
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

A Note on the Submodular Vertex Cover Problem
with Submodular Penalties

Kamiyama, Naoyuki
Institute of Mathematics for Industry, Kyushu University

https://hdl.handle.net/2324/4067172

出版情報：Theoretical Computer Science. 659, pp.95-97, 2017-01-10. Elsevier
バージョン：
権利関係：Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International



A Note on the Submodular Vertex Cover Problem with
Submodular Penalties

Naoyuki Kamiyama

Institute of Mathematics for Industry, Kyushu University
JST, PRESTO

Abstract

In this paper, we prove that there exists a combinatorial 3-approximation al-
gorithm for the submodular vertex cover problem with submodular penalties
introduced by Xu, Wang, Du, and Wu.
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1. Introduction

A real-valued function f on the family of subsets of a finite set N is called
a submodular function, if

f(X) + f(Y ) ≥ f(X ∪ Y ) + f(X ∩ Y )

for every pair of subsets X,Y of N . In this paper, we consider the submodular
vertex cover problem with submodular penalties introduced by Xu, Wang, Du,
and Wu [1] (see the next section for its formal definition). They gave a combina-
torial (primal-dual) 4-approximation algorithm for this problem. In this paper,5

we prove that there exists a combinatorial (primal-dual) 3-approximation algo-
rithm for the submodular vertex cover problem with submodular penalties. Our
algorithm is based on the approximation algorithm of Iwata and Nagano [2] for
the submodular cost set cover problem. It should be noted that in the paper [1],
the authors claimed that we can obtain a non-combinatorial approximation al-10

gorithm with the ratio (1− e−1/2)−1 ≤ 2.542 by using the ellipsoid method and
the techniques proposed in [3].

Throughout this paper, we denote by R+ the set of non-negative real num-
bers. For each positive integer i, we define [i] := {1, 2, . . . , i}.
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2. The Submodular Vertex Cover Problem with Submodular Penal-15

ties

The submodular vertex cover problem with submodular penalties is defined
as follows. In this problem, we are given a finite undirected graph G = (V,E),
and submodular functions C : 2V → R+ and P : 2E → R+ such that C(∅) =
P (∅) = 0. Assume that we can evaluate the functions C,P in polynomial time20

(with respect to the size of G). A pair (U,F ) of a subset U of V and a subset
of F of E is called a feasible solution, if δ(U) ∪ F = E, where δ(U) is the set of
edges in E incident to some vertex in U .1 The cost of a feasible solution (U,F )
is defined as C(U) + P (F ). Then, the goal of the submodular vertex cover
problem with submodular penalties is to find a minimum-cost feasible solution.25

This problem was introduced by Xu, Wang, Du, and Wu [1], and they gave a
combinatorial 4-approximation algorithm for this problem.

3. The Submodular Cost Set Cover Problem

In the next section, we prove that the submodular vertex cover problem
with submodular penalties can be reduced to the submodular cost set cover
problem introduce by Iwata and Nagano [2]. In this problem, we are given a
ground set S, a family S1, S2, . . . , Sk of subsets of S, and a submodular function
ρ : 2[k] → R+ such that ρ(∅) = 0. A subset I of [k] is called a set cover, if for
every element s in S, there exists an integer i in I such that s ∈ Si. We assume
that there exists a set cover. Then, the goal of the submodular cost set cover
problem is to find a set cover I minimizing ρ(I) among all set covers. Define

η := max
s∈S
|{i ∈ [k] | s ∈ Si}|.

The following result is known.

Theorem 1 (Iwata and Nagano [2, Theorem 8]). There exists a combinato-30

rial (primal-dual) η-approximation algorithm for the submodular cost set cover
problem.

4. Our Result

In this section, we prove that there exists a combinatorial 3-approximation
algorithm for the submodular vertex cover problem with submodular penal-
ties. We prove this by reducing the submodular vertex cover problem with
submodular penalties to the submodular cost set cover problem. Assume that
V = {v1, v2, . . . , vn} and E = {e1, e2, . . . , em}. For each integer i in [n],

1Notice that it is possible that δ(U) ∩ F 6= ∅. This is the same as in the paper [1] (see
Equation (5) of [1]).
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we define Xi := δ({vi}). Furthermore, for each integer i in [m], we define
Xn+i := {ei}. For each subset I of [n+m], we define V (I) and E(I) by

V (I) := {vi ∈ V | i ∈ I}
E(I) := {ei ∈ E | n+ i ∈ I}.

Furthermore, we define a function ρvc : 2[n+m] → R+ by

ρvc(I) := C(V (I)) + P (E(I)).

Lemma 2. The function ρvc is a submodular function.

Proof. Let I, J be subsets of [n+m]. It is not difficult to see that

V (I) ∪ V (J) = V (I ∪ J), V (I) ∩ V (J) = V (I ∩ J),

E(I) ∪ E(J) = E(I ∪ J), E(I) ∩ E(J) = E(I ∩ J).

This and the submodularity of P,C imply that

ρvc(I) + ρvc(J) = C(V (I)) + P (E(I)) + C(V (J)) + P (E(J))

≥ C(V (I) ∪ V (J)) + P (E(I) ∪ E(J))

+ C(V (I) ∩ V (J)) + P (E(I) ∩ E(J))

= C(V (I ∪ J)) + P (E(I ∪ J))

+ C(V (I ∩ J)) + P (E(I ∩ J))

= ρvc(I ∪ J) + ρvc(I ∩ J).

This completes the proof.35

Let P be the submodular cost set cover problem in which we are given E as
a ground set, the family X1, X2, . . . , Xn+m, and the submodular function ρvc.
Then, it is not difficult to see that the size of P is bounded by a polynomial
in the size of the submodular vertex cover problem with submodular penalties.
Furthermore, we can evaluate the function ρvc in polynomial time. In what40

follows, we will prove that these two problems are equivalent.

Lemma 3. Assume that we are given a feasible solution (U,F ) of the submod-
ular vertex cover problem with submodular penalties. Then, there exists a set
cover I of the problem P such that ρvc(I) is equal to the cost of (U,F ).

Proof. Define a subset IU,F of [n+m] by

IU,F := {i ∈ [n] | vi ∈ U} ∪ {i ∈ [m+ n] \ [n] | ei−n ∈ F}.

Then, it is not difficult to see that ρvc(IU,F ) = C(U) + P (F ). Furthermore,45

since (U,F ) is a feasible solution of the submodular vertex cover problem with
submodular penalties, IU,F is clearly a set cover of the problem P.
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Lemma 4. Assume that we are given a set cover I of the problem P. Then,
there exists a feasible solution (U,F ) of the submodular vertex cover problem
with submodular penalties such that the cost of (U,F ) is equal to ρvc(I).50

Proof. Define UI := V (I) and FI := E(I). Then, it is not difficult to see that
ρvc(I) = C(UI) + P (FI). Furthermore, since I is a set cover of the problem P,
(UI , FI) is clearly a feasible solution of the submodular vertex cover problem
with submodular penalties.

We are now ready to prove our main result.55

Theorem 5. There exists a combinatorial 3-approximation algorithm for the
submodular vertex cover problem with submodular penalties.

Proof. Lemmas 3 and 4 imply that the submodular vertex cover problem with
submodular penalties and the problem P are equivalent. For every edge ei =
{vp, vq}, we have ei ∈ Xn+i, ei ∈ Xp, and ei ∈ Xq. Furthermore, these are all
subsets containing ei among X1, X2, . . . , Xn+m. Thus, we have

max
e∈E
|{i ∈ [n+m] | e ∈ Xi}| ≤ 3.

This and Theorem 1 complete the proof.
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