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Abstract 

Residual strength, which reflects the practical load-carrying capacity of pre-damaged structures, 

is a critical concern in fail-safe design. As a representative case of local stress intensifiers, pre-

existing cracks (pre-cracks) in engineering structures have attracted the most attention of residual 

strength investigations. Conventionally, residual strength issues of pre-cracked structures are solved 

by fracture mechanics with a presumption of the unstable crack propagation dominating the loss of 

load-carrying capacity. That is, fracture instability characterized by fracture instability toughness is 

regarded as the physical meaning of residual strength. With the joint efforts of mechanical and 

material researchers, however, the pre-cracks are becoming mechanically shallower, and the 

materials are becoming stronger and tougher, resulting in an extremely high fracture instability 

toughness that makes the unstable crack propagation hardly occur. Hence, as plasticity develops 

with loading, if plastic instability, such as the necking, instead of fracture instability dominating 

residual strength of shallow pre-cracked structures, most previous studies probably become invalid. 

Moreover, the plastic instability dominating residual strength can challenge the general viewpoint 

of engineering that cracks weaken structures. First, as an extreme case of the notch that the notch 

root radius approaches to zero, crack is widely considered to have no strengthening effect, such as 

notch strengthening, because unstable crack propagation is believed to occur at low stress. However, 

this situation will be changed if plastic instability can dominate the residual strength of shallow pre-

cracked structures because plastic strain localization induced by crack can resist the general yielding 

and plastic instability. Second, the extremely high fracture toughness of shallow cracks may make 

the factors that can enhance the plastic strain localization in the pre-cracked cross-section favorable 

for residual strength, such as the increase of pre-crack depth within a certain range or the change in 

the plasticity property of the material. These assumptions are necessary to be verified due to the 

insufficient investigation of residual strength in the presence of shallow pre-cracks. 

Based on the above, this dissertation focused on the residual tensile strength of shallow pre-

cracked structure made of interstitial-free (IF) steel. In order to guarantee the symmetry of pre-crack 
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shape, measurability of pre-crack depth and constrained pre-strain in specimen, the shallow crack-

like notch was adopted, and the identification criterion of shallow crack-like notches in the case of 

plastic instability prevailing was proposed initially. Then, the trends, physical meanings, and 

corresponding damage characteristics of residual strength responding to the pre-crack depth were 

clarified. Meanwhile, the concept of shallow crack was redefined for residual strength issues, and 

the mechanism of shallow crack effect on residual strength was explained by analyzing whether the 

plastic strain localization induced by pre-crack positively or negatively affects the load-carrying 

abilities in different imaginary partitions of pre-cracked cross-sections. After that, the qualitative 

and quantitative predictions of the residual strength in the presence of shallow cracks were 

preliminarily explored. Qualitative prediction focused on the trend analysis of residual strength from 

the perspective of plastic strain localization, while quantitative prediction focused on the necessary 

considerations for correctly predicting residual strength values and corresponding damage 

characteristics. Eventually, the concept of shallow cark effect was applied to the hydrogen 

environment, in which the magnitude of plastic strain localization can be dramatically raised. 

Aforementioned work extent residual strength theory into the field of shallow cracks. 

In addition, the redefinition of shallow crack for residual strength issue, a novel failure-

assessment diagram, and the subdivision of hydrogen-embrittlement susceptibilities in this study 

were expected to help identify and analyze the shallow crack effect in practical applications related 

to residual strength. 
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Nomenclature 

𝐴int 
Initial area of intact cross-

section 
𝛼 Notch opening angle 

𝐴net 

Initial area of net cross-section 

reduced by the presence of 

notch/crack 
휀𝑒, 휀𝑡 Engineering and true strain 

𝐸 Young’s modulus 휀𝑖𝑗
𝑝

 Plastic strain tensor 

𝑒𝑖𝑗
𝑝

 Plastic strain deviator tensor 
휀𝑖𝑖

𝑝𝑙
: 휀𝑥𝑥

𝑝𝑙
, 

휀𝑦𝑦
𝑝𝑙

, 휀𝑧𝑧
𝑝𝑙

 

Normal coordinate plastic strains 

(𝑥, 𝑦-direction) and tangential (𝑧-

direction) plastic strain 

𝐻 Gage length 
휀�̅�𝑖

𝑝𝑙
: 휀�̅�𝑥

𝑝𝑙
, 

휀�̅�𝑦
𝑝𝑙

, 휀�̅�𝑧
𝑝𝑙

 

Uniform (averaged) normal 

coordinate plastic strains (𝑥, 𝑦-

direction) and tangential (𝑧-direction) 

plastic strain 

𝐾t Stress concentration factor 𝜂 Stress triaxiality 

𝑘 Yield stress in pure shear 𝜆 Elongation in gage length 

𝑙 
Ligament size of notch/pre-

cracked cross-section 
𝜋 Circumference ratio 

𝑃 Applied load 𝜌 Notch root radius 

𝑟 Radius of intact cross-section 𝜎Y 
Yield strength (0.2% offset yield 

strength) 

𝑆 
Distance from crack tip along 

crack plane 
𝜎1, 𝜎2, 𝜎3 Principal stresses, 𝜎1 > 𝜎2 > 𝜎3 

𝑠𝑖𝑗 Stress deviator tensor 𝜎𝑒, 𝜎𝑡 Engineering and true stress 

𝑡 Notch/pre-crack depth 𝜎𝑒𝑞 von Mises equivalent stress 

𝛥𝑡 Crack depth increment 𝜎ℎ Hydrostatic stress 

𝑈𝑥, 

𝑈𝑦 
Normal coordinate 

displacements 
𝜎𝑖𝑗 Cauchy stress tensor 

𝑣 Poisson’s ratio 
𝜎𝑖𝑖: 𝜎𝑥𝑥, 

𝜎𝑦𝑦, 𝜎𝑧𝑧 

Normal coordinate stresses (𝑥, 𝑦-

direction) and tangential (𝑧-direction) 

stress 

𝑌 
Yield stress in uniaxial 

loading 
𝜎R 

Residual strength based on intact 

cross-section 

𝛿𝑖𝑗 Kronecker delta 𝜎𝑏, 𝜎𝑏
net 

Tensile strength (or notch tensile 

strength) based on net cross-section 
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CHAPTER 1. General introduction 

1. 1 Research background 

1.1.1 Residual strength of pre-cracked structures 

Residual strength reflects the maximal stress below which a defective structure can 

still carry without falling [1–4]. That is, it indicates the practical load-carrying capacity 

in the presence of flaws, which usually deviates from the designed structural strength. 

It is a consensus that achieving flawlessness is almost impracticable with present 

engineering technology. Various product quality deficiencies, such as cracks, punctures, 

and burrs, and service-induced damages, such as scratches, wear scars, and corrosion 

pits, widely exist in engineering structures. They are the source of local stress 

intensifications and are widely believed by engineers and scholars to herald 

degradations in load-carrying capacity [4–10]. Hence, to prevent unexpected failures, 

the residual strength evaluation is a crucial concern in fail-safe designs.  

As a representative case of local stress intensifiers, pre-existing cracks (pre-cracks) 

in engineering structures have attracted the most attention of residual strength study 

[11–13]. The most direct and classical way to evaluate the residual strength of pre-

cracked structures is replicating the identical working conditions through experiment. 

Naturally, it requires extensive experiments to deal with various cracks when engineers 

do not have a clear recognition of the underlying reasons for the loss of load-carrying 

capacity. With the developments of mechanical engineering and material science, many 

attempts have been made to find widely applicable tools to anticipate failures in 

advance. Especially the modern fracture mechanics, which was unveiled by Griffith 
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energy balance model proposed in 1920 [14] and matured by proposing concepts of 

stress intensity factor (usually written as 𝐾) for linear elastic fracture mechanics (LEFM) 

in 1957 [15] and 𝐽 contour integral (usually written as 𝐽) for elastic-plastic fracture 

mechanics (EPFM) in 1968 [16], had significantly prompted the residual strength 

analysis of pre-cracked structures by correlating the allowable stress and crack depth 

with the fracture toughness [17–20]. The residual strength of pre-cracked structures can 

be derived based on the fracture mechanics approach [21,22], such as the failure 

assessment diagrams (FAD) shown in Fig. 1.1, the material selection charts (MSC) 

shown in Fig. 1.2, and a straightforward failure strength vs. crack depth relation in Fig. 

1.3.  

 

 

Fig. 1.1 Failure assessment diagram (FAD) covering fully brittle to fully ductile behavior [17,22,23].  
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Fig. 1.2 Correlation map of fracture toughness vs. strength used in selecting material for damage-

tolerant design [20].  

 

 

Fig. 1.3 Schematic of relationship between failure strength and crack depth (stable crack 

propagation includes non-propagating crack) [1,24]. 
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Although fracture mechanics has been a primary means for residual strength issues, 

the theory of residual strength evaluation and prediction is still immature. The cracking 

behavior is the critical concern of fracture mechanics, while the onset of unstable crack 

propagation may not occur even applied stress approaching the allowable stress 

determined by the plastic flow property [25], such as the cut-off lines for fracture 

mechanics approach in Figs. 1.1 and 1.3. Beyond the scope of fracture mechanics, 

investigations are insufficient, so the evaluation of residual strength still mainly relies 

on the experiment and experience. Moreover, when fracture happens after the general 

yielding, the mixed-use of yield strength and ultimate strength to define the failure 

strength [24,26] in the fracture mechanics approach makes the determination of residual 

strength unclear. This further highlights that the research on residual strength should 

not be limited by fracture mechanics. The above problems of the present residual 

strength study are just the tips of the iceberg. Existing theories can be used to improve 

the research on residual strength, but they should not be the constraints. A new 

framework must be proposed for future investigations of residual strength.  

In this study, residual strength is suggested to be identical to the ultimate structural 

strength regardless of the general yielding. The yield strength is critical for mechanical 

design because it guarantees the normal operation of machines. However, the onset of 

general yielding due to unreasonable loading can be avoided through sophisticated 

design. Meanwhile, as the concept of user-friendly becoming increasingly important in 

modern society, the idea of fail-safe design is changing from prioritizing the machine 

integrity to prioritizing personnel safety in emergencies, such as introducing crumple 

zones in automobile design [27]. The higher ultimate tensile or compressive strength 

can absorb more energy before losing the load-carrying capacity to protect the operator. 

Extensive vehicle crash tests, as shown in Fig. 1.4, have proven that a proper plastic 
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deformation can save lives in accidents [28]. In summary, the yield strength is for 

machine operation, and the residual strength is for personnel safety. 

 

 

 

Fig. 1.4 (a) Vehicle crash test (Nissan Juke, DIG-T 117, N-Connecta, LHD [29]); (b) Cars with 

crumple zones help save lives in accidents through plastic deformation [28]. 
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1.1.2 Physical meanings of residual strength 

A variety of reasons can cause the loss of load-carrying capacity, that is, the physical 

meaning of residual strength various with practical working conditions. The physical 

meanings of residual strength can be summarized as fracture instability, plastic 

instability, and geometric instability [18]. Different physical meanings may compete 

with each other to dominate the residual strength in applications. Hence, understanding 

these physical meanings is a prerequisite for the in-depth study of residual strength. 

1.1.2.1 Fracture instability 

The onset of unstable crack propagation can limit the residual strength, whose critical 

condition is called ‘fracture instability’ [30].  It is the general consideration of residual 

strength evaluation according to the fracture mechanics approach. The crack 

propagation may become immediately unstable after brittle fracture initiation, or it may 

occur after a stable ductile tearing [17]. Hence, this critical condition can be determined 

by fracture initiation toughness of brittle fracture, or fracture instability toughness on a 

rising crack-extension resistance curve (𝑅-curve) of ductile fracture [30,31]. When the 

driving force of crack propagation is always higher than the fracture toughness, the 

unstable crack propagation begins. For instance, as shown in Fig. 1.5, if the driving 

force of a crack is characteristic by energy release rate [32], G, and 𝑅  denotes the 

resistance, then the condition for stable crack propagation is  

G = 𝑅 (1-1) 

for the case of brittle fracture shown in Fig. 1.5 (a), or 

𝑑G

𝑑𝑎
≤

𝑑𝑅

𝑑𝑎
 (1-2) 
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for the case of ductile fracture shown in Fig. 1.5 (b). Correspondingly, the unstable 

crack propagation occurs when 

𝑑G

𝑑𝑎
>

𝑑𝑅

𝑑𝑎
 (1-3) 

Therefore, the crack is non-propagating at  𝜎1  for both Figs. 1.5(a) and (b). As the 

applied stress increases, fracture initiates at 𝜎2 , and this critical condition is called 

fracture initiation toughness. For brittle fracture shown in Fig. 1.5 (a), the fracture 

instability toughness coincides with fracture initiation toughness because the resistance 

is a fixed value. However, the ductile fracture will remain stable until applied stress 

increases to 𝜎4 , that is, approaching fracture instability toughness. Although the 

fracture toughness for unstable crack propagation should be called fracture instability 

toughness, it is commonly referred to fracture initiation toughness in the case of Fig. 

1.5 (a) and fracture instability toughness in the case of Fig. 1.5 (b) in fracture mechanics 

study to distinguish brittle and ductile fractures. However, in this study, the onset 

condition for unstable crack propagation will be collectively called fracture instability 

toughness to highlight the physical meaning of residual strength, namely, fracture 

instability. 

 

 

Fig. 1.5 Schematic driving force, G, vs. R-curve diagrams (𝑎0 is pre-crack depth, 𝑎𝑐 is critical 

crack depth at fracture instability and 𝜎 with subscript is applied stress, 𝜎1 > 𝜎2 > 𝜎3 > 𝜎4) [17]: 

(a) flat R-curve for brittle fracture and (b) rising R-curve for ductile fracture. 
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1.1.2.2 Plastic instability  

The plastic instability [33–37] generated by the insufficient strain hardening 

offsetting the stress increment [38]. Typical physical phenomena, for instance, are 

known as necking and shear banding, as shown in Fig. 1.7. A classical mathematical 

solution for the onset of plastic instability by Considère [39] focuses on the critical 

condition of the true stress, 𝜎𝑡, vs. true strain, 휀𝑡, (or load vs. elongation) curve reaching 

a maximum value, as shown in Fig. 1.8. That is, 

𝑑𝜎𝑡

𝑑𝜀𝑡
=  𝜎𝑡 (1-4) 

This condition is special for very ductile pre-cracked structures, or pre-cracks are very 

shallow, so their fracture instability toughness may increase to an extremely high value 

with lowing plastic constraint [40]. Hence, the residual strength of pre-cracked 

structures also can be dominated by plastic instability. 

 

 

Fig. 1.7 Schematic necking and shear banding induced by plastic instability. 
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Fig. 1.8 Onset of plastic instability in true stress, 𝜎𝑡, vs. true strain, 휀𝑡, curves. 

 

1.1.2.3 Geometric instability 

Geometric instability limits the load-carrying capacity as a result of the dramatic 

geometric deflection deviating the deformation path from the original loading path. The 

typical physical phenomena are buckling and bulging [41–43], as shown in Fig, 1.9. 

Geometric instability is usually prohibited in the initial design, and it also rarely appears 

before the onset of fracture instability or plastic instability in pre-cracked structures. 

Hence, it is not a major consideration of this study. However, it should note that 

sometimes people confuse geometric instability with plastic instability because a 

considerable deflection may become plastic, and a dramatic geometric deflection also 

may happen after the onset of plastic instability. Here, we emphasize that the plasticity 

in geometric instability, if it has, is induced by geometric deflection with a significant 

variation in the loading path, while the plastic instability depends on the plastic flow 

property without a significant variation in the loading path. That is, geometric 
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deflection is the fundamental reason for geometric instability, and localized plastic 

deformation is responsible for plastic instability.  

 

 

Fig. 1.9 Geometric instability due to large geometric deflection that deviates deformation path 

from original loading path: (a) buckling and (b) bulging. 

 

1.1.3 Research gap in residual strength of shallow pre-cracked 

structures 

With the assistance of fracture mechanics, general considerations of residual strength 

mainly focus on cracks deeply embedded in structures [2,3,7–12,44]. However, as 

technology advances, most pre-cracks in engineering structures nowadays become very 

shallow. Such shallow cracks [40] (mechanically shallow cracks), whose plastic zone 
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size is usually comparable to the crack depth or even structure dimensions [45,46], have 

been recognized to have distinct mechanical properties [47,48] and may result in anti-

commonsense phenomena, such as the shallow (or short) crack problem in fatigue [49]. 

Nevertheless, previous studies have rarely involved the residual strength issue of 

shallow pre-cracked structures, neither the physical meaning of residual strength nor 

the corresponding damage characteristic has been clarified, let alone reasonable 

evaluations and predictions.  

Experiences of addressing the residual strength of deep pre-cracked structures based 

on fracture mechanics [1,50] are occasionally invalid for shallow pre-cracked structures. 

Most previous studies [2,3,7–12,44], typically presupposing a small-scale yielding 

(SSY) [51–53] condition, implied the physical meaning of residual strength is fracture 

instability [10,12]. Hence, the residual strength is determined by fracture initiation 

toughness of brittle fracture or fracture instability toughness on a rising crack extension 

resistance curve (R-curve) of ductile fracture [30,31]. Both the former and latter are 

regarded as material intrinsic properties for deep pre-cracked structures, so the residual 

strength generally has a definite inverse relationship with the pre-crack depth. However, 

for shallow pre-cracked structures made of ductile metals, the stress triaxiality [54–56] 

is insufficient to confine plasticity, the R-curve thus becomes geometric dependent 

[17,30,57]. For instance, the shallower the crack, the steeper R-curve and the higher 

fracture instability toughness [17,30,31,58–61]. Furthermore, when shallow pre-crack 

in full-scale yielding (FSY) [47] (namely, the general yielding condition) owns a 

terrifically high fracture instability toughness, the plastic instability may compete with 

fracture instability to govern the residual strength. The above situations obscure the 

trends of residual strength with shallow pre-crack depth and doubt the applicability of 

fracture mechanics.  
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With further hypotheses, the notch strengthening phenomenon also impugns the 

commonsense of cracks weakening the structure because the crack is a particular case 

of the notch owning a minuscular root radius [17,62]. Even an atomically sharp crack 

can be blunted immediately with plasticity. Hence, a notch can be equivalent to a crack 

if its depth is the only influential factor of mechanical properties [63–65]. In turn, the 

crack may play a similar role as the notch in affecting the structural strength. 

Particularly notches with a moderate stress triaxiality can delay the yielding in notched 

cross-sections before stimulating the local failure (fracture) the notch roots, thereby 

resulting in notch strengthening phenomenon [54,66–68]. Identically, if the plastic 

instability, instead of fracture instability, dominates the residual strength, the 

commonsense of cracks weakening structures would be challenged. However, this 

assumption still requires laboratory verification because: 1. Notches are design 

parameters, so the notch strengthening generally is evaluated on net cross-sections 

rather than the intact cross-sections (gross area of cross-section without considering the 

presence of pre-crack) of residual strength evaluation; 2. Most conventional failure 

assessments are subject to yield strength [10,17] to avoid mechanical failure, so they 

are ineffective for residual strength of shallow pre-cracked structures that consider an 

extreme case of safety. Therefore, it is necessary to get rid of commonsense in 

engineering to investigate the ‘shallow crack effect on residual strength evaluation.’ 

 

1. 2 Purpose of this study 

This study was motivated by the need for a better understanding of the trends, 

physical meanings, and corresponding damage characteristics of residual strength of 

shallow pre-cracked structures. With the joint efforts of mechanical and material 
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researchers, the pre-cracks are becoming mechanically shallower, and the materials are 

becoming stronger and tougher. Therefore, this study is considered prospective and 

necessary for the future fail-safe design.  

The residual tensile strength (hereinafter shortened as ‘residual strength’) under 

plane strain loading was selected as the research object. Because both opening-mode 

(Mode-I) loading and the plane strain loading are relatively dangerous than other 

loading configurations in most cases [17]. Since the extensive plasticity was expected 

to obtain mechanically shallow cracks, interstitial-free (IF) steel (low strength grade 

with excellent ductility [69], as shown in Fig. 1.10) was used for machining specimens. 

Meanwhile, IF steel only consists of a single ferrite phase without a large number of 

interstitial atoms [70]. It thus supplied a fundamental representation of the mechanical 

properties of ductile ferrite steels. The entire research architecture was designed to get 

rid of the shackles of previous studies, so some original definitions and concepts were 

proposed in the following content. All novel definitions and concepts were inspired by 

deficiencies in present literature for residual strength study, verified by experimental 

and numerical results, and generalized by scientific discussion. In summary, this study 

sought to find answers to the following questions: 

1. How to introduce shallow crack on laboratory specimens for the residual strength 

study? 

2. What is the definition of shallow cracks in residual strength issues? 

3. What are the shallow crack effects on the trends, physical meaning, and 

corresponding damage characteristics of residual strength? 

4. How to predict the residual strength affected by shallow cracks? 

5. What are the potential applications of this research? 
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Fig. 1.10 Interstitial-free (IF) steel in steel strength vs. ductility diagram [69]. 

 

In this thesis: 

Question 1 will be answered in CHAPTER 2.  

Questions 2 and 3 will be answered in CHAPTER 3.  

Question 4 will be answered in CHAPTER 4.  

Question 5 will be partially answered in CHAPTER 5. 

1. 3 Thesis outline 

This thesis consists of 6 chapters. All chapters are arranged to serve the central theme 

of ‘shallow crack effect on residual tensile strength evaluation’. The thesis outline is as 

follows:  

Chapter 1 described the general introduction of this study. The development and 

present level of residual strength study were briefly reviewed to propose a clear and 

unified definition of residual strength for this study. After indicating the potential 
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physical meanings of residual strength, the research gap in residual strength of shallow 

pre-cracked structures was pointed out. Then, the motivation of this study, namely, 

improving the residual strength theory in the case of shallow cracks, was formed. The 

main objectives and originalities of each part of this study were described.  

Chapter 2 solved the prerequisite for investigating the residual strength of shallow 

pre-cracked structures, that is, the identification of shallow crack-like notches for 

structural failure. Introducing crack-like notches is essential for this study because 

fatigue pre-cracking fails to ensure geometric symmetry, pre-crack measurability, and 

restricted pre-strain of shallow pre-cracked structures under plane strain condition. 

However, the results obtained by previous studies related to crack-like notches under 

small-scale yielding are invalid for shallow notches with extensive plasticity, 

particularly when plastic instability instead of fracture instability governs the residual 

strength. From the perspective of asymptotic and phenomenological analysis, this 

chapter proposed a novel criterion for shallow crack-like notch identification. 

Chapter 3 clarified the trends, physical meaning, and corresponding damage 

characteristics of residual strength with shallow pre-crack depth. Results showed that 

the residual strength of shallow pre-cracked specimens was preferentially governed by 

plastic instability instead of fracture instability. Furthermore, when shallow pre-crack 

depths were shorter than a critical value, the rupture occurred in the intact cross-section 

and the residual strength was identical to the tensile strength of smooth specimens. Such 

an anti-commonsense phenomenon was explained from the perspective of plastic strain 

localization. Finally, the ‘shallow crack effect’ special for residual strength issues was 

defined. 
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Chapter 4 focused on predicting the residual strength of shallow pre-cracked 

structures. The prediction was divided into a qualitative part and a quantitative part. A 

novel failure assessment diagram correlating to physical meanings of residual strength 

and damage characteristics was suggested for qualitative predicting the trends of 

residual strength from the perspective of plastic strain localization. Meanwhile, a new 

classification of pre-cracks was proposed according to the physical meaning and 

corresponding damage characteristics of residual strength. The quantitative prediction 

was expected to be numerical and phenomenological because engineers can easily find 

out when the prediction method fails. It was implemented by finite element analysis 

based on continuum mechanics. Then, we evaluated whether the local plastic flow 

property influenced by pre-cracks could influence the prediction results. 

Chapter 5 considered an application of shallow crack effect to a typical case of 

plastic strain localization enhanced by the hydrogen. Hydrogen embrittlement (HE) is 

widely believed to be harmful to engineering structures made of ferritic steel, 

particularly in the presence of pre-cracks. This chapter proved the effectiveness of the 

shallow crack effect when the characteristic of plastic strain localization is changed. 

Additionally, this effect calls into question the general applicability of conventional 

investigation of HE susceptibility that mainly focuses on the variation of fracture 

characteristic, which is often defaulted to cause changes in mechanical properties. 

Hence, HE susceptibility is deduced to geometric HE susceptibility for shallow pre-

cracked structures, while that for deep pre-cracked structures is metallurgic HE 

susceptibility.  

Chapter 6 summarized the results and proposed the outlook.
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CHAPTER 2. Equivalence between shallow 

notch and shallow crack in structural 

failure caused by plastic instability 

Introduction 

Artificial pre-cracks with various depths are suitable for the laboratory investigation 

of crack effects on mechanical properties. The familiar method of preparing pre-

cracked specimens is fatigue cracking. However, this method may occasionally fail to 

ensure rigorous investigation conditions, such as the geometric symmetry, pre-crack 

measurability, and restricted pre-strain. An alternative method is introducing a crack-

like notch to resemble a crack [64,71]. Hence, discussions on when a notch is equivalent 

to a crack have been presented in an extensive body of literature [72–77]. Most of these 

studies endeavored to achieve a unified criterion for reasonably and conveniently 

identifying crack-like notches in applications. The core idea of crack-like notch 

identification has been developed from the empirical correlation between the geometric 

configuration and damage initiation behavior [72] to the physical reasoning of a 

situation wherein the plasticity development dominating the fracture process is 

insensitive to geometric variation [62]. Conventional viewpoint with regard to crack-

like notches in a finite-sized structure can be summarized as follows: (1) the plastic 

zone in front of the notch, which contains the fracture process zone, must not be too 

large (SSY) to ensure that the free surface has minor influence on the fracture process; 
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(2) the plastic zone size must be sufficiently larger than the notch root radius such that 

the disturbance of the notch root variation to the development of plasticity can be 

ignored; (3) the mechanical fields controlling the plastic zone in the notched structure 

must have a broad asymptotic convergence to that of a crack under the same boundary 

conditions. This criterion, for instance, contributes to correlating the crack and notch 

problems in laboratory studies [78] and obtaining geometric-independent fracture 

toughness [79] by the notches. 

Nonetheless, regarding the investigation of the structural strength in the presence of 

artificial pre-cracks, the abovementioned criterion for crack-like notches sometimes 

may be invalid. The structural strength of a pre-cracked structure can be dominated not 

only by fracture instability [30], but also by plastic instability [25]. The latter readily 

occurs in a shallow pre-cracked structure made of a ductile material [38] owing to the 

low plastic constraint [17], and may have great importance for laboratory investigations 

and the future advanced design because, nowadays, most preexisting defects in 

engineering structures become minuscule with the development of processing and 

material technologies. Classical concepts of crack-like notches require the precondition 

of small-scale yielding and assume that the fracture progressing at the crack tip is 

always responsible for failure. Naturally, they cannot satisfy the case of plastic 

instability prevailing in shallow pre-cracked structures. Amongst small defects, shallow 

pre-crack is still a representative stress and strain concentrator. Therefore, it is 

necessary to extend the concept of crack-like notches to the investigations of shallow 

pre-cracked structures. 

This study partially solved the issue of shallow crack-like notches subjected to 

monotonic tension by only focusing on the plastic instability occurring under plane 
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strain conditions without the assistance of pre-crack propagation. Based on finite 

element analysis (FEA), the boundary condition, geometric configuration, and 

elastoplastic fields dominating the overall work hardening in notched and pre-cracked 

cross-sections were considered. This paper proposes that if the structural strength and 

failure mode are independent of the notch geometry (except for the notch depth), and 

elastoplastic fields in notched and cracked cross-sections are broadly convergent by 

asymptotic analysis, then, a shallow notch is equivalent to a shallow crack. The 

underlying reason is that different elastoplastic field gradients close to the notch root or 

crack tip may still result in the same overall work hardening in notched and pre-cracked 

cross-sections. This concept was verified on interstitial-free (IF) steel, which is a typical 

strain hardening ferrite steel with excellent ductility and simple metallurgical 

microstructure [70,80]. Additionally, the generality of the identification method and the 

significance of the influential factors for shallow crack-like notches was discussed in 

this study.  

It should be noted that the definition of tensile strength was based on the net cross-

sectional stress because this definition usually is standard for notched specimens. After 

proving that notches are equivalent to cracks in a certain condition, the tensile strength 

can be easily transformed to residual strength, which is based on the intact cross-section.  
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2. 1 Methodology 

2.2.1 Concept of shallow crack-like notch identification 

 When a pre-cracked specimen is subjected to monotonic tension, plastic instability 

typically occurs in the form of necking without (Problem I) or with (Problem II) the 

assistance of stable crack propagation, as shown in Fig. 2.1. Because shallow cracks 

with an extremely low plastic constraint condition can result in extremely high fracture 

toughness [30], they will probably not propagate until plastic instability occurs. 

Additionally, if a notch imitates Problem II with stable crack propagation in front of 

the notch root, the notch and stable crack would be equivalent to a crack with the sum 

of their total depth. Hence, this study focused on Problem I, and Problem II will be 

discussed in future works. 

 

Fig. 2.1 Tensile static strength of shallow pre-cracked structures dominated by plastic instability 

(necking) occurring: (a) without crack propagation, and (b) with stable crack propagation. 

 

Both a notch and a crack can cause a gradient distribution in elastoplastic fields. 

Hence, it can be easily perceived that if the elastoplastic fields in notched and pre-

cracked cross-sections are entirely the same, then, plastic instability will occur under 

the same condition. However, this is impossible because the severity of stress 
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concentration varies with the geometric configurations, and notches and cracks will 

undoubtedly result in different gradients in elastoplastic fields, particularly close to the 

notch root and crack tip. In fact, plastic instability fundamentally depends on the overall 

work hardening in one cross-section, which may still be the same level even if the 

elastoplastic field have a slight difference in gradients between the notched and pre-

cracked structures. First, if a shallow notched structure has a sufficient broad ligament, 

which makes the disturbance of the notch geometric variation insignificant, the remote 

elastoplastic fields of the notch root may be convergent to that of the crack tip over a 

wide range. Second, for most nonlinear power hardening materials, their strain 

hardening rate decreases as the increase of plastic deformation [54]. Hence, in practice, 

the increment of the local strain hardening varying with the different elastoplastic field 

gradients may result in the same load-carrying ability. Basing on this assumption, two 

requirements for crack-like notches can be derived: 1. The elastoplastic fields in a 

notched and a pre-cracked cross-section should be broadly convergent to each other 

such that the influence of the geometric configuration is insignificant. 2. The 

comparison of elastoplastic field convergence should be made under the same boundary 

conditions, one of which is at the same structural strength (or load-carrying capacity). 

These two requirements can ensure the similarity of the overall work hardening in the 

notched and pre-crack cross-sections, and they were verified initially by using FEA, 

and then experimentally verified using specimens made of IF steel. 

It should be noted that the “broadly convergent” in the aforementioned first 

requirement means that the elastoplastic fields, which govern the overall work 

hardening condition of notched and pre-cracked cross-sections, should coincide with 

each other in a wide range of ligaments, and the differences of elastoplastic field 

gradients are only allowed in the vicinity of notch root or crack tip. Although the same 
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onset condition of plastic instability only requires the same overall work hardening 

condition in the yield cross-sections, “broadly convergent” is necessary because it not 

only limits the crack-like notch geometry but also indicates that identifying crack-like 

notches should be conducted with the unified structure size and preexisting defect 

configuration. For instance, comparing the similarity between a shallow notch located 

in the edge of small structures and a shallow crack embedded in large infrastructures is 

not recommended at present due to their different constraint state. 

2.2.2 Implementations of finite element analysis and 

experimental verification 

In this study, FEA was implemented using ANSYS Workbench (2019 R3) with the 

large deflection option [81] to compare the elastoplastic fields and critical condition for 

plastic instability. Because it was expected that the structural strength is independent of 

geometric configurations, the comparisons of elastoplastic fields were conducted under 

the maximum load. The base material model came from IF steel, whose grain size and 

hardness were respectively adjusted to 51.2 μm and 65 HV, respectively, by annealing 

at 750 °C for two hours and then cooling in air. For detailed information on initial 

microstructure observation and average grain size measurement, see Appendix A1. The 

chemical composition of IF steel is presented in Table 2.1. 

 
Table 2.1 Chemical composition of Interstitial-free steel. 

Element C N Si Mn P S Ti Al O Fe 

Amount 

(wt. %) 

0.0019 0.0008 0.009 ≤ 

0.003 

≤ 

0.002 

≤ 

0.003 

0.029 0.028 0.0015 Bal. 
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The material modeling in this study was based on the conventional 𝐽2 flow theory of 

plasticity [82], which consists of the von Mises yield criterion, associated flow rule, 

and nonlinear isotropic hardening law. Let 𝜎𝑖𝑗 be the Cauchy stress tensor and 𝜎1, 𝜎2, 

and 𝜎3 be three principal stress. The hydrostatic stress can be written as 

𝜎ℎ =
1

3
𝐼1 =

1

3
𝜎𝑖𝑖 =

1

3
(𝜎1 + 𝜎2 + 𝜎3) (2-1) 

where 𝐼1 is the first invariant of the stress tensor, and the repeated indices (𝑖𝑖) denote 

the Einstein summation convention. Let 𝑠𝑖𝑗 denotes the stress deviator tensor and its 

principal values be 𝑠1, 𝑠2, and 𝑠3. The relation between 𝜎𝑖𝑗 and 𝑠𝑖𝑗 is 

𝑠𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎ℎ𝛿𝑖𝑗 (2-2) 

where 𝛿𝑖𝑗  denotes the Kronecker delta. Then, the second invariant of the deviatoric 

stress tensor, 𝐽2, is written as 

𝐽2 =
1

2
𝑠𝑖𝑗𝑠𝑗𝑖 = −(𝑠1𝑠2 + 𝑠2𝑠3 + 𝑠3𝑠1) =

1

6
[(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2 −

2(𝜎1 + 𝜎2 + 𝜎3)2] (2-3) 

The von Mises yield criterion presumes that the yielding begins when 𝐽2  reaches a 

critical value and the yield criterion is written as 

𝑓(𝐽2) = 𝐽2 − 𝑘2 = 0 (2-4) 

where 𝑓 is the yield function, and 𝑘 is the yield stress in pure shear, whose magnitude 

is √3 times lower than the yield stress under uniaxial loading, 𝑌. Alternatively, Eq. (2-

4) can be transformed into  

𝑓(𝐽2) = √3𝐽2 − 𝑌 = 𝜎𝑒𝑞 − 𝑌 = 0 (2-5) 

in which √3𝐽2 is defined as the equivalent stress, 𝜎eq, that is 
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𝜎eq = √3𝐽2 = √
3

2
𝑠𝑖𝑗𝑠𝑗𝑖 = √

(𝜎1−𝜎2)2+(𝜎2−𝜎3)2+(𝜎3−𝜎1)2

2
 (2-6) 

Corresponding to the definition of 𝜎𝑖𝑗 , let 휀𝑖𝑗
𝑝

 be plastic strain tensor obtained by 

subtracting the elastic part from the total strain tensor and 𝑒𝑖𝑗
𝑝

 be the plastic strain 

deviator tensor, the equivalent plastic strain, 휀eq
𝑝

 dual to 𝜎eq is written as 

휀𝑒𝑞
𝑝 = √

2

3
𝑒𝑖𝑗

𝑝 𝑒𝑗𝑖
𝑝 = √2[(𝜀1

𝑝
−𝜀2

𝑝
)

2
+(𝜀2

𝑝
−𝜀3

𝑝
)

2
+(𝜀3

𝑝
−𝜀1

𝑝
)

2
]

9
 (2-7) 

When material deforms isotropically, the plastic strain increment is normal to the 

yield surface, and the flow potential function is identical to 𝑓. Then, the associated flow 

rule is written as 

𝑑휀𝑖𝑗
𝑝 = 𝑑𝜆

𝜕𝑓(𝐽2)

𝜕𝜎𝑖𝑗
 (2-8) 

where 𝑑휀𝑖𝑗
𝑝

 is the plastic strain increment and its magnitude is denoted as 𝑑𝜆, which is 

identical to the equivalent plastic strain increment, 𝑑휀eq
𝑝

, by solving Eq. (2-8). 

  Consider a nonlinear isotropic hardening condition, 𝑌 will depend on the history of 

𝑑휀eq
𝑝

, that is 

𝑌 = Φ(∫ 𝑑휀eq
𝑝 ) = Φ(휀eq

𝑝 )  (2-9) 

In uniaxial tension, the instantaneous value of 𝑌 and 휀eq
𝑝

 are identical to true stress, 𝜎𝑡, 

and true plastic strain, 휀𝑡
𝑝
, respectively. 휀𝑡

𝑝
 can be extracted by subtracting the elastic 

part, 휀𝑡
𝑒, from the true strain, 휀𝑡 

휀𝑡
𝑝 = 휀𝑡 − 휀𝑡

𝑒 = 휀𝑡 −
𝜎𝑡

𝐸
 (2-10) 
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Therefore, the function Φ can be determined from the constitutive relationship of 𝜎𝑡 vs. 

휀𝑡  obtained by experiment, which is described by Hollomon’s equation [80] in this 

study, as follows: 

𝜎𝑡 = 𝐾휀𝑡
𝑛 (2-11) 

where 𝜎𝑡 is the true stress, 휀𝑡 is the true strain, 𝐾 is the strength coefficient, and 𝑛 is the 

strain-hardening exponent. The variables listed in Table 2.2 were obtained by stretching 

the smooth round bars made of IF steel according to the ASTM E8M standard [83]. Fig. 

2.2 shows the design of smooth specimen, which is stretched on a precision universal 

tester (Shimadzu AG-5000A) with an extensometer (Shimadzu SG 50-50). The 

engineering stress-strain curve of the smooth specimen obtained by FEA agrees well to 

that obtained by experiment except the final part of post-necking elongation, as shown 

in Fig. 2.3. The difference the final part of post-necking elongation is probably due to 

the crack initiation and propagation that accelerate the decrease of load-carrying 

capacity. However, it has no fluence on determine structural failure by plastic instability. 

 
Table 2.2 Mechanical property of Interstitial-free steel. 

Young’s 

Modulus 

𝐸 (GPa) 

Poisson’s 

ratio 

𝑣 

Yield 

strength 

σ𝑌 (MPa) 

Tensile 

strength 

σ𝑏 (MPa) 

Strength 

coefficient 

𝐾 (MPa) 

Strain-hardening 

exponent 

𝑛 

200.00 0.30 116.1 244.0 456.5 0.27 

 

 

Fig. 2.2 Design of smooth specimen according to ASTM E8M: Small-size specimen with gage 

length five times gage diameter. 
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Fig. 2.3 Experimental and numerical results of engineering stress-strain curves of smooth 

specimen. 

 

The round bar was simplified to an axisymmetric model, which is a quarter of the 

gage projected into a 2D Cartesian plane, as shown in Fig. 2.4(a). The circumferential 

notch and pre-crack were assumed to be introduced in the middle of the gage. The 

effects of three typical dimensions were considered, namely, the notch root radius, 𝜌, 

notch opening angle, 𝛼 , and normalized notch or crack depth 𝑡/𝑙.  The former two 

factors are classical considerations (with SSY pre-condition) in crack-like notch 

discussions because if they do not affect structural failure, the notch depth will be the 

one and only influential factor, just like the crack depth. The y-axial displacement, 𝑈y, 

of the notched or pre-cracked cross-section was fixed at 0. The value of the external 

load, 𝑃, was calculated by the force reaction to 𝑈y at the top edge of the FEA model. 

Quadratic (PLANE183 [81] with axisymmetric option) dominant meshing was carried 

out with the refinements close to the notch root and crack tip, as shown in Fig. 2.4(b). 

The minimum element size decreased to 1 μm, which ensured that all flowing results 
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were independent of element size with a precision of two after the significant digits.  

 

 
Fig. 2.4 Axisymmetric model for FEA: (a) Simplification, dimensions, and boundary conditions. 

(b) Meshing examples for crack and notch. 

 

The distribution of 𝜎eq  and 휀eq
𝑝

 in notched and pre-cracked cross-sections were 

calculated using FEA to evaluate the elastoplastic field convergence. According to Fig. 

2.4(a), the principal axes of 𝜎𝑖𝑖 and 휀𝑖𝑖
𝑝
 in the ligament were along the y-axis, the x-axis 
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and the circumferential direction of the axisymmetric model, respectively. The local 

strain hardening property can alter with the elastoplastic field gradients [54]. Hence, in 

this study, the gross amount of the work hardening condition in one cross-section was 

quantitively evaluated by averaging the integration of the local strain hardening 

modulus, as follows: 

�̅� =
∫ 𝐻𝑑𝑙

𝑙
0

𝑙
 (2-12) 

where l is the ligament size; 𝐻 is the local strain hardening modulus approximating the 

trend of the load-carrying ability varying with the strain increment, as follows:  

𝐻 =
1

𝑁
∑

𝜎eq(𝑖+1)−𝜎eq(𝑖)

𝜀
eq(𝑖+1)
𝑝

−𝜀
eq(𝑖)
𝑝

𝑁
𝑖=1  (2-13) 

where 𝑁 is the number of loading steps in the plastic range, and the initial value of 

𝜎eq(𝑖) is determined at 휀eq(0.2)
𝑝

 = 0.2%. The minimum value of 𝑁 in this study is 500 

steps to guarantee a precision of two after the significant digits for �̅�. Therefore, for a 

crack-like notch, the distributions of 𝜎eq  and 휀eq
𝑝

 , and the value of �̅�  in the notched 

cross-section should be similar to those in the pre-cracked cross-section.  

After identifying the crack-like notch by FEA, the experimental verification was 

carried using the notched specimens. The specimen dimensions were the same as those 

in the test for obtaining the base material model, as shown in Fig. 2.3. The notches were 

introduced in the longitudinal middle of the gage part and their dimensions are listed in 

Table. 2.3. For detailed information on the measurement of the notch dimensions, see 

Appendix A2. The tensile strength, 𝜎𝑏, of the notched specimens is defined as the ratio 

of the maximum load, Pmax, to the initial net cross-sectional area, 𝐴0
net. Microstructural 

observations were performed on a SEM at 15 kV to determine the damage as a response 

to the geometric configuration variation. 
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Table 2.3 Notch dimensions for experimental verification. 

Designed dimensions Final dimensions after buff polish 

𝑡/𝑙 (%) 𝜌 (mm) 𝑡/𝑙 (%) 𝜌 (mm) 𝑡 (mm) 𝑟 (mm) 𝛼 (°) 

20.00 

0.005 21% 0.005 0.52 3.01 60.6 

0.010 21% 0.010 0.52 3.02 60.1 

0.015 21% 0.013 0.51 2.99 60.8 

0.020 20% 0.021 0.51 3.11 60.4 

0.025 21% 0.025 0.52 2.93 60.1 

40.00 

0.005 39% 0.005 0.85 3.03 60.0 

0.010 40% 0.009 0.86 3.01 60.3 

0.015 40% 0.015 0.84 2.94 60.0 

 

2. 2 Results 

Fig. 2.5 shows that 𝜎𝑏 remained a constant approximately when 𝜌 ≤ 0.25 mm and 𝛼 

≤ 90°. Moreover, the influence of 𝛼 on 𝜎𝑏 was not dramatic compared with that of 𝜌 

particularly for 𝛼  ≤ 90°. Hence, the distribution of 𝜎eq  and 휀eq
𝑝

  as a response to the 

variations of 𝜌  with a fixed 𝛼  = 60° were compared in Fig. 2.6 to investigate the 

potential cause of the crack-like notch. The distribution of 𝜎eq and 휀eq
𝑝

 in the remote 

place of notch root were convergent to those of the pre-cracked section with a 

discrepancy of 5%. The discrepancy was obtained by calculating the percentage of 

elastoplastic fields difference between notched and pre-cracked cross-sections in the 

reference value of elastoplastic fields of pre-cracked cross-section. The distribution of 

𝜎eq and 휀eq
𝑝

 close to the notch root and crack tip had some differences compared with 

those close to the crack tip. However, these differences did not occupy most of the area 

in the notched cross-section. Furthermore, as shown in Fig. 2.6(a), the gradient 

distributions of 𝜎eq close to the notch root and crack tip crossed over each other,  This 

suggests the possibility of an identical overall work hardening in the net cross-sections 

when 𝜌 was smaller than a critical value, as illustrated in Fig. 2.7(a), which shows that 

the values of �̅�  in notched and pre-cracked sections were similar. The reason is 
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attributed to the local strain hardening increment changing with different elastoplastic 

field gradient distributions, and to the different triaxial stress states generated by notch 

geometric variation altering the local strain hardening property. Hence, as long as the 

elastoplastic fields were broadly convergent in notched and pre-cracked cross-sections, 

the disturbance from ρ < 0.025 mm could be ignored.  

 

 

 

 

 

 

 

 

 
Fig. 2.5 Response of tensile strength, 𝜎𝑏, to variations of notch root radius, 𝜌, and notch opening 

angle, 𝛼, at 𝑡/𝑙 = 20 % obtained by FEA. 
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Fig. 2.6 Distributions of equivalent stress, 𝜎eq, and equivalent plastic strain, 휀eq

𝑝
, responding to 

variations of notch root radius, 𝜌. 

 

The experimental results are in good agreement with the results obtained by FEA. 

Fig. 2.7(b) shows the 𝜎𝑏 of the notched specimens plotted against the (elastic) stress 

concentration factor [84], 𝐾t . Although 𝐾t  significantly varied with 𝜌 , 𝜎𝑏  was 
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approximately a constant. The case of 𝑡/𝑙 = 20% was taken as a typical example to 

analyze in detail. The engineering stress-strain curves of these specimens also coincided 

with each other, as shown in Fig. 2.8. Some differences exist in the post-necking 

elongation are attributed to that the variation in notch root radius combined with the 

processing error that only has limited effect during the stage of damage accumulating 

massively. They are insignificant for determining whether plastic instability occurs 

under the same boundary conditions. 

 Moreover, the damage patterns of these specimens are similar, as shown in Fig. 2.9. 

The round dimples (indicated by the yellow line) located at the center of fracture surface 

are large in size and equiaxed in shape. Their appearance requires a circumstance that 

owns good ductility with the domination of normal strain [85,86]. Hence, these large 

equiaxed dimples were probably formed at the early stage of the post-necking 

elongation, where the ductility was not severely deteriorated by strain hardening and 

damage initiation, and the deformation path was not deflected significantly by necking. 

They were surrounded by parabolic dimples and deep elongated dimples, most of which 

deflect toward the center of fracture surface by shearing and tearing of internal crack 

propagation. Also, the shear-lips located at the outside edge of fracture surface, which 

were formed by internal crack connecting with the pre-crack through shear banding, 

indicate the final rupture position [17]. In general, the experimental results are in good 

agreement with the FEA results.  
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Fig. 2.7 (a) Overall work hardening in notched/pre-cracked sections quantified by averaged strain 

hardening modulus, �̅�, obtained by FEA. (b) Tensile strength, 𝜎𝑏, of notched specimens with 

same normalized notch depth, 𝑡/𝑙, and opening angle, 𝛼 = 60°, but different root radius, 𝜌 < 0.025 

mm, plotted against (elastic) stress concentration factor, 𝐾t.  
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Fig. 2.8 Engineering stress-strain curves of notched specimens obtained by experiment comparing 

with that of pre-cracked specimen obtained by FEA.  
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Fig. 2.9 Fractography with same failure mode of plastic instability generating internal crack 

initiation (yellow line shows the equiaxed round dimples; white line shows the notch root line) : 

(a) 𝑡/𝑙 = 21%, ρ = 0.005 mm, 𝛼 = 60.6°, (b) 𝑡/𝑙 = 21%, 𝜌 = 0.025 mm, 𝛼 = 60.1°. 
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2. 3 Discussion 

The results confirmed the validity of the assumption that the overall work hardening 

conditions in the notched and pre-cracked cross-sections are identical. Hence, if the 

structural strength is governed by plastic instability, a shallow crack-like notch may 

exist. An effective method to ensure the same overall work hardening is to assess the 

convergence between the elastoplastic fields of the notched cross-section and those of 

the pre-cracked section. In other words, when the structural strength is independent of 

the notch geometry, except for the notch depth, the shallow crack-like notch can be 

identified using asymptotic analysis of the elastoplastic fields. In addition, how much 

percentage of the convergent elastoplastic fields occupying the notched and pre-cracked 

cross-sections can be called “broadly convergent” is also an important issue before the 

practical application of the concept of identifying shallow crack-like notch proposed by 

this study. According to the results of this study, the “broadly convergent” of the 

elastoplastic fields at least is 80% in ligament with 5% discrepancy. However, it is 

suggested that “broadly convergent” should base on the design requirements of shallow 

crack-like notches, which deserve more analysis and discussions in practical 

applications.  

This proposed concept of identifying shallow crack-like notch is suitable for shallow 

notched structures made of general power strain-hardening material, whose strain-

hardening rate decreases with the increase of plastic deformation, because the strain-

hardening property of these material combined with the gradient of elastoplastic fields 

is the fundamental reason for the identical overall work hardening in the shallow notch 

and shallow pre-cracked specimens. The work hardening exponent is critical not only 

for the onset of plastic instability [41,54] but also for the gradient of elastoplastic fields 
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near the geometric discontinuity [17,87,88]. It thus can significantly influence the 

overall work hardening condition in one yield notched/pre-cracked section. In 

consequence, the concept of shallow crack-like notches in this study is invalid to the 

ideal elastic or plastic materials, and the work hardening exponent prospectively 

becomes a critical material property for assessing whether shallow crack-like notches 

exist.    

The discussion on the overall work hardening condition in notched and pre-cracked 

cross-sections according to FEA results is based on the precondition of the plastic 

instability governing the structural strength. This condition typically results in an 

internal crack initiation by the void formation and subsequent propagation to the 

exterior. However, it should be noted that the decrease in notch root radius may also 

induce failure mode transition, such as from ductile failure to brittle failure [31]. Hence, 

another requirement for crack-like notches should be added; specifically, the failure 

mode of the pre-crack should be the same because comparing the notched and pre-

cracked structure with two different types of failure modes (e.g., voids formation and 

cleavage) is unreasonable. After determining the geometry of a shallow crack-like 

notch by FEA, it is necessary to experimentally check the failure mode with some 

critical values of the notch root radius for scientific rigor. For instance, if the notched 

root radius, 𝜌, smaller than a critical value, 𝜌𝑐, is the necessary condition for shallow 

crack-like notches according to the FEA results, then one can check the failure mode at 

𝜌 = 𝜌𝑐 and 𝜌 ≪ 𝜌𝑐.Additionally, the results presented in Fig. 2.5 reveal that a shallow 

crack-like notch exists when its root radius and opening angle are smaller than critical 

values determined by the sensitivity of the overall work hardening to the geometry 

variation. The tensile strength is independent of the notch opening angle in the wide 

range of 0° to 90°. Similarly, deep crack-like notches are also insensitive to the variation 
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of the opening angle [62]. This is attributed to the notch opening angle smaller than 90° 

generally has a minor effect on (elastic) stress concentration under tension [84], which 

can influence the future plasticity development regardless of the deep pre-cracked 

structure governed by fracture instability or the shallow pre-cracked structure governed 

by plastic instability. Typically, the practical crack-like notch introduced in the 

specimens cannot have such a great opening angle. Hence, the notch opening angle is 

not a critical factor for shallow crack-like notches compared with the notch root radius. 

In this study, the critical notch root radius is not considered as an intrinsic material 

property because the overall work hardening naturally depends on the entire notched 

section instead of a small area at the front of the notch root. Moreover, the ligament is 

considered to be more significant than that of a deep pre-cracked structure of the small-

scale yielding assumption, because it does not only determine the magnitude of 

elastoplastic field disturbance caused by notch root radius variation, but also is the 

carrier of the work hardening development during the stretching process. What 

percentage of the convergent elastoplastic fields occupying the ligaments can be called 

“broadly convergent” is also an essential issue in applicating the concept of shallow 

crack-like notch identification proposed by this study. According to Fig. 2.6, when 𝑡 = 

0.5 mm and 𝑟  = 3 mm, namely,  𝑡/𝑙  = 20%, the “broadly convergent” of the 

elastoplastic fields at least should occupy 80% of ligaments within less than 5% 

discrepancy in elastoplastic fields to maintain the same overall work hardening 

condition at the onset of plastic instability. However, the above results cannot be used 

as a general conclusion because they are not constants of material plastic properties in 

general yielding conditions and also can be influenced by geometric properties of 

notches and structures. Hence, “broadly convergent” presently should base on the 

practical design requirements of shallow crack-like notches and the calculation of 
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overall work hardening conditions by FEA. From the engineering viewpoint, it is more 

intuitive to obtain a general quantitative definition of “broadly convergent.” A potential 

solution is correlating the elastoplastic field gradients dominated by material and 

geometric properties to the index of plastic strain localization. The abovementioned 

important influential factors for the identification of shallow crack-like notches will be 

investigated in detail in future studies. 

 

2. 4 Chapter conclusions 

The emphasis of this study is a new concept for identifying the shallow crack-like 

notches with the pre-condition of plastic instability, such as necking, occurring before 

the pre-crack propagation. This condition may readily take place in shallow pre-cracked 

structures made of strain-hardening materials. Generally, the overall work hardening in 

one yield cross-section determines the onset of plastic instability. Hence, the existence 

of shallow crack-like notches is attributed to the overall work hardening in notched 

cross-section is insensitive to the notch geometric variation (excepting the notch depth). 

Such physical reasoning corresponds to that of the conventional deep crack-like notches 

requiring a condition that the fracture process is insensitive to the notch geometric 

variation. This study extended the idea of crack-like notched from the fracture 

instability range to the plastic instability range. The following conclusions were drawn 

from this study: 

1. A shallow crack-like notch may exist when structural strength is governed by 

plastic instability. 

2. When the plastic instability governs the structural strength of strain-hardening 

materials, a crack-like notch should satisfy the following requirements: 
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(1) The structural strength should be independent of the notch geometry, 

except for the notch depth; 

(2) The elastoplastic fields in the notched cross-section should be broadly 

convergent to those in the pre-cracked cross-section such that the overall 

work hardening is identical; 

(3) The failure mode should be the same.  

3. The material work hardening exponent, notch root radius, and ligament size 

may exert relatively significant influences on the identification of shallow 

crack-like notches.  
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CHAPTER 3. Shallow crack effect on 

evaluation of residual tensile strength: 

harmless and stable cracks in finite-sized 

structure made of ductile metals 

3. 1 Introduction 

Cracks or crack-like defects are widely believed to weaken engineering structures 

[7,9,10,44] while achieving flawlessness is impracticable. Hence, the residual strength 

[2,8,12], which reflects the practical load-carrying capacity of pre-cracked structures, 

is always a critical concern in fail-safe designs [3,5,6,11]. With the assistance of 

fracture mechanics, conventional considerations of residual strength mainly focus on 

cracks deeply embedded in structures [2,3,7–12,44]. However, as technology advances, 

most pre-cracks in engineering structures nowadays become very shallow. Such 

shallow cracks [40], whose plastic zone size is usually comparable to the crack depth 

or even structure dimensions [45,46], have been recognized to have distinct mechanical 

properties [47,48] and may result in anti-commonsense phenomena, such as the shallow 

(or short) crack problem in fatigue [49].  

Nevertheless, previous studies have rarely involved the residual strength issue of 

shallow pre-cracked structures, neither the physical meaning of residual strength nor 

the corresponding damage characteristic has been clarified, let alone reasonable 
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evaluations and predictions. As mentioned in CHAPTER 1, the increase of fracture 

instability toughness with the decrease of pre-crack depth can result in plastic instability 

appearing prematurely and make the physical meaning of residual strength vague. 

Meanwhile, the of notch strengthening study indicate that the localized deformation 

near the notch root combined with the triaxial stress state can resist yielding process 

[68] and a cracked structure should also has a similar phenomenon when plastic 

instability dominates the structural strength. However, experiences of notched 

structures probably cannot be directly applied to residual strength issue due to different 

definitions of strength. Therefore, investigation of shallow crack effect on residual 

strength is still required.   

This chapter focuses on understanding the trends, physical meanings, and damage 

characteristics of residual strength of shallow pre-cracked structures. The trends of 

residual strength with shallow pre-crack depth were obtained by monotonically 

stretching cylinder specimens with shallow crack-like circumferential notches. Next, 

the physical meaning of residual strength and the corresponding damage characteristics 

were investigated using a scanning electron microscope (SEM) with an electron 

backscatter diffraction (EBSD). The effects of plastic strain localization combined with 

stress triaxiality on local failure (fracture at crack tips) and global failure (cross-

sectional plastic instability) were dissertated based on finite element analysis (FEA). 

According to elastic-plastic field responses to pre-crack depth variations, the pre-

cracked section was divided into three partitions, namely, cross-sectional reduction (by 

pre-crack) partition, near crack-tip partition, and remote crack-tip partition. These 

partitions assisted the clarification of negative and positive influences of pre-cracks on 

the load-carrying capacity of pre-cracked sections. Then, the concept of shallow crack 

effect in residual strength issue was proposed and its universality was discussed.  
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3. 2 Experimental and analytical methods 

3.2.1 Material and testing 

The chemical composition of IF steel is listed in Table 2.1. The atoms of C and N 

are fixed by Ti (CN) to ensure that the content of interstitial solute atoms is extremely 

low [89]. The raw material was treated by annealing to improve the ductility and reduce 

the anisotropy. It was kept in a furnace at 750 ℃ for two hours and then cooled down 

to room temperature. After annealing, its hardness and average grain size were adjusted 

to 65 HV and 52.3 μm, respectively.  

Circumferential pre-cracks on cylinder specimens can well satisfy the plane strain 

condition, but their geometric symmetry and depth measurability are hardly guaranteed 

by fatigue pre-cracking. An alternative method is circumferentially grooving a crack-

like notch (V-shape) in the middle of the gage, as explained in CHAPTER 2. The design 

dimensions of specimens are illustrated in Fig. 3.1(a). The variation of notch opening 

angle, 𝛼, in the range of 0 to 90° has little influence on mechanical properties [62,84,90] 

compared with the notch root radius, 𝜌, and notch depth, 𝑡. Besides, it can be regarded 

as an initial opening angle of pre-crack. Hence, 𝛼 was set at 60° for the convenience of 

machining and polishing. The buff polish was applied to the gage with 0.05 μm alumina. 

The final dimensions of the notched specimens are listed in Table 3.1.  
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Table 3.1 Final dimension of circumferential notch (notch depth, 𝑡, notch root radius, 𝜌, radius of 

intact section, 𝑟, and ligament of notched section, 𝑙), stress concentration factor, 𝐾t, yield strength, 𝜎0.2 

(0.2% proof stress), residual strength, 𝜎R, gage elongation, 𝜆, and reduction of area after rupture, 𝜓. 

No. 𝑡/𝑙 (%) 𝑡 (mm) 𝑟 (mm) 𝜌 (mm) 𝜎0.2 (MPa) 𝜎R (MPa) 𝜆 (%) 𝜓 (%) Note 

0 0 0 3.01 0.000 116.1 246.4 62.6 97.7 Smooth specimen 

Continuous test:  

1 0.7 0.02 3.02 0.011 112.9 245.4 57.0 97.8 

Ruptured in post-

necking elongation 

2 1.0 0.03 3.00 0.011 104.8 242.2 56.7 97.7 

3 2.0 0.06 3.01 0.010 106.3 245.0 56.1 97.7 

4 3.8 0.11 3.02 0.012 105.7 244.5 55.3 97.9 

5 4.5 0.13 3.02 0.013 109.9 243.2 46.4 97 

6 6.0 0.17 3.01 0.011 110.3 240.2 45.9 96.8 

7 20.3 0.51 3.03 0.005 107.7 228.1 28.8 95.9 

8 22.8 0.56 3.02 0.012 102.6 220.7 28.3 96.1 

9 21.2 0.53 3.03 0.025 104.1 223.8 28.9 96 

10 30.1 0.70 3.03 0.012 102.7 205.0 21.3 95.8 

11 35.4 0.79 3.02 0.012 101.9 180.9 16.0 95.4 

12 51.6 1.03 3.03 0.012 102.9 150.9 11.0 95.8 

Interrupting test:  

13 2.7 0.08 3.02 0.012 103.2 — 4.9 — 
Terminated at 𝜎nom = 

160 MPa 
14 4.6 0.13 2.97 0.011 103.9 — 4.8 — 

15 19.8 0.50 3.02 0.012 101.4 — 4.8 — 

16 50.5 1.01 3.01 0.013 100.3 — 6.4 — 
Terminated at 𝜎nom ≈ 

𝜎R = 150 MPa 

 

Different from the notch strength evaluation usually depending on the net cross-

section [54,67,68], residual strength evaluation was based on the intact cross-section in 

this study. That is, the residual strength was derived by the nominal cross-sectional 

stress, 𝜎nom, and notch tensile strength was derived by the net cross-sectional stress, 

𝜎net, as followings: 

Nominal cross-sectional stress: 𝜎nom =
𝑃

𝐴int =
𝑃

𝜋𝑟2 (3-1) 
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Net cross-sectional stress: 𝜎net =
𝑃

𝐴net
=

𝑃

𝜋𝑙2
 (3-2) 

where 𝑃 is the load, 𝐴int the initial area of intact cross-section, and 𝐴net the initial area 

of net cross-section reduced by the presence of notch/crack. In this study, residual 

strength, 𝜎R, and yield strength (0.2% proof strength), 𝜎Y, were calculated by Eq. (3-1).  

The specimens were stretched at room temperature with an initial strain rate of 1 × 

10-3 /s. A digital camera was used to monitor the gage elongation and cross-sectional 

reduction (The method of strain measurement was changed from this chapter because 

some data in this chapter would be compared to that of CHAPTER 4 obtained in 

hydrogen environment, where the extensometer cannot be applied. Obviously, the 

strain data calculated by video record has a lower confidence compared to that obtained 

by extensometer in CHAPTER 2. However, the strain train data is only a reference 

value for the rest of the thesis, and it will not significantly affect the trend analysis of 

the residual strength and the magnitude of plastic strain localization). The fundamental 

mechanical property of IF steel was obtained by averaging the tensile results of two 

smooth specimens (No. 0 in Table 3.1) to reduce scatters. The specimens (No. 7 to 9) 

with the same 𝑡 but different 𝜌 were used to evaluate the dependence of 𝜎R on 𝜌, and 

served for the following identification of shallow crack-like notches. Additionally, four 

specimens were manually terminated at 𝜎nom = 160 MPa in the pre-necking elongation 

(No. 13 to 15) and 𝜎nom  = 150 MPa ≈ 𝜎R  (No. 16) to investigate the pre-crack 

propagation, secondary crack initiation and plastic strain localization by microstructure 

observations.  

Microstructure observations were performed on a scanning electron microscope 

(SEM) with an electron backscatter diffraction (EBSD) accessory to analyze damage 

phenomena and plastic strain distributions of post-testing specimens. The latter is 
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represented by the kernel average misorientation (KAM), which quantitatively relates 

to the density of geometrically necessary dislocation (GND) in lattice altered by plastic 

deformation [91–93]. The preparation of the longitudinal section of gage followed the 

process shown in Fig. 3.1(b). The SEM and EBSD were operated at 15 kV, and by a 

beam step size of 5 μm at 15 kV, respectively.  

3.2.2 Implementation of finite element analysis 

The material model used for elastic-plastic FEA was isotropic nonlinear and rate-

independent hardening. Hence, the true stress-strain curve of the smooth specimen (No. 

0 in Table 3.1), as plotted in Fig 3.2(a), was directly used as the strain hardening curve. 

For the elastic elongation, Young’s modulus, 𝐸 = 198.75 GPa, and Poisson’s ratio, 𝑣 = 

0.30. The FEA results fitted well with the experimental data, as shown in Fig. 3.2(b). 

The FEA model was established in ANSYS Workbench 18.2. As shown in Fig. 3.3(a), 

the specimen was simplified to an axisymmetric model, which was a quarter of the gage 

projecting on the O-xy plane with 2D Cartesian coordinates. The y-axial displacement, 

𝑈𝑦, was fixed at [0 ≤ 𝑥 ≤ l, 𝑦 = 0]. For the smooth specimen, the top-end of the model 

was cemented to an additional rigid grip to generate necking [94]. The value of 𝑃 was 

calculated by the force reaction of 𝑈𝑦 at [0 ≤ 𝑥 ≤ 𝑟, 𝑦 = 𝐻/2]. The axisymmetric and 

large deflection options were selected. The model was meshed (Quadratic dominant) 

by a higher order 2D, 8-node element (PLANE183) [81]. Element refinements were 

applied to areas near notch roots/crack tips and ligaments. Meshing examples of the 

notch root/crack tip are shown in Fig. 3.4(b). The minimum element size was optimized 

to 0.1 μm to guarantee the following FEA results were independent of the element size 

within the precision of two decimals. 



CHAPTER 3. Shallow crack effect on evaluation of residual tensile strength: harmless and stable cracks in finite-

sized structure made of ductile metals 

47/121 

 

 

Fig.3.1 (a) Geometry of circumferentially notched specimen. (b) Preparation of longitudinal section of 

gage. 

  



CHAPTER 3. Shallow crack effect on evaluation of residual tensile strength: harmless and stable cracks in finite-

sized structure made of ductile metals 

48/121 

 

  

Fig. 3.2 (a) True tress-strain curve of smooth specimen obtained by experiment. (b) Engineering 

stress-strain curve of smooth specimen obtained by experiment and finite element analysis. 
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Fig. 3.3 Simplified model for finite element analysis: (a) geometry in 2D Cartesian coordinates; (b) 

examples of meshing near notch root and crack tip. 

 

3. 3 Results 

The mechanical properties measured by the experiment were summarized in Table 

3.1 (For detailed information on engineering stress-strain curves of tested specimens, 

see Appendix A3). The gage elongation, 𝜆, dramatically degraded with the increase of 

normalized notch depth, 𝑡/𝑙, indicating that the structural ductility was sensitive to the 
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presence of geometrical discontinuities. When 𝜎R was plotted against 𝑡/𝑙, as shown in 

Fig. 3.4(a), an apparent plateau of the ‘IH’ segment, which equaled to the tensile 

strength of smooth specimens, existed until a significant decreasing trend in the ‘HT’ 

segment. This plateau of 𝜎R was initially supposed to be caused by notch strengthening 

phenomenon. However, when the net cross-sectional strength, 𝜎𝑏
net, was plotted against 

𝑡/𝑙, as shown in Fig. 3.4(b), the notch strengthening existed in the full range of 𝑡/𝑙 

because 𝜎𝑏
net increased with 𝑡/𝑙 almost smoothly. Besides, in Fig. 3.4(a), the measured 

trends of 𝜎R seem to have a distinct physical transition point of ‘H,’ because the necking 

and rupture of specimens in the plateau of ‘IH’ segment (No. 1 to 5 in Table 3.1) even 

occurred in the intact cross-section of the gage, see the example of No. 2 in Fig. 3.4(a). 

It conflicted with the commonsense that the geometric discontinuity, as a stress 

concentrator, would generate the failure and confine the fracture locus. Additionally, 

all specimens of continuous tests invariably ruptured in the post-necking elongation. 

Hence, plastic instability should occur under loading but whether it is the physical 

meaning of 𝜎R still needs the latter microscopic analysis.  
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Fig. 3.4  Responses of (a) residual strength, 𝜎R, and (b) net sectional strength, 𝜎𝑏
net, to variation 

of notch depth, 𝑡, with a constant radius of intact section 𝑟 = 3 mm.  

(Note: the straight segment in Fig. 3.4(a) were drawn for dividing different response of 𝜎R to 𝑡, 

they do not represent the precise trends of 𝜎R) 
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Fig. 3.5 shows the dependences of 𝜎R on 𝜌 obtained by experiments and FEA. The 

results of 𝑡/𝑙 = 20 % indicate that 𝜎R were independent of 𝜌 = 0.005 to 0.025 mm. This 

trend was also valid for other configurations of 𝑡/𝑙 in the range of 0.5 % < 𝑡/𝑙 < 55 % 

(including the shallowest and the deepest notches). Besides, the case of 𝜌 = 0 denotes 

a real crack that has 𝛼 = 0 (see the ‘crack example’ in Fig. 3.3(b)). It again proved that 

𝛼 = 60° is insignificant for identifying crack-like notches in this study. The results here 

only aimed to state that the notches in Table 3.1 were equivalent to cracks. Hence, no 

consideration was further placed on the size effect on shallow crack-like notches. 

Therefore, hereinafter, the notches listed in Table 3.1 are regarded as cracks, and then 

𝑡 directly denotes pre-crack depths. Additionally, the authors believe that a systematic 

discussion about the equivalence between the shallow notch and shallow crack could 

be of great significance for experimental and engineering designs. This issue may be 

solved in future studies. 
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Fig. 3.5 Notch root radius 𝜌 influences on residual strength, 𝜎R. 

 

The fractographs of ruptured specimens with representative damage characteristics 

are shown in Fig. 3.6. The smooth specimen (No. 0 in Table 3.1) exhibits a typical 

ductile failure with the cup-and-cone appearance, which was caused by the internal 

crack initiation (see the fibrous zone with large equiaxed dimples [17,31,95]) and final 

intersection with the outer surface of the specimen (see the shear-lips [17,96]) in the 

post-necking elongation. The specimens (No. 1 to 5) in the plateau of ‘IH’ segment in 

Fig. 3.4(a) that were ruptured in the intact cross-sections have a similar damage pattern 

compared with the smooth specimen, so they are not presented here. However, when 

ruptures moved to pre-cracked cross-sections, see Figs. 3.6(b) to (d), an apparent 

deviation of internal crack initiation from the cross-sectional center shown in Figs. 

3.6(b) and (c) to the outer (near the pre-crack tip) shown in Figs. 3.6(d) occurred. It is 

inferred that the increase in pre-crack depth changes the damage characteristics by 

increasing plastic strain localization, which may correspond to the trends of 𝜎R.  
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Fig. 3.6 Fractographs of ruptured specimens with representative damage patterns (white solid line 

shows initial pre-crack tip; yellow dash line shows large equiaxed dimples of internal crack 

initiation): (a) 𝑡/𝑙 = 0 (No.0: smooth specimen), (b) 𝑡/𝑙 = 4.5% (No. 5), (c) 𝑡/𝑙 = 22.8% (No. 8), 

and (d) 𝑡/𝑙 = 35.4% (No. 11). 
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Fig. 3.7 shows the representative enlarged views in the vicinity of pre-crack tips: Fig. 

3.7(a) represents the specimens ruptured in intact cross-sections in continuous tests; Fig. 

3.7(b) represents the specimens terminated in pre-necking elongation and would 

rupture in pre-cracked cross-sections according to continuous tests; and Fig. 3.7(c) 

represents specimens terminated at 𝜎R and would rupture in pre-cracked cross-sections 

according to continuous tests. All pre-crack tips in Fig. 3.7 were blunted severely but 

neither the pre-crack propagation nor the secondary crack initiation was observed in the 

vicinity of pre-crack tips, even for Fig. 3.7(c) of deepest pre-crack (No. 16 in Table 3.1) 

terminated at 𝜎R . Consequently, for all specimens listed in Table 3.1, pre-cracks 

remained non-propagating before the onset of plastic instability. That is, the physical 

meaning of 𝜎R is plastic instability instead of fracture instability. This also supports the 

assumption of FEA implementation without considering the damage initiation.  
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Fig. 3.7 Representative enlarge views in vicinity of blunted pre-crack tips for inspection of pre-

crack propagation and sub-crack initiation: (a) 𝑡/𝑙 = 3.8% - ruptured in smooth section; (b) 𝑡/𝑙 = 

4.6% - interrupted at 𝜎nom = 160MPa; (c) 𝑡/𝑙 = 50.5% - interrupted at 𝜎nom ≈ 𝜎R = 150 MPa. 
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It is remarkably interesting why transition point ‘H’ in Fig. 3.4(a) distinguishes two 

different damage characteristics but with the same physical meaning of 𝜎R . There 

should be two individual elastoplastic responses to the variation of 𝑡/𝑙  in the pre-

cracked cross-section. Fig. 3.8 (a-K) (b-K) (c-K) show the KAM maps of specimens 

(No. 13 to 15 in Table 3.1) interrupted at 𝜎nom = 160 MPa. As the increase of 𝑡/𝑙, a 

clear trend of plastic strain localization in front of the pre-crack tip can be seen. 

Additionally, another plastic strain localization site occurs near the specimen central 

axis in Fig. 3.8 (c-K) when 𝑡/𝑙 = 19.8%. Figs. 3.8 (a-P) (b-P) (c-P) show the normal 

axial plastic strain, 휀𝑖𝑖
𝑝𝑙

, along ligament obtained by FEA. The normal y-axial plastic 

strain, 휀𝑦𝑦
𝑝𝑙

, which is parallel to the loading direction, occupied the majority area of the 

ligament. Particularly, it proves that the plastic strain localization site near the specimen 

central axis in Fig. 3.8 (c-K) is due to the intensified 휀𝑦𝑦
𝑝𝑙

 occurs in the center axis when 

𝑡/𝑙 = 19.8%. Figs. 3.8 (a-F) (b-F) (c-F) show the counters maps of 휀𝑦𝑦
𝑝𝑙

 normalized by 

that of the smooth specimen, 휀�̅�𝑦
𝑝𝑙

. The expansions of the high crack-tip plastic strain is 

resisted by the contiguous enclave of low plastic strain, which is conjectured to be 

caused by the high stress triaxiality.  
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Fig. 3.8 Plastic strain distribution represented by: (a-K)(b-K)(c-K) KAM map by EBSD; (a-P) (b-P) (c-

P) Normal axial plastic strain, 휀𝑖𝑖
𝑝𝑙

, along ligament by FEA; and (a-F) (b-F) (c-F) Counters map of 

normal Y-axial plastic strain deviator, 휀𝑦𝑦
𝑝𝑙

, by FEA normalized by that of smooth specimen, 휀�̅�𝑦
𝑝𝑙

. 
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3. 4 Discussion 

3.4.1 Shallow crack effect in residual strength issue and its 

general applicability  

Previous studies of residual strength of pre-cracked structures are one-sided because 

the loss of load-carrying capacity is not only determined by fracture instability but also 

by geometric instability or plastic instability [12,38,97]. Geometric instability, such as 

bucking and bulging [41–43], limits the load-carrying capacity as a result of the 

dramatic geometric variation deviating the deformation path from the original loading 

path. The cylinder specimens under in-plane tension naturally prevent the deformation 

path straying from the tensile direction in the pre-necking elongation. Therefore, this 

study only needs to consider fracture instability and plastic instability in pre-cracked 

cross-sections.  

The competition between fracture instability and plastic instability in dominating the 

residual strength is illustrated in Fig. 3.9. As the pre-crack depth decreasing, R-curve 

rises due to the loss of plastic constraint [31,98–100]. When the load threshold of 

fracture instability is higher than that of plastic instability, the trace of R-curves will be 

cut off, as the cross marks on R-curves of 𝑡𝑎 and 𝑡𝑏 in Fig. 3.9. The cut-off point may 

exist in the crack blunting stage, like the results in this study, or in the stable crack 

propagation stage. The following situations in pre-cracked cross-sections can be 

recognized:  

1. Plastic instability occurs before the pre-crack propagation, as the case of 𝑡𝑎  at 

𝜎nom = 𝜎𝑡𝑎
′ , which is applicable to all pre-cracked specimens tested in this study;  
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2. Plastic instability occurs with stable pre-crack propagation, as the case of 𝑡𝑏  at 

𝜎nom = 𝜎𝑡𝑏

′ ;  

3. Fracture instability occurs before plastic instability, as the case of 𝑡 = 𝑡𝑐 at 𝜎nom =

𝜎𝑡𝑐
 (the conventional considerations of deep pre-cracked structures).  

Evidently, the residual strength in the first and second cases has the same physical 

meaning so they can be integrated into one condition. That is, shallow pre-cracks 

remained non-propagating or stable propagating until at least the onset of plastic 

instability. This condition was used to distinguish shallow and deep cracks for the 

convenience of the following discussions.  

 

Fig. 3.9  Competition between fracture instability and plastic instability in dominating residual strength 

of pre-cracked structures (𝜎𝑡𝑎
, 𝜎𝑡𝑎

′ , 𝜎𝑡𝑏
, 𝜎𝑡𝑏

′ , and 𝜎𝑡𝑐
 and 𝜎𝑡𝑑

 are represented by nominal stress, 𝜎nom, in 

this study). 
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3.4.2 Mechanism of shallow crack effect 

The increases of plastic strain localization and stress triaxiality with the deep crack 

depth can stimulate the fracture instability. However, results in this study showed that 

the presence of shallow pre-cracks might not weaken the structures (see the ‘IH’ plateau 

in Fig. 3.4(a)), thereby inferring plastic strain localization coupled with stress triaxiality 

has a distinct influence on plastic instability. Fig. 3.10 plots the distributions of plastic 

strain deviation, 휀yy
𝑝𝑙

, and stress triaxiality, 𝜂, in the ligaments of pre-cracked sections 

during pre-necking elongation. 𝜂 is written as [31]: 

𝜂 =
𝜎ℎ

𝜎𝑒𝑞
=

√2(𝜎1+𝜎2+𝜎3)

3√(𝜎1−𝜎2)2+(𝜎2−𝜎3)2+(𝜎1−𝜎3)2
  (3-3) 

where 𝜎ℎ and 𝜎𝑒𝑞 are hydrostatic stress and von Mises equivalent stress, respectively. 

As shown in Fig. 3.10(a), 휀yy
𝑝𝑙

 increased with 𝑡/𝑙 near crack tips, but decreased in the 

remote place, indicating the plastic strain localization is proportional to 𝑡/𝑙 . 

Correspondingly, 𝜂  increased in the remote place, as shown in Fig. 3.10(b), but it 

formed a parabola in the vicinity of crack tips, as shown in Fig. 3.10(b). Namely, a 

larger 𝑡/𝑙 resulted in a lower 𝜂 at the crack tip but induced a higher peak of 𝜂. Notably, 

the suppressed plastic strain with the increased stress triaxiality that resists the yielding 

occupied the majority part of the ligament. Hence, the main effect of the plastic strain 

localization coupled with stress triaxiality is hindering plastic instability. This effect 

became significant with the increase of shallow crack depth according to the trends of 

휀yy
𝑝𝑙

 and 𝜂 in the remote places of pre-crack tips in Fig. 3.10.  
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Fig. 3.10 Distributions of plastic strain deviation, 휀yy
𝑝𝑙

, and stress triaxiality, 𝜂, in ligaments of pre-

cracked sections during pre-necking elongation. 

 

 Although the increases in plastic strain localization and stress triaxiality probably 

can enhance the load-carrying capacity, the trends of 𝜎R  obtained by experiment 

showed another case. To further clarify when the presence of shallow crack is negative 
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or positive, the pre-cracked section was divided into three partitions, as shown in Fig. 

3.11. The red color denotes the cross-sectional reduction, which always has a negative 

effect on the load-carrying capacity. The green color denotes the near crack-tip portion 

that has intense plastic strain and stress triaxiality. The blue color denotes the remote 

crack-tip portion that, which is always positive for the load-carrying capacity because 

of suppressed plastic strain and moderate stress triaxiality hindering the onset of plastic 

instability. Hence, if the negative influence of the cross-sectional reduction can be 

offset by the combined influences of the remote crack-tip portion and the near crack-

tip portion, the residual strength would not decrease and even the pre-cracked cross-

section can be strengthened. However, the influence of the near crack-tip portion is not 

immutable. It depends on the damage initiation controlled by the magnitude of plastic 

strain localization and stress triaxiality. With a low magnitude of plastic strain 

localization, if there is no apparent fracture in the near crack-tip portion, such as pre-

crack propagation and secondary crack initiation, the strain-hardening by intense plastic 

strain combined with stress triaxiality can provide an additional positive influence on 

the load-carrying capacity. Hence, the existence of pre-crack is harmless, and the 

rupture occurs in the intact cross-section, just like the case of the ‘IH’ plateau of 𝜎R in 

Fig. 3.4(a).   

In summary, shallow crack effect in residual strength issue resulted from the 

following factors: 1. The fracture toughness of shallow cracks were so high that the 

main impact of the plastic strain localization coupled with stress triaxiality changed 

from stimulating fracture instability at crack tip to hindering cross-sectional plastic 

instability; 2. The presence of shallow pre-cracks resulted in both negative and positive 

influences on load-carrying capacity in different partitions of the pre-cracked cross-

section. It has general applicability. First, most ductile ferrite steels have the strain 
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hardening mechanisms that give rise to a decreasing first derivative of 𝜎𝑡 vs. 휀𝑡 [35]. 

Thus, plastic instability does occur in many cases. Second, there is no absolutely perfect 

engineering component. Although various shallow cracks or crack-like flaws exist 

in/on the engineering components, their local failure behaviors and disturbances to 

elastic-plastic fields seem not to affect the overall mechanical properties. Therefore, 

shallow crack effect in residual strength issue is not the result of a case study with some 

unique materials or under exceptional test conditions. Instead, it is a general result in 

the case of low plastic strain localization that did not cause enough attention in previous 

studies.  

 

Fig. 3.11 Schematic of partitions and their effects on load-carrying capacity in pre-cracked cross-

section. 

 

3. 5 Chapter conclusions 

The present work focused on the residual tensile strength of shallow pre-cracked 

structures that were rarely considered in the previous literature. Results showed that the 

residual strength of shallow pre-cracked specimens was preferentially governed by 

plastic instability instead of fracture instability because shallow pre-cracks remained 

non-propagating or stable propagating until at least the onset of plastic instability during 
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monotonic tension. Furthermore, when shallow pre-crack depths were shorter than a 

critical value, the rupture occurred in the intact cross-section, and the residual strength 

was identical to the tensile strength of smooth specimens. Based on macroscopic 

observation and FEA, the following conclusions can be drawn:  

1. Shallow cracks have the following effect on residual strength evaluation. 

a. The fracture toughness of shallow cracks is so high that the main impact 

of the plastic strain localization coupled with stress triaxiality changed 

from stimulating fracture instability at crack tip to hindering cross-

sectional plastic instability.  

b. The presence of shallow pre-cracks resulted in both negative and 

positive influences on load-carrying capacity in different partitions of 

the pre-cracked cross-section.  

2. The physical meaning of residual strength changes with the pre-crack depth due 

to the different magnitudes of plastic strain localization and can be reflected in 

the variation of the damage characteristics.  
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CHAPTER 4. Residual strength prediction 

of shallow cracked structures 

4. 1 Introduction 

Predicting the residual strength [10,12] of the pre-cracked structure is in great 

significance for engineering safety consideration. Generally, there are two kinds of 

engineering predictions. That is, the qualitative prediction that usually base on the trend 

analysis, and qualitative prediction that can be addressed by both analytical solution 

and numerical solution. Qualitative prediction is popular in material selection and 

environmental effect analysis. For instance, the plastic strain localization can promote 

fracture instability while hinder plastic instability, so one can choose the appropriate 

material and working environment based on their effects on the plastic strain 

localization and physical meaning of mechanical properties. For the residual strength 

issues, since the physical meaning has been proved to alter with the pre-cracks in 

CHAPTER 3, a novel failure assessment diagram (FAD) correlating to physical 

meanings of residual strength and corresponding damage characteristics was 

resuggested for qualitative predicting the trends of residual strength from the 

perspective of plastic strain localization. Then, the intrinsic factors of material property 

and extrinsic factors of geometry, load, and environment that may affect the residual 

strength by influencing the plastic strain localization were discussed.  of the pre-cracked 

structure is in great significance for engineering safety consideration. Generally, there 

are two kinds of engineering predictions. That is, the qualitative prediction that usually 
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base on the trend analysis, and quantitative prediction that can be addressed by both 

analytical solution and numerical solution. Qualitative prediction is popular in material 

selection and environmental effect analysis. For instance, the plastic strain localization 

can promote fracture instability while hinder plastic instability, so one can choose the 

appropriate material and working environment based on their effects on the plastic 

strain localization and physical meaning of mechanical properties. For the residual 

strength issues, the physical meaning has been proved to alter with the pre-crack depth 

in CHAPTER 3, but previous experiences about trend analysis of residual strength are 

almost based on analyzing the fracture instability responding to influential factors. 

Hence, a new evaluation criterion required to include the range of shallow cracks.  

For quantitative prediction, the primary task conventionally is providing a confident 

value of residual strength. It is unrealistic to fully reproduce the actual and complex 

working conditions in the prediction. Hence, the qualitative prediction usually requires 

a simplified model, which depends on correctly determining the dominant factor of 

predicted target. In chapter 3, the pre-cracked section was divided into partitions, 

namely, cross-sectional reduction partition, near crack-tip partition, and remote crack-

tip partition. It is interesting to know which partition is the dominated factor for residual 

strength prediction of shallow pre-cracked structures. Also, how to generate the correct 

damage phenomenon, such as the necking away from the intact cross-section, is also 

meaningful because it helps engineers perceive the inflection point of residual strength 

in the range of shallow cracks.  

In this chapter, a novel failure assessment diagram (FAD) correlating to physical 

meanings of residual strength and corresponding damage characteristics was suggested 

for qualitative predicting the trends of residual strength from the perspective of plastic 

strain localization. Then, the intrinsic factors of material property and extrinsic factors 
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of geometry, load, and environment that may affect the residual strength by influencing 

the plastic strain localization were discussed. The quantitative prediction was expected 

to be numerical and phenomenological because engineers can easily find out when the 

prediction method fails. It was implemented by finite element analysis based on 

continuum mechanics. Then, whether the local mechanism of damage initiation and 

plastic flow property in the near crack-tip partition can influence the prediction results 

was evaluated. 

4. 2 Qualitative trend prediction of residual strength 

4.2.1 Novel failure assessment diagram and classification of 

pre-cracks for predicting residual strength variation 

The decrease of the pre-crack depth not only results in increasing fracture instability 

toughness but also alters the physical meaning of residual strength. Meanwhile, the 

residual strength is not always inversely proportional to the increase of pre-crack depth. 

To remind this problem in design, a novel FAD considering physical meanings of 

residual strength and damage characteristics was supposed. As shown in Fig. 4.1, the 

residual strengths in Regions I and II are dominated by plastic instability, while those 

in Regions III and IV are dominated by fracture instability. Therefore, Regions I and II 

belong to the shallow crack category, and Regions III and IV belong to the deep crack 

category. The decreasing trends of residual strength in Regions II to IV were considered 

to own an exponential curve because both work hardening in Regions I to II and crack 

propagating driving force are the exponential functions to crack depth [17,54].   
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Fig. 4.1 Residual strength diagram considering physical meaning of residual strength and 

corresponding damage characteristic 

 

For Region I of 𝑡 < 𝑡harmless, the pre-crack does not propagate and has a positive 

influence on load-carrying capacity because the plastic strain localization coupled with 

the stress triaxiality can totally offset the negative influence of cross-sectional reduction. 

Pre-cracks with depths located in this region is named as ‘harmless crack.’ Although 

the residual strength cannot be higher than the tensile strength of smooth specimens 

because the rupture occurs in intact cross-sections, the increases of plastic strain 

localization and stress triaxiality will expand the border of harmless crack.  

For Region II of 𝑡harmless < 𝑡 < 𝑡stable, the pre-crack also does not propagate or at 

least remains a stable propagation until the onset of plastic instability. Hence, pre-

cracks with depths located in this region is named as ‘stable crack.’ However, the 

increase of pre-crack depth makes the negative influence of cross-sectional reduction 

is too significant to be offset by other partitions of pre-cracked sections, so the residual 

strength is decreased. The increase of plastic strain localization and stress triaxiality can 
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increase the residual strength in region II because their increases provide more positive 

influences in the pre-cracked section to offset the negative influence of cross-sectional 

reduction. Additionally, excessively high plastic strain localization and stress triaxiality 

promote the physical meaning of residual strength transforming from plastic instability 

to fracture instability, thereby shrinking the border of Region II.  

 For the deep crack category, the onset of unstable crack extension occurs before the 

plastic instability. For the ductile failure, the increasing plastic constraint state usually 

results in a gentler R-curve, so the residual strength is reduced gradually by the increase 

of 𝑡. The residual strength is limited by a rising load required by the stable crack 

extension until the onset of fracture instability of ductile fracture. Therefore, the pre-

crack in Region III of 𝑡stable < 𝑡 < 𝑡ductile−brittle  is named as the ‘ductile crack.’ 

Besides, if the structure size is large enough for 𝑡 increasing, another critical point of 

𝑡ductile−brittle , which governs the ductile-brittle transition, can be anticipated. For 

Region IV of 𝑡 > 𝑡ductile−brittle, the plastic strain is constrained in a tiny zone so the 

high elastic potential energy can readily induce the onset of brittle failures, such as 

cleavage or intergranular cracking. The unstable crack extension almost occupies the 

entire crack extension procedure, which indicates that the crack initiation toughness 

limits the residual strength. The residual strength decreases with 1/√𝑡, resulting in a 

flaw-sensitive structure [101]. Therefore, the pre-crack in Region IV of 𝑡 >

𝑡ductile−brittle can be named as the ‘brittle crack’. 

This FAD supplied a possibility to qualitatively estimate the trends of residual 

strength from the perspective of plastic strain localization. One can judge the fluctuation 

of residual strength according to the different main function of plastic instability in 

Regions I to IV. It can contribute to material selections in design. Also, this FAD 
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closely relates to the physical meaning of residual strength and corresponding damage 

characteristics. It helps with identifying whether pre-cracks are harmless or not through 

the phenomenological analysis of the damage.  

 

4.2.2 Influential factors on shallow crack effect in residual 

strength issue 

From the above discussion, the plastic strain localization significantly influences the 

physical meaning of residual strength and the corresponding damage phenomenon. 

Hence, any factors that can affect plastic strain localization may also change the effect 

of pre-crack on the residual strength. In this section, the influence of intrinsic and 

extrinsic factors on microscopic plastic strain localization at the crack tip and 

macroscopic plastic strain localization in one yield section are simply enumerated. 

If the influence of extrinsic factors is neglected, the yield strength and the hardening 

exponent of elastic-plastic determine the development of plastic deformation [102]. 

Because the plasticity of metal is mainly realized by the dislocation motion, the factors 

that can affect or interact with the dislocation motion may change the condition of 

plastic strain localization in the pre-cracked structure. The level of Peierls stresses and 

the dislocation line orientation determines the lattice resistance to dislocation motion, 

which depends on the crystal type, dislocation type, and corresponding slip system [54]. 

Large lattice resistance can provide high yield strength to result in high plastic 

constraint easily but can delay the onset of plastic instability. The macroscopic plastic 

strain localization is inversely proportional to the number of barriers for dislocation 

motion, such as grain boundary in addition to the ultrafine crystal (Hall-Petch effect) 
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[103], substructure, phase (participation or diffusion particle and fiber) and inclusion 

[35]. Because the influence of material intrinsic factors on plastic strain localization is 

too complex to be listed, they will not be expanded in detail here — the relative Refs. 

[35,104] can provide more information. However, it still can conclude that the material 

generating a substantial microscopic plastic strain localization at the crack tip may 

provide high residual strength for a structure containing harmless or stable crack due to 

the low magnitude of plastic strain localization in the entire pre-cracked section. 

 The extrinsic factors, such as loading configuration, structure geometry, and 

circumstance, also have significant influences on plastic strain localization by changing 

the local stress-strain state or thermodynamic conditions. Load configuration includes 

the strain rate and loading types such as tension, bending, and torsion. It may 

significantly influence the local stress-strain state near the crack tip, thereby changing 

the magnitude of plastic strain localization. For a certain 𝑡, the increase in 𝑙 is helpful 

to obtain the shallow pre-crack and general yielding condition [105]. However, a 

limitation should exist for 𝑡/𝑙 to distinguish the shallow pre-crack and deep crack as 

𝑡stable  shown in Fig. 4.1. For 𝑡 < 𝑡stable , the increase in 𝑙  can enlarge the uniform 

plastic deformation area in the pre-cracked section, which is helpful to suppress the 

gross of magnitude of plastic strain localization to delay the onset of plastic instability. 

In contrast, if 𝑙 is infinite or large enough, the plastic strain emitting from the pre-crack 

never causes the entire pre-cracked section to yield until the onset of fracture instability 

of pre-crack, similar to the case of 𝑡 > 𝑡stable. Hence, the classification of different pre-

cracks should cautiously consider the structural size effect. In addition, the conditions 

of circumstance, such as temperature [106] and hydrogen [107], can affect the mobility 

of dislocation during the formation of plastic deformation. For example, low 

temperatures may increase the microscopic plastic localization but decrease the 
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macroscopic plastic localization because Peierls stress is usually sensitive to 

temperature in BCC metal, and hydrogen may also have the similar influence through 

enhancing the localized plasticity in some metals.  

It should be noted that the intrinsic and extrinsic factors mentioned above may have 

a particular case for the residual strength evaluation of shallow-cracked structure. 

Additionally, the detailed influences of those factors on plastic strain localization have 

still not been described for residual strength governed by plastic instability. These 

problems will be studied in the future.  

 

4. 3 Quantitative prediction of residual strength 

4.3.1 Numerical modeling 

Form the mechanical viewpoint, the presence of a crack can generate a triaxial stress 

state and accelerate the local strain near the crack tip. Both of them may influence the 

work hardening condition in the pre-cracked cross-section and then determine the 

residual strength governed by global plastic instability [54,103]. In order to clarify their 

significance to the prediction of harmless crack and judge the dominate partition of pre-

cracked cross-section, two prediction models were established. If the stress-triaxiality 

in pre-cracked cross-section was assumed to govern the harmless crack depth 

independently, namely, the remote partition dominating the residual strength prediction, 

the load-carrying capacity of the pre-cracked section should initially increase with the 

pre-crack depth and then decreases, as shown in Fig. 4.2. Hence, an artificial reference 

defect, which is always smaller in size compared with the pre-crack and also can be 

regarded as a material defect, was placed in the center of an intact cross-section far 
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away from the pre-cracked cross-section. The artificial reference defect has two 

functions: 1. Generating an increase of stress triaxiality that can vary with load in the 

center of specimen that corresponding to the remote crack-tip partition; 2. representing 

a competition between material internal defects and pre-cracks. The FEA geometric 

modeling and meshing were the same as those in CHAPTER 2 and CHAPTER 3. 

During the prediction by FEA, the size of the artificial reference defect increased with 

the pre-cracked depth, but it is always 80% of the pre-crack depth to ensure the stress 

triaxiality generated by artificial reference defect is always smaller than that generated 

by pre-cracks in the specimen center. The artificial reference defect was placed at the 

surface of the top-edge of Fig. 2.3 (a) by eliminating some elements (element size of 5 

μm). Then the load-carrying capacity of the pre-cracked cross-section and intact cross-

section with an artificial reference defect can be compared. Although this comparison 

cannot deal with the load-carrying capacity of the pre-cracked section that is higher 

than the intact section but has a decreasing trend, an aggressive numerical prediction 

combined with the correct phenomenological approach can still be accepted by 

engineering.  
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Fig. 4.2 Diagrammatic sketch of prediction model that assumes stress triaxiality 

independently controlling harmless crack depth. 

 

Another prediction model aimed to judge whether the local effect in the near crack-

tip partition was necessary for residual strength prediction. Here, the local strain-rate 

effect near the crack tip was chosen as the representation because the strain hardening 

property of IF steel was found sensitive to the strain rate according to the true stress-

strain curve in the post-necking elongation, as illustrated in Fig. 4.3(a). To highlights 

the local effect in the near crack-tip partition, no artificial reference defect was placed 

in the intact cross-section. The model should be based on a rate-dependent strain 

hardening model, which is different from the previous prediction model that assumes 

the strain hardening is independent of strain rate. In this study, the base strain-hardening 

property of IF steel was measured at 10-3 /s according to ASTM E8M standard (6 mm 

in diameter and 30 mm in gage) [83]. The chemical composition of IF steel is listed in 

Table 2.1. Before machining, the average grain size and hardness were respectively 

adjusted to 66μm and 65HV by annealing. The true stress-strain curve was plotted in 

Fig. 4.3(a), and it is clear that the strain-hardening property in post-necking elongation 

was influence by strain-rate variation in the necked section. The tensile constants of IF 



CHAPTER 4. Residual strength prediction of shallow cracked structures 

79/121 

 

steel were listed in Table 4.1. The rate-independent strain hardening for prediction 

model shown in Fig. 4.1 was described by Hollomon's equation:  

𝜎𝑡 = 𝐾휀𝑡
𝑛 (4-1) 

where 𝜎𝑡 is the true stress, 휀𝑡 is the true strain, 𝐾 = 432 MPa is the strength coefficient, 

and 𝑛 = 0.27 is the work hardening exponent. 

  

Table 4.1 Value of tensile constants for Interstitial-free steel. 

𝐸 v 𝜎𝑌 𝜎𝑏 

200 GPa 0.3 117 MPa 246MPa 

 

The rate-dependent strain hardening for prediction was assumed as the Johnson-

Cook model, which is purely empirical and takes into account the effects of isotropic 

strengthening, kinematic strengthening, temperature variation and the associated 

variation in yield strength. According to this model, the stress is determined by the 

formula 

𝜎𝑌 = (𝐴 + 𝐵휀𝑝
𝑛)(1 + 𝐶ln휀𝑝

∗)(1 − 𝑇𝐻
𝑚) (4-2) 

where 휀𝑝 is the effective plastic strain,  휀𝑝
∗ is the normalized effective plastic strain rate, 

and 𝑇𝐻 is the homologous temperature = 0 (for normal laboratory experiment): 

𝑇𝐻 =
𝑇−𝑇room

𝑇melt−𝑇room
 (4-2) 

A, B, C, n and m are material constants, as listed in Table 4.2. They were obtained by 

fitting according to the data in Fig. 4.3. The tensile property of IF steel at higher strain 

rates shown in Fig. 4.3(b) comes from the isothermal data of Ref. [108], whose material 

chemical composition and microstructure of IF steel is similar to this study.  

 

Table 4.2 Value of constants for Johnson–Cook model. 

Name Symbol Units Value 

Initial yield stress A MPa 117 
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Hardening constant B MPa 432 

Hardening exponent n 
 

0.4 

Strain rate constant C 
 

0.04 

Thermal softening exponent m 
 

0.5 

 

 
 

Fig. 4.3 (a) True stress-strain curve of IF steel measured at 10-3 /s by experiment. (b) 

Strain-rate effect on engineering stress-strain curves of IF steel measured at various strain 

rates from Ref. [108]. 
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4.3.2 Results and discussion 

Fig. 4.4 shows the residual strength varying with pre-crack depth predicted by the 

FEA. In Fig. 4.4 (a), residual strength various with the pre-crack depth smoothly, 

decreasing form the value identical to the structural strength of the smooth specimen. 

It indicates that continuum mechanics is still valid to predict the residual strength if the 

influence of stress triaxiality is considered. That is, the remote crack-tip partition can 

dominate the value of residual strength. However, users may have less confidence to 

determine an exact depth for harmless crack because of the smooth transition of residual 

strength without any physical phenomenon. When the local plastic flow property 

affected by the presence of pre-crack is considered, this problem can be solved, as 

shown in Fig. 4.4 (b). The variation of local plastic flow property obviously mainly 

happened in near crack-tip partition with large gradients of elastoplastic fields, as 

shown in Fig. 3.10. Hence, a valid and explicit prediction should also consider the 

effects of pre-crack on local plastic properties in the near crack-tip partition.  

Admittedly, this local characteristic should not be limited to the strain rate. The local 

damage initiation, such as damage by micro voids that can be solved by Gurson-

Tvergaard-Needleman model [109], may also provide additional variation in the stress 

triaxiality and local plastic property. The user can choose an FEA model coupled with 

damage mechanics base on the practical needs. 
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Fig. 4.4 Prediction of harmless crack based on (a) triaxiality effect without strain-rate effect, 

and (b) triaxiality coupled with strain-rate effects. 
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4. 4 Chapter conclusions 

 

1. The trends of residual strength in the shallow crack category can be 

qualitatively estimated from the perspective of plastic strain localization.   

2. The shallow crack effect is not a material intrinsic property, and all factors that 

can influence the magnitude of plastic strain localization are significant for 

shallow pre-crack structures.  

3. The continuum mechanics is suitable for numerical prediction of residual 

strength of shallow pre-cracked structures. However, it should consider the 

local plastic flow property influenced by the presence of pre-crack to induce 

the correct damage phenomenon, namely, the necking away from the pre-

cracked section 

4. The remote crack-tip partition dominates the value of residual strength while 

the near crack-tip partition dominates generating the correct damage 

phenomenon.  
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CHAPTER 5. Distinguishing geometric and 

metallurgic hydrogen-embrittlement 

susceptibilities in pre-cracked structures 

made of interstitial-free steel under 

monotonic tension 

5.1  Introduction 

Pre-cracks in engineering components are almost inevitable with current technology. 

They are significant local stress intensifiers that promote the formation of the plastic 

zone in the vicinity of crack tips under loading. As the primary conductor of plastic 

deformation, dislocation emitting from crack-tips can interact with hydrogen and result 

in the hydrogen-embrittlement (HE) phenomenon [110–112], which manifests 

degradations in the mechanical properties of various HE-sensitive materials due to 

hydrogen-assisted cracking (HAC) [113–117]. Hydrogen is a clean energy source with 

abundant potential applications [118,119], but the existence of HE resists the practical 

application of hydrogen in engineering [120–122]. Hence, there is an increasing need 

for investigations of HE effects on pre-cracked structures. 

Investigations into the hydrogen-assisted failure of pre-cracked structures have 
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mainly focused on the mechanical properties governed by cracking behaviors, often 

referring to the crack propagation accelerated by different HAC mechanisms 

[113,117,123,124], such as the stress-induced hydride formation and cleavage [125], 

hydrogen-enhanced localized plasticity (HELP) [126] and the hydrogen-enhanced 

decohesion (HEDE) [127]. Ultimate tensile strength (UTS) is a vital mechanical 

property of pre-cracked structures that may be decreased dramatically by the unstable 

crack propagation taking place prematurely in the hydrogen environment [110]. 

However, it is governed not only by the unstable crack propagation but also by the 

plastic instability in one yield section [25]. The latter may occur in a structure with a 

shallow pre-crack because of the exceedingly-high fracture instability toughness 

[30,128]. As technology advances, engineering components rarely contain very deep 

pre-cracks. Nevertheless, few investigations report the UTS of shallow pre-cracked 

structures governed by plastic instability in the hydrogen environment. 

This study aims to investigate HE coupled with the effects of shallow crack on the 

UTS of structures governed by plastic instability. The specimens were made of 

interstitial-free (IF) steel, which represents a standard microstructure of ferritic steel. 

Its properties include excellent ductility, simple metallurgical microstructure, and 

significant HE susceptibility due to the high diffusivity and permeation rate of hydrogen 

in the ferrite [70,129]. Fully electrochemical hydrogen pre-charged cylinder specimens 

(also with the in-situ charging during monotonic tension to maintain the hydrogen 

saturation) ware experimentally and microscope-analytically compared with uncharged 

specimens (without in-situ charging). After clarifying the trend of UTS with a shallow 

pre-crack, the corresponding physical meaning of UTS was analyzed, and then the 

underlying reasons were discussed. Also, its general applicability and merit to fail-safe 

design were discussed.  
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5.2  Experimental Procedure 

5.2.1 Material and specimen 

The chemical composition of IF steel used in this study was shown in Table 2.1. The 

interstitial C and N were completely trapped in Ti-containing precipitates [130] so that 

there were no interstitial solute atoms. The IF steel was heat-treated by 2 h annealing at 

750° and then furnace cooled to room temperature to reduce anisotropy. The average 

grain size and hardness were 52 μm and 62 HV, respectively. 

Figure 5.1 shows the dimensions of the cylinder specimens. It was expected that the 

UTS (the maximum load divided by the initial area of intact cross-section) was 

governed by plastic instability, so the pre-crack depths should be very shallow to ensure 

an exceedingly-high fracture instability toughness [30]. However, such shallow pre-

cracks with certain depths cannot be introduced to cylinder specimens by fatigue 

methods due to the immeasurability of circular fatigue cracks. Hence, the pre-cracks 

were introduced by grooving crack-like notches in the middle of gages using the method 

of Refs. [131,132]. The verification of crack-like notches was conducted in the normal 

environment because hydrogen promoted the stable crack propagation (this will be 

proved by results) at the shallow notch root so all the notches with hydrogen were 

identical to cracks in this study. Table 5.1 lists the dimensions of the shallow pre-cracks 

(shallow crack-like notches, and hereinafter, will be directly called as shallow pre-

cracks for convenience) after polishing and cleaning. Since the pre-crack depth can be 

reduced by polishing, a margin on the specimen gage was left after machining. Then, 

the radius of the specimen gage, as well as the pre-crack depth, was polished to 
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approach the designed size. All the surfaces of the specimen gages were polished with 

emery papers to a No. 2000 grit finish and then buff-polished using 50 nm alumina 

particles.  

 

 

Fig 5.1. Dimensions of shallow pre-cracked (shallow crack-like notched) specimens. 

 

Table 5.1 Dimensions of pre-cracks (shallow crack-like notches). 

 𝑡 (mm) 𝜌 (mm) 𝛼 (°) Note 

A 0.011 0.005 60 

Pre-charged specimen stretched to rupture in hydrogen 

environment 

B 0.030 0.005 60 

C 0.094 0.005 60 

D 0.660 0.005 60 

E 0.980 0.005 60 

F 0.028 0.005 60 
Pre-charged specimen stretched and interrupted at UTS in 

hydrogen environment 

G 0.024 0.005 60 Uncharged specimen stretched to rupture in normal environment 

 

5.2.2 Hydrogen charging 

The electrochemical hydrogen charging [133] was adopted in this study, as 
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schematically shown in Fig. 5.2. A working condition of pre-cracked engineering 

components continuously exposed to hydrogen was assumed. Hence, the pre-cracked 

specimens were fully pre-charged in 3% NaCl aqueous solution with 3g/L NH4SCN 

with a constant current of 10 mA/cm2
 at 25 ℃. The diffusion coefficient of hydrogen 

in the ferrite under these conditions (10 mA/cm2 at 25 °C) was reported to be 5.8 × 10−8 

m2/s [134,135], which indicates that the hydrogen was saturated in gage of Φ6 × 30 mm 

within 1 h [110,136,137]. Although it has also been reported that titanium hydride 

formation in the ferritic matrix can reduce hydrogen diffusivity [129], the low content 

of Ti in IF steel used in this study will not have a significant impact. Hence, the pre-

charging time was universally set to 2 h to ensure that hydrogen was saturated in the 

specimens.  

 

 

Fig. 5.2 Schematic of electrochemical hydrogen charging for monotonic tensile tests: 1 h pre-

charging followed by in-situ charging during stretching. 
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5.2.3 Monotonic tensile tests 

Pre-charged specimens (A to F in Table 5.1) were stretched at a constant nominal 

strain rate of 10-4 /s, which was achieved by controlling the gage elongation increment. 

The gage elongation and sectional reduction were monitored by a camera, as shown in 

Fig. 5.2. To keep the gage below the liquid level, the solution was continuously dripped 

into the container, as shown in Fig. 5.2. By contrast, an uncharged specimen (G) was 

stretched at the same initial strain rate as the pre-charged specimens. Additionally, one 

of the pre-charged specimens (F) was manually interrupted at the UTS, and then it was 

longitudinally cut and polished. It was used for determining the physical meaning of 

the UTS and observation of hydrogen assisted fracture. The microscopic analysis was 

conducted by scanning electron microscope (SEM) with electron backscatter 

diffraction (EBSD) at 15 kV. 

5.3  Results 

Figure 5.3 shows the tensile stress-displacement curves of pre-cracked specimens 

with different pre-crack depth. An apparent degradation of ductility in the presence of 

hydrogen indicates that pre-cracked specimens were sensitive to HE. However, for 

specimens with 𝑡 ≈ 0.03 mm (B, F, and G in Table 1), the interaction of hydrogen with 

pre-cracks had no influence on the UTS. Additionally, their UTS was identical to that 

of the crack-free specimen in the normal environment (the center line in Fig. 5.3). This 

identity is shown more clearly in the plot of UTS vs. pre-crack depth in Fig. 5.4. Figure 

5.4 also shows that the UTSs of pre-cracked specimens with hydrogen are higher than 

those without hydrogen when pre-crack depth is greater than a critical value (Although 

this critical value was not experimentally obtained in this study, its existence is 
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predictable). 

 

 

Fig. 5.3 Tensile stress-displacement curves of pre-cracked specimens. 

 

Fig. 5.4 Response of UTS to pre-cracked depth (data from Ref. [138] except the pre-cracks listed 

in Table 5.1; F is interrupted test with hydrogen).  

 

Figure 5.5(a) shows the fracture surface of the uncharged specimen with 𝑡 = 0.024 
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mm (G in Table 5.1) in the normal environment. It presents a ductile failure with a cup-

and-cone appearance, which typically originates from the internal crack initiation by 

void initiation, growth, and coalescence after necking [17,31]. Moreover, the final 

rupture occurs in the intact cross-section so that the pre-crack should have an 

exceedingly-high fracture instability toughness [138]. Therefore, the failure of the pre-

cracked specimen in the normal environment was governed by plastic instability.  

The pre-cracked specimens with hydrogen have a different appearance, as shown in 

Fig. 5.5(b) and Fig. 5.6. The pre-crack propagated, and the final rupture moved to the 

pre-cracked cross-section, as shown in Fig. 5.6(a). There are two kinds of damage 

patterns in the fracture surface, namely, the quasi-cleavage mixed with intergranular 

fracture, as shown in Figs. 5.6 (b) and (c), and the dimple area located in the specimen 

center, as shown in Figs. 5.6 (a) and (d). The transition between the two kinds of damage 

patterns is considered as the onset of unstable crack propagation, because the 

accelerating local strain rate at an unstable crack tip can suppress the susceptibility to 

HE [110]. Hence, compared to the uncharged specimen shown in Fig. 5.5(b), HE effect 

is significant in the pre-charged specimens as exemplified in Fig. 5.6.  
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Fig. 5.5 Fracture surface of pre-cracked specimens with t ≈ 0.03 mm (a) in normal environment 

with cup-and-cone appearance, and (b) in hydrogen environment.  
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Fig. 5.6 Representative damage patterns on fracture surfaces of pre-cracked specimens in 

hydrogen environment. 

 

 

Figure 5.7 shows the microscopic observations of the pre-charged specimen with t = 

0.028 mm (F in Table 5.2) interrupted at the UTS in the hydrogen environment. The 

pre-crack advancing at UTS in Fig. 5.7(a) is much shorter than that at the boundary 
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between the quasi-cleavage mixed with intergranular fracture and the dimple area in 

Fig. 5.6(a). The initiation of secondary cracks as the form of intergranular fracture was 

almost homogenous in the specimen, as shown in Figs. 5.7(a) and (b). Moreover, the 

striation-like pattern [139] on the intergranular fracture surface in Fig. 5.7(c) and the 

high value of kernel average misorientation (KAM) in Fig. 5.7(d) near the void 

initiating along the grain boundary demonstrate that the intergranular fracture was 

caused by high plastic deformation related to HELP rather than the decohesion 

mechanism (HEDE). This result coincided with the conclusion of Ref. [140]. Hence, 

secondary cracks were probably initiated by extensive plasticity before the pre-crack 

propagates to their locations. These facts indicate that the pre-crack propagation, which 

has a form of secondary crack initiation and progressive coalescence with the pre-crack, 

was still stable at the UTS so that the physical meaning of the UTS is plastic instability 

even in the hydrogen environment. In addition, as shown in the modified Fig. 5.3, the 

post necking trends of nominal stress-displacement curves of specimens in hydrogen 

are similar to each other. Even for the specimen with the largest pre-crack depth of 𝑡 = 

0.098 mm, its nominal stress-displacement curves in post necking decreases gradually. 

Therefore, the physical meaning of UTS for tested specimens is plastic instability 

instead of fracture instability.  
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Fig. 5.7 Microscopic observations of the pre-cracked specimen (𝑡 = 0.028 mm) interrupted at UTS 

in hydrogen environment. 

 

5.4  Discussion 

These results show that the crack effect coupled with the hydrogen effect does not 

necessarily degrade the UTS governed by plastic instability. Both the crack effect and 

the HE effect (especially for HELP in ferrite [140]) stimulate the plastic strain 

localization at the crack tip or microscopic trapping sites. However, in this study, plastic 

instability in one yield cross-section is a macroscopic failure that occurs only if the 

work hardening increment is insufficient to offset the rising load. The plastic strain 

localization caused by crack and HE effects naturally competes with the macroscopic 

failure of plastic instability. Because hydrogen assisted the plastic strain mainly 

localized in the vicinities of pre-crack and secondary cracks, so the plastic strain in the 
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rest part of the pre-cracked cross-section is reduced. Besides, if the pre-crack and 

secondary cracks can remain stable due to exceedingly-high fracture toughness, some 

local anti-yielding mechanisms in the vicinity of crack-tip can provide additional 

resistance for yielding. For instance, larger strain gradients caused by HELP increase 

the local stress triaxiality and strain rate, requiring higher stress to produce further 

yielding Hence, for very shallow pre-cracks, the crack and HE effects may resist the 

onset of plastic instability so that the UTS does not decrease.  

Such a phenomenon of crack effect coupled with the hydrogen effect becoming 

favorable to the UTS is considered to have broad applicability in engineering 

applications. First, the fracture instability toughness of shallow crack is not a material 

intrinsic property [30,31]. It strongly depends on the geometric configuration, such as 

the pre-crack depth and structure size, particularly for structures made of ductile 

materials [30]. Second, the onset of plastic instability is determined by the work 

hardening condition, which is strongly dependent on the stress and strain fields in one 

yield cross-section. Naturally, stress and strain fields are sensitive to geometric 

variation whether due to design or damage. Therefore, if a pre-cracked structure is made 

of ductile strain-hardening materials, which includes most commercial metals [54], a 

positive hydrogen effect in shallow pre-cracked structures probably exists. It should be 

noted that although the allowable stress for shallow cracks under fatigue load is usually 

lower than that under static load, the UTS still has significant meaning for safety 

consideration. The UTS of monotonic loading indicates the ability of a pre-cracked 

structure to absorb energy before the load-carrying capacity decreases. A crack can 

propagate gradually by fatigue load, but no one can guarantee that there will be no 

overload in the next cycle. Hence, a positive hydrogen effect provides an additional 

guarantee for safety. Besides, the UTS also can be a design reference for low-cycle 
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fatigue with heavy cyclic loading [141]. Of course, speculation above needs further 

systematic study.  

Additionally, the anti-common-sense influence of hydrogen determined in this study 

calls into question the general applicability of conventional investigation of HE 

susceptibility that mainly focuses on the variation of fracture characteristic. Form the 

metallurgic viewpoint, the material properties were degraded because the ductility, as 

shown in Fig. 5.3, and fracture characteristic, as shown in Fig. 5.5, were sensitive to 

hydrogen. However, from the mechanical viewpoint, the load-carrying capacity was 

not decreased by hydrogen; in fact, hydrogen slightly enhanced the UTS as the case of 

specimens D and E, as shown in Fig. 5.4. These facts indicate that only considering HE 

susceptibility of materials occasionally fails to make a correct prediction of the effect 

of hydrogen on the structural strength. For instance, fracture surfaces with HE 

appearance of shallow cracked structure may not conclusively show that the crack 

effect coupled with the hydrogen effect is the origin of the UTS degradation. Hence, 

subdividing HE susceptibility is suggested to understand the conditions under which 

plastic strain localization caused by HE susceptibility is beneficial for the UTS of pre-

cracked structures in fail-safe design. 

Figures 5.8 shows the subdivision of HE susceptibility overlaid on the failure 

assessment diagram of residual strength. The base diagram comes from our previous 

study [138] and the definition of residual strength is identical to that of UTS in this 

study. For the shallow crack region (Regions I and II in Fig. 5.8), the residual strength 

is governed by plastic instability and shows a strong dependence on geometric 

properties. The plastic strain localization generated by pre-crack can resist the onset of 

plastic localization. The HE of fully ferritic steels was mainly ascribed to the HELP 

effect [140]. Hence, plastic strain localization enhanced by the presence of hydrogen 
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for sallow cracks can provide additional load-carrying capacity. Although the hydrogen 

cannot increase the UTS of pre-cracked structures above that 𝑡 of the smooth structure 

in the normal environment probably due to the promoted pre-crack propagation and 

secondary crack initiation, it can delay the decrease of residual strength especially in 

Region II, as indicated by the blue solid line in Fig. 5.8. The HE susceptibility of 

shallow pre-cracked structures is not mainly controlled by the material properties but 

is dominated by geometric properties (such as pre-crack depth), so it is named as 

geometric HE susceptibility. When pre-crack becomes deep and fracture instability 

dominates the residual strength (UTS), the HE susceptibility coincides with the 

conventional investigations [129] and can be termed as metallurgic HE susceptibilities. 

Ductile fracture can be triggered at low-stress levels by hydrogen-assisted dislocation 

emission [110]. The stable crack propagation in Region II can be shortened, while the 

initial part of brittle fracture in Region IV can be transformed to ductile fracture at a 

lower strength. Hence, Region III will enlarge to compress Regions II and IV in the 

presence of hydrogen, as the solid blue line in Fig. 5.8 shows. 

Since the definition of UTS in this chapter is identical to that of the residual strength 

in the other chapters of this study, the results, discussion, and conclusions of this chapter 

can be directly applied to residual strength issues. Therefore, in the remaining content 

of this chapter, the UTS will be replaced by residual strength.   
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Fig. 5.8 A subdivision of HE susceptibility plotted in failure assessment diagram of residual 

strength (identical to UTS in this study) [138] (Blue solid line shows the prediction of residual 

strength with hydrogen from the perspective of plastic strain localization). 

 

5.5  Chapter conclusions 

Fully electrochemical hydrogen pre-charged cylinder specimens (also with in-situ 

charging during monotonic tension to maintain the hydrogen saturation) were 

experimentally and microscope-analytically compared with uncharged specimens 

(without in-situ charging). The results showed that shallow cracks with HE did not 

weaken the residual strength governed by plastic instability. The underlying reason is 

that crack propagation assisted by HELP is stable before the onset of plastic instability; 

meanwhile, the plastic strain localization at crack-tips even resists the onset of plastic 

instability. The influence of hydrogen on pre-cracked structures is contrary to the 

common-sense understanding of it, and we discussed the previous understanding of HE 
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susceptibility in light of our results. The following conclusions can be obtained: 

1. Shallow cracks with HE may not weaken the residual strength governed by 

plastic instability. 

2. The residual strength influenced by the interaction of crack effect and hydrogen 

effect depends not only on the material properties but also on the geometric 

properties.  

3. Geometric HE susceptibility is the main contributor to HE susceptibility for 

shallow pre-cracked structures, whereas metallurgic HE susceptibility dominates 

for deep pre-cracked structures.  

4. Subdividing HE susceptibility can define the conditions under which plastic 

strain localization caused by HE susceptibility is beneficial for residual strength 

in fail-safe design. 
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CHAPTER 6. General conclusions 

A shallow crack-like notch may exist when structural strength is governed by plastic 

instability. When the plastic instability governs the structural strength of strain-

hardening materials, a crack-like notch should satisfy the following requirements:1. 

The structural strength should be independent of the notch geometry, except for the 

notch depth; 2. The elastoplastic fields in the notched cross-section should be broadly 

convergent to those in the pre-cracked cross-section such that the overall work 

hardening is identical; 3. The failure mode should be the same. The material work 

hardening exponent, notch root radius, and ligament size may exert relatively 

significant influences on the identification of shallow crack-like notches.  

Shallow cracks have the following effect on residual strength evaluation: 1. The 

fracture toughness of shallow cracks is so high that the main impact of the plastic strain 

localization coupled with stress triaxiality changed from stimulating fracture instability 

at crack tip to hindering cross-sectional plastic instability; 2. The presence of shallow 

pre-cracks resulted in both negative and positive influences on load-carrying capacity 

in different partitions of the pre-cracked cross-section. The physical meaning of 

residual strength changes with the pre-crack depth due to the different magnitudes of 

plastic strain localization and can be reflected in the variation of the damage 

characteristics.  

The trends of residual strength in the shallow crack category can be qualitatively 

estimated from the perspective of plastic strain localization. The shallow crack effect is 

not a material intrinsic property, and all factors that can influence the magnitude of 

plastic strain localization are significant for shallow pre-cracked structures. The 
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continuum mechanics is suitable for numerical prediction of residual strength of 

shallow pre-cracked structures. However, it should consider the local plastic flow 

property influenced by the presence of pre-crack to induce the correct phenomenon, 

namely, the necking away from the pre-cracked section. 

Shallow cracks combined with the hydrogen effect also may not weaken the residual 

governed by plastic instability. The residual strength influenced by the interaction of 

crack effect and hydrogen effect depends not only on the material properties but also 

on the geometric properties. Geometric hydrogen-embrittlement susceptibility is the 

main contributor to hydrogen-embrittlement susceptibility for shallow pre-cracked 

structures, whereas metallurgic hydrogen-embrittlement susceptibility dominates for 

deep pre-cracked structures.  
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Appendix 

A1. Microstructure of IF steel and measurement of grain 

size 

The simple for microstructure observation was extracted from the center of the 

material raw treated by 2h annealing (750℃). After buff polishing, the surface of 

simple was etched in 2% nital solution for 10s. The representative microstructure of IF 

steel is shown in Fig. A1.1. The average grain size was measured according to ASTM 

E112 - 12 [142]. Fig. A1.2 shows the histogram of grain size by accounting for 200 

grains. 

 

 

Fig. A1.1 Microstructure of IF steel after 2 h annealing (750 ℃) and then cooling at room 

temperature. 
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Fig. A1.2 Histogram of grain size by accounting 200 grains. 

 

A2. Measurement of notch dimensions 

The measurement of notch dimensions, such as notch depth, root radius, and opening 

angle, was assisted by SEM, as shown in Fig. A2.1. After machining, the notch 

dimensions and symmetry were checked initially. As illustrated in Fig. A2.2, four 

checking points with intervals of 90° were selected for the measurement. Meanwhile, 

the margin on the specimen gage left after machining also should be verified. Then, the 

radius of the specimen gage and the pre-crack depth was polished to approach the 

designed size. Eventually, the final dimensions of notches were rechecked by SEM and 

were averaged by data measured at four checking point illustrated in Fig. A2.2.  
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Fig. A2.1 Example of notch dimensions measured by SEM 

 

 

Fig. A2.2 Skemetic of four checking points for notch dimension measurement on pre-cracked 

cross-section. 
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A3. Stress-strain curves for specimens of continuous tests 

listed in Table 3.1  

 

 

Fig. A3 Engineering stress-strain curves for specimens of continuous tests listed in Table 3.1. 
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