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Abstract:

Tsunamis are traveling waves which are characterized by long wavelengths and large
amplitudes close to the shore. Due to the transformation of tsunamis, undular bores have been
frequently observed in the coastal zone and can be viewed as a sequence of solitary waves with
different wave heights and different separation distances among them.

In this article, transient harbor oscillations induced by incident successive solitary waves are
first investigated. The transient oscillations are simulated by a fully nonlinear Boussinesq model,
FUNWAVE-TVD. The incident successive solitary waves include double solitary waves and
triple solitary waves. This paper mainly focuses on the effects of different waveform parameters of
the incident successive solitary waves on the relative wave energy distribution inside the harbor.
These wave parameters include the incident wave height, the relative separation distance between
adjacent crests and the number of elementary solitary waves in the incident wave train. The
relative separation distance between adjacent crests is defined as the ratio of the distance between
adjacent crests in the incident wave train to the effective wavelength of the single solitary wave.
Maximum oscillations inside the harbor excited by various incident waves are also discussed. For

comparison, the transient oscillation excited by the single solitary wave is also considered. The
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harbor used in this paper is assumed to be long and narrow and has constant depth; the free surface
movement inside the harbor is essentially one-dimensional.

This study reveals that, for the given harbor and for the variation ranges of all the waveform
parameters of the incident successive solitary waves studied in this paper, the larger incident wave
heights and the smaller number of elementary solitary waves in the incident tsunami lead to a
more uniform relative wave energy distribution inside the harbor. For the successive solitary
waves, the larger relative separation distance between adjacent crests can cause more obvious
fluctuations of the relative wave energy distribution over different resonant modes. When the
wave height of the elementary solitary wave in the successive solitary waves equals to that of the
single solitary wave and the relative separation distance between adjacent crests is equal to or
greater than 0.6, the maximum oscillation inside the harbor induced by the successive solitary

waves is almost identical to that excited by the single solitary wave.
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1. Introduction

Harbor oscillations are originated by the trapping and amplification of wave energy at the
eigenfrequencies of coastal semi-enclosed water bodies, such as bays and harbors. They may be
induced by short wave groups, infragravity waves, tsunamis, wind and pressure fluctuations and
shear flow traveling into bays or harbors (Bellotti and Franco, 2011; Bowers, 1977; Chen et al.,
2004; De Jong and Battjes, 2004; Dong et al., 2013; Dong et al., 2010; Fabrikant, 1995; Gao et al.,
2016a; Gao et al., 2017a; Gao et al., 2017b; Lopez and Iglesias, 2013; Lopez et al., 2012; Lopez et
al., 2015; Maa et al., 2011; Pattiaratchi and Wijeratne, 2009). Harbor oscillations can have direct
influence on the management of ports, shipping and coastal utilization. It has been demonstrated
that the management issue most affected by oscillations is harbor operations; the horizontal
displacements in the mass of water can induce unacceptable forces on mooring lines and large
movements on ships, making moored ship operations much less efficient (Lopez and Iglesias,

2014; Uzaki et al., 2010). As a consequence, the investigation on the water-body oscillations



inside bays or harbors has a prominent role in the field of coastal engineering.

Among various generation mechanisms, transient harbor oscillations induced by tsunamis are
frequently observed and usually destructive. Tsunamis can be triggered by submarine earthquakes,
undersea volcanic eruptions or offshore landslides. As tsunamis propagate into the coastal area,
the wave height significantly increases owing to continuous decreasing of the water depth (Zhao et
al., 2012). For example, the Indian Ocean tsunami, which was induced by the Sumatra earthquake
on the December 26, 2004, propagated for about 2 h to Colombo harbor (Sri Lanka), triggering
extreme oscillations with the maximum wave height of 3.87 m and the resonant period of about 75
min. It then propagated for about 14 h to Bunbury harbor (Western Australia), triggering
oscillations with the maximum wave height of 1.75 m (Pattiaratchi and Wijeratne, 2009).

So far, studies on transient harbor oscillations induced by tsunamis are mostly confined to
using cnoidal waves, solitary waves and N-waves to represent real tsunamis. Using the theoretical
and experimental methods, Lepelletier and Raichlen (1987) studied transient nonlinear oscillations
inside harbors induced by cnoidal waves. Using laboratory experiments, Dong et al. (2010)
explored the resonant response of a rectangular harbor to the tsunamis generated by offshore
subaerial landslides. They found that landslide-generated tsunamis usually include components
with solitary wave characteristics and also components with dispersive wave characteristics; the
former components play an important role in the harbor resonance. Based on a Boussinesq model,
they further proved their findings by implementing a series of numerical experiments in which
solitary waves were used as the external forcing of the harbor. Subsequently, using a Boussinesq
model, Gao et al. (2016b) and Gao et al. (2016¢) also carried out a series of numerical experiments
on transient harbor resonance triggered by solitary waves, and further analyzed the relative wave
energy distribution inside the harbor systematically. Recently, inspired by Tadepalli and Synolakis
(1994) who argued that the main tsunami wave was often preceded by a depression and thus
introduced the concept of the N-wave in order to achieve better geophysical relevancy, Gao et al.
(2017a) employed a fully nonlinear Boussinesq model, FUNWAVE-TVD, to simulate the
transient harbor oscillations excited by different types of incident N-waves, and the effects of the
incident wave amplitude and the incident N-wave type on the relative wave energy distribution
inside the harbor were comprehensively discussed.

Owing to the transformation of tsunamis as they approach the shore, undular bores have been



often observed in the coastal zone during tsunami events (Grue et al., 2008; Madsen et al., 2008).
Madsen et al. (2008) investigated the phenomenon of disintegrated of tsunamis into undular bores,
which has been observed, for example, in connection with the Indian Ocean tsunami in 2004, and
they also discussed the importance of these undular bores in connection with breaking and runup
and concluded that they do no justify a solitary wave model for the bulk tsunami. Peregrine (1966)
and, more recently, El et al. (2012) have shown that the evolution of an undular bore on a flat
bottom and a gently sloping bottom leads to a system of multi-crested waves which can be viewed
as a combination of solitary waves with different wave heights and different separation distances
among them. Based on experimental and numerical works, similar findings have also been
revealed by Grilli et al. (2012). At present, the investigations on the wave hydrodynamics of
successive/multiple solitary waves in the coastal zone are mainly limited on the run-up and
back-wash processes over plane slopes. Based on laboratory experiments, Lo et al. (2013) and
Xuan et al. (2013) investigated the run-up and back-wash processes of two succussive solitary
waves (i.e., double solitary waves) with equal wave heights and various separation distances/times
on plane beachs. Using the nonlinear shallow water equations, Dong et al. (2014) studied the
evolution and run-up of non-breaking double solitary waves on a plane beach numerically.
Subsequently, by using large-scale laboratory experiments, Pujara et al. (2015) studied the
interaction of double solitary waves with equal wave heights in the swash zone on a plane beach.
Two cases, a strongly interaction case and a weakly interaction one, were condisered. The bed
shear stress, bed pressure, and the free-surface displacement at a location near the still-water
shoreline were measured to describle how the dynamics of the boundary layer differ when the
downrush of the first wave meets the incoming second wave in both cases. Recently, the runup of
a train of three successive solitary waves (i.e., triple solitary waves) on a mild slope was
investigated experimentally by Rong et al. (2016).

To the best of the authors’ knowledge, investigations of transient harbor oscillations induced
by a train of successive solitary waves have not been reported in the literature. In order to expand
the knowledge of tsunami-induced oscillations, this paper utilizes double solitary waves and triple
solitary waves to explore related transient oscillation phenomena. The focus of this paper is to
comprehensively investigate the relative wave energy distribution inside the harbor during

transient oscillations induced by normal-incident successive solitary waves with different



amplitudes and different initial incident waveforms. It should be emphasized that it is extremely
important to accurately predict and systematically investigate the wave energy distribution inside
the harbor excited by tsunamis, which can provide important hydrodynamic information for
predicting the motion responses of the moored ships inside the harbor (Kumar et al., 2016; Lopez
and Iglesias, 2014). The maximum oscillations (runups) of successive solitary waves inside the
harbor are also discussed. Effects of the incident wave height, the relative separation distance
between adjacent crests and the number of elementary solitary waves in the incident wave train on
these phenomena are systematically investigated. Meanwhile, to compare similarities and
differences between oscillations induced by successive solitary waves and those by the single
solitary wave, the transient resonance excited by the latter is also simulated, which has been
investigated by Gao et al. (2016b) and Gao et al. (2016c¢) and is only taken as a control group in
this paper. Identical to Gao et al. (2017a), all numerical experiments in this article are performed
using the fully nonlinear Boussinesq wave model, FUNWAVE-TVD. For simplification, the
harbor is assumed to be long and narrow and has a flat bottom; the free-surface movement inside
the harbor then essentially becomes one-dimensional.

The rest of the paper is organized as follows. Section 2 briefly describes the numerical model
and the wave analysis technique. Section 3 presents the incident wave parameters and the setup of
the numerical wave tank. Section 4 demonstrates the simulation results, which are explained in
detail. Concluding remarks based on the results are given in Section 5.

2. Numerical model and data analysis technique
2.1. Numerical model

In this section, the fully nonlinear Boussinesq wave model, FUNWAVE-TVD, which was
developed by Shi et al. (2012), is briefly introduced. The model solves the fully nonlinear
Boussinesq equations of Chen (2006) using a hybrid finite volume-finite difference scheme, and
incorporates a moving reference level as in Kennedy et al. (2001). The equations are reorganized
in order to facilitate a high-order shock-capturing TVD (Total Variation Diminishing)-type scheme,
which allows the model to be capable of simulating wave breaking and associated wave energy
dissipation without relying on empirical formulations (Ma et al., 2012; Shi et al., 2012). Besides,
the moving shoreline is captured by a robust wetting-drying scheme, and a third-order Strong

Stability-Preserving Runge—Kutta scheme is adopted for adaptive time stepping. The model is



parallelized using the Message Passing Interface (MPI) with non-blocking communication. With
these improvements, the model has been shown to be more robust in predicting wave processes in
the nearshore, including wave shoaling, refraction, diffraction, breaking as well as wave
runup/rundown on the plane and natural beaches (Shi et al., 2012).

To verify the applicability of FUNWAVE-TVD to the simulation of transient harbor
oscillations induced by tsunamis, Gao et al. (2017a) used the numerical model to reproduce the
laboratorial and numerical experiments of Dong et al. (2010). Gao et al. (2017a) compared the
maximum oscillation inside the harbor predicted by FUNWAVE-TVD with the experimental and
numerical data of Dong et al. (2010). It was observed that the numerical results of
FUNWAVE-TVD agreed well with both of the experimental data and the numerical results of
Dong et al. (2010). It was demonstrated that the numerical model can also simulate transient
harbor oscillations excited by tsunamis accurately.

2.2. Data analysis technique

The wave conditions inside the harbor for all numerical experiments are analyzed by the
normal mode decomposition (NMD) method. The NMD method was proposed originally by
Sobey (2006) to calculate the eigenfrequencies, the eigenmodes and the response amplitudes of
different modes in natural harbors that are subjected to storm tides or tsunamis. This method
consists of two calculating steps. The first step involves the prediction of the discrete set of
eigenfrequencies and associated eigenmodes of the semi-enclosed body of water. In the second
step, the prediction of the response amplitudes at the discrete resonant modes is formulated and
solved as a problem in multi-dimensional optimization, where the eigenfrequencies and
eigenmodes calculated in the first step are used as known variables. Recently, the method was
improved by Gao et al. (2015) to predict the eigenfrequencies and eigenmodes more accurately.
To facilitate the reader’s understanding of this paper, the improved NMD method for the
one-dimensional harbor is illustrated briefly in this section. For the theory and further details of
this method, the interested reader is referred to Sobey (2006) and Gao et al. (2015).

The First Calculating Step



le L M

&
11 3 s j-1 j+l N-1' N+1
0 2 4 j N2 N

Fig. 1. The one-dimensional uniform grid for closed elongated basins. The actual physical area is

from j=0 to j=N.

For a one-dimensional harbor, the control equation is expressed as

2
li(Sd—Xj+w—X=O, (1)
bdx\ dx g

which is a spatially varied Sturm-Liouville equation. The independent variable is the horizontal
position x. The dependent variable is X(x; w), which is equal to #(x, f)/coswt. n(x, ¢) denotes the
local surface elevation with respect to the mean water level; ¢+ and w denote the time and the
angular frequency, respectively. S(x) and b(x) denote the local cross section area and the local
surface width. For a uniform grid with node spacing Ax=L/N (See Fig. 1. L denotes the harbor
length, and N denotes the number of equilong line segments of the harbor length L), a locally
quadratic approximation to Eq. (1) at the interior node j is
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and A=A(jAx) and b=b(jAx).

(a) (b)
Fig. 2. Spatially varied closed and partially open elongated basins: (a) closed basin, (b) partially

open basin



For the classical closed-basin problem (see Fig. 2a), discrete approximations of the control

equations that are adapted to nodes j=0 and N are

2

aX,+a X, +2-X,=0 ()
g
and
a)2
ay Xy, +ayX, +?XN =0, (5)
respectively, where
-28, . 28,
YA T A
0 0 (6)
28, . 28,
ay =——5, Gy =—.
b, Ax b, Ax

Defining the column vector X=(Xp, X1, X5... Xy-1, XN)T, Eq. (2) for nodes 1 through N—1, together
with Egs. (4) and (5) at nodes 0 and N, can be written
AX =AX (7)
where A is a tridiagonal matrix of g; coefficients, with eigenvalue /1=*w2/g. For a partially open
basin (see Fig. 2b), Xp=0 so that the column vector X is (X}, Xz...Xy-1, XN)T. Both the row and
column dimensions of matrix A become N, Eq. (2) defining rows 1 through N—1, with Eq. (5) for
row N. Further, the eigenfrequencies of the harbor, w,, can be calculated from the eigenvalue 4,
and the eigenvectors of the matrix A are the eigenmodes of the harbor, X,
For the one-dimensional harbor problem, the following normalization condition for the

eigenmodes
X,| . =1 (8)

is adopted.
The Second Calculating Step

For the one-dimensional harbor, the response amplitudes are calculated using the following
fitting equation

n(x,t)=2 [a, cosm,t+a,,sinw,t] X, (x). )

The response amplitudes a,,, a», would then be available as an optimization problem. The suitable

objective function to be minimized would be

M 2
S(ay,,ay,)= Z{nﬂc - Z(aln cos@,t, +a,, sine,r, ) X, (x, )} , (10)

ik n=1



where M denotes the number of modes of which the response amplitudes should be decomposed.
The eigenmode amplitudes of different resonant modes are defined as
4,=[a} +va2,]". (11)

Subsequently, by using the NMD method, Gao et al. (2016b) and Gao et al. (2016¢)
systematically analyzed the relative wave energy distribution inside the harbor during transient
harbor oscillations induced by single solitary waves with different heights. Similar to Gao et al.
(2016b) and Gao et al. (2016¢), all numerical experiments in this paper also adopt this method to
analyze the relative wave energy distribution inside the harbor induced by different types of
incident tsunamis.

It should be noted that in the second step, the fitting function, Eq. (9), indicates that the free
surfaces inside the harbor are linearly superposed by all resonant modes, and the nonlinear
interactions of different modes are not considered in this equation. Therefore, in theory, the fitting
function is only valid for the linear wave condition inside the harbor. In fact, Gao et al. (2015) and
Gao et al. (2016¢) have proved that this fitting function can also calculate accurately the response
amplitudes of the different modes for weakly nonlinear wave condition inside the harbor; while
for the wave condition inside the harbor with stronger nonlinearity, the calculating results would
become inaccurate and unreliable. Therefore, in this paper, the incident tsunamis used in all
numerical experiments are only confined to the linear waves.

3. Numerical experimental setup

3.1. Incident wave parameters
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Fig. 3. Wave profiles of (a) double solitary waves and (b) triple solitary waves with R ranging

from 0.2 to 1.2 with an increment of 0.2 under the conditions of 4¢/A=0.015 and 2 = 10.0 m.

For a single solitary wave which travels in the x-direction in a constant depth at the speed of ¢,

the leading-order solution is well-known:

n(x,t) = Aysech’ [ k(x—ct)], where k = \/%, andc=,/g(4,+h), (12)

and

Lzz—”,andez—ﬂ, (13)
k ke

can be viewed as the effective wavelength and effective wave period, respectively. 4y and £
denotes the wave height of the single solitary wave and water depth, respectively.

In this paper, the double and the triple solitary waves are generated by the linear
superposition of two and three elementary solitary waves with equal wave heights and various
separation distances between adjacent crests. Hence, the initial free-surface elevations in
numerical experiments for single solitary wave (SSW), double solitary waves (DSW) and triple

solitary waves (TSW) are expressed as

Aysech® [ k(x—x,)], for SSW
n(x) =1 4 sech’ (k(x—x,~R-L/2))+sech’ (k(x—x,+R-L/2))], for DSW (14)
4, [sech2 (k(x—x,—R-L))+sech® (k(x—x,))+sech’ (k(x—x, +R-L))], for TSW

and the initial velocity is taken as a linear expression
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u(x): gi](x), (15)
in which x, denotes the center position of the initial incident wave train, and R denotes the relative
separation distance between adjacent crests, which is defined as the ratio of the distance between
adjacent crests in the incident wave train to the effective wavelength of the SSW, L.

For all numerical experiments studied in this article, the water depth at the open ocean is set
to a constant, #=10.0 m (this will be described in detail in Section 3.2). To intuitively demonstrate
the waveform of the DSW and TSW with various relative separation distances, Fig. 3 shows the
wave profiles of DSW and TSW with R ranging from 0.2 to 1.2 with an increment of 0.2 under the
conditions of Ay/A=0.015 and #=10.0 m. For the DSW (Fig. 3a), when R equals to 0.2, the two
elementary solitary waves merge into one single-peak wave. When R increases to 0.4, the
maximum free-surface elevation of the DSW, 7, is slightly larger than the wave height of the
elementary solitary wave, Ay, that is, #,=1.034¢. When R becomes equal to or larger than 0.6, the
maximum free-surface elevation of the DSW becomes nearly equal to 4y. For the TSW (Fig. 3b),
the similar phenomena can be also observed. When R equals to 0.2, the three elementary solitary
waves merge into one single-peak wave. When R increase to 0.4, the maximum free-surface
elevation of the TSW is also slightly larger than Ay, that is, #,=1.054o. When R becomes equal to
or larger than 0.6, the maximum free-surface elevation of the TSW becomes nearly equal to A,.
Hence, in this paper, only the successive solitary waves with R > 0.4 will be investigated.

Table 1 presents the specific parameters of different types of initial incident waves for all of
the simulations. This paper includes five groups of numerical experiments, namely, Groups A—E.
To systematically investigate the effect of the wave height variation on the relative wave energy
distribution inside the harbor, the dimensionless wave height of the elementary solitary wave, 4/A,
in these groups ranges from 0.005 to 0.025. Each of the five groups consists of nine cases with
different types of initial incident waves, which include the SSW, the DSW with R ranging from 0.4
to 1.2 in an increment of 0.2 and the TSW with R=0.4, 0.6 and 0.8. It should be noted that the
related transient oscillation phenomena induced by the SSW, including the wave energy
distribution and the maximum wave oscillation (runup) inside the harbor, has been investigated in
Gao et al. (2016b) and Gao et al. (2016¢). The purpose of considering the SSW is to understand

which features are common and which are different regarding these phenomena excited by the

11



successive solitary waves and by the SSW. Fig. 4 compares the waveforms of the various types of
initial incident waves with 4¢/A=0.015 and R=0.4 and 0.8. The open circle in the figure refers to
the maximum free-surface elevation of the corresponding waveform, and the solid one stands for
the corresponding wavefront, which is defined as 7, =0.05p, , where 7, denotes the
free-surface elevation of the wavefront. As has been shown in Fig. 3, for the case of R=0.4 (Fig.
4a), both the maximum free-surface elevations of the DSW and the TSW are slightly larger than
that of the SSW, by approximately 1.03 and 1.05 times, respectively; while for the case of R=0.8
(Fig. 4b), the three types of initial incident waves have almost identical maximum free-surface
elevation. As expected, for the same value of R, the length scale of the TSW is significantly larger

than that of the DSW, and meanwhile the latter is notably larger than that of the SSW.
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Fig. 4. Waveform comparison of the different initial incident waves for (a) R=0.4 and (b) R=0.8
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Table 1. Wave parameters of the initial incident waves in all numerical experiments

Group Ao/h Initial incident waveform Case R /Ao
SSW A01 -- 1.00

A02 0.4 1.03

A03 0.6 1.00

DSW A04 0.8 1.00

A 0.005 A05 1.0 1.00
A06 1.2 1.00

A07 0.4 1.05

TSW A08 0.6 1.00

A09 0.8 1.00

SSW BO1 -- 1.00

B02 0.4 1.03

B03 0.6 1.00

DSW B04 0.8 1.00

B 0.010 B05 1.0 1.00
B06 1.2 1.00

B07 0.4 1.05

TSW B08 0.6 1.00

B09 0.8 1.00

SSW Co1 -- 1.00

C02 0.4 1.03

Co03 0.6 1.00

DSW Co04 0.8 1.00

C 0.015 C05 1.0 1.00
C06 1.2 1.00

Co7 0.4 1.05

TSW Co08 0.6 1.00

Cc09 0.8 1.00

SSW DO1 -- 1.00

D02 0.4 1.03

DO03 0.6 1.00

DSW D04 0.8 1.00

D 0.020 D05 1.0 1.00
D06 1.2 1.00

D07 0.4 1.05

TSW D08 0.6 1.00

D09 0.8 1.00

SSW EO01 -- 1.00

E02 0.4 1.03

E03 0.6 1.00

DSW E04 0.8 1.00

E 0.025 E05 1.0 1.00
EO06 1.2 1.00

E07 0.4 1.05

TSW EO8 0.6 1.00

E09 0.8 1.00

13



3.2. Numerical wave tank
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Fig. 5. Sketch of the numerical experimental setup used in the numerical experiments. Based on
its geometrical symmetry with respect to the x-axis, only half of the domain (i.e., y > 0) is used as

the computational domain for simulations.

Fig. 5 illustrates the sketch of the numerical experimental setup used in the numerical
experiments. The dimensions of the numerical wave tank are 6000.0 m % 200.0 m. A long and
narrow rectangular harbor with constant depth is adopted. The harbor has a length of 1500.0 m
and a width of 30.0 m. The water depth inside and outside the harbor is set to #/=10.0 m. To reduce
the computational cost, only half of the domain (i.e., y > 0) is used for simulations based on the
geometrical symmetry with respect to the x-axis. There are 151 wave gauges (Go; — Gys1) arranged
equidistantly with a spacing of 10.0 m along the center line of the harbor. Gauges Gg; and Gys; are
those at the entrance and the backwall of the harbor, respectively. The grid sizes Ax and Ay are
uniform in 1.0 m throughout the numerical wave tank, and the computational domain (i.e., y > 0)
consists of 606,101 nodes and 600,000 rectangular elements. All of the boundaries are set to be
fully reflective. As an initial condition, in each case, the wavefront of the initial incident waves is
set at the harbor entrance. The simulation time is 500.0 s for all cases.

To examine whether the grid size Ax=Ay=1.0 m is fine enough to obtain convergent
simulation results, two other different grid sizes, i.e., Ax=Ay=0.5 m and Ax=Ay=2.0 m, are also
utilized to reproduce the numerical simulations for cases CO1, C04 and C09. The size and layout
of the numerical wave tank and the initial incident wave condition for the three different grid sizes

are set to be identical. Fig. 6 compares the time series of the wave elevations at gauge Gys; for the
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three different grid sizes for all the three cases. It can be observed that the simulation results
obtained by the three different grid sizes are almost identical to each other, which indicates that the

grid size Ax=Ay=1.0 m adopted in this paper is able to obtain convergent simulation results.
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Fig. 6. Time series of the wave elevations at gauge Gs; for different grid sizes for cases C01, C04

and C09.

4, Results and discussion

4.1. Calculation process of the response amplitude of the different modes
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Fig. 7. Time series of the wave elevations at gauge Gg; for cases BO1, B02 and B07

In all numerical experiments, only the wave conditions during the period from ¢, to ¢ are

used to separate the response amplitudes of the different resonant modes inside the harbor. #, and 7,
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denote the moment that the incident wave completely enters the harbor from the open sea and the
moment that the reflected wave from the backwall of the harbor begins to propagate out of the
harbor, respectively. Take cases BO1, B02 and BO7 for example. Fig. 7 shows the time series of the
wave elevations at gauge Gy, in these cases. For case BO1 (Fig. 7a), the incident SSW completely
enters the harbor at 7=65.0 s, and the reflected wave from the backwall begins to propagate out of
the harbor at =290.0 s. For case B02 in which the DSW is used as the initial incident wave (Fig.
7b), the value of 7 increases to 100.0 s, and the value of #; keeps the same with that in case BO1.
For case B07 in which the TSW is used as the initial incident wave (Fig. 7c), the value of #

increases further to 130.0 s, and the value of ¢ still remains the same with that in case BO1.
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Fig. 8. Comparison of the simulated free surfaces and the corresponding fitted free surfaces for (a)

case B0O1, (b) case B02 and (c) case B07
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Fig. 8 shows the comparison of the simulated free surfaces using the FUNWAVE-TVD
model and the corresponding fitted free surfaces using the NMD method in cases B0O1, B02 and
BO07. The lowest 40 resonant modes are considered in fitting the free surfaces. For all the three
cases, the fitted free surfaces coincide very well with the simulated ones. For case BO1 (Fig. 8a),
the simulated free surface inside the harbor has a maximum runup of 0.336 m at x=1500.0 m and
t=176.0 s; at the same position and the same time, the fitted free surface has a maximum runup of
0.333 m. For case B02 (Fig. 8b), the simulated free surface inside the harbor has two maximum
runups at x=1500.0 m. The first maximum runup has a value of 0.351 m at =176.2 s, and the
second one has a value of 0.346 m at r=205.2 s. At the same position and the same time, the fitted
free surface has the first maximum runup of 0.349 m and the second maximum runup of 0.344 m.
For case BO7 (Fig. 8c), the simulated free surface inside the harbor has three maximum runups at
x=1500.0 m. The three maximum runups have values of 0.351 m, 0.360 m and 0.344 m occurring
at =176.0 s, 205.3 s and 234.2 s, respectively. At the same position and the same time, the fitted
free surface also has three maximum runups, and their corresponding values are 0.351 m, 0.359 m
and 0.343 m. Owing to the significance and typicality of these maximum runups, we define the
numerical fitting error (NVFE) of the NMD method to be the maximum relative error between the

simulated and the fitted maximum runups, that is,

A -y
Kl)f—dlx 100%, for SSW

1

A -y -
NFE = { max {K X )fZ“ =, |(A“ )f‘Z“ A’2|}x 100%, for DSW (16)

1 2
max |(Arl )fmed B Arl , |(A12 )f‘med - A12| , |(Ar3 )fmed B AT3| x 100%, for TSW
4, 4, A4,

in which 4,; (i=1, 2, 3) denotes the simulated M maximum runup, and (4;)aweq denotes the fitted i
maximum runup. The NFE reflects the accuracy of the NMD method in separating the response
amplitudes of the different resonant modes. The NFEs for cases BO1, B02 and B07 are 0.89%,
0.58% and 0.38%, respectively. Fig. 9 demonstrates the NFESs in all numerical experiments. It can
be found that, overall, the NFE for each type of the initial incident waveform increases with the
incident wave height, which agrees with the finding in Gao et al. (2015). The NFEs in all

numerical experiments are less than 5.0%, which guarantees the accurate prediction of the
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response amplitudes of different resonant modes in all simulations.
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Fig. 9. Numerical fitting errors (NFESs) for all cases
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Fig. 10. Relative amplitude distributions of the lowest 40 resonant modes for all the cases in (a)
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In this paper, the “relative amplitude” in each case is defined as the ratio of the response

amplitude of each resonant mode to the wave height of the elementary solitary wave, A, that is,

4, ==L (i=12,..,40) (17)

Fig. 10 illustrates the relative amplitude distributions of the lowest 40 resonant modes in all
numerical experiments. From the figure, it is easily observed that all the following three
parameters, that is, the incident wave height, the relative separation distance between adjacent
crests and the number of elementary solitary waves in the incident wave train, have dramatic
influences on the relative wave energy distributions inside the harbor. The concrete influences of
these three parameters on the relative wave energy distribution inside the harbor will be elaborated
and analyzed in Sections 4.2 — 4.4, respectively.
4.2. Effect of the incident wave height on the relative wave energy

Fig. 11 illustrates the variations of the relative amplitude distributions with respect to the
wave height of the elementary solitary wave, A, for the SSW, the DSW and the TSW with R=0.4.
For all the three types of the initial incident waves, it can be easily observed that, when the
incident wave height is small, the wave energy inside the harbor is dominated by the lowest few
resonant modes, and only a small proportion of the wave energy is distributed over the higher
modes. However, with the increase of the incident wave height, most of the wave energy inside the
harbor is distributed over more resonant modes. In general, the relative energy distribution inside
the harbor tends to become more uniform for the larger incident wave. In addition, for all the three
types of the initial incident waves, in the variation range of 4, studied in this paper, the lowest
resonant mode always possesses the highest wave energy inside the harbor, which can be observed
more comprehensively in Fig. 10. This phenomenon is quite different from the corresponding
finding in Gao et al. (2017a) about the transient harbor oscillations excited by the N-waves. Gao et
al. (2017a) found that for various types of incident N-waves, the resonant mode that possesses the
highest wave energy shifts gradually from a lower mode to the higher mode with the increase of

the incident wave amplitude.
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Fig. 11. Variations of the relative amplitude distributions with respect to the wave height of the

elementary solitary wave, 4o, for (a) the SSW, (b) the DSW with R=0.4 and (c) the TSW with

R=04

Identical to Gao et al. (2017a), to qualitatively compare the uniformity of the relative wave
energy distribution inside the harbor, the coefficients of variance of the relative amplitude
distribution over the lowest 40 modes for all cases are calculated. The coefficient of variance (CV)

is defined as

=2, (18)
U
in which
o=z 2(A-n) (19)
1 40 _
y:4—0;A,. . (20)

It can intuitively reflect the discrete degree of the relative wave amplitude of different resonant
modes relative to their average value. Obviously, the smaller the coefficient of variance is, the
more uniform the wave energy distribution inside the harbor over different modes is. Fig. 12

illustrates the variations of the CV values of the relative amplitude distributions with respect to the
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dimensionless wave height of the elementary solitary wave, 4¢/A, for the SSW, the DSW and the
TSW with various relative separation distances between adjacent crests. It is clearly shown that for
all the three types of the incident waves, the CV value decreases monotonically with the increase
of the incident wave height, which is consistent with the qualitative findings for Fig. 11.
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Fig. 12. The CV values of the relative amplitude distributions inside the harbor for (a) the SSW, (b)

the DSW and (¢) the TSW

4.3. Effect of the relative separation distance between adjacent crests on the relative wave energy
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adjacent crests, R, for (a) the DSW and (b) TSW in Groups A-E
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In order to reveal the effect of the relative separation distance between adjacent crests in the
successive solitary wave train on the uniformity of the wave energy distribution inside the harbor,
Fig. 13 illustrates the variations of the CV values of the relative amplitude distributions with
respect to the relative separation distance, R, for the DSW and the TSW in all groups. From this
figure, it is seen that for both the DSW and the TSW, the CV value seems to be insensitive to R in
its variation range studied in this paper. Take cases A02—-A06 and cases A07-A09, for example.
For cases A02—-A06 (see Group A in Fig. 13a), the average CV value for the five cases is equal to
2.59, while the standard deviation of the five CV values is only 0.08. Similarly, for cases A07-A09
(see Group A in Fig. 13b), the average CV value for the three cases is equal to 2.90, while their
standard deviation is only 0.09. Hence, it is indicated from this figure that, in the variation range
of R considered in this paper, the relative separation distance between adjacent crests in the
successive solitary wave train has a negligible influence on the overall uniformity of the relative

wave energy distribution inside the harbor.
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Fig. 14. Relative amplitude distributions of the lowest 40 resonant modes for (a) the DSW and (b)

the TSW in Group C

By further observing Fig. 10, it can be found that only the one parameter (i.e. the CV value)

cannot comprehensively reflect the effects of the relative separation distance between adjacent
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crests in the successive solitary wave train on the wave energy distribution inside the harbor. It can
be intuitively seen from Fig. 10 that for both the DSW and the TSW in all groups, a larger relative
separation distance between adjacent crests causes more obvious fluctuations of the relative
amplitude distribution inside the harbor. To show this phenomenon more clearly, the relative
amplitude distribution for the DSW and the TSW in Group C are illustrated separately in Fig. 14.
For the DSW (Fig. 14a), when the value of R equals to 0.4 (case C02), there only exist two
summits in the relative amplitude distribution, that is, the relative amplitudes on the 1* and the
10™ modes. As the relative separation distance between adjacent crests increases, the number of
summits in the relative amplitude distribution gradually increases. When the value of R increases
to 1.2 (case C06), there exist up to six summits in the relative amplitude distribution, that is, the
relative amplitudes on the 1%, the 4‘h, the 9th, the 13th, the 17" and the 21* modes. For the TSW
(Fig. 14b), the similar phenomenon can be also observed. To demonstrate this phenomenon more
comprehensively, Fig. 15 further presents the number of summits in the relative wave amplitude
distributions, Ns, for the DSW and the TSW in all groups. It is clearly shown that, for both the
DSW and TSW in all the five groups, the number of summits in the relative wave amplitude
distribution always increases gradually with the relative separation distance between adjacent

crests, R.
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Fig. 15. The number of summits in the relative wave amplitude distributions, Ng, for (a) the DSW

and (b) the TSW in Groups A—E

Observing Fig. 10 can also find that in each case, the lowest resonant mode always possesses
the highest relative wave amplitude, no matter whether the incident wave train is the SSW, the
DSW or the TSW. Therefore, it can be speculated that the lowest resonant mode is normally the

most dangerous for the ships moored inside the harbor, and should be paid more attention on. The
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sensitivity of the response amplitude of lowest resonant modes with respect to the relative
separation distance between adjacent crests in the successive solitary wave train is further
analyzed. Fig. 16 illustrates the variations of the response amplitudes of the lowest mode with
respect to the relative separation distance, R, for the DSW and the TSW in all groups. For the
DSW (Fig. 16a), when the incident wave height is small in Group A, the response amplitude of the
lowest mode remarkably decreases with the relative separation distance, R. The value of 4,/4,
decreases from 1.45 in case A02 to 1.19 in case A06, which falls by up to 17.9%. However, as the
incident wave height increases, although the response amplitude of the lowest mode still decreases
with the relative separation distance between adjacent crests, its descent trend becomes weaker. In
Group E, the value of 4,/4y decreases from 0.66 in case E02 to 0.64 in case E06, which falls only
by 3.0%. For the TSW (Fig. 16b), the same phenomenon can be also observed. When the incident
wave height is small in Group A, the value of A4,/4y decreases from 2.09 in case A07 to 1.71 in
case A09, which falls by up to 18.2%. While in Group E, the value of 4,/4 decreases from 0.99 in

case E07 to 0.95 in case E09, which falls only by 4.0%.
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Fig. 16. Variations of the response amplitudes of the lowest mode with respect to the relative

separation distance between adjacent crests, R, for (a) the DSW and (b) the TSW in Groups A-E

4.4. Effect of the number of elementary solitary waves in the wave train on the relative wave
energy

From Fig. 10, it can be also observed that the relative amplitude distribution inside the harbor
induced by different types of the incident tsunamis (i.e., the SSW, the DSW and the TSW)
presents some different characteristics. In other words, the number of elementary solitary waves in
the wave train has certain obvious influences on the relative wave energy distribution inside the

harbor, which are mainly reflected in the following two asepcts. First, in each group, the larger the
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number of elementary solitary waves in the incident wave train is, the more uniform the relative
amplitude distribution over the lowest 40 modes becomes. Second, the larger number of
elementary solitary waves in the wave train tends to cause the more notable fluctuation of the
relative amplitude distribution inside the harbor. These two distinct differences will be described

in detail in the next two paragraphs, respectively.
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Fig. 17. Comparison of the relative amplitude distribution for the SSW, the DSW and the TSW

with R=0.4 in (a) Group A, (b) Group B, (¢) Group C, (d) Group D and (¢) Group E

To show the influence of the number of elementary solitary waves in the wave train on the

relative wave energy inside the harbor more clearly, Fig. 17 illustrates the comparison of the
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relative amplitude distribution for the SSW, the DSW and the TSW with R=0.4 in Groups A-E. In
each group, the highest relative amplitude in the lowest mode induced by the TSW is always
remarkably larger than that excited by the DSW; meanwhile, the latter is always considerably
greater than that induced by the SSW. Take the three cases in Group A (Fig. 17a), for example.
For case A07 in which the TSW is used as the initial incident wave, the highest relative amplitude
in the lowest mode equals to 2.09, and then the relative amplitude decreases sharply as the
resonant mode increases. The wave energy inside the harbor is mainly concentrated in the lowest
two modes. For case A02 in which the DSW is used as the initial incident wave, the highest
relative amplitude in the lowest mode decreases to 1.45, and the wave energy inside the harbor is
mainly concentrated in the lowest three modes. For case AO1 in which the SSW is used as the
initial incident wave, the highest relative amplitude in the lowest mode decreases further to 0.74.
Compared to cases A07 and A02, as the resonant mode increases, the decay rate of the wave
energy becomes much milder, and the wave energy inside the harbor is mainly concentrated in the
lowest eight modes. To describe this phenomenon more comprehensively, the variations of the CV
values with respect to the number of elementary solitary waves in the wave train, N, in Groups A—
E are illustrated in Fig. 18. It is found that in all the five groups, the value of CV always increases
monotonically with N for all the three R values, which coincides with the phenomenon shown in

Figs. 10 and 17.
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the wave train, N, in Groups A-E
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Fig. 19. Variations of the number of summits in the relative amplitude distribution, Ns, with

respect to the number of elementary solitary waves in the wave train, N, in Groups A—E

By observing Fig. 17, it can be also clearly seen that in each group, for a certain value of R,
the larger number of elementary solitary waves in the wave train tends to cause the more notable
fluctuation of the relative amplitude distribution inside the harbor, which is reflected in the
number of summits in the relative amplitude distribution. Take the three cases in Group A (Fig.
17a), for example again. For case AO1, there is only one summit in the relative amplitude
distribution, that is, the relative amplitude on the lowest mode. For case A(02, the number of
summits in the relative amplitude distribution increases to two, which occur on the 1% and the 6™
modes. For case A07, the number of summits in the relative amplitude distribution increases
further to three, which appear on the 1%, the 4™ and the 7" modes. To show the phenomenon more
comprehensively, Fig. 19 illustrates the variations of the number of summits in the relative
amplitude distribution with respect to the number of elementary solitary waves in the wave train in
Groups A-E. It can be easily found that in all the five groups, the number of summits in the
relative amplitude distribution tends to increase with the number of elementary solitary waves in

the wave train for all the three R values.

27



4.5. Maximum oscillations inside the harbor

To study the relationship between the wave height of the incident SSW and the maximum
oscillation (runup) inside the harbor, Dong et al. (2010), Gao et al. (2016b) and Gao et al. (2016¢)
implemented a series of numerical experiments and found that the maximum oscillation (runup)
inside the harbor with flat or constant-slope bottom grows linearly with the wave height of the
incident SSW when the wave nonlinearity inside the harbor is relatively weak. In the current study,

this discussion is extended to the maximum oscillation of the DSW and the TSW inside the harbor.
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Fig. 20. Comparison of the maximum oscillation inside the harbor induced by the SSW and the

DSW with various relative separation distances between adjacent crests, R

Different from the SSW that only induces one maximum runup inside the harbor, the DSW
and the TSW generate two and three maximum runups inside the harbor, respectively (refer to Fig.

8). Hence, the maximum oscillation inside the harbor in each case is defined as

A,, for the SSW
A, =ymax(4,, 4, ), for the DSW (1)
max (4,, 4,, 4, ), for the TSW

rl> “7r2
Fig. 20 illustrates the comparison of the maximum oscillation inside the harbor induced by the
SSW and the DSW with various relative separation distances between adjacent crests, R. When

the relative separation distance R=0.4 (Fig. 20a), the maximum oscillation induced by the DSW is
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slightly larger than that induced by the SSW, which is due to that the maximum free-surface
elevation of the initial incident DSW, #,, is slightly larger than the wave height of the initial
incident SSW, 4, (refer to Fig. 4 and Table 1). However, when R becomes equal to or greater than
0.6 (Fig. 20b—e), the maximum free-surface elevation of the initial incident DSW, #,,, becomes
nearly equal to the wave height of the initial incident SSW, 4,. The maximum oscillation inside
the harbor induced by the former becomes almost identical to that excited by the latter. Similar to
Fig. 20, Fig. 21 shows the comparison of the maximum oscillation inside the harbor induced by
the SSW and the TSW with different relative separation distances between adjacent crests, R.
When R equals to 0.4 (Fig. 21a), the maximum oscillation induced by the TSW is slightly larger
than that induced by the SSW due to the same reason; when R becomes equal to or greater than
0.6 (Fig. 21b and c), the maximum oscillation inside the harbor induced by the TSW becomes

almost identical to that excited by the SSW.
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Fig. 21. Comparison of the maximum oscillation inside the harbor induced by the SSW and the

TSW with different relative separation distances between adjacent crests, R

5. Conclusions

Due to the transformation of tsunamis as they approach the shore, undular bores have been
often observed in the coastal zone during tsunami events (Grue et al., 2008; Madsen et al., 2008).
Meanwhile, the evolution of an undular bore on a flat bottom and a gently sloping bottom leads to
a system of multi-crested waves which can be viewed as a combination of solitary waves (El et al.,
2012; Peregrine, 1966). Based on the above-mentioned phenomena, in this paper, the transient

oscillations inside an elongated rectangular harbor excited by succussive solitary waves (i.e., the
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double and the triple solitary waves) with different incident wave heights and various relative

separation distances between adjacent crests are first simulated using the FUNWAVE-TVD model.

To reveal the similarities and differences between the resonance induced by the successive solitary

waves and that excited by the single solitary wave, the latter is also simulated in the current paper,

acting as a control group. Based on the numerical simulations and the NMD method (Gao et al.,

2015; Sobey, 2006), this article focuses on the influences of the incident wave height, the relative

separation distance between adjacent crests and the number of elementary solitary waves in the

incident wave train on the relative wave energy distribution inside the harbor. The maximum
oscillation inside the harbor excited by the various types of the incident waves has also been
studied. The results of this study will improve the understanding of transient harbor oscillations
induced by tsunamis.

The following conclusions can be drawn from the results of the present investigation:

1. The relative wave energy distribution inside the harbor is greatly influenced by the incident
wave height. For all the three types of the incident tsunamis considered in this paper (i.e., the
SSW, the DSW and the TSW), when the incident wave height is small, the vast majority of
the wave energy is concentrated in the lowest few resonant modes. As the incident wave
height increases, the proportion of the wave energy distributed over the higher modes
increases. In conclusion, the initial incident tsunami with a larger wave height leads to more
uniform relative wave energy distribution inside the harbor.

2. For the successive solitary waves (i.e., the DSW and the TSW), the relative separation
distance between adjacent crests also has dramatic influences on the relative wave energy
distribution inside the harbor, and they are reflected in the following two aspects. First,
although the relative separation distance between adjacent crests has a negligible influence on
the overall uniformity of the relative wave energy distribution inside the harbor, a larger
relative separation distance between adjacent crests leads to more obvious fluctuations of the
relative amplitude distribution inside the harbor. Second, when the incident wave height is
small, the maximum response amplitude inside the harbor, which is always possessed by the
lowest mode, is also sensitive to the relative separation distance between adjacent crests. The
maximum response amplitude inside the harbor decreases significantly with the increase of

the relative separation distance between adjacent crests.
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3. Besides the incident wave height and the relative separation distance between adjacent crests,
the relative wave energy distribution inside the harbor is also greatly affected by the number
of elementary solitary waves in the incident wave train, which is also reflected in two aspects.
First, the initial incident tsunami with more elementary solitary waves leads to more uniform
relative wave energy distribution inside the harbor. Second, the larger number of elementary
solitary waves in the incident tsunami tends to cause more notable fluctuations of the relative
amplitude distribution inside the harbor.

4.  When the wave height of the elementary solitary wave in the successive solitary waves
equals to that of the SSW and the relative separation distance between adjacent crests is less
than 0.6, the maximum oscillation inside the harbor induced by the successive solitary waves
is slightly larger than that excited by the SSW. However, when the relative separation
distance between adjacent crests further increases, the maximum oscillation induced by the
former becomes almost identical to that excited by the latter.

Finally, we reaffirm here that these conclusions are only valid for the elongated harbor with
constant depth and when the relative height of the elementary solitary wave, Ag /A, is less than

0.025 and the relative separation distance between adjacent crests, R, is at the range of 0.4—1.2.
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