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Abstract

In this paper, we consider backward stochastic differential equations (BSDEs for
short). We are interested in two topics: The existence of Lp solutions to BSDEs
with non-Lipschitz generators, and the higher order differentiability of solutions
in the sense of the Malliavin calculus.

First, we deal with BSDEs with linear growth generators and show directly the
existence of Lp solutions by constructing a Cauchy sequence of solutions to BSDEs
approximationg the original one. Second, we will argue the differentiability of
solutions in the sense of the Malliavin calculus. It is known that a solution
is differentiable and the derivative is also a solution to a linear BSDE. Under
additional conditions, we will show that the higher order differentiability of a
solution to a BSDE and that it also becomes a solution to a linear BSDE.
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Chapter 1

Introduction

1.1 Backward Stochastic Differential Equations

Backward stochastic differential equations containing general nonlinear cases are
first introduced by Pardoux and Peng [23]. Since then, these equations have
been studied by a lot of researchers and known to have various applications on
pricing and hedging financial derivatives, stochastic optimal control, connection
with partial differential equations and so on.

General BSDEs are formulated as follows:{
−dYt = f(t, Yt, Zt)dt− Z∗

t dWt, 0 ≤ t ≤ T,

YT = ξ,

or, equivalently,

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

Z∗
sdWs, 0 ≤ t ≤ T, (1.1)

where T is a positive constant, ξ is a d-dimensional random variable, (Wt)0≤t≤T is
an n-dimensional standard Brownian motion, the generator f is a d-dimensional
random function defined on [0, T ]×Rd ×Rn×d and the notation “ ∗ ” represents
the transpose of a matrix. We say a pair of Rd- and Rn-valued adapted processes
(Y, Z) is a solution if (Y, Z) satisfies the equation.

Stochastic differential equations (SDEs) are kinds of differential equations
with randomness given by stochastic integration, and their solutions are stochastic
processes represented by one symbol generally. SDEs are often called forward
SDEs in the context of contrasting to BSDEs since they are usually discussed
under initial conditions are given. On the other hand, it is characteristic that
BSDEs have terminal conditions and each of solutions consists of two processes
symbolized by Y and Z such that Z enjoys the role of controlling Y to achieve
the terminal conditions. Furthermore, it is important that the solutions are
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2 CHAPTER 1. INTRODUCTION

adapted. The solutions to the equations (1.1) could be considered formally by
the framework of usual forward SDEs. Such solutions, however, might fail to
be adapted, that is, they might contain future information. This would impact
significantly on applications.

In mathematical finance, for instance, pricing or hedging contingent claims
is an important problem. The writers of claims have to replicate them on the
maturity by determining asset allocation, at which time only market informa-
tion obtained up to that time can be used. In this situation, for a solution to a
BSDE (Y, Z), Y and Z correspond to a wealth process and a hedging strategy,
respectively. Therefore, we see that adaptedness of (Y, Z) is necessary for consid-
eration of real typical problems. In addition, studying properties of solutions is
quite important not only for mathematical interest but also for applying to the
problems.

1.2 Literature on BSDE and Our Work

Nonlinear BSDEs are first introduced by Pardoux and Peng [23] and they proved
the existence and uniqueness of solution under Lipschitz condition on f . Since
then, BSDEs have been studied by a lot of researchers in connection with math-
ematical finance. It is known that ξ, Y and Z correspond respectively to a
contingent claim, a value of a replicating portfolio and a replicating strategy.
And in connection with stochastic optimal control, BSDEs with values in Hilbert
spaces are studied by [3, 9, 10, 11, 12].

In this paper, we are interested in two themes on the equations: First, the
existence of Lp solutions under lack of Lipschitz condition on generators f , and
second, smoothness of solutions in the sense of the Malliavin calculus.

We begin with the explanation of the first one. As for Lp (p > 1) solutions to
the BSDE, El Karoui et al. [7] proved an existence and uniqueness result when f
is Lipschitz continuous and ξ is in Lp by using a fixed-point theorem. A natural
question then arises whether the Lipschitz condition can be relaxed. On account
of the standard forward SDEs, the linear growth condition of the generator seems
to be a candidate for a weaker condition to guarantee the existence and the Lp-
integrability of solutions. When f is continuous and of linear growth order and
ξ is in Lp, the existence results were shown by Lepeltier and San Martin [17] for
p = 2, by Chen [6] for 1 < p ≤ 2 and after them by Fan and Jiang [8] for general
p > 1. In these papers, a key role is played by an approximation sequence. When
1 < p ≤ 2, the existence was obtained by proving that the sequence is a Cauchy
one. When p > 2, an Lp solution was constructed by taking advantage of a
stopping time argument. And, it remained open to prove for the sequence to be
a Cauchy one when p > 2.

As for BSDEs and the Malliavin calculus, our second interest, Pardoux and
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Peng [24] and El Karoui, Peng and Quenez [7] studied the differentiability in the
sense of the Malliavin calculus. They showed that the solution is differentiable
under some conditions and the Malliavin derivative of the solution is also a so-
lution of a linear BSDE. In addition, they found the relation between Y and Z;
DtYt = Zt. For the notation “Dt”, see Section 2. Since then, BSDEs have been
studied via the Malliavin calculus from some viewpoints such as numerical simula-
tions [5, 13] and densities [1, 2, 20]. Mastrolia et. al. [21] studied new conditions,
which can be applicable also to quadratic growth BSDEs, to enable solutions to
be differentiable. On the higher order differentiability of solutions, Lin [18] stud-
ied the second order differentiability under similar conditions in [7, 24]. Then
arises a natural question if solutions have higher than the second order differen-
tiability and the similar property holds between Y and Z under the same kind of
assumptions as [7, 18, 24].

In this paper, we will discuss the two themes mentioned earlier; the existence
of Lp solutions under continuity and linear growth condition on f , and higher
order differentiability of solutions in the sense of the Malliavin calculus. On
the first one, one-dimensional BSDEs are dealt with: The comparison theorem,
Theorem 2.1.2, plays an important role to show the convergence of the sequence of
solutions to the approximating BSDEs, which yields the existence of Lp solution.
Next, the higher order differentiability of solutions in the sense of the Malliavin
calculus is discussed. Under our notation, the derivative of a solution takes
values on the Cameron-Martin space. Then in order to deal with the higher
order Malliavin derivatives, we introduce BSDEs which take values on Hilbert
spaces. After showing the differentiability of solutions on Hilbert spaces, we will
discuss the infinite differentiability of solutions on Rd. Showing the third or higher
differentiability of solutions needs additional conditions, under which the result
on the differentiability of solutions on Hilbert spaces can be used. In comparison
with the results [7, 18, 24], our result is new in the point that we establish a
framework to deal with any order differentiability of solutions simultaneously via
the differentiability of solutions to BSDEs with values on Hilbert spaces as well
as showing just higher than the second differentiability of solutions.

This paper is organized as follows. In the rest of this chapter, we introduce
some notations on the Malliavin calculus as well as definitions on BSDEs and
solution spaces. The paper is separated into two parts corresponding to our
two interest, Chapter 2 and 3, respectively. In Chapter 2, the existence of Lp

solutions to BSDEs with linear growth generators is shown. We construct an ap-
proximation sequence of solutions and see it is a Cauchy one by a priori estimates,
Proposition 2.2.1. In Chapter 3, we discuss the differentiability of solutions in
the sense of the Malliavin calculus. In the chapter, we introduce the first order
differentiability result [7]. Under our notation, the derivative of a solution to a
BSDE is also a solution to a linear BSDE on a Hilbert space. In order to show
the higher order differentiability, we introduce a linear BSDE on a Hilbert space
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and consider the differentiability of a solution to the BSDE. Then, the second
order differentiability of a solution is shown. The rest of the chapter is devoted
to showing the higher order differentiability of a solution under a condition on f
and boundedness assumption of the Malliavin derivative of Z. Moreover, some
examples are discussed.

1.3 Notations

In this section, we introduce some preliminaries of notations used hereafter.

1.3.1 BSDE and solution spaces

Let T > 0 be fixed throughout this paper. Let (Ω,F , P ) be a complete probability
space, (Wt)0≤t≤T be an n-dimensional Brownian motion defined on the probability
space and the filtration (Ft)0≤t≤T be the Brownian filtration augmented by all
P -negligible sets. We consider the following BSDEs on a real separable Hilbert
space K;

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

Zs · dWs, 0 ≤ t ≤ T, (1.2)

where ξ is a K-valued FT -measurable random variable, f(t, ω, y, z) is a function,
which is called a generator, defined on [0, T ]×Ω×K×Kn with values in K which
is (Ft)-progressively measurable for each y, z, and “·” represents the Euclidean
type product, that is, z · w =

∑n
j=1 z

jwj for z ∈ Kn, w ∈ Rn.
Let p > 1. Denote by S p

rc(K) the space of all K-valued adapted processes
η = (ηt)0≤t≤T whose sample paths are right continuous with left-hand limits
(RCLL for short). We note that the space is complete under the norm

∥η∥S p
rc(K) :=

{
E

[
sup

0≤t≤T
∥ηt∥pK

]} 1
p

< ∞.

The closed subspace in S p
rc(K) of all K-valued adapted processes with continuous

sample paths is denoted by S p(K). And H p(K) represents the Banach space of
all K-valued progressively measurable processes ζ = (ζt)0≤t≤T endowed with the
norm

∥ζ∥H p(K) :=

{
E

[(∫ T

0

∥ζs∥2K ds

) p
2

]} 1
p

< ∞.

Definition 1.3.1. A pair (Y, Z) which consists of K-valued continuous adapted
process and Kn-valued progressively measurable process is said to be a solution to
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the BSDE (1.2) with respect to the pair (f, ξ) if Y and Z satisfy∫ T

0

{∥f(s, Ys, Zs)∥K + ∥Zs∥2Kn}ds < ∞ a.s.

and (1.2). In addition, we call (Y, Z) an Lp solution if (Y, Z) ∈ S p(K)×H p(Kn).

In what follows, we omit to specify the space K if K = R and write S p(R)
and H p(R) as S p and H p.

1.3.2 The Wiener space and the Malliavin derivatives

Hereafter, we introduce Wiener space and differentiation on Wiener space briefly.
For more detail, see [25, 14, 22].

In Chapter 3, we assume (Ω,F , P ) is the n-dimensional Wiener space, i.e., Ω
is the space of Rn-valued continuous functions defined on [0, T ] starting at the
origin endowed with the uniform convergence norm, F = FT , Ft = σ(ωs; s ≤
t, ω ∈ Ω) ∨ N and P is the Wiener measure, that is the measure under which
coordinate mapping process becomes Brownian motion, where ωs is the value of
ω ∈ Ω at time s ∈ [0, T ], N represents the collection of all P -negligible sets. The
Cameron-Martin subspace H is the subspace of absolutely continuous functions
whose Radon-Nikodym derivatives are square integrable on [0, T ]. H is a real
separable Hilbert space under the inner product;

⟨h1, h2⟩H =

∫ T

0

ḣ1(t) · ḣ2(t)dt, h1, h2 ∈ H,

where we write the Radon-Nikodym derivative of h ∈ H as ḣ and “·” represents
the Euclidean inner product.

Let P be the set of all functionals of the form ϕ = p(l1, . . . , lm) with m =
0, 1, 2, . . . , polynomials p defined on Rm and continuous linear functionals lj on

Ω, and P(K) be the set of ϕ =
∑m′

j=1 ϕjej for all m
′ = 1, 2,. . . , ϕj ∈ P and ej ∈ K.

Then we define the Malliavin derivative of ϕ as follows:

∇ϕ =
m∑
j=1

∂ϕ

∂xj
(l1, . . . , lm)lj ∈ H, if ϕ ∈ P ,

∇ϕ =
m′∑
j=1

∇ϕj ⊗ ej ∈ H ⊗K, if ϕ ∈ P(K),

where, by the Riesz representation theorem, each lj is considered an element of
H, and for real separable Hilbert spaces E1 and E2, E1⊗E2 represents the Hilbert
space of all Hilbert-Schmidt operators E1 → E2, and, for e

1 ∈ E1, e
2 ∈ E2, e

1⊗e2
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represents the Hilbert-Schmidt operator: E1 ∋ e 7→ ⟨e1, e⟩E1e
2 ∈ E2. E1⊗E2 has

an inner product given by ⟨A,B⟩E1⊗E2 =
∑∞

j=1⟨Ae1j , Be1j⟩E2 , where (e1j)j=1,2,... is
a complete orthonormal system of E1.

By closability of the operator ∇, we extend the domain P(K) to Dk,p(K) by
completion under the norm:

∥ϕ∥k,p =
k∑

j=0

{
E
[∥∥∇jϕ

∥∥p
H⊗j⊗K

]}1/p

.

La
m,p(K) is denoted by the set of K-valued progressively measurable processes

u = (u(t))0≤t≤T such that

• for each t ∈ [0, T ], u(t) ∈ Dm,p(K),

• for each k = 1, 2, . . . ,m, ∇ku(·) admits a progressively measurable version,

• ∥u∥La
m,p(K) := E

[
m∑
k=0

(∫ T

0

∥∥∇ku(t)
∥∥2
H⊗k⊗K dt

) p
2

] 1
p

< ∞．

It is known that, if ∥ui − uj∥La
m,p(K) → 0 (i, j → ∞), then there exists u ∈ La

m,p(K)

such that ∥ui − u∥La
m,p(K) → 0 (i → ∞).

We define an attendant operator D on ∇ as follows. Let (hi)∞i=1 and (kj)∞j=1

be complete orthonormal systems of H and K respectively. Now we can get an
isometric isomorphism between H ⊗ K and L2([0, T ],Kn) by identifying K =∑

i,j aijh
i ⊗ kj ∈ H ⊗ K and K̇(·) =

∑
i,j aijḣ

i(·)kj ∈ L2([0, T ],Kn). We denote

by K̃ the isometric isomorphism H ⊗K → L2([0, T ],Kn) and D := K̃∇, that is,
for X ∈ D1,2(K), DX ∈ L2([0, T ],Kn). For v ∈ H ⊗K, K̃uv represents the value
of v at u ∈ [0, T ] and we denote DuX = K̃u∇X for X ∈ D1,2(K) and u ∈ [0, T ].
Then we see that

(∇X)h =

∫ T

0

DuX · ḣ(u)du, h ∈ H,

∥∇X∥2H⊗K =

∫ T

0

∥DuX∥2Kn du.

In the same manner, we can define k-th order operators K̃k : H⊗k⊗K → L2([0, T ]k,Knk
)

and Dk = K̃k∇k, K̃k
u1,...,uk

and Dk
u1,...,uk

for k = 2, 3, . . . and u1, . . . , uk ∈ [0, T ].
Then it holds that for h1, . . . , hk ∈ H,

(∇kX)(h1 ⊗ · · · ⊗ hk) =

∫
[0,T ]k

du1 · · · duk

n∑
j1,...,jk=1

(Dk
u1,...,uk

X)j1,...,jk ḣj1
1 (u1) · · · ḣjk

k (uk),
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∥∥2
H⊗k⊗K =

∫
[0,T ]k

∥∥Dk
u1,...,uk

X
∥∥2
Knk du1 · · · duk,

where (Dk
u1,...,uk

X)j1,...,jk represents the (j1, . . . , jk)-th component of Dk
u1,...,uk

X

and ḣj
i does also the same.

Finally, we give a term on versions of stochastic processes. Let A be a subset
of the Euclidean space and g(t, ω, x) be a function defined on [0, T ] × Ω × A.
We also say that g admits a progressively measurable version if there exists a
measurable function g̃(t, ω, x) defined on [0, T ]× Ω× A such that

• for each x ∈ A, (g̃(t, x))0≤t≤T is a progressively measurable process,

• for each (t, x) ∈ [0, T ]× A, g(t, x) = g̃(t, x), a.s.





Chapter 2

Lp Solutions to BSDEs with
Linear Growth Generators

In this chapter, we will discuss the existence of Lp solutions of R-valued BSDEs
(1.2) with linear growth generators.

2.1 Assumptions

We use the following assumptions (H1)-(H3):

(H1) There exists a positive constant K and a non-negative predictable process
(gt)0≤t≤T such that

E

[(∫ T

0

gsds

)p]
< ∞, |f(t, ω, y, z)| ≤ gt(ω) +K(|y|+ |z|)

for any (t, ω, y, z) ∈ [0, T ]× Ω× R× Rd.

(H2) For each (t, ω) ∈ [0, T ]× Ω, f(t, ω, y, z) is continuous in (y, z).

(H3) ξ ∈ Lp.

In the case p > 1 and the generator is Lipschitz, the existence and uniqueness
of Lp solution is known.

Theorem 2.1.1 (El Karoui et al. [7]). Assume that f is uniformly Lipschitz in
(y, z), i.e., there exists a positive constant C such that

|f(t, ω, y1, z1)− f(t, ω, y2, z2)| ≤ C(|y1 − y2|+ |z1 − z2|)
for any (t, ω) ∈ [0, T ]× Ω, y1, y2 ∈ R, z1, z2 ∈ Rd.

9
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And assume (H3) holds and

E

[(∫ T

0

|f(s, 0, 0)|ds
)p]

< ∞.

Then, BSDE (1.2) has a unique Lp solution.

It is also known that

Theorem 2.1.2 (El Karoui et al. [7]). For i = 1, 2, let f i be uniformly Lipschitz
in (y, z), ξi satisfy (H3) and

E

[(∫ T

0

|f i(s, 0, 0)|ds
)p]

< ∞.

In addition, assume that each (Y i, Z i) is the Lp solution to the BSDE with respect
to (f i, ξi). If ξ1 ≥ ξ2 a.s. and f 1(t, Y 2

t , Z
2
t ) ≥ f 2(t, Y 2

t , Z
2
t ) dt × dP -a.e., then

Y 1 ≥ Y 2 a.s..

Remark 2.1.3. In [7], the assertion of Theorems 2.1.1 and 2.1.2 are stated under
the assumptions like

E

[(∫ T

0

|f(s, 0, 0)|2ds
) p

2

]
< ∞, (2.1)

which is stronger than the ones in the theorems. Observing the proof in [7]
carefully, we can weaken the assumption (2.1) to the one as we used.

2.2 A priori estimates

We prepare the following estimations which play a key role in the observation of
this paper, by generalizing the ones in [6] used by Chen for specified solutions.

Proposition 2.2.1. (i) Let p > 1. There exists a positive constant Cp, depending
only on p, such that for any Lp solution (Y, Z) to the BSDE (1.2) it holds
that

∥Y ∥pS p ≤ CpE

[
|ξ|p +

∫ T

0

|Ys|p−1|f(s, Ys, Zs)|ds
]
,

∥Z∥pH p ≤ Cp

{
E

[
|ξ|p +

(∫ T

0

|Ys||f(s, Ys, Zs)|ds
) p

2

]
+ ∥Y ∥pS p

}
.

Moreover, if f satisfies (H1), then there exists a positive constant C de-

pending only on p,K, T, E[|ξ|p] and E[(
∫ T

0
gsds)

p] such that

∥Z∥pH p ≤ C(1 + ∥Y ∥
p
2

S p + ∥Y ∥pS p)

holds.
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(ii) Let p > 1. There exists a positive constant Cp depending only on p such that
if (Y i, Z i) is an Lp solution to the BSDE with respect to (f i, ξi), i = 1, 2,
respectively, then

∥δY ∥pS p ≤ CpE

[
|δYT |p +

∫ T

0

|δYs|p−1|δfs|ds
]
,

∥δZ∥pH p ≤ Cp

{
E

[
|δYT |p +

(∫ T

0

|δYs||δfs|ds
) p

2

]
+ ∥δY ∥pS p

}
,

where δY := Y 1 − Y 2, δZ := Z1 −Z2, δfs := f 1(s, Y 1
s , Z

1
s )− f 2(s, Y 2

s , Z
2
s ).

Proof. The assertion (ii) follows from (i). Namely, put f̃(t, y, z) = f 1(t, Y 2
t +

y, Z2
t + z) − f 2(t, Y 2

t , Z
2
t ). Then, δft = f̃(t, δYt, δZt) and the pair (δY, δZ) ∈

S p × H p satisfies

δYt = δYT +

∫ T

t

f̃(s, δYs, δZs)ds−
∫ T

t

δZs · dWs, 0 ≤ t ≤ T.

Thus, we only prove (i).

Let p > 1. We first estimate Y . As an elementary application of Itô’s formula,
we obtain

|Yt|p +
p(p− 1)

2

∫ T

t

|Ys|p−21̃(Ys)|Zs|2ds

= |ξ|p + p

∫ T

t

sgn(Ys)|Ys|p−1f(s, Ys, Zs)ds

− p

∫ T

t

sgn(Ys)|Ys|p−1Zs · dWs, 0 ≤ t ≤ T, (2.2)

where

1̃(y) :=

{
1{y ̸=0}, 1 < p < 2

1, 2 ≤ p
, sgn(x) :=


−1, x < 0
0, x = 0
1, x > 0

.

See also [4, Lemma 2.2]. Hence, we get

sup
0≤t≤T

|Yt|p ≤ |ξ|p + p

∫ T

0

|Ys|p−1|f(s, Ys, Zs)|ds

+ 2p sup
0≤t≤T

∣∣∣∣∫ t

0

sgn(Ys)|Ys|p−1Zs · dWs

∣∣∣∣ . (2.3)
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By the Burkholder-Davis-Gundy inequality (the BDG inequality in short), there
exists a positive constant C1 such that

2pE

[
sup

0≤t≤T

∣∣∣∣∫ t

0

sgn(Ys)|Ys|p−1Zs · dWs

∣∣∣∣]
≤ 2pC1E

[(∫ T

0

|Ys|2p−21̃(Ys)|Zs|2ds
) 1

2

]

≤ 2pC1E

[
sup

0≤t≤T
|Yt|

p
2

(∫ T

0

|Ys|p−21̃(Ys)|Zs|2ds
) 1

2

]

≤ 1

2
E

[
sup

0≤t≤T
|Yt|p

]
+ 2p2C2

1E

[∫ T

0

|Ys|p−21̃(Ys)|Zs|2ds
]
, (2.4)

where, to see the third inequality above, we have used the inequality

2ab ≤ εa2 + ε−1b2, ε > 0, a, b ≥ 0 (∗)

with ε = 1/2.
By the Hölder inequality, we have

E

[(∫ T

0

|Ys|2p−21̃(Ys)|Zs|2ds
) 1

2

]

≤ E

[
sup

0≤t≤T
|Yt|p−1

(∫ T

0

|Zs|2ds
) 1

2

]

≤
{
E

[
sup

0≤t≤T
|Yt|p

]}1− 1
p

{
E

[(∫ T

0

|Zs|2ds
) p

2

]} 1
p

< ∞.

Thus, (
∫ t

0
sgn(Ys)|Ys|p−1Zs · dWs)0≤t≤T is a martingale. Then, taking the expec-

tations of (2.2), we get

p(p− 1)

2
E

[∫ T

0

|Ys|p−21̃(Ys)|Zs|2ds
]

≤ E

[
|ξ|p + p

∫ T

0

|Ys|p−1|f(s, Ys, Zs)|ds
]
. (2.5)

Then (2.3), (2.4) and (2.5) yield the estimation of Y .
Next, we estimate Z. By (2.2) with p = 2, we deduce that∫ T

0

|Zs|2ds ≤ |ξ|2 + 2

∫ T

0

|Ys||f(s, Ys, Zs)|ds+ 2 sup
0≤t≤T

∣∣∣∣∫ t

0

YsZs · dWs

∣∣∣∣ .
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Hence, it follows that(∫ T

0

|Zs|2ds
) p

2

≤ C2

{
|ξ|p +

(∫ T

0

|Ys||f(s, Ys, Zs)|ds
) p

2

+ sup
0≤t≤T

∣∣∣∣∫ t

0

YsZs · dWs

∣∣∣∣
p
2

}
, (2.6)

where C2 is a positive constant depending only on p. By the BDG inequality,
there exists a positive constant C3 depending only on p such that

C2E

[
sup

0≤t≤T

∣∣∣∣∫ t

0

YsZs · dWs

∣∣∣∣
p
2

]

≤ C2C3E

[(∫ T

0

|Ys|2|Zs|2ds
) p

4

]

≤ C2C3E

[
sup

0≤t≤T
|Yt|

p
2

(∫ T

0

|Zs|2ds
) p

4

]

≤ 2C2
2C

2
3E

[
sup

0≤t≤T
|Yt|p

]
+

1

2
E

[(∫ T

0

|Zs|2ds
) p

2

]
, (2.7)

where, to see the third inequality above, we have used (∗) again with ε = 1/2.
Then, we get the second estimation from (2.6) and (2.7).

We finally show the last assertion of (i). To do this, it is sufficient to estimate
the second term of the estimation with respect to Z. By (H1) and the Hölder
inequality, there exists positive constants Cp,K , Cp,K,T and C ′

p,K,T which depend
only on the subscripts such that

E

[(∫ T

0

|Ys||f(s, Ys, Zs)|ds
) p

2

]

≤ Cp,K

{
E

[(∫ T

0

|Ys|gsds
) p

2

]

+E

[(∫ T

0

|Ys|2ds
) p

2

]
+ E

[(∫ T

0

|Ys||Zs|ds
) p

2

]}

≤ Cp,K,T

{
∥Y ∥

p
2

S p

{
E

[(∫ T

0

gsds

)p]} 1
2

+ ∥Y ∥pS p + E

[(∫ T

0

(
ε−1|Ys|2 + ε|Zs|2

)
ds

) p
2

]}
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≤ C ′
p,K,T

(
∥Y ∥

p
2

S p

{
E

[(∫ T

0

gsds

)p]} 1
2

+ ε−
p
2 ∥Y ∥pS p + ε

p
2 ∥Z∥pH p

)
,

where, to see the second inequality above, we have used (∗) with CpC
′
p,K,T ε

p
2 =

1/2. Then, we obtain the desired estimation.

2.3 Existence of an Lp solution

2.3.1 Approximation of linear growth functions

According to [17], linear growth functions can be approximated by Lipschitz
functions. Precisely speaking, when a generator f satisfies (H1) and (H2),

fn(t, y, z) := inf
(u,v)∈Rd+1

{f(t, u, v) + n(|y − u|+ |z − v|)}, n ≥ K (2.8)

is a Lipschitz function and approximates the linear growth function f , where K
is a constant appeared in (H1).

Lemma 2.3.1. Assume (H1) and (H2) hold. Then, (2.8) is well-defined and the
following properties i)-iv) hold:

i) |fn(t, ω, y, z)| ≤ gt(ω) +K(|y|+ |z|) for any (t, ω, y, z) ∈ [0, T ]×Ω×R×Rd,

ii) fn ≤ fn+1 ≤ f, n ≥ K,

iii) |fn(t, ω, y1, z1) − fn(t, ω, y2, z2)| ≤ n(|y1 − y2| + |z1 − z2|) for any (t, ω) ∈
[0, T ]× Ω,

iv) if (yn, zn) → (y, z), then fn(t, ω, yn, zn) → f(t, ω, y, z) for any (t, ω) ∈
[0, T ]× Ω.

2.3.2 Approximation of a solution

Let p > 1 and assumptions (H1)-(H3) hold. We consider the following one-
dimensional BSDEs:

Y n
t = ξ +

∫ T

t

fn(s, Y
n
s , Z

n
s )ds−

∫ T

t

Zn
s · dWs, n ≥ K, (2.9)

Ut = ξ +

∫ T

t

{gs +K(|Us|+ |Vs|)}ds−
∫ T

t

Vs · dWs.

Theorem 2.1.1 assures the existence and uniqueness of Lp solution to these BS-
DEs. Thus, (Y n, Zn) and (U, V ) are well-defined for n ≥ K. Moreover, by
Theorem 2.1.2 and Lemma 2.3.1-ii), we have

Y n ≤ Y n+1 ≤ U, n ≥ K. (2.10)
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Theorem 2.3.2. (Y n, Zn) is a Cauchy sequence in S p × H p.

Proof. The assertion for 1 < p ≤ 2 can be proved in the same manner as [6,
Lemma 4]. Thus, we give the proof only for the case p > 2.

Since (Y n) is non-decreasing, it admits the limit process Y . By (2.10), it
follows that

Y ⌈K⌉ ≤ Y n, Y ≤ U, n ≥ K,

where ⌈·⌉ represents the ceiling function. Thus, we have

|Y n
· | ≤ M, |Y·| ≤ M, n ≥ K, (2.11)

where sup0≤t≤T |Y ⌈K⌉
t | ∨ sup0≤t≤T |Ut| =: M ∈ Lp. Then, by the dominated

convergence theorem, it follows that

E

[∫ T

0

|Y n
s − Ys|p−1gsds

]
→ 0, E

[∫ T

0

|Y n
s − Ys|pds

]
→ 0,

and thus, we get

E

[∫ T

0

|Y n
s − Y m

s |p−1gsds

]
→ 0, E

[∫ T

0

|Y n
s − Y m

s |pds
]
→ 0,

as n,m → ∞. (2.12)

By Proposition 2.2.1-(ii), we have

∥Y n − Y m∥pS p

≤ CpE

[∫ T

0

|Y n
s − Y m

s |p−1|fn(s, Y n
s , Z

n
s )− fm(s, Y

m
s , Zm

s )|ds
]
, (2.13)

∥Zn − Zm∥pH p

≤ Cp

{
E

[(∫ T

0

|Y n
s − Y m

s ||fn(s, Y n
s , Z

n
s )− fm(s, Y

m
s , Zm

s )|ds
) p

2

]

+ ∥Y n − Y m∥pS p

}
. (2.14)

We first estimate the right hand side of (2.13). By Lemma 2.3.1-i), we get

E

[∫ T

0

|Y n
s − Y m

s |p−1|fn(s, Y n
s , Z

n
s )− fm(s, Y

m
s , Zm

s )|ds
]

≤ 2E

[∫ T

0

|Y n
s − Y m

s |p−1gsds

]
+KE

[∫ T

0

|Y n
s − Y m

s |p−1Fn,m(s)ds

]
, (2.15)



16 CHAPTER 2. LP SOLUTIONS TO BSDES

where Fn,m(s) := |Y n
s | + |Zn

s | + |Y m
s | + |Zm

s |. By (2.12), we know the first term
of (2.15) converges to zero. Thus, we estimate the second term of this. By the
Hölder inequality and (∗), we have

KE

[∫ T

0

|Y n
s − Y m

s |p−1Fn,m(s)ds

]
≤ KE

[(∫ T

0

|Y n
s − Y m

s |2p−2ds

) 1
2
(∫ T

0

{Fn,m(s)}2ds
) 1

2

]

≤ KE

[
sup

0≤t≤T
|Y n

t − Y m
t |

p
2

(∫ T

0

|Y n
s − Y m

s |p−2ds

) 1
2
(∫ T

0

{Fn,m(s)}2ds
) 1

2

]

≤ εE

[
sup

0≤t≤T
|Y n

t − Y m
t |p
]
+ ε−1K2E

[∫ T

0

|Y n
s − Y m

s |p−2ds

∫ T

0

{Fn,m(s)}2ds
]

≤ ε ∥Y n − Y m∥pS p

+ ε−1K2

{
E

[(∫ T

0

|Y n
s − Y m

s |p−2ds

) p
p−2

]}1− 2
p

×

{
E

[(∫ T

0

{Fn,m(s)}2ds
) p

2

]} 2
p

≤ ε ∥Y n − Y m∥pS p

+ ε−1K2T
2
p

{
E

[∫ T

0

|Y n
s − Y m

s |pds
]}1− 2

p

×

{
E

[(∫ T

0

{Fn,m(s)}2ds
) p

2

]} 2
p

. (2.16)

By (2.11), we have

sup
n≥K

∥Y n∥S p < ∞.

Thus, by Proposition 2.2.1-(i), we see that

sup
n,m≥K

E

[(∫ T

0

{Fn,m(s)}2ds
) p

2

]
< ∞.

Letting ε such that Cpε = 1/2, by (2.12), (2.13), (2.15) and (2.16), it follows that

∥Y n − Y m∥S p → 0, as n,m → ∞.
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By Lemma 2.3.1-i) and the Schwartz inequality, we get the following estima-
tion for the first term of the right hand side of (2.14):

E

[(∫ T

0

|Y n
s − Y m

s ||fn(s, Y n
s , Z

n
s )− fm(s, Y

m
s , Zm

s )|ds
) p

2

]

≤ C

{
E

[(∫ T

0

|Y n
s − Y m

s |gsds
) p

2

]
+ E

[(∫ T

0

|Y n
s − Y m

s |Fn,m(s)ds

) p
2

]}

≤ C

[
∥Y n − Y m∥

p
2

S p

{
E

[(∫ T

0

gsds

)p]} 1
2

+ T
p
4 ∥Y n − Y m∥

p
2

S p

{
E

[(∫ T

0

{Fn,m(s)}2
) p

2

]} 1
2

 ,

where C is a positive constant depending only on p. Since ∥Y n − Y m∥S p → 0,
we obtain ∥Zn − Zm∥H p → 0.

By Theorem 2.3.2, we denote by (Y, Z) the limit of (Y n, Zn) in S p × H p.

Theorem 2.3.3. (Y, Z) is an Lp solution to the BSDE (1.2).

Proof. It is already seen that

∥Y n − Y ∥S p → 0, as n → ∞.

By the BDG inequality, we have

sup
0≤t≤T

∣∣∣∣∫ t

0

(Zn
s − Zs) · dWs

∣∣∣∣→ 0 in Lp, as n → ∞.

Since ∥Y n − Y ∥S p → 0, ∥Zn − Z∥H p → 0 as n → ∞, we may assume

Y n
t → Yt, 0 ≤ t ≤ T a.s.,

Zn → Z, dt× dP -a.e.

by choosing a subsequence if necessary. Thus, by Lemma 2.3.1-iv), we get

fn(t, Y
n
t , Z

n
t ) → f(t, Yt, Zt), dt× dP -a.e.

Now, by Lemma 2.3.1-i), we have

|fn(t, Y n
t , Z

n
t )| ≤ gt +K(|Y n

t |+ |Zn
t |).

By the Hölder inequality, Y n → Y, Zn → Z in L1 with respect to dt × dP , and
then, we see that (Y n)n≥K and (Zn)n≥K are uniformly integrable with respect to
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dt
T
×dP . Hence, (fn(·, Y n

· , Z
n
· ))n≥K is uniformly integrable with respect to dt

T
×dP .

Thus, we get ∫ T

0

|fn(s, Y n
s , Z

n
s )− f(s, Ys, Zs)|ds → 0 in L1.

Therefore, letting n → ∞ in (2.9), we obtain (1.2).



Chapter 3

Differentiability of solutions to
BSDEs in the sense of the
Mallivin calculus

3.1 BSDEs on Hilbert spaces

In this section, we present the results on the first differentiability of solutions in
the sense of the Malliavin calculus.

In the rest of this paper, we assume p ≥ 2. We introduce the assumption
(A1):

1) ξ ∈ D1,p(Rd) ∩ L2p, where ξ ∈ Lq means E[|ξ|q] < ∞,

2) E[(
∫ T

0
|f(s, 0, 0)|ds)2p] < ∞,

3) for every (t, ω) ∈ [0, T ]× Ω, f(t, ω, ·, ·) ∈ C1
b (Rd × Rn×d,Rd) and

sup
t,ω,y,z
1≤i≤d
1≤j≤n

{|∂yif(t, ω, y, z)|+ |∂zjif(t, ω, y, z)|} < ∞,

4) for each (y, z) ∈ Rd × Rn×d, f(·, y, z) ∈ La
1,p(Rd), and the version of the

Malliavin derivative is denoted by ∇f(t, y, z),

5) E[
∫ T

0
∥∇f(s, Ys, Zs)∥pH⊗Rd ds] < ∞,

6) there exists a nonnegative progressively measurable process (Kt)0≤t≤T such
that for any (t, ω) ∈ [0, T ]× Ω, y1, y2 ∈ Rd, z1, z2 ∈ Rn×d,

∥∇f(t, ω, y1, z1)−∇f(t, ω, y2, z2)∥H⊗Rd ≤ Kt(ω)(|y1 − y2|+ |z1 − z2|),

E

[∫ T

0

K2p
s ds

]
< ∞,

19
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We say that the assumption (A1)′ is satisfied if

1)′ ξ ∈ D1,p(Rd),

2)′ E[(
∫ T

0
|f(s, 0, 0)|ds)p] < ∞,

6)′ there exists a positive constant L such that for any (t, ω) ∈ [0, T ]×Ω, y1, y2 ∈
Rd, z1, z2 ∈ Rn×d,

∥∇f(t, ω, y1, z1)−∇f(t, ω, y2, z2)∥H⊗Rd ≤ L(|y1 − y2|+ |z1 − z2|),

are fulfilled instead of 1), 2) and 6) of (A1) respectively.
In repetition of the argument in [7], we see

Proposition 3.1.1. Suppose (A1) holds. Let (Y, Z) be a unique L2p solution of
BSDE;

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

Z∗
sdWs, 0 ≤ t ≤ T. (3.1)

Then, (Y, Z) belongs to La
1,p(Rd) × La

1,p(Rn×d) and (∇Y,∇Z) ∈ S p(H ⊗ Rd) ×
H p(H ⊗ Rn×d) solves the following H ⊗ Rd-valued BSDE:

∇Yt = ∇ξ −
∫ ·

·∧t
Z∗

sds

+

∫ T

t

{∇f(s, Ys, Zs) + ∂yf(s, Ys, Zs)∇Ys + ∂zf(s, Ys, Zs)∇Zs} ds

−
∫ T

t

(∇Zs)
∗dWs, 0 ≤ t ≤ T, (3.2)

where ∂yf, ∂zf are Fréchet derivatives with respect to y ∈ Rd, z ∈ Rn×d respec-
tively, and

∫ ·
·∧t Z

∗
sds, ∂yf(s, Ys, Zs)∇Ys and ∂zf(s, Ys, Zs)∇Zs represent Hilbert-

Schmidt operators;

H ∋ h 7→
∫ T

t

Z∗
s ḣ(s)ds ∈ Rd,

H ∋ h 7→ ∂yf(s, Ys, Zs){(∇Ys)h} ∈ Rd,

H ∋ h 7→ ∂yf(s, Ys, Zs){(∇Zs)h} ∈ Rd.

Moreover, DtYt = Zt for almost all t ∈ [0, T ].

Remark 3.1.2. In El Karoui et al. [7, Proposition 5.3], the following assumption,
stronger than the assumption (A1)-6), is used;
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• for a.e. θ ∈ [0, T ] there exists a nonnegative progressively measurable pro-
cess (Kθ(t, ·))0≤t≤T such that for any (t, ω) ∈ [0, T ]×Ω, y1, y2 ∈ Rd, z1, z2 ∈
Rn×d,

|Dθf(t, ω, y1, z1)−Dθf(t, ω, y2, z2)| ≤ Kθ(t, ω)(|y1 − y2|+ |z1 − z2|),∫ T

0

E

[(∫ T

0

|Kθ(s)|2ds
)p]

dθ < ∞.

However, their argument works under the assumption (A1)-6).

As mentioned in the remark of [7, p.59], it holds

Corollary 3.1.3. Suppose (A1)′ holds. Let (Y, Z) be a unique Lp solution of
BSDE (3.1). Then, (Y, Z) belongs to La

1,p(Rd) × La
1,p(Rn×d) and (∇Y,∇Z) ∈

S p(H ⊗ Rd)× H p(H ⊗ Rn×d) solves (3.2).
Moreover, DtYt = Zt for almost all t ∈ [0, T ].

Remark 3.1.4. In order to obtain the equality DtYt = Zt, it is necessary to
take a simultaneous null set with respect to time parameter t. To do this, in this
paper, we prepare Lemma 3.2.2 in the next subsection, which makes us possible
to obtain a version of the derivative process of a solution; (D·Y,D·Z).

We now proceed to a general Hilbert space K to discuss higher order differ-
entiability of solutions of real valued BSDEs. Then, we are going to consider
BSDEs on Hilbert spaces and differentiability of solutions.

We can show a priori estimates and the existence and uniqueness of solution,
in the same manner as [7];

Proposition 3.1.5. There exists a positive constant Cp such that for ξ ∈ Lp(K),
i.e., E[∥ξ∥pK] < ∞, and Lp solution (Y, Z) to (1.2),

E

[
sup

0≤t≤T
∥Yt∥pK +

(∫ T

0

∥Zs∥2Kn ds

) p
2

]
≤ CpE

[
∥ξ∥pK +

(∫ T

0

∥f(s, Ys, Zs)∥K ds

)p]
.

Theorem 3.1.6. Suppose the following conditions hold;

• ξ ∈ Lp(K),

• E
[(∫ T

0
∥f(s, 0, 0)∥K ds

)p]
< ∞,

• There exists C such that for any (t, ω) ∈ [0, T ]×Ω, y1, y2 ∈ K, z1, z2 ∈ Kn,

∥f(t, ω, y1, z1)− f(t, ω, y2, z2)∥K ≤ C (∥y1 − y2∥K + ∥z1 − z2∥Kn) .

Then, there exists a unique Lp solution to the BSDE (1.2).
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Remark 3.1.7. In the next subsection, we consider the following type of K-
valued BSDE;

Yt = ξ + ζTt +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

Zs · dWs, 0 ≤ t ≤ T, (3.3)

where ζTt := −ζT + ζt with a given K-valued continuous (resp. RCLL) process
(ζt)0≤t≤T , which corresponds to

∫ ·∧t
0

Z∗
sds (resp. 1[0,t](u)Z

∗
u). By letting Ỹt =

Yt − ζt and f̃(t, y, z) = f(t, y + ζt, z), BSDE above is rewritten as

Ỹt = ξ +

∫ T

t

f̃(s, Ỹs, Zs)ds−
∫ T

t

Z∗
sdWs. (3.4)

Thus, we can obtain a continuous (resp. RCLL) solution Y of (3.3) from a
continuous solution Ỹ of (3.4).

3.2 Differentiability of solutions in the sense of

the Malliavin calculus to linear BSDEs on

Hilbert spaces

As in Proposition 3.1.1, the Malliavin derivative process (∇Y,∇Z) of the solution
(Y, Z) of (3.1) is also the solution of a linear BSDE (3.2) on Hilbert space H ⊗
Rd. Taking the Malliavin derivative of (3.2) formally, again a linear BSDE on a
Hilbert space appears. We can see the same circumstances even if the solution
is differentiated repeatedly. This formal argument indicates us that the higher
order Malliavin derivatives of the solution are also solutions of associated linear
BSDEs. In this section, thus, we focus on linear BSDEs on Hilbert spaces. We
consider Malliavin differentiability of a solution to a linear BSDE and show the
derivative process is also a solution of a linear BSDE on a Hilbert space.

First, we note that the existence of a version of the derivative of a solution.
An equality containing the derivative of a solution, such as (DuYt, DuZt), gives us
a negligible set depending on t, not simultaneously, because the equality is given
in the sense of L2(du). Therefore, it is critical to change t continuously under a
fixed u. Thus, we will give the existence of a version of (DuYt, DuZt) in order to
take a simultaneous negligible set. The following lemma assures the existence of
a version. We now mention that the assumptions of b and c in the lemma make
sense only on canonical set-up; they correspond to ones on the derivatives of f
with respect to y, z thus they are satisfied in later sections.

We prepare a term for simplification.

Definition 3.2.1. Denote by L(H,K) the space of all bounded linear operators
from a Hilbert space H to a Hilbert one K with the operator norm, and denote
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L(H) = L(H,H).
Let k ∈ N and (αt)0≤t≤T be an L(K)-valued (or L(Kn,K)-valued) process. We

say (αt)0≤t≤T is exchangeable if there exists an L(Knk
)-valued (resp. L(Kn×nk

,Knk
)-

valued) process (α̃t)0≤t≤T such that for any η ∈ H⊗k ⊗ K (resp. η ∈ H⊗k ⊗ Kn)
and 0 ≤ t ≤ T , it holds that ∥αt∥ = ∥α̃t∥ and

K̃k
u(αtη) = α̃tK̃

k
uη, a.e.u ∈ [0, T ]k,

where, for u = (u1, . . . , uk) ∈ [0, T ]k, K̃k
u is the same as K̃k

u1,...,uk
in Subsection

1.3.
(α̃t)0≤t≤T is said to be an exchangeable version of (αt)0≤≤T .

Lemma 3.2.2. Let k ∈ N and let (Y, Z) ∈ S p(H⊗k ⊗K)×H p(H⊗k ⊗Kn) be a
unique solution to the following H⊗k ⊗K-valued linear BSDE;

Yt = ξ +

∫ T

t

{as + bsYs + csZs}ds−
∫ T

t

Zs · dWs,

where ξ is an FT -measurable H⊗k ⊗ K-valued random variable, (at)0≤t≤T is an
H⊗k ⊗ K-valued progressively measurable process, (bt)0≤t≤T is an L(K)-valued
progressively measurable process and (ct)0≤t≤T is an L(Kn,K)-valued progressively
measurable process. Let q ∈ [2, p] and suppose

• E[
∫
[0,T ]k

∥K̃k
u1,...,uk

ξ∥qKdu1 · · · duk] < ∞,

• E[
∫
[0,T ]k

(
∫ T

0
∥K̃k

u1,...,uk
as∥Kds)qdu1 · · · duk] < ∞,

• supt,ω(∥bt(ω)∥L(K) + ∥ct(ω)∥L(Kn,K)) < ∞,

• (bt)0≤t≤T and (ct)0≤t≤T admit exchangeable versions (b̃t)0≤t≤T and (c̃t)0≤t≤T ,
respectively.

Denote by (Ω̄(k), F̄ (k), P̄ (k)) the completion of ([0, T ]k×Ω,B([0, T ]k)⊗F , µ(k)⊗P ),

where dµ(k) = du1···duk

Tk , and let F̄t
(k)

= (B([0, T ]k) ⊗ Ft) ∨ N P̄ (k)
= (B([0, T ]k) ⊗

FW
t ) ∨ N P̄ (k)

for t ∈ [0, T ], where N P̄ (k)
represents the collection of all P̄ (k)-

negligible sets. We may extend a random variable X on (Ω,F , P ) to one on
(Ω̄(k), F̄ (k), P̄ (k)) by defining for (u, ω) ∈ Ω̄(k), X̄(u, ω) = X(ω). Furthermore,
S q(Knk

, P̄ (k)) and H q(Kn×nk
, P̄ (k)) represent the spaces S q(Knk

) and H q(Kn×nk
)

defined in Subsection 1.3 under the probability space (Ω̄(k), F̄ (k), P̄ (k)), respectively.
Then, there exists a pair (Ȳ , Z̄) ∈ S q(Knk

, P̄ (k))× H q(Kn×nk
, P̄ (k)) such that∫ T

0

∫
[0,T ]k

∥K̃k
uYt − Ȳt(u)∥2Knkdµ

(k)(u)dt
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=

∫ T

0

∫
[0,T ]k

∥K̃k
uZt − Z̄t(u)∥2Kn×nkdµ

(k)(u)dt = 0 (3.5)

and

Ȳt(u) = K̃k
uξ +

∫ T

t

{K̃k
uas + b̃sȲs(u) + c̃sZ̄s(u)}ds−

∫ T

t

{Z̄s(u)}∗dWs,

0 ≤ t ≤ T, P̄ (k)-a.e.

Proof. For simplicity of notation, we only prove when k = 1.
By Theorem 3.1.6, there exists a unique solution (Ȳ , Z̄) ∈ S q(Kn, P̄ ) ×

H q(Kn×n, P̄ ) to the Kn-valued BSDE on (Ω̄, F̄ , P̄ ) := (Ω̄(1), F̄ (1), P̄ (1));

Ȳt = K̃ξ +

∫ T

t

{K̃as + b̃sȲs + c̃sZ̄s}ds−
∫ T

t

Z̄∗
sdWs, 0 ≤ t ≤ T.

H ⊗K-valued process (ηt)0≤t≤T and H ⊗Kn-valued process (ζt)0≤t≤T are defined
by

ηt : H ∋ h 7→
∫ T

0

Ȳt(u) · ḣ(u)du ∈ K,

ζt : H ∋ h 7→
∫ T

0

{Z̄t(u)}∗ḣ(u)du ∈ Kn.

Let (hj)j=1,2,... be a complete orthonormal system of H. Then, for all j, we get∫ T

0

Ȳt(u) · ḣj(u)du

=

∫ T

0

K̃uξ · ḣj(u)du

+

∫ T

t

{∫ T

0

K̃uas · ḣj(u)du+ bs

∫ T

0

Ȳs(u) · ḣj(u)du+ cs

∫ T

0

{Z̄s(u)}∗ḣj(u)du

}
ds

+

∫ T

0

(∫ T

t

{Z̄s(u)}∗dWs

)
· ḣj(u)du.

By the representation of elements of L2([0, T ],Kn), we know that Z̄s(u) is rep-
resented as

∑∞
i,j=1 aij(s)ḣ

i(u)(kj)∗, where (kj)j=1,2,... is a complete orthonormal
system of Kn. Then, for all j, we obtain∫ T

0

(∫ T

t

{Z̄s(u)}∗dWs

)
· ḣj(u)du =

∫ T

t

(∫ T

0

{Z̄s(u)}∗ḣj(u)du

)
· dWs.

Thus, for all j, we get

ηth
j =

∫ T

0

K̃uξ · ḣj(u)du+

∫ T

t

{∫ T

0

K̃uas · ḣj(u)du+ bs(ηsh
j) + cs(ζsh

j)

}
ds
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−
∫ T

t

ζsh
j · dWs.

Then, it follows

ηt = ξ +

∫ T

t

{as + bsηs + csζs} ds−
∫ T

t

ζs · dWs.

By uniqueness of solution, we obtain η = Y, ζ = Z in S q(H ⊗K, P̄ )× H q(H ⊗
Kn, P̄ ). Thus, (3.5) is satisfied.

Remark 3.2.3. η in the proof is continuous because, by the identity

1

T
E

[∫ T

0

sup
0≤t≤T

∥Ȳt(u)∥2Kdu
]
= EP̄

[
sup

0≤t≤T
∥Ȳt∥2K

]
< ∞,

the dominated convergence theorem and the continuity of Ȳ , it follows

∥ηt − ηs∥2H⊗K =

∫ T

0

∥Ȳt(u)− Ȳs(u)∥2Kdu → 0 (t → s).

Therefore, we can use the uniqueness of solution.

Remark 3.2.4. In the general theory of BSDE, a solution Z is constructed
by the martingale representation theorem (see [7]). The theorem requires the
filtration to be the Brownian. In the proof of the lemma, the filtration is not a
one generated by the Brownian motion extended to (Ω̄, F̄ , P̄ ) but a product σ-field
containing the original Brownian filtration. Then, we can see that the martingale
representation on the extended probability space version holds as usual.

In what follows, the notation of derivatives of solutions, such as (DuYt, DuZt),
(Du∇Yt, Du∇Zt), (D

2
u,vYt, D

2
u,vZt) and so on, are used in the sense of the lemma.

Hereafter, as in the proof of Lemma 3.2.2, (Ω̄(1), F̄ (1), P̄ (1)) is denoted by
(Ω̄, F̄ , P̄ ).

We consider the following K-valued linear BSDE;

Yt = ξ + ζTt +

∫ T

t

{As +BsYs + ΓsZs}ds−
∫ T

t

Zs · dWs, 0 ≤ t ≤ T, (3.6)

where ζTt = −ζT+ζt, ζ = (ζt)0≤t≤T is a K-valued continuous adapted process, A =
(At)0≤t≤T is a K-valued progressively measurable process and B = (Bt)0≤t≤T is an
L(K)-valued progressively measurable process and Γ = (Γt)0≤t≤T is a L(Kn,K)-
valued progressively measurable process.

We introduce the assumption (A2):

1) ξ ∈ D1,p(K) ∩ L2p(K),
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2) E[(
∫ T

0
∥As∥K ds)2p] < ∞,

3) supt,ω(∥Bt(ω)∥L(K) + ∥Γt(ω)∥L(Kn,K)) < ∞,

4) ζ ∈ La
1,p(K) ∩ S 2p(K),

5) for each t ∈ [0, T ], At ∈ D1,p(K), and (∇At)0≤t≤T admits a progressively

measurable version and satisfies E[(
∫ T

0
∥∇As∥H⊗K ds)p] < ∞,

6) for any F ∈ D1,p(K) and G ∈ D1,p(Kn), BF and ΓG belong to La
1,p(K) and

there exist an L(K, H⊗K)-valued progressively measurable process ∇B, an
L(Kn, H⊗K)-valued progressively measurable process ∇Γ, an L(K)-valued
progressively measurable process B̃ and an L(Kn,K)-valued progressively
measurable process Γ̃ such that ∇(BtF ) = ∇BtF + B̃t∇F and ∇(ΓtG) =
∇ΓtG+ Γ̃t∇G,

7) supt,ω

(∥∥∥B̃t(ω)
∥∥∥
L(K)

+
∥∥∥Γ̃t(ω)

∥∥∥
L(Kn,K)

)
< ∞,

E

[(∫ T

0

{∥∥∇Bs

∥∥2
L(K,H⊗K)

+
∥∥∇Γs

∥∥2
L(Kn,H⊗K)

}
ds

)p]
< ∞.

We say that the assumption (A2)′ is satisfied if, in addition to (A2),

8) E[
∫ T

0
(
∫ T

0
∥DuAs + K̃u(

∇BsYs) + K̃u(
∇ΓsZs)∥Knds)2du] < ∞,

9) if t < u, K̃u(
∇BtYt) = K̃u(

∇ΓtZt) = 0,

10) D·ζ ∈ S 2
rc(Kn, P̄ )

are fulfilled.
We say the assumption (A2)′′ is satisfied if

1)′ ξ ∈ D1,p(K),

2)′ E[(
∫ T

0
∥As∥K ds)p] < ∞,

4)′ ζ ∈ La
1,p(K) ∩ S p(K),

7)′ supt,ω

(∥∥∥B̃t

∥∥∥
L(K)

+
∥∥∥Γ̃t

∥∥∥
L(Kn,K)

+
∥∥∇Bs

∥∥
L(K,H⊗K)

+
∥∥∇Γs

∥∥
L(Kn,H⊗K)

)
< ∞,

are fulfilled instead of 1), 2), 4) and 7) of (A2)′ respectively.

Theorem 3.2.5. Suppose (A2) holds. Let (Y, Z) be a unique L2p solution to
the BSDE (3.6). Then, (Y, Z) belongs to La

1,p(K) × La
1,p(Kn) and (∇Y,∇Z) ∈

S p(H ⊗K)× H p(H ⊗Kn) solves the following H ⊗K-valued linear BSDE;
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∇Yt = ∇ξ +∇ζTt −
∫ ·

·∧t
Zsds

+

∫ T

t

{
∇As +

∇BsYs +
∇ΓsZs + B̃s∇Ys + Γ̃s∇Zs

}
ds

−
∫ T

t

∇Zs · dWs, 0 ≤ t ≤ T, (3.7)

where
∫ ·
·∧t Zsds represents a Hilbert-Schmidt operator H ∋ h 7→

∫ T

t
Zs · ḣ(s)ds ∈

K.
Moreover, under (A2)′, and if there exist an L(Kn)-valued progressively mea-

surable process (B̄t)0≤t≤T and an L(Kn×n,Kn)-valued progressively measurable
process (Γ̄t)0≤t≤T such that for any κ ∈ Kn, κ ∈ Kn×n, h ∈ H and 0 ≤ t, u ≤ T ,

B̃t(κ · ḣ(u)) = (B̄tκ) · ḣ(u), Γ̃t(κ
∗ḣ(u)) = (Γ̄tκ)

∗ḣ(u),

∥B̃t∥L(K) = ∥B̄t∥L(Kn), ∥Γ̃t∥L(Kn,K) = ∥Γ̄t∥L(Kn×n,Kn),

then (D·Y,D·Z) ∈ S 2
rc(Kn, P̄ ) × H 2(Kn×n, P̄ ) and DtYt = Dtζt + Zt for almost

all t ∈ [0, T ].

Example 3.2.6. Let (Wt)0≤t≤T be a one-dimensional Brownian motion and r, θ
be real constants. Suppose ξ ∈ D1,p(K) ∩ L2p(K), ϕ ∈ La

1,p(Kn) ∩ H 2p(Kn) .
Then, the following K-valued BSDE;

Yt = ξ −
∫ ·

·∧t
ϕsds−

∫ T

t

(rYs + θZs)ds−
∫ T

t

ZsdWs

satisfies (A2)′. This type of BSDE is given by taking the Malliavin derivative of
the portfolio under the Black-Scholes model, where r represents an interest rate
of nonrisky asset and θ does a risk premium (see [7]).

Before the proof, we mention the following lemma on differentiability of stochas-
tic integration in the sense of the Malliavin calculus. This lemma is an extension
of the result of El Karoui et al. [7, Lemma 5.1] to Hilbert space valued processes.

Lemma 3.2.7. (1) Assume ζ = (ζt)0≤t≤T ∈ H p(Kn) and ξ :=
∫ T

0
ζs · dWs ∈

D1,p(K). Then, ζ admits a version ζ̃ = (ζ̃t)0≤t≤T ∈ La
1,p(Kn) such that

ξ =
∫ T

0
ζ̃s · dWs.

(2) If ζ = (ζt)0≤t≤T ∈ La
1,p(Kn), then ξ(t) :=

∫ t

0
ζs · dWs ∈ D1,p(K) for every

t ∈ [0, T ] and

∇ξ(t) =

∫ t

0

∇ζs · dWs +

∫ ·∧t

0

ζsds,

where
∫ ·∧t
0

ζsds ∈ H ⊗ K represents a Hilbert-Schimidt operator H ∋ h 7→∫ t

0
ζs · ḣ(s)ds.
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Proof. For (2), see Shigekawa [25, Proposition 6.1]. Hence we prove (1).
First, we show the following; for any ξ ∈ D1,p(K) which is represented as a

stochastic integral of a ζ ∈ La
1,p(Kn), i.e. ξ =

∫ T

0
ζs · dWs,

cp ∥ζ∥La
1,p(Kn) ≤ ∥ξ∥D1,p(K) ≤ Cp ∥ζ∥La

1,p(Kn) , (3.8)

where cp and Cp are positive constants depending only on p.
In calculation below, all notations c, C represent just positive constants de-

pending only on p and they may change from place to place. By the martingale
moment inequality, we get

cE

[(∫ T

0

∥ζs∥2Kn ds

) p
2

]
≤ E [∥ξ∥pK] ≤ CE

[(∫ T

0

∥ζs∥2Kn ds

) p
2

]
.

By (2), we see that

∇ξ =

∫ T

0

∇ζs · dWs +

∫ ·

0

ζsds.

Thus, we obtain

E
[
∥∇ξ∥pH⊗K

]
≤ CE

[∥∥∥∥∫ ·

0

ζsds

∥∥∥∥p
H⊗K

+

∥∥∥∥∫ T

0

∇ζs · dWs

∥∥∥∥p
H⊗K

]
≤ C

(
E

[(∫ T

0

∥ζs∥2Kn ds

) p
2

]
+ CE

[(∫ T

0

∥∇ζs∥2H⊗Kn ds

) p
2

])
,

and it follows that

∥ξ∥D1,p(K) ≤ Cp ∥ζ∥La
1,p(Kn) .

By using ∫ T

0

∇ζs · dWs = ∇ξ −
∫ ·

0

ζsds

and the martingale moment inequality, we obtain

E

[(∫ T

0

∥∇ζs∥2H⊗Kn ds

) p
2

]
≤ CE

[∥∥∥∥∫ T

0

∇ζs · dWsds

∥∥∥∥p
H⊗K

]

≤ C

{
E
[
∥∇ξ∥pH⊗K

]
+ E

[(∫ T

0

∥ζs∥2Kn ds

) p
2

]}

≤ C

{
E
[
∥∇ξ∥pH⊗K

]
+ CE

[∥∥∥∥∫ T

0

ζs · dWs

∥∥∥∥p
K

]}
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≤ C
(
E [∥ξ∥pK] + E

[
∥∇ξ∥pH⊗K

])
.

Thus, we get

cp ∥ζ∥La
1,p(Kn) ≤ ∥ξ∥D1,p(K) .

Thus inequalities (3.8) have been shown.
We now proceed to the proof of the assertion (2). Put A = {ξ ∈ P(K);E[ξ] =

0} and B = {ξ =
∫ T

0
ζs · dWs; ζ ∈ La

1,p(Kn)}. Then, we know A,B ⊂ D1,p(K) ∩
{ξ;E[ξ] = 0}. For any ξ ∈ A, we see that

ξ =

∫ T

0

E [Dsξ| Fs] · dWs,

where we have used the Hilbert space version of the Clark-Ocone formula, which
is easily obtained from well-known real-valued one. Thus, we get A ⊂ B. Since A
is dense in D1,p(K)∩{ξ;E[ξ] = 0} with respect to D1,p(K)-topology, so is B. Then,

for any ξ =
∫ T

0
ζs · dWs ∈ D1,p(K), there exists a sequence ξm =

∫ T

0
ζms · dWs ∈ B

such that ∥ξm − ξ∥D1,p(K) → 0 (m → ∞). By (3.8),
∥∥ζ l − ζm

∥∥
La
1,p(Kn)

→ 0 (l,m →

∞). Thus, we can take ζ̃ as the limit of ζm ∈ La
1,p(Kn).

We give the proof of Theorem 3.2.5, modifying the argument of El Karoui et
al. [7, Proposition 5.3].

Proof of Theorem 3.2.5. Let (Y k, Zk) ∈ S 2p(K) × H 2p(Kn) be the Picard iter-
ative sequence; (Y 0, Z0) = (0, 0) and, for k ≥ 1,

Y k+1
t = ξ + ζTt +

∫ T

t

{
As +BsY

k
s + ΓsZ

k
s

}
ds−

∫ T

t

Zk+1
s · dWs, 0 ≤ t ≤ T.

(3.9)

In exactly the same manner as real valued case ([7, Corollary 2.1]),
∥∥Y k − Y

∥∥
S 2p(K)

and
∥∥Zk − Z

∥∥
H 2p(Kn)

tend to zero as k → ∞.

Obviously, (Y 0, Z0) ∈ La
1,p(K)×La

1,p(Kn). Now we show (Y k, Zk) ∈ La
1,p(K)×

La
1,p(Kn) for all k ≥ 0 by induction. Assume (Y k, Zk) ∈ La

1,p(K) × La
1,p(Kn). By

(3.9) and that ξ + ζTt +
∫ T

t
{As +BsY

k
s +ΓsZ

k
s }ds ∈ D1,p(K), we see that Y k+1

t =

E[ξ+ ζTt +
∫ T

t
{As+BsY

k
s +ΓsZ

k
s }ds|Ft] ∈ D1,p(K). Then we get Y k+1 ∈ La

1,p(K).

Again by (3.9), we see that
∫ T

0
Zk+1

s ·dWs = ξ+ ζT0 +
∫ T

0
{As+BsY

k
s +ΓsZ

k
s }ds−

Y k+1
0 ∈ D1,p(K). Then, by Lemma 3.2.7, it follows Zk+1 ∈ La

1,p(Kn).
Taking the Malliavin derivative of (3.9), by Lemma 3.2.7, we get

∇Y k+1
t = ∇ξ +∇ζTt −

∫ ·

·∧t
Zk+1

s ds
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+

∫ T

t

{
∇As +

∇BsY
k
s + ∇ΓsZ

k
s + B̃s∇Y k

s + Γ̃s∇Zk
s

}
ds−

∫ T

t

∇Zk+1
s · dWs.

We now show that (Y k, Zk) converges in La
1,p(K) × La

1,p(Kn). Let (Y ∇, Z∇) ∈
S p(H⊗K)×H p(H⊗Kn) be the unique solution of the following H⊗K-valued
linear BSDE:

Y ∇
t = ∇ξ +∇ζTt −

∫ ·

·∧t
Zsds

+

∫ T

t

{
∇As +

∇BsYs +
∇ΓsZs + B̃sY

∇
s + Γ̃sZ

∇
s

}
ds−

∫ T

t

Z∇
s · dWs.

For k ≥ 0, define

Ek+1 = E

[
sup

0≤t≤T

∥∥∇Y k+1
t − Y ∇

t

∥∥p
H⊗K +

(∫ T

0

∥∥∇Zk+1
s − Z∇

s

∥∥2
H⊗K ds

) p
2

]
.

By Proposition 3.1.5, we obtain

Ek+1

≤CpE

[(∫ T

0

∥∥∥∇Bs(Y
k
s − Ys) +

∇Γs(Z
k
s − Zs) + B̃s(∇Y k

s − Y ∇
s ) + Γ̃s(∇Zk

s − Z∇
s )
∥∥∥
H⊗K

ds

)p

+

(∫ T

0

∥∥Zk+1
s − Zs

∥∥2
Kn ds

) p
2

]
,

where Cp represents a positive constant depending only on p. Since∥∥∥∇Bs(Y
k
s − Ys) +

∇Γs(Z
k
s − Zs) + B̃s(∇Y k

s − Y ∇
s ) + Γ̃s(∇Zk

s − Z∇
s )
∥∥∥
H⊗K

≤
∥∥∇Bs

∥∥
L(K,H⊗K)

∥∥Y k
s − Ys

∥∥
K +

∥∥∇Γs

∥∥
L(Kn,H⊗K)

∥∥Zk
s − Zs

∥∥
Kn

+
∥∥∥B̃s

∥∥∥
L(K)

∥∥∇Y k
s − Y ∇

s

∥∥
H⊗K +

∥∥∥Γ̃s

∥∥∥
L(Kn,K)

∥∥∇Zk
s − Z∇

s

∥∥
H⊗Kn ,

we obtain

Ek+1 ≤ Cp(αk + βk + γk), (3.10)

where

αk := E

[(∫ T

0

∥∥∇Bs

∥∥
L(K,H⊗K)

∥∥Y k
s − Ys

∥∥
K ds

)p

+

(∫ T

0

∥∥∇Γs

∥∥
L(Kn,H⊗K)

∥∥Zk
s − Zs

∥∥
Kn ds

)p]
,

βk := E

[(∫ T

0

∥∥∥B̃s

∥∥∥
L(K)

∥∥∇Y k
s − Y ∇

s

∥∥
K ds

)p
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+

(∫ T

0

∥∥∥Γ̃s

∥∥∥
L(Kn,K)

∥∥∇Zk
s − Z∇

s

∥∥
H⊗Kn ds

)p]
,

γk := E

[(∫ T

0

∥∥Zk+1
s − Zs

∥∥2
Kn ds

) p
2

]
.

We note that γk =
∥∥Zk+1 − Z

∥∥p
H p(Kn)

tends to 0 as k → ∞.

By the Schwarz inequality, we get

αk ≤
{
E

[(∫ T

0

∥∥∇Bs

∥∥2
L(K,H⊗K)

ds

)p]} 1
2
{
E

[(∫ T

0

∥∥Y k
s − Ys

∥∥2
K ds

)p]} 1
2

+

{
E

[(∫ T

0

∥∥∇Γs

∥∥2
L(Kn,H⊗K)

ds

)p]} 1
2
{
E

[(∫ T

0

∥∥Zk
s − Zs

∥∥2
Kn ds

)p]} 1
2

≤
{
E

[(∫ T

0

∥∥∇Bs

∥∥2
L(K,H⊗K)

ds

)p]} 1
2

× T
p
2

∥∥Y k − Y
∥∥p

S 2p(K)

+

{
E

[(∫ T

0

∥∥∇Γs

∥∥2
L(Kn,H⊗K)

ds

)p]} 1
2

×
∥∥Zk − Z

∥∥p
H 2p(Kn)

→ 0 (k → ∞).

Then by Schwarz inequality, we obtain also

βk ≤
(∥∥∥B̃∥∥∥p

∞
+
∥∥∥Γ̃∥∥∥p

∞

)
E

[(∫ T

0

∥∥∇Y k
s − Y ∇

s

∥∥
H⊗K ds

)p

+

(∫ T

0

∥∥∇Zk
s − Z∇

s

∥∥
H⊗K ds

)p]
≤
(∥∥∥B̃∥∥∥p

∞
+
∥∥∥Γ̃∥∥∥p

∞

)
(T p + T

p
2 )Ek,

where ∥·∥∞ represents the supremum with respect to (t, ω) ∈ [0, T ]× Ω. We can
divide [0, T ] into subdivisions and consider the convergence of the approximation
on each of them. Thus, we can assume T is sufficiently small such that

r := Cp

(∥∥∥B̃∥∥∥p
∞
+
∥∥∥Γ̃∥∥∥p

∞

)
(T p + T

p
2 ) < 1.

Fix an ε > 0 arbitrarily. Then, by αk, γk → 0 (k → ∞), there exists N ∈ N such
that, for any k > N , Cp(αk + γk) < ε. Thus, by (3.10), for any k > N , we obtain

Ek+1 ≤ rEk + ε

≤ r(rEk−1 + ε) + ε

...

≤ rk+1−NEN + ε(1 + r + · · ·+ rk−N)

≤ rk+1−NEN +
ε

1− r
.
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Then, it follows Ek → 0 (k → ∞). Therefore, we see that (Y k, Zk) converges to
(Y, Z) in La

1,p(K)× La
1,p(Kn) and (∇Y,∇Z) is equal to (Y ∇, Z∇).

Since Z ∈ H 2p(K) and by (A2)′-8), we see

E

[∫ T

0

(∫ T

0

∥∥Ā1
s(u)

∥∥
K ds

)2

du

]

≤ C

(
E

[∫ T

0

(∫ T

0

∥∥Ā2
s(u)

∥∥
K ds

)2

du+ T 2

∫ T

0

∥Zu∥2K du

])
< ∞,

where C represents a positive constant, Ā1
t (u) = Ā2

t (u)+B̄t(Duζt+1[0,t](u)Zu) and

Ā2
t (u) = DuAt + K̃u(

∇BtYt) + K̃u(
∇ΓtZt). Thus, putting Ȳt(u) = DuYt −Duζt −

1[0,t](u)Zu, by (3.7) and Lemma 3.2.2, (Ȳ (·), D·Z) belongs to S 2(K) × H 2(K)
and satisfies

Ȳt(u) = Duξ −DuζT − Zu +

∫ T

t

{Ā1
s(u) + B̄sȲs(u) + Γ̄sDuZs}ds

−
∫ T

t

(DuZs)
∗dWs, 0 ≤ t ≤ T, du⊗ dP -a.e.

Since

E

[∫ T

0

sup
0≤t≤T

1[0,t](u) ∥Zu∥2K du

]
≤ ∥Z∥2H 2(K) < ∞

and by (A2)′-10), we obtain (D·Y,D·Z) ∈ S 2
rc(K, P̄ ) × H 2(K, P̄ ). Then, for

almost all u ∈ [0, T ], (DuY,DuZ) satisfies

DuYt −Duζt = Duξ −DuζT − 1(t,T ](u)Zu

+

∫ T

t

{Ā2
s(u) + B̄sDuYs + Γ̄sDuZs}ds−

∫ T

t

(DuZs)
∗dWs, 0 ≤ t ≤ T.

Fix u ∈ (0, T ] satisfying the above identity and let t < u ≤ s, t, s ∈ [0, T ]. Then,
we obtain

DuYt −Duζt = DuYs −Duζs − Zu

+

∫ s

t

{Ā2
σ(u) + B̄σDuYσ + Γ̄σDuZσ}dσ −

∫ s

t

(DuZσ)
∗dWσ.

By DuYt = Duζt = 0 and, for σ < u, Ā2
σ(u) = 0 and DuZσ = 0, we see that

DuYs = Duζs + Zu −
∫ s

u

{Ā2
σ(u) + B̄σDuYσ + Γ̄σDuZσ}dσ −

∫ s

u

(DuZσ)
∗dWσ.

Then, taking s = u yields that DuYu = Duζu + Zu.
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By the proof of Theorem 3.2.5, we see the following instantly.

Corollary 3.2.8. Under the assumption (A2)′′, the unique Lp solution (Y, Z) to
the BSDE (1.2) belongs to La

1,p(K) × La
1,p(Kn) and (∇Y,∇Z) ∈ S p(H ⊗ K) ×

H p(H ⊗Kn) solves (3.7).
Moverover, under the same assumptions on B̃, Γ̃ as in Theorem 3.2.5, (D·Y,D·Z) ∈

S 2
rc(Kn, P̄ )× H 2(Kn×n, P̄ ) and DtYt = Dtζt + Zt for almost all t ∈ [0, T ].

3.3 Second Differentiability of Solutions to BS-

DEs

In this subsection, we consider the second Malliavin differentiability of solutions
to real valued BSDEs (3.1) by using the result in the previous subsection. The
same kind of result is shown in Lin [18, Theorem 2.2].

We introduce the assumption (A3):

1) (A1) with 2p, instead of p, holds,

2) ξ ∈ D2,p(Rd),

3) for each (y, z) ∈ Rd × Rn×d, f(·, y, z) ∈ La
2,p(Rd) and the the version of the

second Malliavin derivative is denoted by ∇2f(t, y, z),

4) for each (y, z) ∈ Rd×Rn×d, ∂yif(·, y, z), ∂zjif(·, y, z) ∈ La
1,p(Rd) and the ver-

sions of the Malliavin derivatives are denoted by∇∂yif(t, y, z),∇∂zjif(t, y, z)
respectively,

5) for each (t, ω) ∈ [0, T ] × Ω, ∇2f(t, ω, ·, ·) is continuous, and there exists a
nonnegative random variable M ∈ Lp such that for any (t, ω) ∈ [0, T ]× Ω,
y ∈ Rd, z ∈ Rn×d ∥∥∇2f(t, ω, y, z)

∥∥
H⊗2⊗Rd ≤ M,

6) for each (t, ω) ∈ [0, T ]× Ω, f(t, ω, ·, ·) ∈ C2
b (Rd × Rn×d,Rd) and

sup
t,ω,y,z

1≤i,i1,i2≤d
1≤j1,j2≤n

{∣∣∣∣ ∂2f

∂yi∂yj
(t, ω, y, z)

∣∣∣∣+ ∣∣∣∣ ∂2f

∂zj1i1∂zj2i2
(t, ω, y, z)

∣∣∣∣+ ∣∣∣∣ ∂2f

∂yi∂zj1i1
(t, ω, y, z)

∣∣∣∣} < ∞,

7) for each (t, ω) ∈ [0, T ]× Ω, ∇f(t, ω, ·, ·) ∈ C1
b (Rd × Rn×d, H ⊗ Rd).

We say the assumption (A3)′ is satisfied if

1)′ (A1)′ with 2p, instead of p, holds.



34 CHAPTER 3. MALLIAVIN DIRREFENTIABILITY OF SOLUTIONS

By Proposition 3.1.1 and Theorem 3.2.5, we obtain the following theorem.

Theorem 3.3.1. Suppose (A3) holds. Let (Y, Z) be a unique L4p solution to the
BSDE (3.1). Then, (Y, Z) belongs to La

2,p(Rd) × La
2,p(Rn×d), and (∇Y,∇Z) ∈

S 2p(H ⊗ Rd)× H 2p(H ⊗ Rd) solves (3.2) and (∇2Y,∇2Z) ∈ S p(H⊗2 ⊗ Rd)×
H p(H⊗2 ⊗ Rn×d) solves the following H⊗2 ⊗ Rd-valued linear BSDE:

∇2Y α
t

= ∇2ξα −∇
(∫ ·

·∧t
Zα

s ds

)
−
∫ ·

·∧t
∇Zα

s ds

+

∫ T

t

{
∇2fα(s, Ys, Zs)

+
n∑

i=1

∇Y i
s ⊗∇∂yif

α(s, Ys, Zs) +
n∑

i=1

d∑
j=1

∇Zji
s ⊗∇∂zjif

α(s, Ys, Zs)

+
n∑

i=1

∇∂yif
α(s, Ys, Zs)⊗∇Y i

s +
n∑

i=1

d∑
j=1

∇∂zjif
α(s, Ys, Zs)⊗∇Zji

s

+
d∑

i,j=1

∂yi∂yjf
α(s, Ys, Zs)∇Y i

s ⊗∇Y j
s +

d∑
i,j=1

n∑
k=1

∂yi∂zkjf
α(s, Ys, Zs)∇Y i

s ⊗∇Zkj
s

+
d∑

i,j=1

n∑
k=1

∂zkj∂yif
α(s, Ys, Zs)∇Zjk

s ⊗∇Y i
s +

d∑
i,j=1

n∑
k,l=1

∂zki∂zljf
α(s, Ys, Zs)∇Zki

s ⊗∇Z lj
s

+
n∑

i=1

∂yif
α(s, Ys, Zs)∇2Y i

s +
n∑

j=1

d∑
j=1

∂zjif
α(s, Ys, Zs)∇2Zji

}
ds

−
∫ T

t

∇2Zα
s · dWs, 0 ≤ t ≤ T, 1 ≤ α ≤ d, (3.11)

where, superscripts of ξ, f, Y, Z represent corresponding components of them re-
spectively and Zα = (Z1α, . . . , Znα)∗.

Moreover, (D·∇Y,D·∇Z) ∈ S 2
rc((H ⊗ Rd)n, P̄ ) × H 2((H ⊗ Rn×d)n, P̄ ) and

Dt∇Yt = ∇Zt for almost all t ∈ [0, T ].

Proof. For simplicity of notation, we give the proof in the case when d = n = 1.
By Proposition 3.2, (∇Y,∇Z) ∈ S 2p(H) × H 2p(H) solves the following H-

valued BSDE:

∇Yt = ∇ξ −
∫ ·

·∧t
Zsds

+

∫ T

t

{∇f(s, Ys, Zs) + ∂yf(s, Ys, Zs)∇Ys + ∂zf(s, Ys, Zs)∇Zs} ds
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−
∫ T

t

∇ZsdWs, 0 ≤ t ≤ T.

Then, the correspondence to (3.6) is as follows:

ζt = −
∫ ·∧t

0

Zsds, At = ∇f(t, Yt, Zt), Bt = ∂yf(t, Yt, Zt), Γt = ∂zf(t, Yt, Zt).

It follows that

∇ζt = −∇
(∫ ·∧t

0

Zsds

)
,

∇At = ∇2f(t, Yt, Zt) +∇Yt ⊗∇∂yf(t, Yt, Zt) +∇Zt ⊗∇∂zf(t, Yt, Zt),
∇Bth = ∇∂yf(t, Yt, Zt)⊗ h+ ∂2

yf(t, Yt, Zt)∇Yt ⊗ h+ ∂z∂yf(t, Yt, Zt)∇Zt ⊗ h, ∀h ∈ H,

B̃t = ∂yf(t, Yt, Zt),
∇Γtg = ∇∂zf(t, Yt, Zt)⊗ g + ∂y∂zf(t, Yt, Zt)∇Yt ⊗ g + ∂2

zf(t, Yt, Zt)∇Zt ⊗ g, ∀g ∈ H,

Γ̃t = ∂zf(t, Yt, Zt).

We shall show (∇Y,∇Z) ∈ La
1,p(H) × La

1,p(H) by applying Theorem 3.2.5. By
the assumption and (3.2), we see that (A2)-1)-4),6) are satisfied. Thus, it suffices
to show (A2)′-5),7).

By (A1)-3),6) with 2p and (A3)-5), it follows

E

[(∫ T

0

∥∇As∥H⊗2 ds

)p]
≤ C

(
TE[Mp]

+

{
E

[∫ T

0

K2p
s ds

]} 1
2 (

T p ∥∇Y ∥pS 2p(H) + ∥∇Z∥pH 2p(H)

))
< ∞,

where C1 is a positive constant. Thus, (A2)′-5) is satisfied.
(A2)′-7) follows from the following inequality obtained form (A1)-3),6) with

2p ;

E

[(∫ T

0

{∥∥∇Bs

∥∥
L(H,H⊗2)

+
∥∥∇Γs

∥∥
L(H,H⊗2)

}2

ds

)p]
≤ C2

(
E

[∫ T

0

K2p
s ds

]
+
(∥∥∂2

yf
∥∥2p
∞ + ∥∂y∂zf∥2p∞

)(
T 2p ∥∇Y ∥2pS 2p(H) + ∥∇Z∥2pH 2p(H)

))
< ∞,
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where C2 is a positive constant and ∥·∥∞ represents the supremum. Thus, (A2)′-7)
is satisfied. Therefore, (∇2Y,∇2Z) ∈ S p(H⊗2)× H p(H⊗2) solves (3.11).

Next, we check (A2)′-8) in order to get Dt∇Yt = ∇Zt. We see

DuAt = Du∇f(t, Yt, Zt) +DuYt∇∂yf(t, Yt, Zt) +DuZt∇∂zf(t, Yt, Zt).

Then, by the Schwarz inequality, (A1)-6) and (A3)-5),

E

[∫ T

0

(∫ T

0

∥DuAs∥H ds

)2

du

]
≤ C3

{
E

[∫ T

0

(∫ T

0

∥Du∇f(s, Ys, Zs)∥K ds

)2

du

]

+ E

[∫ T

0

(∫ T

0

|DuYs| ∥∇∂yf(s, Ys, Zs)∥H ds

)2

du

]

+E

[∫ T

0

(∫ T

0

|DuZs| ∥∇∂zf(s, Ys, Zs)∥H ds

)2

du

]}

≤ C3

{
T 2E[M2] + E

[∫ T

0

∥∇Ys∥2H ds

∫ T

0

K2
sds

]
+E

[∫ T

0

∥∇Zs∥2H ds

∫ T

0

K2
sds

]}
≤ C3

{
T 2E[M2] + T

3
2 ∥∇Y ∥2S 4(H)

(
E

[∫ T

0

K4
sds

]) 1
2

+ T
1
2 ∥∇Z∥2H 4(H)

(
E

[∫ T

0

K4
sds

]) 1
2

}
< ∞,

where C3 represents a positive constant.
Since

K̃u(
∇Bt∇Yt)

= Du∂yf(t, Yt, Zt)∇Yt + ∂2
yf(t, Yt, Zt)DuYt∇Yt + ∂y∂zf(t, Yt, Zt)DuZt∇Yt,

K̃u(
∇Γt∇Zt)

= Du∂zf(t, Yt, Zt)∇Zt + ∂y∂zf(t, Yt, Zt)DuYt∇Zt + ∂2
zf(t, Yt, Zt)DuZt∇Zt,

we see that

E

[∫ T

0

(∫ T

0

{∥∥∥K̃u(
∇Bt∇Yt)

∥∥∥
H
+
∥∥∥K̃u(

∇Γt∇Zt)
∥∥∥
H

}
ds

)2

du

]

≤ C4

{
E

[∫ T

0

(∫ T

0

|Du∂yf(s, Ys, Zs)| ∥∇Ys∥H ds

)2

du

]
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+ E

[∫ T

0

(∫ T

0

|DuYs| ∥∇Ys∥H ds

)2

du

]
+ E

[∫ T

0

(∫ T

0

|DuZs| ∥∇Ys∥H ds

)2

du

]

+ E

[∫ T

0

(∫ T

0

|Du∂zf(s, Ys, Zs)| ∥∇Zs∥H ds

)2

du

]

+E

[∫ T

0

(∫ T

0

|DuYs| ∥∇Zs∥H ds

)2

du

]
+ E

[∫ T

0

(∫ T

0

|DuZs| ∥∇Zs∥H ds

)2

du

]}

≤ C4

{(
T

3
2 ∥∇Y ∥2S 4(H) + T

1
2 ∥∇Z∥2H 4(H)

)(
E

[∫ T

0

K4
sds

]) 1
2

+T 2 ∥∇Y ∥4S 4(H) + ∥∇Z∥4H 4(H) + 2T ∥∇Y ∥2S 4(H) ∥∇Z∥2H 4(H)

}
< ∞,

where C4 is a positive constant.
Thus (A2)′-8) is satisfied. Then, we get (D·∇Y,D·∇Z) ∈ S 2

rc(H) × H 2(H)
and Dt∇Yt = −Dtζt +∇Zt by Theorem 3.2.5. Since DuZt = 0 for t < u, we see

∥Duζt∥2H =


0, t ≤ u,∫ t

u

|DuZs|2ds, u < t.

Then we obtain Dt∇Yt = ∇Zt.

By the proof of Theorem 3.3.1, we see also the following.

Corollary 3.3.2. Suppose (A3)′ holds. Let (Y, Z) be a unique L2p solution to
the BSDE (3.1). Then, (Y, Z) belongs to La

2,p(Rd)×La
2,p(Rn×d), and (∇Y,∇Z) ∈

S 2p(H ⊗ Rd)× H 2p(H ⊗ Rd) solves (3.2) and (∇2Y,∇2Z) ∈ S p(H⊗2 ⊗ Rd)×
H p(H⊗2 ⊗ Rn×d) solves (3.11).

Moreover, Dt∇Yt = ∇Zt for almost all t ∈ [0, T ].

3.4 Higher Order Differentiability of Solutions

of BSDEs

In this section, we consider the higher order differentiability of solutions of BS-
DEs. When considering higher than the second order differentiability, there is an
obstacle from the chain rule.

Let us take the one more differentiation of (3.11) formally. Then by the chain

rule, we get a term
∫ T

t
∂3
zf(s, Ys, Zs)∇Zs ⊗ ∇Zs ⊗ ∇Zsds, whose integrability
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corresponds to (A2)-5). It is impossible to show the integrability of it because
we can’t control it with the norm ∥ · ∥H p . The same circumstances occur when
considering higher order differentiability of solution. When a term contains more
than two derivatives of Z, it is impossible to estimate it appropriately. Then, we
need some restriction which enable the estimation of such a term.

In what follows, we deal with the cases where additional assumptions are made
on either f or Z.

3.4.1 Under Additional Conditions on f

In this subsection, we consider the higher order Malliavin differentiability of so-
lutions with assumptions of generator f .

We set S ∞(K) =
∩

p≥2 S p(K), H ∞(K) =
∩

p≥2 H p(K), D∞(K) =
∩

k≥1,p≥2 Dk,p(K),
La

∞(K) =
∩

k≥1,p≥2 La
k,p(K).

We introduce some more notations. Let Z+ be the set of nonnegative integers.
For

β = (β1, . . . , βd, β11, . . . , β1d, . . . , βn1, . . . , βnd) ∈ Zd+nd
+ ,

we denote |β| =
∑d

i=1(βi+
∑n

j=1 βji). Then, we write the derivative of a function

g(y, z) defined on Rd × Rn×d as

∂βg =

(
∂

∂y1

)β1

· · ·
(

∂

∂yd

)βd
(

∂

∂z11

)β11

· · ·
(

∂

∂znd

)βnd

g, β ∈ Zd+nd
+ .

We introduce the assumption (A4). Especially, (A4)-3) plays a key role to
overcome the above-mentioned obstacle.
(A4):

1) ξ ∈ D∞(Rd),

2) for any p ≥ 2, E[(
∫ T

0
|f(s, 0, 0)|ds)p] < ∞,

3) for each (t, ω) ∈ [0, T ]× Ω, f(t, ω, ·, ·) ∈ C∞
b (Rd × Rn×d,Rd) and

∂3f

∂zj1i1∂zj2i2∂zj3i3
(t, ω, y, z) = 0,

1 ≤ ∀i1, i2, i3 ≤ d, 1 ≤ ∀j1, j2, j3 ≤ n,
∀(t, ω, y, z) ∈ [0, T ]× Ω× Rd × Rn×d,

sup
t,ω,y,z

|∂βf(t, ω, y, z)| < ∞, ∀β ∈ Zd+nd
+ with |β| ≥ 1,

4) for each β ∈ Zd+nd
+ and (y, z) ∈ Rd × Rn×d, ∂βf(·, y, z) ∈ La

∞(Rd) and the
version of the Malliavin derivative is denoted by ∇∂βf(t, y, z),

5) for any k ≥ 1 and p ≥ 2,

E

[∫ T

0

∥∥∇kf(s, Ys, Zs)
∥∥p
H⊗k⊗Rd ds

]
< ∞,
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6) for each k ≥ 1, β ∈ Zd+nd
+ and (t, ω) ∈ [0, T ] × Ω, ∇k∂βf(t, ω, ·, ·) ∈

C∞
b (Rd × Rn×d, H⊗k ⊗ Rd), and

sup
t,ω,y,z
1≤i≤d
1≤j≤n

(∥∥∂yi∇k∂βf(t, ω, y, z)
∥∥
H⊗k⊗Rd +

∥∥∂zji∇k∂βf(t, ω, y, z)
∥∥
H⊗k⊗Rd

)
< ∞.

Theorem 3.4.1. Suppose (A4) holds. Let (Y, Z) be a unique solution to the
BSDE (3.1). Then, (Y, Z) belongs to La

∞(Rd)× La
∞(Rn×d).

Moreover, for each k ≥ 0, (D·∇kY,D·∇kZ) ∈ S 2
rc(H

⊗k⊗Rd, P̄ )×H 2(H⊗k⊗
Rn×d, P̄ ) and Dt∇kYt = ∇kZt for almost all t ∈ [0, T ].

Example 3.4.2. We now give some examples under the Black-Scholes model.
Let b ∈ R, σ > 0, (Wt)0≤t≤T be a one-dimensional Brownian motion and let

(St)0≤t≤T , which is a risky asset, obey the SDE;

dSt = bStdt+ σStdWt.

The interest rate of the nonrisky asset is denoted by r > 0. Denote by ∆t the
number of the risky asset held at t. Let Φ be a function defined on R satisfying
supx∈R |Φ(x)|/(1 + |x|)k < ∞ for some k ∈ N. In the theory of mathematical
finance, it is known that the self-financing portfolio Y replicating an European
contingent claim Φ(ST ) satisfies the following BSDE;{

dYt = (rYt + θ∆tσSt)dt+∆tσStdWt,

YT = Φ(ST ),

where θ = (b− r)/σ. By regarding ∆tσSt as Zt, we obtain

Yt = Φ(ST )−
∫ T

t

(rYt + θZt)dt−
∫ T

t

ZsdWs. (3.12)

It is also known that

Yt = c(t, St), ∆t =
∂c

∂x
(t, St), (3.13)

where

c(t, x) = e−r(T−t)

∫
R
Φ

(
xe

σy+
(
r−σ2

2

)
(T−t)

)
g(T − t, y)dy, 0 ≤ t < T, (3.14)

g(t, y) =
1√
2πt

e−
|y|2
2 ,

which satisfies the Black-Scholes partial differential equation.
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(1) Let Φ ∈ C∞(R) and assume that for any m ∈ Z+, there exists a k ∈ N
such that supx∈R |∂

mΦ
∂xm (x)|/(1 + |x|)k < ∞. Then by (3.2) and (3.13), we see that

(Y, Z) ∈ La
∞(R) × La

∞(R) and Dt∇kYt = ∇kZt. On the other hand, since (3.12)
satisfies (A4), Theorem 3.4.1 yields the same result.

(2) Let Φ(ST ) = (ST −K)+ := max{ST −K, 0}, which is called an European
call option. We know Φ(ST ) is differentiable and ∇Φ(ST ) = 1(0,∞)(ST −K)∇ST .
Hence, Φ(ST ) would not be smooth. Thus, (YT , ZT ) fails to belong to D∞ ×D∞.

Proof of Theorem 3.4.1. For simplicity of letter, we give the proof in the case
when d = n = 1. In the proof, notation C represents just a positive constant
which may change form place to place.

Let (Y, Z) ∈ S ∞(R)× H ∞(R). By Corollary 3.1.3, for any p ≥ 2,

• (Y, Z) ∈ La
1,p(R)× La

1,p(R) and (∇Y,∇Z) ∈ S p(H)× H p(H),

• (D·Y,D·Z) ∈ S 2
rc(R, P̄ )× H 2(R, P̄ ).

We show the following Claim 1 and 2 for k ≥ 2 by induction:

Claim 1 Let p ≥ 2. Then, (∇k−1Y,∇k−1Z) ∈ La
1,p(H

⊗(k−1))×La
1,p(H

⊗(k−1)) and
(∇kY,∇kZ) ∈ S p(H⊗k)× H p(H⊗k) is a unique solution to the BSDE;

∇kYt = ∇kξ −
k−1∑
i=0

∇i

(∫ ·

·∧t
∇k−1−iZsds

)
+

∫ T

t

{
Ak

s +Bk
s∇kYs + Γk

s∇kZs

}
ds−

∫ T

t

∇kZsdWs, 0 ≤ t ≤ T,

where Bk
t = ∂yf(t, Yt, Zt), Γk

t = ∂zf(t, Yt, Zt) and Ak is defined inductively
as

A1
t = ∇f(t, Yt, Zt),

Ak
t = ∇Ak−1

t + ∇Bk−1
t ∇k−1Yt +

∇Γk−1
t ∇k−1Zt, k ≥ 2.

Moreover, it holds that

Ak
t = ∇kf(t, Yt, Zt)

+
∑
1,k

(∇α1Yt ⊗ · · · ⊗ ∇αm−1−rYt

⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt ⊗∇γ∂m−1−r
y ∂r

zf(t, Yt, Zt))
Σ

+
∑
2,k

∂m−r
y ∂r

zf(t, Yt, Zt)

× (∇α1Yt ⊗ · · · ⊗ ∇αm−rYt ⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt)
Σ, (3.15)
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where the notations of summation represent

∑
1,k

:=
k∑

m=2

(m−1)∧2∑
r=0

∑
α∈Nm−1−r

ND
β∈Nr

ND
γ∈N

|α|+|β|+γ=k

,
∑
2,k

:=
k∑

m=2

m∧2∑
r=0

∑
α∈Nm−r

ND
β∈Nr

ND
|α|+|β|=k

,

Nk
ND denotes the set of α ∈ Nk such that α1 ≤ α2 ≤ · · · ≤ αk, and the

sum of all components of the tensor of ∇α1F1, . . . ,∇αkFk is denoted by
(∇α1F1 ⊗ · · · ⊗ ∇αkFk)

Σ; for example, for h1, h2, h3 ∈ H,

(∇2F1 ⊗∇F2)
Σ(h1 ⊗ h2 ⊗ h3)

= ∇2F1(h1 ⊗ h2)∇F2(h3) +∇2F1(h1 ⊗ h3)∇F2(h2) +∇2F1(h2 ⊗ h3)∇F2(h1).

We note that the number of terms in each term of the sum is determined
only by α, β, γ.

Claim 2 Let p ≥ 2. Then,

E

[∫ T

0

(∫ T

0

∥K̃uA
k
s∥H⊗(k−1)ds

)2

du

]
< ∞,

and then (D·∇k−1Y,D·∇k−1Z) ∈ S 2(H⊗(k−1), P̄ ) × H 2(H⊗(k−1), P̄ ) and
Dt∇k−1Yt = ∇k−1Zt for almost all t ∈ [0, T ].

We show the case k = 2. Let p ≥ 2. By Corollary 3.3.2, (∇2Y,∇2Z) ∈
S p(H⊗2) × H p(H⊗2) solves (3.11). Then, Claim 1 holds. As in the proof of
Theorem 3.3.1, Claim 2 holds.

Then, we assume that k > 2 and the cases when 1, 2, . . . , k − 1 hold.
We shall prove Claim 1. Let p ≥ 2. By the inductive assupmtion, (∇k−1Y,∇k−1Z) ∈

S 2p(H⊗(k−1))× H 2p(H⊗(k−1)) is a unique solution to the BSDE;

∇k−1Yt = ∇k−1ξ −
k−2∑
i=0

∇i

(∫ ·

·∧t
∇k−2−iZsds

)
+

∫ T

t

{
Ak−1

s +Bk−1
s ∇k−1Ys + Γk−1

s ∇k−1Zs

}
ds−

∫ T

t

∇k−1ZsdWs, 0 ≤ t ≤ T,

(3.16)

where Bk−1
t = ∂yf(t, Yt, Zt), Γk−1

t = ∂zf(t, Yt, Zt),

Ak−1
t =∇kf(t, Yt, Zt)

+
∑
1,k−1

(∇α1Yt ⊗ · · · ⊗ ∇αm−1−rYt
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⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt ⊗∇γ∂m−1−r
y ∂r

zf(t, Yt, Zt))
Σ

+
∑
2,k−1

∂m−r
y ∂r

zf(t, Yt, Zt)

× (∇α1Yt ⊗ · · · ⊗ ∇αm−rYt ⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt)
Σ.

We show (∇k−1Y,∇k−1Z) ∈ La
1,p(H

⊗(k−1))× La
1,p(H

⊗(k−1)) by applying Theorem
3.2.5. By (3.16) and (A4)-6), we see (A2)-3) is satisfied . The correspondence to
(3.6) is as follows;

ξ = ∇k−1ξ,

ζt = −
k−2∑
i=0

∇i

(∫ ·∧t

0

∇k−2−iZsds

)
.

We note that ∇i
(∫ ·∧t

0
∇k−2−iZsds

)
represents a Hilbert-Schmidt operator such

that

H⊗(k−1) ∋ h1 ⊗ · · · ⊗ hk−1

7→
∫ t

0

(∇k−2Zs)(h1 ⊗ · · · ⊗ hi ⊗ hi+2 ⊗ · · · ⊗ hk−1)ḣi+1(s)ds ∈ R.

Thus (A2)-1),4) are satisfied. We see that for any F,G ∈ H⊗(k−1),

∇Bk−1
t F = ∇∂yf(t, Yt, Zt)⊗ F + ∂2

yf(t, Yt, Zt)∇Yt ⊗ F + ∂z∂yf(t, Yt, Zt)∇Zt ⊗ F,

B̃k−1
t = ∂yf(t, Yt, Zt),

∇Γk−1
t G = ∇∂zf(t, Yt, Zt)⊗G+ ∂y∂zf(t, Yt, Zt)∇Yt ⊗G+ ∂2

zf(t, Yt, Zt)∇Zt ⊗G,

Γ̃k−1
t = ∂zf(t, Yt, Zt).

Hence, (A2)-6) is satisfied.
From careful calculation, we obtain that∇Ak−1

t +∇Bk−1
t ∇k−1Yt+

∇Γk−1
t ∇k−1Zt

is equal to the right-hand side of (3.15). Then let p ≥ 2. By (A4)-6), we obtain

E

[(∫ T

0

∥∥∇Ak−1
s

∥∥
H⊗k ds

)p]

≤ C

E

[∫ T

0

∥∥∇kf(s, Ys, Zs)
∥∥p
H⊗k ds

]

+
∑

m,r∈Z+
r≤2

1≤m+r≤k

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

E

[(∫ T

0

m∏
j=1

∥∇αjYs∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)p] ,
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where the products above are defined to take 1 when m = 0 or r = 0. By the
Hölder inequality, for each term of the summation above, we see

E

[(∫ T

0

m∏
j=1

∥∇αjYt∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)p]

≤

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥2pH⊗αj

]} 1
2

E

(∫ T

0

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)2p


1
2

≤ (1 + T
p
2 )

m∏
j=1

∥∇αjY ∥p
S 2pj (H⊗αj )

r∏
j′=1

∥∇αj′+mZ∥p
H

2qj′ (H
⊗αj′+m )

(3.17)

< ∞,

where 1/p =
∑m

j=1 1/pj =
∑r

j′=1 1/qj′ . Then, by (A4)-5),

E

[(∫ T

0

∥∥∇Ak−1
s

∥∥
H⊗k ds

)p]
< ∞.

(A2)′-5) is satisfied.
We check (A2)′-7). We now recall that for any F,G ∈ H⊗(k−1),

∇Bk−1
t F = ∇∂yf(t, Yt, Zt)⊗ F + ∂2

yf(t, Yt, Zt)∇Yt ⊗ F + ∂z∂yf(t, Yt, Zt)∇Zt ⊗ F,

B̃k−1
t = ∂yf(t, Yt, Zt),

∇Γk−1
t G = ∇∂zf(t, Yt, Zt)⊗G+ ∂y∂zf(t, Yt, Zt)∇Yt ⊗G+ ∂2

zf(t, Yt, Zt)∇Zt ⊗G,

Γ̃k−1
t = ∂zf(t, Yt, Zt).

Then, we get supt,ω(∥B̃t(ω)∥L(K) + ∥Γ̃t(ω)∥L(K)) < ∞. In addition, the following
inequalities;∥∥∇Bk−1

t

∥∥
L(H⊗(k−1),H⊗k)

≤ ∥∇∂yf(t, Yt, Zt)∥H +
∥∥∂2

yf
∥∥
∞ ∥∇Yt∥H + ∥∂y∂zf∥∞ ∥∇Zt∥H ,∥∥∇Γk−1

t

∥∥
L(H⊗(k−1),H⊗k)

≤ ∥∇∂zf(t, Yt, Zt)∥H + ∥∂y∂zf∥∞ ∥∇Zt∥H +
∥∥∂2

zf
∥∥
∞ ∥∇Zt∥H

and (A4)-3),6) yield that

E

[(∫ T

0

{∥∥∇Bk−1
s

∥∥2
L(K,H⊗K)

+
∥∥∇Γk−1

s

∥∥2
L(K,H⊗K)

}
ds

)p]
≤ C

(
1 + ∥∇Y ∥2pS 2p(H) + ∥∇Z∥2pH 2p(H)

)
< ∞. (3.18)

Thus (A2)′-7) is satisfied.
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Now, we see that (A2)-2),3) are satisfied because the properties corresponding
to them are shown in previous k on (A2)-7) and Claim 2.

From the above results and Theorem 3.2.5, we obtain (∇k−1Y,∇k−1Z) ∈
La

1,p(H
⊗(k−1)) × La

1,p(H
⊗(k−1)) and (∇kY,∇kZ) ∈ S p(H⊗k) × H p(H⊗k) is a so-

lution to the BSDE;

∇kYt = ∇kξ −
k−1∑
i=0

∇i

(∫ ·

·∧t
∇k−1−iZsds

)
+

∫ T

t

{
∇Ak−1

s + ∇Bk−1
s ∇k−1Ys +

∇Γk−1
s ∇k−1Zs + B̃k−1

s ∇kYs + Γ̃k−1
s ∇kZs

}
ds

−
∫ T

t

∇kZsdWs, 0 ≤ t ≤ T.

Define Ak
t = ∇Ak−1

t + ∇Bk−1
t ∇k−1Yt +

∇Γk−1
t ∇k−1Zt. As mentioned above, Ak

t is
written as the form (3.15). Claim 1 is proved.

We shall prove Claim 2. By (3.15) and (A4)-5),6), we get

E

[∫ T

0

(∫ T

0

∥∥∥K̃uA
k
s

∥∥∥
H⊗(k−1)

ds

)2

du

]

≤ C

{
E

[∫ T

0

∥∥∇kf(s, Ys, Zs)
∥∥2
H⊗k ds

]
+
∑
1

E

[∫ T

0

(Im,r,α
1 (u))2du

]
+
∑
2

E

[∫ T

0

(Im,α
2 (u))2du

]
+
∑
3

E

[∫ T

0

(Im,r,α
3 (u))2du

]
+
∑
4

E

[∫ T

0

(Im,α
4 (u))2du

]

+
∑
5

E

[∫ T

0

(Im,r,α
5 (u))2du

]}
, (3.19)

where

Im,r,α
1 (u) =

∫ T

0

∥∥Du∇α1−1∂m
y ∂r

zf(s, Ys, Zs)
∥∥
H⊗(α1−1)

×
m∏
j=1

∥∇αj+1Ys∥H⊗αj

r∏
j′=1

∥∇αj′+m+1Zs∥H⊗αj′+m ds,

Im,α
2 (u) = Im,2,α

1 (u),∑
1

=
∑

m,r∈Z+
r≤1

1≤m+r≤k−1

∑
α∈(Z+∩[1,k−1])m+r+1

|α|=k

,
∑
2

=
∑
m∈Z+

0≤m≤k−3

∑
α∈(Z+∩[1,k−2])m+3

|α|=k

,
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Im,r,α
3 (u) =

∫ T

0

∥∥Du∇α1−1Ys

∥∥
H⊗(α1−1)

m∏
j=2

∥∇αjYs∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds,

Im,α
4 (u) =

∫ T

0

∥∥Du∇α1−1Ys

∥∥
H⊗(α1−1)

m∏
j=2

∥∇αjYs∥H⊗αj

2∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds,∑
3

=
∑

m,r∈Z+
m≥1
r≤1

1≤m+r≤k

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

,
∑
4

=
∑

m,r∈Z+
m≥1

1≤m≤k−2

∑
α∈(Z+∩[1,k−2])m+2

m+2≤|α|≤k

,

Im,r,α
5 (u) =

∫ T

0

∥∥Du∇α1+m−1Zs

∥∥
H⊗(α1+m−1)

m∏
j=1

∥∇αjYs∥H⊗αj

r∏
j′=2

∥∇αj′+mZs∥H⊗αj′+m ds,∑
5

=
∑

m,r∈Z+
1≤r≤2

1≤m+r≤k

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

.

In above,
∏b

j=a xj is defined to be 1 if a > b. For each term of the summation
∑
1

in (3.19), we get by the Schwarz inequality,

E

[∫ T

0

(Im,r,α
1 (u))2du

]
≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1−1∂m
y ∂r

zf(s, Ys, Zs)
∥∥2
H⊗(α1−1) ds

×
∫ T

0

m∏
j=1

∥∇αj+1Ys∥2H⊗αj+1

r∏
j′=1

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

]

≤ E

[∫ T

0

∥∥∇α1∂m
y ∂r

zf(s, Ys, Zs)
∥∥2
H⊗α1

ds

×
∫ T

0

m∏
j=1

∥∇αj+1Ys∥2H⊗αj+1

r∏
j′=1

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

]

≤ CE

[
m∏
j=1

sup
0≤t≤T

∥∇αj+1Yt∥2H⊗αj+1

∫ T

0

r∏
j′=1

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

]

≤ C(1 + T )

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αj+1Yt∥4H⊗αj+1

]} 1
2

×
r∏

j′=1

{
E

[(∫ T

0

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

)2
]} 1

2

,

where, to see in the fourth inequality, we use r ≤ 1. And for each term of the
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summation
∑
3

in (3.19), we get

E

[∫ T

0

(Im,r,α
3 (u))2du

]
≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1−1Ys

∥∥2
H⊗(α1−1) ds

×
∫ T

0

m∏
j=2

∥∇αjYs∥2H⊗αj

r∏
j′=1

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ E

[∫ T

0

∥∇α1Yt∥2H⊗α1 ds

×
∫ T

0

m∏
j=2

∥∇αjYs∥2H⊗αj

r∏
j′=1

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ (1 + T )

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥4H⊗αj

]} 1
2

×
r∏

j′=1

{
E

[(∫ T

0

∥∇αj′+mZs∥2H⊗αj′+m ds

)2
]} 1

2

,

where, to see in the third inequality, we also use r ≤ 1. Hence, in the same
manner as (3.17), we obtain∑

1

E

[∫ T

0

(Im,r,α
1 (u))2du

]
+
∑
3

E

[∫ T

0

(Im,r,α
3 (u))2du

]
< ∞.

For each term of the summation
∑
2

in (3.19), we see by Schwarz inequality,

E

[∫ T

0

(Im,α
2 (u))2du

]
≤ E

[∫ T

0

du

(∫ T

0

∥∥Du∇α1−1∂m
y ∂2

zf(s, Ys, Zs)
∥∥
H⊗(α1−1) ∥∇α2+mZs∥H⊗α2+m

×
m∏
j=1

∥∇αj+1Ys∥H⊗αj ∥∇α3+mZs∥H⊗α3+m ds

)2


≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1−1∂m
y ∂r

zf(s, Ys, Zs)
∥∥2
H⊗(α1−1) ∥∇α2+mZs∥2H⊗α2+m ds

×
∫ T

0

m∏
j=1

∥∇αj+1Ys∥2H⊗αj+1 ∥∇α3+mZs∥2H⊗α3+m ds

]

≤ E

[∫ T

0

∥∥∇α1∂m
y ∂2

zf(s, Ys, Zs)
∥∥2
H⊗α1

∥∇α2+mZs∥2H⊗α2+m ds
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×
∫ T

0

m∏
j=1

∥∇αj+1Ys∥2H⊗αj+1 ∥∇α3+mZs∥2H⊗α3+m ds

]

≤ CE

[
m∏
j=1

sup
0≤t≤T

∥∇αj+1Yt∥2H⊗αj+1

2∏
j′=1

∫ T

0

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

]

≤ C

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αj+1Yt∥4H⊗αj+1

]} 1
2

×

{
E

[
2∏

j′=1

(∫ T

0

∥∇αj′+m+1Zs∥2H⊗αj′+m+1 ds

)2
]} 1

2

< ∞.

And for each term of the summation
∑
4

in (3.19), we get

E

[∫ T

0

(Im,α
4 (u))2du

]
≤ E

[∫ T

0

du

(∫ T

0

∥∥Du∇α1−1Ys

∥∥
H⊗(α1−1) ∥∇α1+mZs∥H⊗α1+m

×
m∏
j=2

∥∇αjYs∥H⊗αj ∥∇α2+mZs∥H⊗α2+m ds

)2


≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1−1Ys

∥∥2
H⊗(α1−1) ∥∇α1+mZs∥2H⊗α1+m ds

×
∫ T

0

m∏
j=2

∥∇αjYs∥2H⊗αj ∥∇α2+mZs∥2H⊗α2+m ds

]

≤ E

[∫ T

0

∥∇α1Ys∥2H⊗α1 ∥∇α1+mZs∥2H⊗α1+m ds

×
∫ T

0

m∏
j=2

∥∇αjYs∥2H⊗αj ∥∇α2+mZs∥2H⊗α2+m ds

]

≤ E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥2H⊗αj

2∏
j′=1

∫ T

0

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥4H⊗αj

]} 1
2

×

{
E

[
2∏

j′=1

(∫ T

0

∥∇αj′+mZs∥2H⊗αj′+m ds

)2
]} 1

2
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< ∞.

Thus, we get∑
2

E

[∫ T

0

(Im,α
2 (u))2du

]
+
∑
4

E

[∫ T

0

(Im,α
4 (u))2du

]
< ∞.

For each term of the summation
∑
5

in (3.19), we get

E

[∫ T

0

(Im,r,α
5 (u))2du

]
≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1+m−1Zs

∥∥2
H⊗(α1+m−1) ds

×
∫ T

0

m∏
j=1

∥∇αjYs∥2H⊗αj

r∏
j′=2

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ E

[∫ T

0

∥∇α1+mZs∥2H⊗α1+m ds

×
∫ T

0

m∏
j=1

∥∇αjYs∥2H⊗αj

r∏
j′=2

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥2H⊗αj

r∏
j′=1

∫ T

0

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYt∥4H⊗αj

]} 1
2

×

{
E

[
r∏

j′=1

(∫ T

0

∥∇αj′+mZs∥2H⊗αj′+m ds

)2
]} 1

2

< ∞.

Then, we see ∑
5

E

[∫ T

0

(Im,r,α
5 (u))2du

]
< ∞.

From the above results, we obtain

E

[∫ T

0

(∫ T

0

∥∥∥K̃uA
k
s

∥∥∥
H⊗(k−1)

ds

)2

du

]
< ∞,

which implies (A2)′-8). Thus, by Theorem 3.2.5, we get (D·∇k−1Y,D·∇k−1Z) ∈
S 2

rc(H
⊗(k−1), P̄ ) × H 2(H⊗(k−1), P̄ ) and Dt∇k−1Yt = ∇k−1Zt for almost all t ∈

[0, T ]. Claim 2 is proved.
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Remark 3.4.3. The key point of the proof of Theorem 3.4.1 is seen in the
estimation of (3.17) and (3.19). The degree of the integrand in H p-norm is two
and we have no tools to estimate integrals in which the degree of the integrands

are greater than two; for example, E[(
∫ T

0

∥∥∇kZs

∥∥3 ds)p], E[(
∫ T

0

∥∥∇kZs

∥∥4 ds)p] and
so on. Thus, if (3.19) contains derivatives of Z more than two, we fail to estimate

E[(
∫ T

0
∥∇As∥ ds)p]. (A4)-3) assures that there appears at most two derivatives

of Z in (3.19); r ≤ 2.

3.4.2 Under Boundedness Assumption of Z

In this subsection, we consider higher order Malliavin differentiability of solutions
assuming boundedness of the first derivative of Z.

We introduce the assumption (A5) by the following:

1) ξ ∈ D∞(Rd) and for each k ≥ 1, sup(u,ω)∈Ω̄(k) |Dk
uξ(ω)| < ∞,

2) for any p ≥ 2, E[(
∫ T

0
|f(s, 0, 0)|ds)p] < ∞,

3) for each (t, ω) ∈ [0, T ] × Ω, f(t, ω, ·, ·) ∈ C∞
b (Rd × Rn×d,Rd) and for any

|β| ≥ 1,
ess.sup
t,ω,y,z

|∂βf(t, ω, y, z)| < ∞,

4) for each β ∈ Zd+nd
+ and (y, z) ∈ Rd × Rn×d, ∂βf(·, y, z) ∈ La

∞(Rd), the
version of the Malliavin derivative is denoted by ∇k∂βf(t, y, z) for k ≥ 1,

5) for each k ≥ 1, β ∈ Zd+nd
+ and (t, ω) ∈ [0, T ] × Ω, ∇k∂βf(t, ω, ·, ·) ∈

C∞
b (Rd × Rn×d, H⊗k ⊗ Rd) and

sup
t,ω,y,z
1≤i≤d
1≤j≤n

(∥∥∂yi∇k∂βf(t, ω, y, z)
∥∥
H⊗k⊗Rd +

∥∥∂zji∇k∂βf(t, ω, y, z)
∥∥
H⊗k⊗Rd

)
< ∞,

6) for each k ≥ 1 and β ∈ Zd+nd
+ ,

sup
t,y,z

(u,ω)∈Ω̄(k)

|Dk
u∂

βf(t, ω, y, z)| < ∞.

Theorem 3.4.4. Suppose (A5) holds. Let (Y, Z) ∈ S ∞(Rd) × H ∞(Rn×d) be a
unique solution to the BSDE (3.1). If supu,t,ω |DuZt(ω)| < ∞, then (Y, Z) belongs
to La

∞(Rd)× La
∞(Rn×d).

Moreover, for each k ≥ 0, (D·∇kY,D·∇kZ) ∈ S ∞
rc ((H

⊗k⊗Rd)n, P̄ )×H ∞((H⊗k⊗
Rn×d)n, P̄ ) and Dt∇kYt = ∇kZt for almost all t ∈ [0, T ].
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We introduce some examples on Theorem 3.4.4.

Example 3.4.5. Let (Wt)0≤t≤T be a one-dimensional Brownian motion and a
function g : [0, T ] × R ∋ (t, x) 7→ g(t, x) ∈ R belong to C1,2([0, T ] × R). Set
Yt = g(t,Wt) and Zt =

∂g
∂x
(t,Wt). Then (Y, Z) is a solution to the BSDE;

Yt = g(T,WT )−
∫ T

t

(
∂g

∂t
+

1

2

∂2g

∂x2

)
(s,Ws)ds−

∫ T

t

ZsdWs,

and it holds

DuZt =
∂2g

∂x2
(t,Wt)1[0,t](u).

We now can construct some examples satisfying the assumptions (A4) or (A5)
by above formulae.
(1) Let g(t, x) = t sin x. Then, (Y, Z), defined as above, is a unique solution to
the BSDE;

Yt = T sinWT +

∫ T

t

(
− sinWt +

Yt

2

)
ds−

∫ T

t

ZsdWs,

which satisfies (A5) and supu,t,ω |DuZt(ω)| < ∞ as well as (A4).
(2) Let g(t, x) = x arctan(2x) − 1

4
log(1 + 4x2). Then, (Y, Z), defined as above,

is a unique solution to the BSDE;

Yt = WT arctan(2WT )−
1

4
log(1 + 4W 2

T )−
∫ T

t

cos2 Zsds−
∫ T

t

ZsdWs.

(A4)-3) is not satisfied but (A5) and supu,t,ω |DuZt(ω)| < ∞ are satisfied since

DuZt =
4

1 + 4W 2
t

1[0,t](u).

First, we introduce the following lemma given by extracting the argument of
the result of Zhen et al. [26, Proposition 2].

Lemma 3.4.6. Let (Y, Z) be an L2 solution to the BSDE (3.1) and suppose

y · f(t, y, z) ≤ y · at + bt|y|2 + ct|y||z|, (t, y, z) ∈ [0, T ]× Rd × Rn×d,

where (at)0≤≤T is a Rd-valued progressively measurable process satisfying E[
∫ T

0
|as|2ds] <

∞, and (bt)0≤t≤T and (ct)0≤t≤T are real progressively measurable processes satis-
fying supt,ω(|bt(ω)|+ |ct(ω)|) < ∞. Then, there exists a γ > 0 such that

|Yt|2eγt +
1

2
E

[∫ T

t

eγs|Zs|2ds
∣∣∣∣Ft

]
≤ E

[
|ξ|2eγT +

∫ T

t

eγs|as|2ds
∣∣∣∣Ft

]
, 0 ≤ t ≤ T.
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Proof. Applying the Itô formula to the function [0, T ]×Rd ∋ (t, y) 7→ |y|2eγt ∈ R
with y = Yt and (3.1) yields that for any γ > 0,

|Yt|2eγt +
∫ T

t

eγs
(
γ|Ys|2 + |Zs|2

)
ds

= |ξ|2eγT +

∫ T

t

2eγsYs · f(s, Ys, Zs)ds− 2

∫ T

t

eγsYs · ZsdWs.

By the identities 2ab ≤ a2 + b2 and 2ab ≤ 2a2 + 1
2
b2, we get

2Ys · f(s, Ys, Zs) ≤ 2Ys · as + 2bs|Ys|2 + 2cs|Ys||Zs|
≤ 2|Ys||as|+ 2|bs||Ys|2 + 2|cs||Ys||Zs|

≤ |Ys|2 + |as|2 + 2 ∥b∥∞ |Ys|2 + 2 ∥c∥2∞ |Ys|2 +
1

2
|Zs|2,

where ∥·∥∞ represents the supremum with respect to (s, ω) ∈ [0, T ] × Ω. Then,
we obtain

|Yt|2eγt +
∫ T

t

eγs
{
(γ − 2 ∥b∥∞ − 2 ∥c∥2∞ − 1)|Ys|2 +

1

2
|Zs|2

}
ds

≤ |ξ|2eγT +

∫ T

t

eγs|as|2ds− 2

∫ T

t

eγsYs · ZsdWs.

By choosing γ ≥ 2 ∥b∥∞ + 2 ∥c∥2∞ + 1 and taking the conditional expectation, we
get

|Yt|2eγt +
1

2
E

[∫ T

t

eγs|Zs|2ds
∣∣∣∣Ft

]
≤ E

[
|ξ|2eγT +

∫ T

t

eγs|as|2ds
∣∣∣∣Ft

]
.

Proof of Theorem 3.4.4. For simplicity of notation, we give the proof in the case
d = n = 1. In the proof, notation C represents a positive constant which may
change from place to place.

Let (Y, Z) ∈ S ∞(R)× H ∞(R) be a unique solution to the BSDE (3.1).
Step 1: We show that for any p ≥ 2,

i) (Y, Z) ∈ La
1,p(R)× La

1,p(R) and (∇Y,∇Z) ∈ S p(H)× H p(H),

ii) (D·Y,D·Z) ∈ S 2
rc(R, P̄ )× H 2(R, P̄ ) and for almost all 0 ≤ u, t ≤ T ,

|DuYt|+ E

[∫ T

t

|DuZs|2ds
∣∣∣∣Ft

]
+ ∥∇Yt∥H + |Zt| ≤ C,

iii) (D·Y,D·Z) ∈ S p
rc(R, P̄ )× H p(R, P̄ ).
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Let p ≥ 2. (A5) implies (A3)′. Hence, by Corollary 3.1.3, i) holds.
We show ii). (∇Y,∇Z) ∈ S p(H)× H p(H) solves (3.2). (D·Y,D·Z) belongs

to S 2
rc(R, P̄ )× H 2(R, P̄ ) and solves

DuYt = Duξ − 1(t,T ](u)Zu

+

∫ T

t

{Duf(s, Ys, Zs) + ∂yf(s, Ys, Zs)DuYs + ∂zf(s, Ys, Zs)DuZs}ds

−
∫ T

t

DuZsdWs, 0 ≤ t ≤ T, a.e.u ∈ [0, T ]. (3.20)

Take u ∈ [0, T ] satisfying (3.20). Then, (DuY,DuZ) ∈ S 2
rc(R)×H 2(R) solves

DuYt = Duξ

+

∫ T

t

{Duf(s, Ys, Zs) + ∂yf(s, Ys, Zs)DuYs + ∂zf(s, Ys, Zs)DuZs}ds

−
∫ T

t

DuZsdWs, u ≤ t ≤ T.

Lemma 3.4.6 yields that there exists a γ > 0 such that

|DuYt|2eγt +
1

2
E

[∫ T

t

eγs|DuZs|2ds
∣∣∣∣Ft

]
≤ E

[
|Duξ|2eγT +

∫ T

t

eγs|Duf(s, Ys, Zs)|ds
∣∣∣∣Ft

]
, u ≤ t ≤ T.

By (A5)-1),6), we obtain

|DuYt|2 + E

[∫ T

t

|DuZs|2ds
∣∣∣∣Ft

]
≤ C, u ≤ t ≤ T.

If 0 ≤ t < u, then DuYt = DuZt = 0 and

E

[∫ T

t

|DuZs|2ds
∣∣∣∣Ft

]
= E

[∫ T

u

|DuZs|2ds
∣∣∣∣Ft

]
= E

[
E

[∫ T

u

|DuZs|2ds
∣∣∣∣Fu

]∣∣∣∣Ft

]
.

Thus, we get

|DuYt|2 + E

[∫ T

t

|DuZs|2ds
∣∣∣∣Ft

]
≤ C, 0 ≤ t ≤ T. (3.21)
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By taking integrals with respect to u, we obtain

∥∇Yt∥2H ≤ C, 0 ≤ t ≤ T.

Since DtYt = Zt for almost all t ∈ [0, T ] and by (3.21), |Zt| ≤ C for almost all
t ∈ [0, T ]. Thus, we get for almost all u, t ∈ [0, T ],

|DuYt|+ E

[∫ T

t

|DuZs|2ds
∣∣∣∣Ft

]
+ ∥∇Yt∥H + |Zt| ≤ C.

We will show iii). By ii), (D·Y,D·Z) ∈ S 2
rc(R, P̄ ) × H 2(R, P̄ ) is a unique

solution to the BSDE (3.20). Namely, putting Ȳ 1
t (u) = DuYt − 1[0,t](u)Zu,

(Ȳ 1(·), D·Z) ∈ S 2(R, P̄ )× H 2(R, P̄ ) is a unique solution to the BSDE;

Ȳ 1
t (u) = Duξ − Zu +

∫ T

t

{Duf(s, Ys, Zs) + ∂yf(s, Ys, Zs)1[0,s](u)Zu

+ ∂yf(s, Ys, Zs)Ȳ
1
s (u) + ∂zf(s, Ys, Zs)DuZs}ds

−
∫ T

t

DuZsdWs, 0 ≤ t ≤ T, a.e.u ∈ [0, T ].

Let p ≥ 2. By ii) and (A5)-3),6), we get

E

[∫ T

0

(∫ T

0

|Duf(s, Ys, Zs) + ∂yf(s, Ys, Zs)1[0,s](u)Zu|ds
)p

du

]
< ∞,

E

[∫ T

0

sup
0≤t≤T

|1[0,t](u)Zu|pdu
]
< ∞.

Thus, we obtain (D·Y,D·Z) ∈ S p
rc(R, P̄ )× H p(R, P̄ ).

Step 2: We show the following Claims 1-4 for k ≥ 2 by induction:

Claim 1 Let p ≥ 2. Then, (∇k−1Y,∇k−1Z) ∈ La
1,p(H

⊗(k−1))×La
1,p(H

⊗(k−1)) and
(∇kY,∇kZ) ∈ S p(H⊗k)× H p(H⊗k) is a unique solution to the BSDE;

∇kYt = ∇kξ −
k−1∑
i=0

∇i

(∫ ·

·∧t
∇k−1−iZsds

)
+

∫ T

t

{
Ak

s +Bk
s∇kYs + Γk

s∇kZs

}
ds−

∫ T

t

∇kZsdWs, 0 ≤ t ≤ T,

where Bk
t = ∂yf(t, Yt, Zt), Γk

t = ∂zf(t, Yt, Zt) and Ak is defined inductively
as

A1
t = ∇f(t, Yt, Zt),

Ak
t = ∇Ak−1

t + ∇Bk−1
t ∇k−1Yt +

∇Γk−1
t ∇k−1Zt, k ≥ 2.
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Moreover, it holds that

Ak
t = ∇kf(t, Yt, Zt)

+
∑
1,k

(∇α1Yt ⊗ · · · ⊗ ∇αm−1−rYt

⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt ⊗∇γ∂m−1−r
y ∂r

zf(t, Yt, Zt))
Σ

+
∑
2,k

∂m−r
y ∂r

zf(t, Yt, Zt)

× (∇α1Yt ⊗ · · · ⊗ ∇αm−rYt ⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt)
Σ, (3.22)

where the notations of summation represent

∑
1,k

:=
k∑

m=2

m−1∑
r=0

∑
α∈Nm−1−r

ND
β∈Nr

ND
γ∈N

|α|+|β|+γ=k

,
∑
2,k

:=
k∑

m=2

m∑
r=0

∑
α∈Nm−r

ND
β∈Nr

ND
|α|+|β|=k

,

Nk
ND and the superscript Σ represent the same as in the proof of Theorem

3.4.1.

Claim 2 The following holds;

E

[∫ T

0

(∫ T

0

∥K̃uA
k
s∥H⊗(k−1)ds

)2

du

]
< ∞.

In addition, (D·∇k−1Y,D·∇k−1Z) ∈ S 2
rc(H

⊗(k−1), P̄ )×H 2(H⊗(k−1), P̄ ) and
Dt∇k−1Yt = ∇k−1Zt for almost all t ∈ [0, T ].

Claim 3 For almost all 0 ≤ t ≤ T , u ∈ [0, T ]k and v ∈ [0, T ]k−1,

|Dk
uYt|+ E

[∫ T

t

|Dk
uZs|2ds

∣∣∣∣Ft

]
+ |Dk−1

v Zt|+
∥∥∇kYt

∥∥
H⊗k +

∥∥∇k−1Zt

∥∥
H⊗(k−1) ≤ C.

Claim 4 (D·∇k−1Y,D·∇k−1Z) ∈ S ∞
rc (H

⊗(k−1), P̄ )× H ∞(H⊗(k−1), P̄ ).

We show the case when k = 2. Let p ≥ 2. By Corollary 3.3.2, (∇2Y,∇2Z) ∈
S p(H⊗2) × H p(H⊗2) solves (3.11). Then, Claim 1 holds. As in the proof of
Theorem 3.4.1, Claim 2 holds. We will show Claim 3 and 4.

We now prove Claim 3. For a.e.(u, v) ∈ [0, T ]2, (D2
u,vY,D

2
u,vZ) ∈ S 2(R) ×

H 2(R) solves

D2
u,vYt = D2

u,vξ +

∫ T

t

{K̃2
u,vA

2
s + ∂yf(s, Ys, Zs)D

2
u,vYs + ∂zf(s, Ys, Zs)D

2
u,vZs}ds
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−
∫ T

t

D2
u,vZsdWs, u ∨ v ≤ t ≤ T,

where

K̃2
u,vA

2
s = D2

u,vf(s, Ys, Zs) +DuYsDv∂yf(s, Ys, Zs) +DuZsDv∂zf(s, Ys, Zs)

+Du∂yf(s, Ys, Zs)DvYs +Du∂zf(s, Ys, Zs)DvZs

+ ∂2
yf(s, Ys, Zs)DuYsDvYs + ∂y∂zf(s, Ys, Zs)DuYsDvZs

+ ∂z∂yf(s, Ys, Zs)DuZsDvYs + ∂2
zf(s, Ys, Zs)DuZsDvZs.

Fix a.e.(u, v) ∈ [0, T ]2 as above. By Lemma 3.4.6, there exists a γ2 > 0 such that

|D2
u,vYt|2eγ2t +

1

2
E

[∫ T

t

eγ2s|D2
u,vZs|2ds

∣∣∣∣Ft

]
≤ E

[
|D2

u,vξ|2eγ2T +

∫ T

t

eγ2s|K̃2
u,vA

2
s|2ds

∣∣∣∣Ft

]
, u ∨ v ≤ t ≤ T. (3.23)

Since supu,t,ω |DuZt(ω)| < ∞, by (A5)-3),5),6) and Step 1-ii), we see for almost
all s ∈ [0, T ],

|K̃2
u,vA

2
s|2 ≤ C.

Hence, we get

E

[∫ T

t

|K̃2
u,vA

2
s|2ds

∣∣∣∣Ft

]
≤ C.

By Step 1-ii), (A5)-1) and (3.23), we see

|D2
u,vYt|+ E

[∫ T

t

|D2
u,vZs|2ds

∣∣∣∣Ft

]
≤ C, u ∨ v ≤ t ≤ T.

Thus, in the same manner as Step 1-ii), we obtain for almost all u, v, t ∈ [0, T ],

|D2
u,vYt|+ E

[∫ T

t

|D2
u,vZs|2ds

∣∣∣∣Ft

]
≤ C.

And then, for almost all v, t ∈ [0, T ], we get

|DvZt| = |DvDtYt| ≤ C.

Integration of |D2
u,vYt|2 and |DvZt|2 with respect to u and v yield also that∥∥∇2Yt

∥∥
H⊗2 + ∥∇Zt∥H ≤ C.
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Claim 3 is proved.
We now prove Claim 4. (D·∇Y,D·∇Z) ∈ S 2

rc(H, P̄ )×H 2(H, P̄ ) is a unique
solution to the BSDE;

Du∇Yt = Du∇ξ −Du

(∫ ·

·∧t
Zsds

)
− 1(t,T ](u)∇Zu

+

∫ T

t

{K̃uA
2
s + ∂yf(s, Ys, Zs)Du∇Ys + ∂zf(s, Ys, Zs)Du∇Zs}ds

−
∫ T

t

Du∇ZsdWs, 0 ≤ t ≤ T, du⊗ dP -a.e.

Namely, putting Ȳ 2
t (u) = Du∇Yt−Du(

∫ ·∧t
0

Zsds)−1[0,t](u)∇Zu, (Ȳ
2(·), Du∇Z) ∈

S 2(H, P̄ )× H 2(H, P̄ ) is a unique solution to the BSDE;

Ȳ 2
t (u) = Du∇ξ −Du

(∫ ·

0

Zsds

)
−∇Zu

+

∫ T

t

{
K̃uA

2
s + ∂yf(s, YS, Zs)

(
Du

(∫ ·∧s

0

Zrdr

)
+ 1[0,s](u)∇Zu

)
+∂yf(s, Ys, Zs)Ȳ

2
s (u) + ∂zf(s, Ys, Zs)Du∇Zs

}
ds

−
∫ T

t

Du∇ZsdWs, 0 ≤ t ≤ T, du⊗ dP -a.e.

Let p ≥ 2. Since ∥Du(
∫ ·∧s
0

Zrdr)∥2H =
∫ s

0
|DuZr|2dr and by Claim 3 and (A5)-

3),5),6), we see

E

[∫ T

0

(∫ T

0

∥∥∥∥K̃uA
2
s + ∂yf(s, YS, Zs)

(
Du

(∫ ·∧s

0

Zrdr

)
+ 1[0,s](u)∇Zu

)∥∥∥∥
H

ds

)p

du

]
≤ C

(
1 + E

[∫ T

0

{
sup

0≤t≤T
|DuYt|p +

(∫ T

0

|DuZs|2ds
) p

2

}
du

])
< ∞,

E

[∫ T

0

sup
0≤t≤T

∥∥∥∥Du

(∫ ·∧t

0

Zsds

)
+ 1[0,t](u)∇Zu

∥∥∥∥p
H

du

]
< ∞.

Thus, we obtain (D·∇Y,D·∇Z) ∈ S p
rc(H, P̄ )×H p(H, P̄ ). The proofs of Claims

1-4 for k = 2 completes.
Next, assume k > 2 and Claims 1-4 for 2, 3, . . . , k − 1 hold.
We will show Claim 1. Let p ≥ 2. By the inductive assumption, (∇k−1Y,∇k−1Z) ∈

S 2p(H⊗(k−1))× H 2p(H⊗(k−1)) is a unique solution to the BSDE;

∇k−1Yt = ∇k−1ξ −
k−2∑
i=0

∇i

(∫ ·

·∧t
∇k−2−iZsds

)
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+

∫ T

t

{
Ak−1

s +Bk−1
s ∇k−1Ys + Γk−1

s ∇k−1Zs

}
ds−

∫ T

t

∇k−1ZsdWs, 0 ≤ t ≤ T,

(3.24)

where Bk−1
t = ∂yf(t, Yt, Zt), Γk−1

t = ∂zf(t, Yt, Zt),

Ak−1
t =∇kf(t, Yt, Zt)

+
∑
1,k−1

(∇α1Yt ⊗ · · · ⊗ ∇αm−1−rYt

⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt ⊗∇γ∂m−1−r
y ∂r

zf(t, Yt, Zt))
Σ

+
∑
2,k−1

∂m−r
y ∂r

zf(t, Yt, Zt)

× (∇α1Yt ⊗ · · · ⊗ ∇αm−rYt ⊗∇β1Zt ⊗ · · · ⊗ ∇βrZt)
Σ.

We show (∇k−1Y,∇k−1Z) ∈ La
1,p(H

⊗(k−1))× La
1,p(H

⊗(k−1)) by applying Theorem
3.2.5. By (3.24) and (A5)-5), we see (A2)-3) is satisfied . The correspondence to
(3.6) is as follows;

ξ = ∇k−1ξ,

ζt =
k−2∑
i=0

∇i

(∫ ·∧t

0

∇k−2−iZsds

)
,

which satisfy (A2)-1),4). We see that for any F,G ∈ H⊗(k−1),

∇Bk−1
t F = ∇∂yf(t, Yt, Zt)⊗ F + ∂2

yf(t, Yt, Zt)∇Yt ⊗ F + ∂z∂yf(t, Yt, Zt)∇Zt ⊗ F,

B̃k−1
t = ∂yf(t, Yt, Zt),

∇Γk−1
t G = ∇∂zf(t, Yt, Zt)⊗G+ ∂y∂zf(t, Yt, Zt)∇Yt ⊗G+ ∂2

zf(t, Yt, Zt)∇Zt ⊗G,

Γ̃k−1
t = ∂zf(t, Yt, Zt).

Hence, (A2)-6) is satisfied.
By messy but not difficult calculation, we obtain that ∇Ak−1

t +∇Bk−1
t ∇k−1Yt+

∇Γk−1
t ∇k−1Zt is equal to the right-hand side of (3.22). Then by (A5)-3),5),6), we

get

E

[(∫ T

0

∥∥∇Ak−1
s

∥∥
H⊗k ds

)p]

≤ C

1 +
∑

m,r∈Z+
1≤m+r≤2

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

E

[(∫ T

0

m∏
j=1

∥∇αjYs∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)p]
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+
∑

m,r∈Z+
3≤m+r≤k

∑
α∈(Z+∩[1,k−2])m+r

m+r≤|α|≤k

E

[(∫ T

0

m∏
j=1

∥∇αjYs∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)p] ,

(3.25)

where the products in (3.25) are defined to take 1 when m = 0 or r = 0. By the
Hölder inequality, for each term of the first summation in (3.25), we see

E

[(∫ T

0

m∏
j=1

∥∇αjYt∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)p]

≤

{
E

[
sup

0≤t≤T

m∏
j=1

∥∇αjYt∥2pH⊗αj

]} 1
2

E

(∫ T

0

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds

)2p


1
2

≤ (1 + T
p
2 )

m∏
j=1

∥∇αjY ∥p
S 2pj (H⊗αj )

r∏
j′=1

∥∇αj′+mZ∥p
H

2qj′ (H
⊗αj′+m )

< ∞,

where 1/p =
∑m

j=1 1/pj =
∑r

j′=1 1/qj′ . By the inductive assumption Claim 3,
all ∥∇αjYs∥H⊗αj and ∥∇αj′+mZs∥H⊗αj′+m in the second summation in (3.25) are
bounded; because for each 1 ≤ i ≤ m + r, αi ≤ k − 2. Therefore, the second
summation in (3.25) is bounded. Thus, we get

E

[(∫ T

0

∥∥∇Ak−1
s

∥∥
H⊗k ds

)p]
< ∞.

(A2)-5) is satisfied.
Now, we see that (A2)-2),3) are satisfied because the properties corresponding

to them are shown in previous k on (A2)-7) and Claim 2.
From the above results, applying Theorem 3.2.5 yields that (∇k−1Y,∇k−1Z) ∈

La
1,p(H

⊗(k−1))×La
1,p(H

⊗(k−1)) and that (∇kY,∇kZ) ∈ S p(H⊗k)×H p(H⊗k) is a
unique solution to the BSDE;

∇kYt = ∇kξ −
k−1∑
i=0

∇i

(∫ ·

·∧t
∇k−1−iZsds

)
+

∫ T

t

{
∇Ak−1

s + ∇Bk−1∇k−1Ys +
∇Γk−1∇k−1Zs + B̃k−1

s ∇kYs + Γ̃k−1
s ∇kZs

}
ds

−
∫ T

t

∇kZsdWs, 0 ≤ t ≤ T.
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Define Ak
t = ∇Ak−1

t + ∇Bk−1
t ∇k−1Yt +

∇Γk−1
t ∇k−1Zt. As mentioned above, Ak

t is
written as (3.22). Claim 1 is proved.

We show Claim 2. By (3.22) and (A5)-3),5),6), we get

E

[∫ T

0

(∫ T

0

∥K̃uA
k
s∥H⊗(k−1)ds

)2

du

]

≤ C

{
1 +

∑
1.1

E

[∫ T

0

(Im,r,α
1 (u))2du

]
+
∑
1.2

E

[∫ T

0

(Im,r,α
1 (u))2du

]

+
∑
2.1

E

[∫ T

0

(Im,r,α
2 (u))2du

]
+
∑
2.2

E

[∫ T

0

(Im,r,α
2 (u))2du

]}
, (3.26)

where

Im,r,α
1 (u) =

∫ T

0

∥∥Du∇α1−1Ys

∥∥
H⊗(α1−1)

m∏
j=2

∥∇αjYs∥H⊗αj

r∏
j′=1

∥∇αj′+mZs∥H⊗αj′+m ds,∑
1.1

=
∑

m,r∈Z+
m≥1

1≤m+r≤2

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

,
∑
1.2

=
∑

m,r∈Z+
m≥1

3≤m+r≤k

∑
α∈(Z+∩[1,k−2])m+r

m+r≤|α|≤k

,

Im,r,α
2 (u) =

∫ T

0

∥∥Du∇α1+m−1Zs

∥∥
H⊗(α1+m−1)

m∏
j=1

∥∇αjYs∥H⊗αj

r∏
j′=2

∥∇αj′+mZs∥H⊗αj′+m ds,∑
2.1

=
∑

m,r∈Z+
r≥1

1≤m+r≤2

∑
α∈(Z+∩[1,k−1])m+r

m+r≤|α|≤k

,
∑
2.2

=
∑

m,r∈Z+
r≥1

3≤m+r≤k

∑
α∈(Z+∩[1,k−2])m+r

m+r≤|α|≤k

,

defining a product
∏b

j=a xj = 1 if b < a.
If m, r ∈ Z+, m ≥ 1, 1 ≤ m + r ≤ 2 and α ∈ (Z+ ∩ [1, k − 1])m+r, m + r ≤

|α| ≤ k, then by the Schwarz inequality and the inductive assumption (1),

E

[∫ T

0

(Im,r,α
1 (u))2du

]
≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1−1Ys

∥∥2
H⊗(α1−1) ds

×
∫ T

0

m∏
j=2

∥∇αjYs∥2H⊗αj

r∏
j′=1

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ (T + T 2)E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYs∥2H⊗αj

∫ T

0

r∏
j′=1

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ (T + T 2)

{
E

[
m∏
j=1

sup
0≤t≤T

∥∇αjYs∥4H⊗αj

]} 1
2
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×

E

(∫ T

0

r∏
j′=1

∥∇αj′+mZs∥2H⊗αj′+m ds

)2


1
2

≤ (T + T 2)
m∏
j=1

∥∇αjY ∥2S 2pj (H⊗αj )

r∏
j′=1

∥∇αj′+mZ∥2
H 4(H

⊗αj′+m )

< ∞,

where, to see in the fourth inequality above, r ≤ 1 is used, and 1/2 =
∑m

j=1 1/pj.
Hence, we get ∑

1.1

E

[∫ T

0

(Im,r,α
1 (u))2du

]
< ∞.

Ifm, r ∈ Z+, r ≥ 1, 1 ≤ m+r ≤ 2 and α ∈ (Z+∩[1, k−1])m+r,m+r ≤ |α| ≤ k,
then by the inductive assumption Claim 1,

E

[∫ T

0

(Im,r,α
2 (u))2du

]
≤ E

[∫ T

0

du

∫ T

0

∥∥Du∇α1+m−1Zs

∥∥2
H⊗(α1+m−1) ds

×
∫ T

0

m∏
j=1

∥∇αjYs∥2H⊗αj

r∏
j′=2

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ E

[∫ T

0

∥∇α1+mZs∥2H⊗α1+m ds

×
∫ T

0

m∏
j=1

∥∇αjYs∥2H⊗αj

r∏
j′=2

∥∇αj′+mZs∥2H⊗αj′+m ds

]

≤ (1 + T )

{
E

[(∫ T

0

∥∇α1+mZs∥2H⊗α1+m ds

)2
]} 1

2

×

E

 m∏
j=1

sup
0≤t≤T

∥∇αjYs∥4H⊗αj

(∫ T

0

r∏
j′=2

∥∇αj′+mZs∥2H⊗αj′+m ds

)2


1
2

≤ (1 + T )
m∏
j=1

∥∇αjY ∥2S 4(H⊗αj )

r∏
j′=1

∥∇αj′+mZ∥
H 4(H

⊗αj′+m )

< ∞.

Thus, we get ∑
2.1

E

[∫ T

0

(Im,r,α
2 (u))2du

]
< ∞.
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If αi ≤ k − 2 for 1 ≤ i ≤ m + r, then by the inductive assumption Claim 3,
∥∇αjYs∥H⊗αj and ∥∇αj′+mZs∥H⊗αj′+m are bounded. Then, we see∑

1.2

E

[∫ T

0

(Im,r,α
1 (u))2du

]
+
∑
2.2

E

[∫ T

0

(Im,r,α
2 (u))2du

]
< ∞.

Hence, we obtain

E

[∫ T

0

(∫ T

0

∥K̃uA
k
s∥ds

)2

du

]
< ∞,

which implies (A2)′-8). Thus, by Theorem 3.3.1, we get (D·∇k−1Y,D·∇k−1Z) ∈
S 2

rc(H
⊗(k−1), P̄ )×H 2(H⊗(k−1), P̄ ) andDt∇k−1Yt =

∑k−1
i=1 Dt∇i−1(

∫ ·∧t
0

∇k−1−iZsds)+
∇k−1Zt. Since for 1 ≤ i ≤ k − 1,

∥∥∥∥Du∇i−1

(∫ ·∧t

0

∇k−1−iZsds

)∥∥∥∥2
H⊗(k−1)

=


0, t ≤ u,∫ t

u

∥∥Du∇k−2Zs

∥∥2
H⊗(k−2) ds, u < t,

we obtain Dt∇k−1Yt = ∇k−1Zt for almost all t ∈ [0, T ]. Claim 2 is proved.
We prove Claim 3. For a.e.u = (u1, . . . , uk) ∈ [0, T ]k, (Dk

uY,D
k
uZ) ∈ S 2

rc(R)×
H 2(R) solves

Dk
uYt = Dk

uξ +

∫ T

t

{K̃k
uA

k
s + ∂yf(s, Ys, Zs)D

k
uYs + ∂zf(s, Ys, Zs)D

k
uZs}ds

−
∫ T

t

Dk
uZsdWs, ū ≤ t ≤ T,

where ū = max{u1, . . . , uk}. By Lemma 3.4.6, there exists a γk > 0 such that

|Dk
uYt|2eγkt +

1

2
E

[∫ T

t

eγks|Dk
uZs|2ds

∣∣∣∣Ft

]
≤ E

[
|Dk

uξ|2eγkT +

∫ T

t

eγks|K̃k
uA

k
s |2ds

∣∣∣∣Ft

]
, ū ≤ t ≤ T. (3.27)

By (3.22), we see

|K̃k
uA

k
s |2 ≤ C

{
1 +

∑
1,k

∑
σ∈Sk

J1,m,r,α,β,σ
u (s) +

∑
2,k

∑
σ∈Sk

J2,m,r,α,β,σ
u (s)

}
, (3.28)

where Sk represents the symmetric group of degree k and

J1,m,r,α,β,σ
u (s) =

m−1−r∏
j=1

|Dαj

uσ,α
j

Ys|2
r∏

j′=1

|Dβj′

uσ,β

j′
Zs|2|Dγ

uσ,γ∂m−1−r
y ∂r

zf(t, Yt, Zt)|2,
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J2,m,r,α,β,σ
u (s) =

m−r∏
j=1

|Dαj

uσ,α
j

Ys|2
r∏

j′=1

|Dβj′

uσ,β

j′
Zs|2,

α0 = 1, β0 = 1,

uσ,α
j = (uσ(

∑j
i=1 αi−1)

, uσ(
∑j

i=1 αi−1+1), . . . , uσ(
∑j

i=1 αi−1+αj−1)),

uσ,β
j′ = (u

σ(|α|+
∑j′

i=1 βi−1)
, u

σ(|α|+
∑j′

i=1 βi−1+1)
, . . . , u

σ(|α|+
∑j′

i=1 βi−1+βj′−1)
),

uσ,γ = (uσ(|α|+|β|+1), uσ(|α|+|β|+2), . . . , uσ(|α|+|β|+γ)).

We divide the first summation of (3.28) into three ones;∑
1,k

∑
σ∈Sk

J1
u(s) =

∑
1,k
r=0

∑
σ∈Sk

J1,m,r,α,β,σ
u (s) +

∑
1,k
r=1

∑
σ∈Sk

J1,m,r,α,β,σ
u (s) +

∑
1,k
r≥2

∑
σ∈Sk

J1,m,r,α,β,σ
u (s).

If r = 0, derivatives of Z do not appear in J1,m,r,α,β,σ
u (s) and each αj ≤ k− 1. By

the inductive assumption and (A5)-6), we get

∑
1,k
r=0

∑
σ∈Sk

E

[∫ T

t

J1,m,r,α,β,σ
u (s)ds

∣∣∣∣Ft

]
≤ C.

If r = 1, β ∈ N and β1 ≤ k−1. By the inductive assumption and (A5)-6), we get

∑
1,k
r=1

∑
σ∈Sk

E

[∫ T

t

J1,m,r,α,β,σ
u (s)ds

∣∣∣∣Ft

]
≤ C

∑
1,k
r=0

∑
σ∈Sk

E

[∫ T

t

|Dβ1

uσ,β
1

Zs|2ds
∣∣∣∣Ft

]
≤ C.

If r ≥ 2, each βj′ ≤ k − 2. By the inductive assumption and (A5)-6), we get

∑
1,k
r≥2

∑
σ∈Sk

E

[∫ T

t

J1,m,r,α,β,σ
u (s)ds

∣∣∣∣Ft

]
≤ C.

In the same manner as above, we can obtain

∑
2,k

∑
σ∈Sk

E

[∫ T

t

J2,m,r,α,β,σ
u (s)ds

∣∣∣∣Ft

]
≤ C.

Thus by (3.28), we get

E

[∫ T

t

|K̃k
uA

k
s |2ds

∣∣∣∣Ft

]
≤ C.
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Hence by (3.27) and (A5)-1), we obtain

|Dk
uYt|2 + E

[∫ T

t

|Dk
uZs|2ds

∣∣∣∣Ft

]
≤ C, ū ≤ t ≤ T.

In the same manner as Step 1-ii), we see

|Dk
uYt|2 + E

[∫ T

t

|Dk
uZs|2ds

∣∣∣∣Ft

]
≤ C, 0 ≤ t ≤ T.

And then, for almost all (v, t) ∈ [0, T ]k−1 × [0, T ], we get

|Dk−1
v Zt| = |Dk−1

v DtYt| ≤ C.

Integration of |Dk
uYt|2 and |Dk−1

v Zt|2 with respect to u and v yield also that∥∥∇kYt

∥∥2
H⊗k +

∥∥∇k−1Zt

∥∥2
H⊗(k−1) ≤ C.

Claim 3 is now proved.
We show Claim 4. (D·∇k−1Y,D·∇k−1Z) ∈ S 2

rc(H
⊗(k−1), P̄ )×H 2(H⊗(k−1), P̄ )

is a unique solution to the BSDE;

Du∇k−1Yt = Du∇k−1ξ − ζT (u) + ζt(u)

+

∫ T

t

{K̃uA
k
s + ∂yf(s, Ys, Zs)Du∇k−1Ys + ∂zf(s, Ys, Zs)Du∇k−1Zs}ds

−
∫ T

t

Du∇k−1ZsdWs, 0 ≤ t ≤ T, du⊗ dP -a.e.,

where ζt(u) =
∑k−1

i=1 Du∇i−1(
∫ ·∧t
0

∇k−1−iZsds)+1[0,t](u)∇k−1Zu. Namely, putting

Ȳ k
t (u) = Du∇k−1Yt − ζt(u), (Ȳ

2(·), Du∇Z) ∈ S 2(H⊗(k−1), P̄ )× H 2(H⊗(k−1), P̄ )
is a unique solution to the BSDE;

Ȳ k
t (u) = Du∇k−1ξ − ζT (u)

+

∫ T

t

{K̃uA
k
s + ∂yf(s, YS, Zs)ζs(u)

+ ∂yf(s, Ys, Zs)Ȳ
k
s (u) + ∂zf(s, Ys, Zs)Du∇k−1Zs}ds

−
∫ T

t

Du∇k−1ZsdWs, 0 ≤ t ≤ T, du⊗ dP -a.e.

Let p ≥ 2. By Claim 2, we get Du∇k−2Zs = DuDs∇k−2Ys and by Claim 3,

E

[∫ T

0

sup
0≤t≤T

∥ζt(u)∥pH⊗(k−1) du

]
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≤ CE

[∫ T

0

{(∫ T

0

∥Du∇k−2Zs∥2H⊗(k−2)ds

) p
2

+ ∥∇k−1Zu∥pH⊗(k−1)

}
du

]
< ∞.

Thus in the same manner as (3.26) and (A5)-3)-6), we get

E

[∫ T

0

(∫ T

0

∥K̃uA
k
s + ∂yf(s, YS, Zs)ζs(u)∥H⊗(k−1)ds

)p

du

]
≤ C

(
1 +

k−2∑
α=0

E

[∫ T

0

{
sup

0≤t≤T
∥Du∇αYt∥2pH⊗α +

(∫ T

0

∥Du∇αZs∥2H⊗α ds

)p}
du

])
< ∞.

Hence, we obtain (D·∇k−1Y,D·∇k−1Z) ∈ S p
rc(H

⊗(k−1), P̄ )×H p(H⊗(k−1), P̄ ).
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