced Mathematics, 66. Cambridge University Press, Cambridge, 2000. xii+338 pp.

P. Mummert, Holomorphic shadowing for Hénon maps. Nonlinearity 21 (2008), no. 12, 2887-2898.

M. Nagata, On automorphism group of k[z,y]. Department of Mathematics, Kyoto University, Lectures
in Mathematics, No. 5. Kinokuniya Book Store Co., Ltd., Tokyo, 1972. v+53 pp.

V. Nekrashevych, Self-similar groups. Mathematical Surveys and Monographs, 117. American Mathe-
matical Society, Providence, 2005. xii+231 pp.

V. Nekrashevych, Self-similar inverse semigroups and Smale spaces. Internat. J. Algebra Comput. 16
(2006), 849-874.

R. W. Oberste-Vorth, Complex horseshoes. Ph.D dissertation, Cornell University (1987).

R. Oliva, On the combinatorics of external rays in the dynamics of the complex Hénon map. Ph.D
dissertation, Cornell University (1998), available at http://www.math.cornell.edu/ dynamics/

F. Przytycki, Hausdorff dimension of harmonic measure on the boundary of an attractive basin for a
holomorphic map. Invent. Math. 80 (1985), 161-179.

SaddleDrop, available at http://www.math.cornell.edu/~dynamics/SD//index.html

I. P. Shestakov, U. U. Umirbaev, The tame and the wild automorphisms of polynomial rings in three
variables. J. Amer. Math. Soc. 17 (2004), no. 1, 197-227.

J. Smillie, The entropy of polynomial diffeomorphisms of C?. Ergodic Theory Dynam. Systems 10 (1990),
no. 4, 823-827.

J. Smillie, Dynamics in two complex dimensions. Proceedings of the International Congress of Mathe-
maticians, Vol. IIT (Beijing, 2002), 373-382, Higher Ed. Press, Beijing, 2002.

B. Stensgnes Fatou-Bieberbach domains with C*°-smooth boundary. Ann. Math. (2) 145 (1997), 365-377.
D. Sterling, J. D. Meiss, Computing periodic orbits using the anti-integrable limit. Phys. Lett. A 241
(1998), no. 1-2, 46-52.

H. Takahasi, Equilibrium measures at temperature zero for Hénon-like maps at the first bifurcation. STAM
J. Appl. Dyn. Syst. 15 (2016), 106—124.

W. P. Thurston, On the combinatorics of iterated rational maps. Edited by D. Schleicher and N. Selinger
and with an appendix by Schleicher. Complex dynamics, 3-137, A. K. Peters, Wellesley, MA (2009).

S. Ushiki, http://www.math.h.kyoto-u.ac.jp/ ushiki/

S. Ushiki, Phoeniz, IEEE Transactions on Circuits and Systems, Vol. 35, No. 7, July 1988, 788-789.

K. Yoneyama, Theory of continuous set of points (not finished). Téhoku Math. J. 12 (1917), 43-158.

DEPARTMENT OF MATHEMATICS, KYUSHU UNIVERSITY, MOTOOKA, FUKUOKA 819-0395, JAPAN. EMAIL:
YUTAKAGMATH.KYUSHU-U.AC.JP



