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Part I

Overview
In this paper, we prove several relations for multiple zeta values and finite multiple zeta values,
and consider generators of multiple zeta values. The multiple zeta values are multi-variate
generalizations of the values of the Riemann zeta function at positive integers. These numbers
have been appeared in various contexts in number theory, knot theory, arithmetic geometry,
mathematical physics and so on. The multiple zeta values were first studied by L. Euler. Euler
studied the multiple zeta values of depth 2. In 1990’s, D. Zagier and M. Hoffman independently
started their study of multiple zeta values of general depth. In 1994, Zagier made a conjecture
about the dimensions of the vector spaces spanned by the multiple zeta values. This conjecture
was partially solved by T. Terasoma, A. Goncharov and P. Deligne.

In recent years, two types of finite multiple zeta values, A-finite multiple zeta values and
symmetrized multiple zeta values have been studied. The A-finite multiple zeta value is a collec-
tion of certain finite sums whose setting was given by Zagier, and the symmetrized multiple zeta
value was introduced by Kaneko and Zagier to establish a crucial bridge between the multiple
zeta value and A-finite multiple zeta values.

In part II, we review the theory of multiple zeta values and finite multiple zeta values.
In part III, we prove a new linear relation by using the integral series identity. We also give

the equivalent of the new relation and the Ohno-type relation. We also present an analogous
result for finite multiple zeta values. The content of this part is based on [23].

In part IV, we consider a cyclic analogue of multiple zeta values (CMZVs), which has two
kinds of expressions; series and integral expression. We prove an ‘integral=series’ type identity
for CMZVs. By using this identity, we construct two classes of Q-linear relations among CMZVs.
One of them is a generalization of the cyclic sum formula for multiple zeta-star values. We also
give an alternative proof of the derivation relation for multiple zeta values. The content of this
part is based on [7].

In part V, we take another look at the so-called quasi-derivation relations in the theory of
multiple zeta values, by giving a certain formula for the quasi-derivation operator. In doing so,
we are not only able to prove the quasi-derivation relations in a simpler manner but also give an
analog of the quasi-derivation relations for finite multiple zeta values. The content of this part
is based on [18].

In part VI, we prove that any multiple t-values of maximal height (that is, all components
of the index are greater than 1) can be written as a rational linear combination of multiple zeta
values by using Glanois’s theorem. The multiple t-value is an “odd variant” of multiple zeta value
introduced by Hoffman. We also prove that each multiple zeta value is a Q-linear combination
of multiple t-values of all components of the index are 2 or 3.
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Part II

Preliminaries

1 Multiple zeta values

1.1 Definition of MZVs

In this section, we review the theory of multiple zeta values.

Definition 1. For integers k1, . . . , kd ∈ Z≥1 with kd ≥ 2, the multiple zeta value (MZV for short)
and the multiple zeta-star value (MZSV for short) are defined by

ζ(k1, . . . , kd) =
∑

1≤n1<···<nd

1

nk1
1 · · ·nkd

d

and

ζ⋆(k1, . . . , kd) =
∑

1≤n1≤···≤nd

1

nk1
1 · · ·nkd

d

respectively.

For an index k = (k1, . . . , kd) ∈ (Z≥1)
d, we call |k| := k1 + · · · + kd the weight, d the depth.

An index k = (k1, . . . , kd) is admissible if kd ≥ 2. Multiple zeta values can be written as a linear
combination of multiple zeta-star values and vice versa. For example,

ζ⋆(k1, k2) = ζ(k1, k2) + ζ(k1 + k2),

ζ⋆(k1, k2, k3) = ζ(k1, k2, k3) + ζ(k1 + k2, k3) + ζ(k1, k2 + k3) + ζ(k1 + k2 + k3),

· · ·

and

ζ(k1, k2) = ζ⋆(k1, k2)− ζ⋆(k1 + k2),

ζ(k1, k2, k3) = ζ⋆(k1, k2, k3)− ζ⋆(k1 + k2, k3)− ζ⋆(k1, k2 + k3) + ζ⋆(k1 + k2 + k3),

· · · .

1.2 Vector space spanned by MZVs

We introduce the vector space over Q spanned by MZVs.
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Definition 2.

Z0 = Q, Z1 = {0},

Zk =
∑

1≤d<k
k1+···+kd=k

k1,...,kd−1≥1,kd≥2

Q · ζ(k1, . . . , kd) (k ≥ 2),

Z =
∞∑
k=0

Zk.

Since the MZVs with weight 2 is only ζ(2), and by the known relations ζ(1, 2) = ζ(3),
ζ(1, 1, 2) = ζ(4), ζ(1, 3)+ ζ(2, 2) = ζ(4) and 4ζ(1, 3) = ζ(4), we find Z2 = Q · ζ(2), Z3 = Q · ζ(3),
and Z4 = Q · ζ(4). In [34], Zagier gave a conjecture on the dimension of Zk.

Conjecture 1 (Zagier [34]). We have

dimQ Zk = dk,

where dk is the non-negative integer satisfying the following recurrence relation.

dk = dk−2 + dk−3 (k ≥ 3), d0 = 1, d1 = 0, d2 = 1. (1)

Goncharov [5], Terasoma [32] and Deligne–Goncharov [2] proved that the number dk gives an
upper bound of the dimension of Zk.

Theorem 1.1. The inequality
dimQ Zk ≤ dk

holds.

The following theorem is conjectured by Hoffman in [9], and proved by F. Brown in [1].

Theorem 1.2. Every multiple zeta value is a Q-linear combination of elements in

{ζ(k1, . . . , kd) | k1, . . . , kd ∈ {2, 3}} .

We note that the number of indices (k1, . . . , kd) of weight k with all ki ∈ {2, 3} is equal to dk.

1.3 Two products of MZVs

The vector space Z is closed under two types of product. The one is called the harmonic (stuffle)
product and the other the shuffle product. The harmonic product is obtained by expanding the
product of the series expressions. For example,

ζ(a)ζ(b) =

(∑
0<m

1

ma

)(∑
0<n

1

nb

)
=
∑

0<m<n

1

manb
+
∑

0<n<m

1

manb
+
∑
0<m

1

ma+b

=ζ(a, b) + ζ(b, a) + ζ(a+ b).
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In general, the product of MZVs of weight k1 and weight k2 is a sum of MZVs of weight k1 + k2.
To describe the shuffle product, we need the iterated integral expression of MZVs. We consider
the following iterated integral.

I(ϵ1, · · · , ϵk) =
∫
0<t1<···<tk<1

Aϵ1(t1) · · ·Aϵk(tk)dt1 · · · dtk

=

∫ 1

0

Aϵk(tk)dtk

∫ tk

0

Aϵk−1
(tk−1)dtk−1 · · ·

∫ t2

0

Aϵ1(t1)dt1,

where ϵj ∈ {0, 1} with ϵ1 = 1 and ϵk = 0, and

A0(t) =
1

t
, A1(t) =

1

1− t
.

We note that the above iterated integral converges and ζ(k1, . . . , kd) is represented as follows.

Theorem 1.3 (Iterated integral expression of MZV).

ζ(k1, . . . , kd) = I(1, 0, . . . , 0︸ ︷︷ ︸
k1−1

, 1, 0, . . . , 0︸ ︷︷ ︸
k2−1

, · · · , 1, 0, . . . , 0︸ ︷︷ ︸
kd−1

).

The shuffle product results from dividing the domain of integration of the product of two
integrals. For example,

ζ(2)2 =I(1, 0)2

=

∫
0<t1<t2<1

dt1
1− t1

dt2
t2

∫
0<s1<s2<1

ds1
1− s1

ds2
s2

=

∫
0<t1<t2<s1<s2<1

dt1
1− t1

dt2
t2

ds1
1− s1

ds2
s2

+

∫
0<t1<s1<t2<s2<1

dt1
1− t1

ds1
1− s1

dt2
t2

ds2
s2

+

∫
0<t1<s1<s2<t2<1

dt1
1− t1

ds1
1− s1

ds2
s2

dt2
t2

+

∫
0<s1<t1<t2<s2<1

ds1
1− s1

dt1
1− t1

dt2
t2

ds2
s2

+

∫
0<s1<t1<s2<t2<1

ds1
1− s1

dt1
1− t1

ds2
s2

dt2
t2

+

∫
0<s1<s2<t1<t2<1

ds1
1− s1

ds2
s2

dt1
1− t1

dt2
t2

=4I(1, 1, 0, 0) + 2I(1, 0, 1, 0)

=4ζ(1, 3) + 2ζ(2, 2).

1.4 Algebraic setup of MZVs

We recall Hoffman’s algebraic setup with a slightly different convention (see [9]). Let h be the
noncommutative polynomial algebra Q⟨x, y⟩. We call monomials in x and y the words (1 is the
empty word). We also let h0 := Q⊕ yhx and h1 := Q⊕ yh subalgebras of h. Put zk = yxk−1 for
k ∈ Z≥1. The subalgebra h1 can also be considered as a non-commutative polynomial algebra
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over Q freely generated by {zk}k∈Z≥1
. We often identify an index (k1, . . . , kr) with the monomial

zk1 · · · zkr . We define the Q-linear map (called evaluation map) Z : h0 −→ R by

Z(1) = 1, Z(zk1 · · · zkd) = ζ(k1, . . . , kd).

Let ∗ : h1 × h1 → h1 be the Q-bilinear map defined by

1 ∗ w = w ∗ 1 = w,

w1zk1 ∗ w2zk2 = (w1 ∗ w2zk2)zk1 + (w1zk1 ∗ w2)zk2 + (w1 ∗ w2)zk1+k2

for k1, k2 ∈ Z≥1, and the words w,w1, w2 in h1. This product ∗ is called the harmonic product
on h1. It is known that the product ∗ is commutative and associative. Therefore h1 is a Q-
commutative algebra with respect to ∗, and we denote this algebra by h1∗. The subset h0 is a
subalgebra of h1 with respect to ∗, which is denoted by h0∗. For this product, we have

Z(w1 ∗ w2) = Z(w1)Z(w2) (2)

for any w1, w2 ∈ h0.
Let � : h× h → h be the Q-bilinear map defined by

1� w = w� 1 = w,

u1w1� u2w2 = u1(w1� u2w2) + u2(u1w1� w2)

for u1, u2 ∈ {x, y}, and the words w,w1, w2 in h. The product � is called the shuffle product on
h. It is also known that the product � is commutative and associative (see [29]), therefore h is
a Q-commutative algebra with respect to �. We denote this algebra by h�. The subsets h

1 and
h0 are subalgebras of h with respect to � and we denote them by h1

�
, h0
�
. For this product, we

also have

Z(w1� w2) = Z(w1)Z(w2) (3)

for any w1, w2 ∈ h0. From (2) and (3), we have the following equation which is called the finite
double shuffle relations,

Z(w1 ∗ w2 − w1� w2) = 0

for w1, w2 ∈ h0.

1.5 Regularized double shuffle relations

From the isomorphisms h1∗ ≃ h0∗[y] and h1
�
≃ h0

�
[y] (see [9], [29]), the following proposition holds.

Proposition 1.4 (Ihara–Kaneko–Zagier [13]). We have two algebra homomorphisms

Z∗ : h1∗ −→ R[T ] and Z� : h1
�
−→ R[T ]

which are uniquely characterized by the properties that they both extend the evaluation map Z :
h0 −→ R and send y to T .
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Example 1.5. We have
y ∗ yx = yyx+ yxy + yxx,

y� yx = 2yyx+ yxy.
(4)

Thus,

Z∗(yxy) =ζ(2)T − ζ(1, 2)− ζ(3),

Z�(yxy) =ζ(2)T − 2ζ(1, 2). (5)

In [13], the relation between the two regularizations Z∗ and Z� is given, and as a result, the
following “regularized double shuffle relations” of MZVs is proved.

Theorem 1.6 (Ihara–Kaneko–Zagier [13]). For any w1 ∈ h1 and w2 ∈ h0, we have

Z∗(w1� w2 − w1 ∗ w2) = 0,

Z�(w1� w2 − w1 ∗ w2) = 0.

Example 1.7. From (4), we have

y� yx− y ∗ yx = yyx− yxx

and thus we obtain the classic relation

ζ(1, 2) = ζ(3).

1.6 Derivation relations for MZVs

A derivation ∂ on h is a Q-linear endomorphism on h satisfying Leibniz’s rule ∂(ww′) = ∂(w)w′+
w∂(w′). Such a derivation is uniquely determined by its images of generators x and y. Put
z = x+ y. For each n ∈ Z≥1, we define the derivation ∂n : h → h by

∂n(x) = yzn−1x, ∂n(y) = −yzn−1x.

We note that ∂n(1) = 0 and ∂n(z) = 0. In [13], Ihara–Kaneko–Zagier proved the derivation
relations for MZVs.

Theorem 1.8 (Ihara–Kaneko–Zagier [13]). For n ∈ Z≥1, we have

Z (∂n(h
0)) = 0.

Example 1.9.

∂2(yx) = ∂2(y)x+ y∂2(x) = −yzxx+ yyzx

= −yxxx− yyxx+ yyxx+ yyyx = −yxxx+ yyyx.

Thus,
Z(∂2(yx)) = Z(−yxxx+ yyyx) = −ζ(4) + ζ(1, 1, 2) = 0.
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1.7 Ohno’s relation for MZVs

To state the duality theorem and Ohno’s relation, we define the dual index.

Definition 3. For an admissible index

k = (1, . . . , 1︸ ︷︷ ︸
a1−1

, b1 + 1, . . . , 1, . . . , 1︸ ︷︷ ︸
as−1

, bs + 1) (aq, bq ≥ 1),

we define the dual index of k by

k† := (1, . . . , 1︸ ︷︷ ︸
bs−1

, as + 1, . . . , 1, . . . , 1︸ ︷︷ ︸
b1−1

, a1 + 1).

The following theorem is a direct consequence of the iterated integral expression.

Theorem 1.10 (the duality theorem). For an admissible index k, we have

ζ(k) = ζ(k†).

For two indices k and l, we denote by k + l the index obtained by componentwise addition,
and always assume implicitly the depths of k and l are equal. We write l ≥ 0 if every component
of l is a non-negative integer.

Theorem 1.11 (Ohno’s relation, Ohno [26]). For an admissible index k and m ∈ Z≥0, we have∑
|e|=m
e≥0

ζ(k+ e) =
∑

|e′|=m
e′≥0

ζ(k† + e′).

If m = 0, Ohno’s relation is reduced to the duality theorem. From Ohno’s relation, we
immediately obtain the following theorem, which is called the weak Ohno relation. This relation
is known to be equivalent to the derivation relation [13].

Theorem 1.12 (weak Ohno relation). For an admissible index k and m ∈ Z≥0, we have∑
|e|=m
e≥0

ζ(k+ e) =
∑

|e′|=m
e′≥0

ζ((k† + e′)†).

Horikawa–Murahara–Oyama [12] showed the equivalence of the weak Ohno relation and The-
orem 1.13, which we call the Ohno-type relation.

Definition 4. For k = (k1, . . . , kd) ∈ (Z≥1)
d, we define Hoffman’s dual index of k by

k∨ = (1, . . . , 1︸ ︷︷ ︸
k1

+1, . . . , 1︸ ︷︷ ︸
k2

+1, . . . , 1 + 1, . . . , 1︸ ︷︷ ︸
kd

).
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Theorem 1.13 (Ohno-type relation, Horikawa–Murahara–Oyama [12]). For k = (k1, . . . , kd) ∈
(Z≥1)

d and m ∈ Z≥0, we have∑
|e|=m
e≥0

ζ+(k+ e) =
∑

|e′|=m
e′≥0

ζ+((k∨ + e′)∨).

Here and hereafter, we write ζ+(k1, . . . , kd) := ζ(k1, . . . , kd−1, kd + 1).

Theorem 1.14 (Horikawa–Murahara–Oyama [12]). The weak Ohno relation and the Ohno-type
relation are equivalent.

2 Integral-series identity of multiple zeta values

2.1 Circled harmonic product

For a non-empty index k = (k1, . . . , kd), let k⋆ be the formal sum of 2d−1 indices of the form
(k1□ · · ·□kd), where each □ is replaced by “, ” or “ + ”. We put ∅⋆ = ∅. We also define the
Q-bilinear “circled harmonic product” ⊛ : h1 × h1 → h0 by

w1zk ⊛ w2zl := (w1 ∗ w2)zk+l

for k, l ∈ Z≥1 and w1, w2 ∈ h1. From this definition, we have

ζ(k⊛ l⋆) =
∑

0<m1<···<md=ns≥···≥n1>0

1

mk1
1 · · ·mkd

d n
l1
1 · · ·nls

s

.

Example 2.1.
ζ ((1)⊛ (2, 1)⋆) =ζ ((1)⊛ (2, 1)) + ζ ((1)⊛ (3))

=ζ(2, 2) + ζ(4).
(6)

2.2 2-poset and associated integrals

Definition 5. A 2-poset is a pair (X, δX), where X = (X,≤) is a finite partially ordered set
(poset for short) and δX is a map from X to {0, 1}. The δX is called the label map of X. A
2-poset (X, δX) is called admissible if δX(x) = 0 for all maximal elements x ∈ X and δX(x) = 1
for all minimal elements x ∈ X.

A 2-poset (X, δX) is depicted as a Hasse diagram in which an element x with δ(x) = 0 (resp.
δ(x) = 1) is represented by ◦ (resp. •). For example, the diagram
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represents the 2-poset X = {x1, x2, x3, x4, x5} with order x1 < x2 < x3 > x4 < x5 and label
(δX(x1), . . . , δX(x5)) = (1, 1, 0, 1, 0). This 2-poset is admissible.

For an admissible 2-poset X, we define the associated integral

I(X) :=

∫
∆X

∏
x∈X

ωδX(x)(tx),

where
∆X := {(tx)x ∈ [0, 1]X | tx < ty if x < y}

and

ω0(t) :=
dt

t
, ω1(t) :=

dt

1− t
.

For example,

I

( )
=

∫
t1<t2<t3>t4<t5

dt1
1− t1

dt2
1− t2

dt3
t3

dt4
1− t4

dt5
t5
.

2.3 Integral-series identity

For non-empty indices k = (k1, . . . , kd) and l = (l1, . . . , ls), we define µ(k, l) as a 2-poset corre-
sponding to the following diagram.

k1

kd

ls

ls−1 l1

Kaneko–Yamamoto proved the integral-series identity for MZVs.

Theorem 2.2 (Kaneko–Yamamoto [19]). For any non-empty indices k and l, we have

I(µ(k, l)) = ζ(k⊛ l⋆).

Example 2.3. For k = (1), l = (2, 1), we have

I

(
1

2

3

4
)

= I

 2

1

3

4

+ I

(
1

3

42 )

= I


2

1

4

3

+ I


2

4

1

3

+ I


4

2

1

3

+ I


2

4

3

1

+ I


4

2

3

1


= ζ(2, 2) + 4ζ(1, 3).
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Therefore from (6), Theorem 2.2 gives a linear relation

ζ(2, 2) + 4ζ(1, 3) = ζ(2, 2) + ζ(4).

In [19], it is shown that Theorem 2.2 is equivalent to Theorem 1.6 under (2) and (3).

3 Finite multiple zeta values

3.1 A-finite multiple zeta values

We consider the ring A defined by

A :=

∏
p Z/pZ⊕
p Z/pZ

= {(ap)p | ap ∈ Z/pZ} / ∼ .

Here, p runs over all prime numbers, and the relation (ap)p ∼ (bp)p means that the equality
ap = bp holds for all but finitely many primes p.

Definition 6. For k1, . . . , kd ∈ Z≥1, the A-finite multiple zeta value (A-FMZV) and the A-finite
multiple zeta-star value (A-FMZSV) are defined by

ζA(k1, . . . , kd) =

( ∑
1≤n1<···<nd<p

1

nk1
1 · · ·nkd

d

mod p

)
p

∈ A

and

ζ⋆A(k1, . . . , kd) =

( ∑
1≤n1≤···≤nd<p

1

nk1
1 · · ·nkd

d

mod p

)
p

∈ A

respectively.

We use the terms weight and depth similarly for FMZ(S)Vs. We give some examples of
FMZ(S)Vs.

Example 3.1 (Hoffman [10], Zhao [36]). (1) For k ∈ Z≥1, we have

ζA(k) = ζ⋆A(k) = 0.

(2) For k1, k2 ∈ Z≥1, we have

ζA(k1, k2) = ζ⋆A(k1, k2) = (−1)k1
(
k1 + k2
k2

)(
Bp−k1−k2

k1 + k2
mod p

)
p

,

where Bn is the Bernoulli number defined by the following generating function:∑
n≥0

Bn
tn

n!
=

tet

et − 1
.
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3.2 Symmetrized multiple zeta values

The symmetrized multiple zeta(-star) values (SMZ(S)Vs) was first introduced by Kaneko–Zagier
[16, 20]. For any integers k1, . . . , kd ∈ Z≥1, we let

ζ∗S(k1, . . . , kd) =
d∑

i=0

(−1)ki+1+···+kdζ∗(k1, . . . , ki)ζ
∗(kd, . . . , ki+1)

and

ζ�S (k1, . . . , kd) =
d∑

i=0

(−1)ki+1+···+kdζ�(k1, . . . , ki)ζ
�(kd, . . . , ki+1).

Here, ζ∗(k) = Z∗(w(k))|T=0 and ζ�(k) = Z�(w(k))|T=0 in the notation of §1.5, where w(k)
is a word in h1 corresponding to k.

Example 3.2. From (5), we have

ζ∗(2, 1) =− ζ(3)− ζ(1, 2),

ζ�(2, 1) =− 2ζ(1, 2).

Example 3.3.

ζ∗S(3, 1, 2) =ζ(2, 1, 3)− ζ(3)ζ∗(2, 1) + ζ∗(3, 1)ζ(2) + ζ(3, 1, 2)

=ζ(2, 1, 3)− ζ(3) (−ζ(1, 2)− ζ(3)) + (−ζ(1, 3)− ζ(4)) ζ(2) + ζ(3, 1, 2)

=ζ(2, 1, 3) + ζ(3, 1, 2) + ζ(1, 3, 2) + ζ(1, 2, 3) + ζ(4, 2) + ζ(1, 5) + 2ζ(3, 3) + ζ(6)

− ζ(2, 1, 3)− ζ(1, 2, 3)− ζ(1, 3, 2)− ζ(3, 3)− ζ(1, 5)

− ζ(2, 4)− ζ(4, 2)− ζ(6) + ζ(3, 1, 2)

=ζ(3, 3)− ζ(2, 4) + 2ζ(3, 1, 2).

In [16, 20], Kaneko–Zagier proved that the congruence

ζ∗S(k1, . . . , kd) ≡ ζ�S (k1, . . . , kd) (mod ζ(2))

holds in Z. They then defined the symmetrized multiple zeta value (SMZV) ζS(k1, . . . , kd) as an
element in the quotient ring Z/ζ(2)Z by

ζS(k1, . . . , kd) := ζ∗S(k1, . . . , kd) mod ζ(2).

For k1, . . . , kd ∈ Z≥1, we also define the SMZSVs in Z/ζ(2)Z by

ζ⋆S(k1, . . . , kd) :=
∑

□ is either a comma “,”
or a plus “+”

ζ∗S(k1□ · · ·□kd) mod ζ(2).

11



3.3 Finite multiple zeta values

We denote by ZA the Q-vector subspace of A spanned by 1 and all A-FMZVs. We notice that
ZA is a Q-algebra with the harmonic product. Kaneko–Zagier conjectured the following.

Conjecture 2 (Kaneko–Zagier). There exists an algebra isomorphism between ZA and Z/ζ(2)Z
such that

ZA → Z/ζ(2)Z

∈ ∈

ζA(k1, . . . , kd) 7→ ζS(k1, . . . , kd).

We define two Q-linear maps ZA : h1 → A and ZS : h
1 → Z/ζ(2)Z by ZA(1) = 1 and

ZA(yx
k1−1 · · · yxkd−1) = ζA(k1, . . . , kd), and ZS(1) = 1 and ZS(yx

k1−1 · · · yxkd−1) = ζS(k1, . . . , kd),
respectively. In view of Conjecture 2, we shall call A-finite multiple zeta values and symmetrized
multiple zeta values as finite multiple zeta values (FMZVs). In the following, the letter “F”
stands either for “A” or “S”.

Now we mention the harmonic and shuffle product rules for FMZVs.

Theorem 3.4 (Hoffman [9], Kaneko–Zagier [20, 17]). For any words w1 = zk1 · · · zkd , w2 =
zk′1 · · · zk′s ∈ h1, we have

ZF(w1 ∗ w2) = ZF(w1)ZF(w2),

ZF(w1� w2) = (−1)|w2|ZF(zk1 · · · zkdzk′s · · · zk′1),

where |w2| is the total degree of w2.

The duality theorems for A-FMZVs and SMZVs are proved by Hoffman and Jarossay, re-
spectively. We define the involutive automorphism ϕ on h by

ϕ(x) = z = x+ y, ϕ(y) = −y.

Theorem 3.5 (Hoffman [10], Jarrossay [14]). For any word w ∈ h1, we have

ZF(w) = ZF(ϕ(w)).

The derivation relation for FMZVs was conjectured by Oyama and proved by Murahara [22].

Theorem 3.6 (Murahara [22]). For n ∈ Z≥1, we have

ZF(∂n(yhx)x
−1) = 0.

12



Part III

On a generalization of restricted sum
formula

4 Main results

We prove a generalization (Theorem 4.4) of the so-called restricted sum formula by using the
integral-series identity. We show that a seemingly weaker but simpler version, Theorem 4.1, is
actually equivalent to Theorem 4.4. We prove this equivalence in the current section and give the
proof of Theorem 4.4 in Section 5. In Section 6, we prove that Theorem 4.1 and the Ohno-type
relation are equivalent.

We recall the notation ζ+(k1, . . . , kd) := ζ(k1, . . . , kd−1, kd + 1).

Theorem 4.1. For (k1, . . . , kd) ∈ (Z≥1)
d , t ∈ Z≥0, we have∑

m1+···+md=d+t
mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+(am1 , . . . , amd
)

=
t∑

l=0

∑
m1+···+md−1=t−l
mi≥0 (1≤i≤d−1)

∑
|e|=l
e≥0

ζ+
(
(k1, {1}m1 , . . . , kd−1, {1}md−1 , kd) + e

)
.

Here and hereafter, each ami
denotes an mi-tuple of positive integers. When d = 1, we understand

the R.H.S. as ζ+(k1 + t).

Remark 4.2. 1) Professor Ohno pointed out that Theorem 4.1 (as well as Theorem 4.4) can
directly be deduced from his weak Ohno relations (Theorem 1.12) by applying them to each l on
the right. Since the Ohno-type relation (Theorem 1.13) is known to be equivalent to the weak
Ohno relation (Theorem 1.14), our Theorem 6.1 shows that Theorem 4.4 and the weak Ohno
relation are equivalent. Professor Ohno also commented that it would be of some interest that
Theorem 4.4, apparently weaker than the weak Ohno relation, was actually equivalent.

2) We formulated our theorems by employing the ζ+-notation in order to make the similarity
between Theorem 4.1 and Theorem 4.5 (FMZV case) visible.

Example 4.3. For (k1, k2) = (2, 1), t = 1, we have

2ζ(2, 1, 2) + ζ(1, 2, 2) = ζ(3, 2) + ζ(2, 3) + ζ(2, 1, 2).
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Theorem 4.4. For (k1, . . . , kd) ∈ (Z≥1)
d , s, t ∈ Z≥0, we have∑

m1+···+md=d+t
mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+({1}s, am1 , . . . , amd
)

=
t∑

l=0

∑
m1+···+md−1=t−l
mi≥0 (1≤i≤d−1)

∑
|e|=l
e≥0

ζ+
(
({1}s, k1, {1}m1 , . . . , kd−1, {1}md−1 , kd) + e

)
.

When d = 1, we understand the R.H.S. as
∑

|e|=t
e≥0

ζ+
(
({1}s, k1) + e

)
.

This is a generalization of the restricted sum formula given in Eie, Liaw and Ong [3], which,
as remarked in Remark 4.2, is a direct consequence of Ohno’s relation. Here, we prove the
equivalence of Theorem 4.1 and Theorem 4.4.

Proof of the equivalence of Theorem 4.1 and Theorem 4.4. It is clear that The-
orem 4.4 implies Theorem 4.1 by setting s = 0. So, we prove that Theorem 4.1 implies Theorem
4.4. WriteG(k, s, t) (resp. H(k, s, t)) for the left-hand side (resp. the right-hand side) of Theorem
4.4 and let F (k, s, t) := G(k, s, t)−H(k, s, t). We prove F (k, s, t) = 0 for k ∈ (Z≥1)

d , s, t ∈ Z≥0

by induction on s. If s = 0, then F (k, 0, t) = 0 by Theorem 4.1. We assume F (k, s, t) = 0 for
some s ∈ Z≥0 and show F (k, s+ 1, t) = 0.

G((1,k), s, t) =
∑

m0+···+md=d+t+1
mi≥1 (0≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+({1}s+m0 , am1 , . . . , amd
)

=
t+1∑

m0=1

∑
m1+···+md=d+t−m0+1

mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+({1}s+m0 , am1 , . . . , amd
)

=
t+1∑

m0=1

G(k, s+m0, t−m0 + 1)

=
t∑

u=0

G(k, s+ t− u+ 1, u),

H((1,k), s, t) =
t∑

l=0

∑
m0+···+md−1=t−l
mi≥0 (0≤i≤d−1)

∑
|e|=l
e≥0

ζ+
(
({1}s+m0+1, k1, {1}m1 , . . . , {1}md−1 , kd) + e

)

=
t∑

l=0

t−l∑
m0=0

∑
m1+···+md−1=t−l−m0

mi≥0 (1≤i≤d−1)

∑
|e|=l
e≥0

ζ+
(
({1}s+m0+1, k1, {1}m1 , . . . , {1}md−1 , kd) + e

)
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=
t∑

m0=0

t−m0∑
l=0

∑
m1+···+md−1=t−l−m0

mi≥0 (1≤i≤d−1)

∑
|e|=l
e≥0

ζ+
(
({1}s+m0+1, k1, {1}m1 , . . . , {1}md−1 , kd) + e

)

=
t∑

m0=0

H(k, s+m0 + 1, t−m0)

=
t∑

u=0

H(k, s+ t− u+ 1, u).

Therefore, we have

F ((1,k), s, t) =
t∑

u=0

F (k, s+ t− u+ 1, u).

By replacing s to s+ 1 and t to t− 1, we have

F ((1,k), s+ 1, t− 1) =
t−1∑
u=0

F (k, s+ t− u+ 1, u).

Take subtraction of the previous two equations, we have

F (k, s+ 1, t) = F ((1,k), s, t)− F ((1,k), s+ 1, t− 1).

By applying this equation repeatedly and F (k, s, 0) = 0 for arbitrary index k and s ∈ Z≥0, we
obtain the following equation.

F (k, s+ 1, t) =
t∑

t′=1

(−1)t
′−1F (({1}t′ ,k), s, t− t′ + 1).

Therefore, we obtain the desired result.

We state an analogous result for finite multiple zeta values.

Theorem 4.5. For (k1, . . . , kd) ∈ (Z≥1)
d , t ∈ Z≥0, we have∑

m1+···+md=d+t
mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζF(am1 , . . . , amd
)

=
t∑

l=0

∑
m1+···+md−1=t−l
mi≥0 (1≤i≤d−1)

∑
|e|=l
e≥0

ζF
(
(k1, {1}m1 , . . . , kd−1, {1}md−1 , kd) + e

)
.

When d = 1, we understand the R.H.S. as ζF(k1 + t).

Remark 4.6. We can also obtain the FMZVs version of the restricted sum fomula by replacing
ζ+ with ζF in Theorem 4.4.
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5 Proof of Theorem 4.4

For k = ({1}s, k1, . . . , kd) and l = ({1}t+1), we have

I(µ(k, l)) =I


s

k1

kd t


=

∑
m1+···+md+j=d+t

(mi≥1,j≥0)

I


kd − 1 md − 1

kd−1 − 1 md−1 − 1

k1 − 1 m1 − 1

s j



=
t∑

j=0

(
s+ j

s

) ∑
m1+···+md=d+t−j

mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+({1}s+j, am1 , . . . , amd
).

In general, for k′ = (k′1, . . . , k
′
s, k1, . . . , kd) and l = ({1}t+1), we have

ζ(k′ ⊛ l⋆) =
t∑

l=0

∑
m′

1+···+m′
s+m1+···+md=d+s+t−l

m′
i≥1 (1≤i≤s), mi≥1 (1≤i≤d)

∑
|e|=l
e≥0

ζ+
(
({1}m′

1−1, k′1, . . . , {1}m
′
s−1, k′s, {1}m1−1, k1, . . . , {1}md−1, kd) + e

)
because the index ({1}t+1)⋆ is equal to the formal sum of all indices of weight t+1. Now, we put
k′1 = · · · = k′s = 1 here. Then, the index ({1}m′

1−1, k′1, . . . , {1}m
′
s−1, k′s, {1}m1−1, k1, . . . , {1}md−1, kd)

on the right becomes ({1}u−1, k1, {1}m1−1, . . . , kd−1, {1}md−1−1, kd) with u = m′
1 + · · · +m′

s. For
a fixed u, the number of (s+ 1)-tuple (m′

1, . . . ,m
′
s) giving u = m′

1 + · · ·+m′
s is

(
u−1
s

)
. Thus,

ζ(k⊛ l⋆) =
t∑

l=0

s+t−l+1∑
u=s+j

(
u− 1

s

) ∑
m1+···+md−1=d+t+s−l−u

mi≥1

∑
|e|=l
e≥0

ζ+
(
({1}u−1, k1, {1}m1−1, . . . , kd) + e

)
.

By writing u = s+ j + 1,

ζ(k⊛ l⋆) =
t∑

l=0

t−l∑
j=0

(
s+ j

s

) ∑
m1+···+md−1=d+t−l−j−1

mi≥1

∑
|e|=l
e≥0

ζ+
(
({1}s+j, k1, {1}m1−1, . . . , kd) + e

)

=
t∑

j=0

(
s+ j

s

) t−j∑
l=0

∑
m1+···+md−1=d+t−l−j−1

mi≥1

∑
|e|=l
e≥0

ζ+
(
({1}s+j, k1, {1}m1−1, . . . , kd) + e

)
.

By the integral-series identity and by induction on t, Theorem 4.4 follows.
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6 Alternative proof of Theorem 4.1/Proof of Theorem 4.5

6.1 Alternative proof of Theorem 4.1

In this subsection, we prove Theorem 4.1 by showing that it is equivalent to Theorem 1.13, i.e.,
we will show the following.

Theorem 6.1. Theorem 4.1 and Theorem 1.13 are equivalent.

Remark 6.2. Tanaka [31] shows that the restricted sum formula in [3] is written as a linear
combination of the derivation relations. Theorem 6.1 is a generalization of this result.

The implications among “Generalized restricted sum formula”, “Restricted sum formula”,
“Ohno-type relation” and “Weak Ohno relation” for MZVs can be summarized as follows.

Generalized restricted sum formula
(Theorem 4.1, Theorem 4.4)

⊃ Restricted sum formula ([3])

⇔ (Theorem 6.1)

Ohno-type relation ([12], Theorem 1.13)

⇔ ([12])
Weak Ohno relation (Theorem 1.12)

Now we prove Theorem 6.1. The case d = 1 is obvious. For d ≥ 2, the following Lemma 6.3
gives Theorem 6.1.

For k = (k1, . . . , kd) ∈ (Z≥1)
d with d ≥ 2 and u ∈ Z≥0, let ku be the formal sum∑

α1+···+αd−1=u, αi≥0

(k1, {1}α1 , k2, {1}α2 , . . . , kd−1, {1}αd−1 , kd).

We also let

fL(k, t) :=(L.H.S. of Theorem 4.1 for k, t), fR(k, t) :=(R.H.S. of Theorem 4.1 for k, t),

gL(k, t) :=
∑
|e|=t
e≥0

ζ+(k+ e), gR(k, t) :=
∑
|e′|=t
e′≥0

ζ+((k ∨ + e′)∨),

f(k, t) :=fL(k, t)− fR(k, t), g(k, t) :=gL(k, t)− gR(k, t)

and we extend them linearly with respect to the indices. Under these settings, we have the
following:
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Lemma 6.3. For k ∈ (Z≥1)
d with d ≥ 2 and t ∈ Z≥0, we have

f(k, t) =−
t∑

u=0

g(ku, t− u),

g(k, t) =−
t∑

u=0

(−1)uf(ku, t− u).

Proof. To prove the first equation, it is sufficient to show fR(k, t) =
∑t

u=0 gL(ku, t − u) and
fL(k, t) =

∑t
u=0 gR(ku, t− u). The proof of the former is obvious as follows:

fR(k, t) =
t∑

l=0

∑
|e|=l
e≥0

ζ+(kt−l + e) =
t∑

l=0

gL(kt−l, l).

To prove the latter, we denote the m-fold repetition of “1+”(resp.“1,”) by 1+
m
(resp. 1,

m
),

and 1 by 1 . For example, ζ
(
1,

2
1+

3
1,

0
1
)
= ζ(1, 1, 1 + 1 + 1 + 1) = ζ(1, 1, 4).

gR(ku, t− u) =
∑

|e′|=t−u
e′≥0

ζ+
(
(k ∨

u + e′)∨
)

=
∑

α1+···+αd−1=u, αi≥0
|e′|=t−u, e′≥0

ζ+
((

(k1, {1}α1 , k2, {1}α2 , . . . , kd−1, {1}αd−1 , kd)
∨ + e′

)∨)

=
∑

α1+···+αd−1=u, αi≥0
|e′|=t−u, e′≥0

ζ+
(((

1+
k1−1

1,
α1+1

1+
k2−1

1,
α2+1 · · ·

· · · 1+
kd−1−1

1,
αd−1+1

1+
kd−1

1
)∨

+ e′
)∨)

=
∑

α1+···+αd−1=u, αi≥0
|e′|=t−u, e′≥0

ζ+
(((

1,
k1−1

1+
α1+1

1,
k2−1

1+
α2+1 · · ·

· · · 1,
kd−1−1

1+
αd−1+1

1,
kd−1

1
)
+ e′

)∨)
=

∑
α1+···+αd−1=u

e1,1+···+ed,kd−1=t−u
αi≥0, ei,j≥0

ζ+
((

1+
e1,1

1, · · · 1+
e1,k1−1

1, 1+
e1,k1+1

1+
α1

1, 1+
e2,1

1, · · · 1+
e2,k2−2

1, 1+
e2,k2−1+1

· · · · · ·
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1+
αd−1

1, 1+
ed,1

1, · · · 1+
ed,kd−2

1, 1+
ed,kd−1

1
)∨)

=
∑

α1+···+αd−1=u
e1,1+···+ed,kd−1=t−u

αi≥0, ei,j≥0

ζ+
(

1,
e1,1

1+ · · · 1,
e1,k1−1

1+ 1,
e1,k1+1

1,
α1

1+ 1,
e2,1

1+ · · · 1,
e2,k2−2

1+ 1,
e2,k2−1+1

· · · · · ·

1,
αd−1

1+ 1,
ed,1

1+ · · · 1,
ed,kd−2

1+ 1,
ed,kd−1

1

)
.

Taking the sum over u = 0, . . . , t, we have

t∑
u=0

gR(ku, t− u) =
∑

α1+···+αd−1+e1,1+···+ed,kd−1=t
αi≥0,ei,j≥0

ζ+
(

1,
e1,1

1+ · · · 1,
e1,k1−1

1+ 1,
e1,k1+1︸ ︷︷ ︸

weight=e1,1+···+e1,k1+k1
depth=e1,1+···+e1,k1+1

1,
α1

1+ 1,
e2,1

1+ · · · 1,
e2,k2−2

1+ 1,
e2,k2−1+1︸ ︷︷ ︸

weight=α1+e2,1+···+e2,k2−1+k2
depth=α1+e2,1+···+e2,k2−1+1

· · · · · ·

1,
αd−1

1+ 1,
ed,1

1+ · · · 1,
ed,kd−2

1+ 1,
ed,kd−1

1︸ ︷︷ ︸
weight=αd−1+ed,1+···+ed,kd−1+kd
depth=αd−1+ed,1+···+ed,kd−1+1

)

=
∑

m1+···+md=d+t
mi≥1 (1≤i≤d)

∑
|ami |=ki+mi−1

(1≤i≤d)

ζ+(am1 , . . . , amd
)

=fL(k, t).

We assume the first equation in the lemma and prove the second by induction on t. The case
t = 0 is clear. Let t > 0 and assume g(k, t′) = −

∑t′

u=0(−1)uf(ku, t
′ − u) for all integers t′ with

0 ≤ t′ < t. From the first equation, we have

g(k, t) =− f(k, t)−
t∑

u=1

g(ku, t− u)

=− f(k, t) +
t∑

u=1

t−u∑
u′=0

(−1)u
′
f((ku)u′ , t− u− u′).
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Since (ku)u′ =
(
u+u′

u

)
ku+u′ and by writing v = u+ u′,

g(k, t) =− f(k, t) +
t∑

u=1

t∑
v=u

(−1)v−u

(
v

u

)
f(kv, t− v)

=− f(k, t) +
t∑

v=1

(−1)v
v∑

u=1

(−1)u
(
v

u

)
f(kv, t− v)

=− f(k, t)−
t∑

v=1

(−1)vf(kv, t− v)

=−
t∑

u=0

(−1)uf(ku, t− u).

Remark 6.4. Let
h(k, t) :=

∑
|e|=t
e≥0

ζ(k+ + e)−
∑
|e′|=t
e′≥0

ζ(((k+)
† + e′)†),

where (k1, . . . , kd−1, kd)+ := (k1, . . . , kd−1, kd + 1), and we extend linearly with respect to the
indices. Then we obtain

f(k, t) = −
t∑

u=0

h(ku, t− u)

in a same manner.

6.2 Proof of Theorem 4.5

The following theorem is called Ohno-type relation for FMZVs. This is conjectured by Kaneko
[16] and proved by Oyama [28].

Theorem 6.5 (Oyama [28]). For k ∈ (Z≥1)
d and l ∈ Z≥0, we have∑

|e|=l
e≥0

ζF(k+ e) =
∑
|e′|=l
e′≥0

ζF
(
(k∨ + e′)∨

)
.

Remark 6.6. Horikawa–Murahara–Oyama [12] shows the equivalence of the derivation relation
for FMZVs (Theorem 3.6) and the above theorem.

The following theorem holds in exactly the same manner as in the previous subsection. Then,
Theorem 4.5 holds.

Theorem 6.7. Theorem 4.5 and Theorem 6.5 are equivalent.
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The relations among “Generalized restricted sum formula”, “Ohno-type relation” and “Deriva-
tion relation” for FMZVs can be summarized as follows.

Generalized restricted sum formula (Theorem 4.5)

⇔ (Theorem 6.7)

Ohno-type relation ([28], Theorem 6.5)
⇔ ([12])

Derivation relation ([22])
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Part IV

A cyclic analogue of multiple zeta
values

7 Cyclic integral-series identity

In [25], Nakasuji–Phuksuwan–Yamasaki gave an integral expression of ribbon type Schur multiple
zeta values, which is a generalization of the ‘integral=series’ identity established by Kaneko–
Yamamoto [19]. The first main result of this part is a cyclic analogue of their results. Let
s ∈ Z≥1, r1, . . . , rs ∈ Z≥1, and k1,1, . . . , k1,r1 , . . . , ks,1, . . . , ks,rs ∈ Z≥1. A multi-index
[(k1,1, . . . , k1,r1), . . . , (ks,1, . . . , ks,rs)] is called an admissible multi-index if

• for all 1 ≤ i ≤ s, the index (ki,1, . . . , ki,ri) is admissible or equal to (1),

• there exists 1 ≤ i ≤ s such that (ki,1, . . . , ki,ri) ̸= (1).

For an admissible multi-index k = [(k1,1, . . . , k1,r1), . . . , (ks,1, . . . , ks,rs)], we define the cyclic mul-
tiple zeta value (CMZV) by

ζcyc(k) :=
∑

(n1,1,...,ns,rs )∈S

s∏
i=1

ri∏
j=1

1

n
ki,j
i,j

, (7)

where

S :={(n1,1, ..., ns,rs) ∈ (Z≥1)
r1+···+rs | n1,1< ···<n1,r1 ≥ n2,1< ···<n2,r2 ≥···≥ns,1< ···<ns,rs ≥n1,1}.

By definition, CMZVs satisfy the cyclic property

ζcyc(k1, . . . ,ks) = ζcyc(ki, . . . ,ks,k1, . . . ,ki−1) (1 ≤ i ≤ s).

For the convergence of CMZVs, see Remark 8.1.

Theorem 7.1 (Cyclic integral-series identity). Let k = [(k1,1, . . . , k1,r1), . . . , (ks,1, . . . , ks,rs)] be
an admissible multi-index. Put ki :=

∑ri
j=1 ki,j. Then we have

ζcyc(k) =

∫
D

s∏
i=1

ki∏
j=1

ai,jdti,j, (8)

where

ai,j :=

{
1

1−ti,j
j ∈ {1, ki,1 + 1, . . . , ki,1 + · · ·+ ki,ri−1 + 1},

1
ti,j

otherwise

and

D := {(t1,1, ..., ts,ks) ∈ (0, 1)k1+···+ks | t1,1< ···<t1,k1>t2,1< ···<t2,k2> ···>ts,1< ···<ts,ks>t1,1}.
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We call (7) (resp. (8)) as series (resp. integral) expression of ζcyc(k).
The second and the third main theorems (Theorems 7.2 and 7.3) are two classes of Q-linear

relations among CMZVs. Theorem 7.2 is a generalization of the cyclic sum formula for MZSVs
which was proved by Ohno–Wakabayashi [27]. We recall the notations h := Q⟨x, y⟩, h0 := Q⊕yhx
and h1 := Q ⊕ yh in §1.4. In addition, we define subspaces hC , h

0
C and h1C by hC := hx ⊕ hy,

h0C := h0 ∩ hC and h1C := h1 ∩ hC . We denote by hcyc the subspace of ⊕∞
s=1h

⊗s spanned by

∞∪
s=1

{u1 ⊗ · · · ⊗ us ∈ h⊗s | u1, . . . , us ∈ h0C ∪ {y} and there exists j such that uj ̸= y}.

We define a Q-linear map Zcyc : h
cyc → R by

Zcyc(zk1,1 · · · zk1,r1 ⊗ · · · · · · ⊗ zks,1 · · · zks,rs ) = ζcyc([(k1,1, . . . , k1,r1), . . . . . . , (ks,1, . . . , ks,rs)]).

Theorem 7.2. For u1 ⊗ · · · ⊗ us ∈ hcyc, we have

s∑
i=1

Zcyc(u1⊗· · ·⊗ui−1⊗(y�ui)⊗ui+1⊗· · ·⊗us) =
s∑

i=1

Zcyc(u1⊗· · ·⊗ui⊗y⊗ui+1⊗· · ·⊗us),

where y� ui = y� ui − yui − uiy (see Section 9.1 for the general definition of �).

Theorem 7.3. For u1 ⊗ · · · ⊗ us ∈ hcyc and k ∈ Z≥1, we have

s∑
i=1

Zcyc(u1⊗· · ·⊗ui−1⊗ (zk ∗ui)⊗ui+1⊗· · ·⊗us) =
s∑

i=1

Zcyc(u1⊗· · ·⊗ui⊗zk⊗ui+1⊗· · ·⊗us),

where zk ∗ ui = zk ∗ ui − zkui − uizk (see Section 10.1 for the general definition of ∗).

The proofs of Theorems 7.1, 7.2, and 7.3 are described in Sections 8, 9, and 10, respectively.
In Section 11, we give an alternative proof of the cyclic sum formula for MZSVs (see [27]),
the derivation relation for MZVs (see [13]) and the sum formula for MZVs as applications of
Theorems 7.1 and 7.2.

8 Proof of cyclic integral-series identity

8.1 Nakasuji–Phuksuwan–Yamasaki’s integral-series identity for rib-
bon type Schur MZVs

For the proof of the cyclic integral-series identity, let us introduce the notion of ribbon type
Schur MZVs. Let

k = [(k1,1, . . . , k1,r1), . . . , (ks,1, . . . , ks,rs)]
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be an admissible multi-index with (k1,1, . . . , k1,r1) ̸= (1). Put ki :=
∑ri

j=1 ki,j. Then the ribbon
type Schur MZV ζribbon(k) is defined by∑

(n1,1,...,ns,rs )∈S′

s∏
i=1

ri∏
j=1

1

n
ki,j
i,j

,

where

S ′ :={(n1,1, ..., ns,rs) ∈ (Z≥1)
r1+···+rs | n1,1 < ··· < n1,r1 ≥ n2,1 < ··· < n2,r2 ≥ ··· ≥ ns,1 < ··· < ns,rs}.

Remark 8.1. The ribbon type Schur MZV ζribbon(k) converges for any admissible multi-index
such that (k1,1, . . . , k1,r1) ̸= (1) (see [25, Lemma 2.1]). We can show the convergence of ζcyc(k)
for any admissible multi-index in the following way. First, without loss of generality we can
assume k1 ̸= (1) by the cyclic property of CMZVs. Then, since the domain of the summation in
ζcyc(k) is contained in the one of ζribbon(k), ζcyc(k) also converges.

In [25, Section 6.1], Nakasuji–Phuksuwan–Yamasaki gave a following integral expression:

ζribbon(k) =

∫
D′

s∏
i=1

ki∏
j=1

ai,jdti,j,

where

ai,j :=

{
1

1−ti,j
j ∈ {1, ki,1 + 1, . . . , ki,1 + · · ·+ ki,ri−1 + 1},

1
ti,j

otherwise

and

D′ := {(t1,1, ..., ts,ks) ∈ (0, 1)k1+···+ks | t1,1 < ··· < t1,k1 > t2,1 < ··· < t2,k2 > ··· > ts,1 < ··· < ts,ks}.

Note that S = S ′ ∩ {ns,rs ≥ n1,1} and D = D′ ∩ {ts,ks > t1,1}.

8.2 Proof of cyclic integral-series identity

In this section, we prove Theorem 7.1. Let

k = [(k1,1, . . . , k1,r1), . . . , (ks,1, . . . , ks,rs)]

be an admissible multi-index. Put ki := (ki,1, . . . , ki,ri) and ki :=
∑ri

j=1 ki,j. We denote by
ζcycint(k) the integral expression appeared in Theorem 7.1. We prove ζcyc(k) = ζcycint(k) by
induction on s. By the cyclic property of CMZVs, without loss of generality, we can assume
k1 ̸= (1). The case s = 1 is just a usual integral expression of a multiple zeta value. Note that
we have

{(t1,1, . . . , ts,ks) ∈ (0, 1)k1+···+ks | t1,1 < · · · < t1,k1 > t2,1 < · · · < t2,k2 > · · · > ts,1 < · · · < ts,ks}
={(t1,1, ..., ts,ks) ∈ (0, 1)k1+···+ks | t1,1 < ··· < t1,k1 > t2,1 < ··· < t2,k2 > ··· > ts,1 < ··· < ts,ks ≥ t1,1}
⊔ {(t1,1, ..., ts,ks) ∈ (0, 1)k1+···+ks | t1,1 < ··· < t1,k1 > t2,1 < ··· < t2,k2 > ··· > ts,1 < ··· < ts,ks < t1,1}.
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Thus from (8.1),

ζribbon([k1, . . . ,ks]) = ζcycint([k1, . . . ,ks]) + ζcycint([ksk1,k2, . . . ,ks−1]). (9)

Here we denote by ksk1 the concatenation of ks and k1, i.e., ksk1 := (ks,1, . . . , ks,rs , k1,1, . . . , k1,r1).
From

{(n1,1, . . . , ns,rs) ∈ (Z≥1)
r1+···+rs | n1,1< · · ·<n1,r1 ≥n2,1< · · ·<n2,r2 ≥· · ·≥ns,1< · · ·<ns,rs}

={(n1,1, . . . , ns,rs) ∈ (Z≥1)
r1+···+rs | n1,1< ···<n1,r1 ≥n2,1< ···<n2,r2 ≥···≥ns,1< ···<ns,rs ≥n1,1}

⊔ {(n1,1, ..., ns,rs) ∈ (Z≥1)
r1+···+rs | n1,1< ···<n1,r1 ≥n2,1< ···<n2,r2 ≥···≥ns,1< ···<ns,rs<n1,1},

we have
ζribbon([k1, . . . ,ks]) = ζcyc([k1, . . . ,ks]) + ζcyc([ksk1,k2, . . . ,ks−1]). (10)

From the induction hypothesis, we have

ζcycint([ksk1,k2, . . . ,ks−1]) = ζcyc([ksk1,k2, . . . ,ks−1]). (11)

From (9), (10), (11), we have

ζcycint([k1, . . . ,ks]) = ζcyc([k1, . . . ,ks]).

Thus Theorem 7.1 is proved.

9 Proof of Theorem 7.2

9.1 Inner shuffle product

We define the inner shuffle product � : h× hC → hC by

w� x = w� y = 0,

w� uw′u′ = u(w� w′)u′,

where u, u′ ∈ {x, y} and w,w′ ∈ h. Note that we have y� w = y� w − yw − wy for w ∈ hC .

Definition 7. For 0 < p < q < 1, let fp,q : hC → R be a Q-linear map defined by fp,q(x) =
fp,q(y) = 0 and

fp,q(u1 · · · uk) :=
∫
p=t1<t2<···<tk−1<tk=q

a1 · · · akdt2 · · · dtk−1

for k > 1, where u1, . . . , uk ∈ {x, y} and

ai =

{
1
ti

ui = x,
1

1−ti
ui = y.

Here, for k = 2, we understand the right-hand side as a1a2.
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Lemma 9.1. For 0 < p < q < 1, k ∈ Z≥0, u1, . . . , uk ∈ {x, y}, and w ∈ hC, we have

fp,q(u1 · · · uk � w) = fp,q(w)

∫
p<t1<···<tk<q

k∏
i=1

aidti,

where

ai =

{
1
ti

ui = x,
1

1−ti
ui = y.

Proof. Let gp,q : hC → R be a Q-linear map defined by

gp,q(v1 · · · vl) :=
∫
p<t1<···<tl<q

b1 · · · bldt1 · · · dtl,

where v1, . . . , vl ∈ {x, y} and

bi =

{
1
ti

vi = x,
1

1−ti
vi = y.

Then, for all A,B ∈ h, we have

gp,q(A�B) = gp,q(A)gp,q(B).

The case w ∈ {x, y} is obvious since u1 · · · uk � w = 0 and fp,q(w) = 0. Put w = vWv′

(v, v′ ∈ {x, y}) and

β :=

{
1
p

v = x
1

1−p
v = y

×

{
1
q

v′ = x,
1

1−q
v′ = y.

Then from the definition, we have

fp,q(vAv
′) = gp,q(A) · β

for all A ∈ h. Thus we get

fp,q(u1 · · · uk � w) = fp,q(v(u1 · · · uk �W )v′)

= gp,q(u1 · · · uk �W ) · β
= gp,q(W ) · β · gp,q(u1 · · · uk)
= fp,q(w) · gp,q(u1 · · · uk).

Since gp,q(u1 · · · uk) =
∫
p<t1<···<tk<q

∏k
i=1 aidti, the lemma has proved.

Example 9.2. When k = 2, u1 = x, u2 = x and w = yx, we have

fp,q(x
2
� yx) = fp,q(yxxx)

=
1

1− p
· 1
q
·
∫
p<t2<t3<q

dt2
t2

· dt3
t3

= fp,q(yx) ·
∫
p<t2<t3<q

dt2
t2

· dt3
t3
.
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9.2 Proof of Theorem 7.2

For s ≤ s′, we put

E(s, s′, t) :=

{
1 s ≤ t ≤ s′,

0 otherwise.

Assume that u1, . . . , us are monomials given by ui = ui,1 · · · ui,ki with ui,j ∈ {x, y}. By definition,
we have

Zcyc(u1 ⊗ · · · ⊗ ui−1 ⊗ (y� ui)⊗ ui+1 ⊗ · · · ⊗ us) =

∫
D′
fp,q(y� ui)

 ∏
1≤c≤s
c̸=i

kc∏
j=1

ac,jdtc,j

 dpdq,

where the domain of integrationD′ ⊂ {(t1,1, . . . , ti−1,ki−1
, p, q, ti+1,1, . . . , ts,ks) ∈ (0, 1)k1+···+ki−1+2+ki+1+···+ks}

is given by

D′ := {t1,1 < · · · < t1,k1 > · · · < ti−1,ki−1
> p < q > ti+1,1 < · · · < ts,ks > t1,1},

and ai,j is given by

ai,j =

{
1
ti,j

ui,j = x,
1

1−ti,j
ui,j = y.

By Lemma 9.1, we have

∫
D′
fp,q(y� ui)

 ∏
1≤c≤s
c̸=i

kc∏
j=1

ac,jdtc,j

 dpdq

=

∫
D′
fp,q(ui)

 ∏
1≤c≤s
c̸=i

kc∏
j=1

ac,jdtc,j

 dpdq

∫
0<t<1

E(p, q, t)
dt

1− t

=

∫
D

(
s∏

c=1

kc∏
j=1

ac,jdtc,j

)∫
0<t<1

E(ti,1, ti,ki , t)
dt

1− t
.

Thus we have

Zcyc(u1⊗· · ·⊗ui−1⊗ (y�ui)⊗ui+1⊗· · ·⊗us) =
∫
D

(
s∏

c=1

kc∏
j=1

ac,jdtc,j

)∫
0<t<1

E(ti,1, ti,ki , t)
dt

1− t
.

By definition, we have

Zcyc(u1⊗· · ·⊗ui⊗ y⊗ui+1⊗· · ·⊗us) =

∫
D

(
s∏

c=1

kc∏
j=1

ac,jdtc,j

)∫
0<t<1

E(t(i+1 mod s),1, ti,ki , t)
dt

1− t
,
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where (i+ 1 mod s) means i+ 1 for 1 ≤ i < s and 1 for i = s. Thus Theorem 7.2 follows from

s∑
i=1

E(ti,1, ti,ki , t) =
s∑

i=1

E(t(i+1 mod s),1, ti,ki , t) (t ∈ (0, 1)).

10 Proof of Theorem 7.3

10.1 Inner harmonic product

We rewrite the definition of the harmonic product ∗ : h1 × h1 → h1 described in §1.4, by

zk1 · · · zkr ∗ zl1 · · · zls :=
r+s∑

d=max(r,s)

∑
f :{1,...,r}→{1,...,d}
g:{1,...,s}→{1,...,d}
f,g:strictly increasing
Imf∪Img={1,...,d}

zm1 · · · zmd
,

where

mi =


kf−1(i) i ∈ Imf \ Img,
lg−1(i) i ∈ Img \ Imf,
kf−1(i) + lg−1(i) i ∈ Imf ∩ Img.

Similarly, we define an inner harmonic product ∗ : h1 × h1C → h1C by

zk1 · · · zkr ∗ zl1 · · · zls :=
r+s∑

d=max(r,s)

∑
f :{1,...,r}→{1,...,d}
g:{1,...,s}→{1,...,d}
f,g:strictly increasing
Imf∪Img={1,...,d}

g(1)≤f(i)≤g(s) for all i

zm1 · · · zmd
,

where the definition of mi is same as the one in the previous definition. Note that we have
zk ∗ w = zk ∗ w − zkw − wzk for w ∈ h1C since

zk ∗ zl1 · · · zls − zk ∗ zl1 · · · zls =
1+s∑

d=max(1,s)

∑
f :{1}→{1,...,d}

g:{1,...,s}→{1,...,d}
g:strictly increasing
Imf∪Img={1,...,d}

f(1)<g(1) or g(s)<f(1)

zm1 · · · zmd

=
∑

f :{1}→{1,s+1}
g:{1,...,s}→{1,...,s+1}
g:strictly increasing

f(1)<g(1) or g(s)<f(1)

zm1 · · · zmd

= zkzl1 · · · zls + zl1 · · · zlszk.
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Furthermore, we have u1 ∗ (u2 ∗ u3) = (u1 ∗ u2) ∗ u3 for u1 ∈ h1 and u2, u3 ∈ h1C since both
zk1 · · · zkr ∗ (zl1 · · · zls ∗ zm1 · · · zmt) and (zk1 · · · zkr ∗ zl1 · · · zls) ∗ zm1 · · · zmt are equal to

r+s+t∑
d=max(r,s,t)

∑
f :{1,...,r}→{1,...,d}
g:{1,...,s}→{1,...,d}
h:{1,...,t}→{1,...,d}

f,g,h:strictly increasing
Imf∪Img∪Imh={1,...,d}
h(1)≤f(i)≤h(t) for all i
h(1)≤g(i)≤h(t) for all i

zn1 · · · znd
,

where

ni =

{
kf−1(i) i ∈ Imf

0 i ̸∈ Imf
+

{
lg−1(i) i ∈ Img

0 i ̸∈ Img
+

{
mh−1(i) i ∈ Imh,

0 i ̸∈ Imh.

Definition 8. For positive integers p ≤ q, define a Q-linear map λp,q : h
1
C → R by

λp,q(zk1 · · · zkr) :=
∑

p=n1<···<nr=q

n−k1
1 · · ·n−kr

r ,

where k1, . . . , kr ∈ Z≥1. Here, for q − p < r − 1, we understand the right-hand side as 0, and for
r = 1, we understand the right-hand side as

∑
p=n=q

n−k1 =

{
p−k1 p = q,

0 p < q.

Lemma 10.1. For w ∈ h1C and positive integers p ≤ q, k1, . . . , kr, we have

λp,q(zk1 · · · zkr ∗ w) = λp,q(w)
∑

p≤n1<···<nr≤q

n−k1
1 · · ·n−kr

r .

Proof. Put w := zl1 · · · zls . Then we have

λp,q(w)
∑

p≤n1<···<nr≤q

n−k1
1 · · ·n−kr

r =
∑

(n1,...,nr,n′
1,...,n

′
s)∈X

n−k1
1 · · ·n−kr

r n′
1
−l1 · · ·n′

s
−ls

where

X := {(n1, . . . , nr, n
′
1, . . . , n

′
s) ∈ Zr+s | p ≤ n1 < · · · < nr ≤ q, p = n′

1 < · · · < n′
s = q}.

Then we decompose X by the pattern of order of (n1, . . . , nr, n
′
1, . . . , n

′
s), i.e.,

X =
r+s⊔

d=max(r,s)

⊔
f :{1,...,r}→{1,...,d}
g:{1,...,s}→{1,...,d}
f,g:strictly increasing
Imf∪Img={1,...,d}

g(1)≤f(i)≤g(s) for all i

Xd,f,g,
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where Xd,f,g is the set of (n1, . . . , nr, n
′
1, . . . , n

′
s) such that ni = of(i) for 1 ≤ i ≤ r and n′

j = og(j)
for 1 ≤ j ≤ s where ok is the k-th smallest element of {n1, . . . , nr} ∪ {n′

1, . . . , n
′
s}. Then we have∑

(n1,...,nr,n′
1,...,n

′
s)∈Xd,f,g

n−k1
1 · · ·n−kr

r n′
1
−l1 · · ·n′

s
−ls =

∑
p=o1<···<od=q

o−m1
1 · · · o−md

d = λp,q(zm1 · · · zmd
),

where

mi =


kf−1(i) i ∈ Imf \ Img,
lg−1(i) i ∈ Img \ Imf,
kf−1(i) + lg−1(i) i ∈ Imf ∩ Img.

Thus ∑
(n1,...,nr,n′

1,...,n
′
s)∈X

n−k1
1 · · ·n−kr

r n′
1
−l1 · · ·n′

s
−ls = λp,q(zk1 · · · zkr ∗ w).

Hence the lemma is proved.

Example 10.2. When r = 1 and w = zl1zl2 , we have

λp,q(zk ∗ zl1zl2) = λp,q(zl1+kzl2) + λp,q(zl1zkzl2) + λp,q(zl1zl2+k)

=
∑

p=n1<n2=q

1

nl1+k
1 nl2

2

+
∑

p=n1<n2<n3=q

1

nl1
1 n

k
2n

l2
3

+
∑

p=n1<n2=q

1

nl1
1 n

l2+k
2

=
∑

p=n1<n2=q

1

nl1
1 n

l2
2

∑
p≤n≤q

1

nk

= λp,q(zl1zl2)
∑

p≤n≤q

1

nk
.

10.2 Proof of Theorem 7.3

For p ≤ q, we put

E(p, q, n) :=

{
1 p ≤ n ≤ q,

0 otherwise.

By the definition of Zcyc,

Zcyc(u1 ⊗ · · · ⊗ ui−1 ⊗ (zk ∗ ui)⊗ ui+1 ⊗ · · · ⊗ us)

=
∑

(n1,1,...,ni−1,ri−1
,p,q,ni+1,1,...,ns,rs )∈S′

 ∏
1≤c≤s
c̸=i

rc∏
j=1

1

n
kc,j
c,j

λp,q(zk ∗ ui),

where the domain of the summation S ′ ⊂ (Z≥1)
r1+···+ri−1+2+ri+1+···+rs of n1,1, . . . , ni−1,ri−1

, p, q,
ni+1,1, . . . , ns,rs is defined by

{n1,1 < · · · < n1,r1 ≥ n2,1 < · · · < ni−1,ri−1
≥ p ≤ q ≥ ni+1,1 < · · · < ns,rs ≥ n1,1}.
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By Lemma 10.1,

∑
(n1,1,...,ni−1,ri−1

,p,q,ni+1,1,...,ns,rs )∈S′

 ∏
1≤c≤s
c̸=i

rc∏
j=1

1

n
kc,j
c,j

λp,q(zk ∗ ui)

=
∑

(n1,1,...,ni−1,ri−1
,p,q,ni+1,1,...,ns,rs )∈S′

 ∏
1≤c≤s
c̸=i

rc∏
j=1

1

n
kc,j
c,j

λp,q(zk)
∑

n∈Z≥1

E(p, q, n)

nk

=
∑

(n1,1,...,ns,rs )∈S

(
s∏

i=1

ri∏
j=1

1

n
ki,j
i,j

) ∑
n∈Z≥1

E(ni,1, ni,ri , n)

nk
.

Thus, we have

Zcyc(u1⊗· · ·⊗ui−1⊗(zk∗ui)⊗ui+1⊗· · ·⊗us) =
∑

(n1,1,...,ns,rs )∈S

(
s∏

i=1

ri∏
j=1

1

n
ki,j
i,j

) ∑
n∈Z≥1

E(ni,1, ni,ri , n)

nk
.

By definition, we have

Zcyc(u1⊗· · ·⊗ui⊗zk⊗ui+1⊗· · ·⊗us) =
∑

(n1,1,...,ns,rs )∈S

(
s∏

i=1

ri∏
j=1

1

n
ki,j
i,j

) ∑
n∈Z≥1

E(n(i+1 mod s),1, ni,ri , n)

nk
,

where (i+ 1 mod s) means i+ 1 for 1 ≤ i < s and 1 for i = s. Thus Theorem 7.3 follows from

s∑
i=1

E(ni,1, ni,ri , n) =
s∑

i=1

E(n(i+1 mod s),1, ni,ri , n) (n ∈ Z≥1).

11 Applications of Theorems 7.1 and 7.2

11.1 Proof of cyclic sum formula for MZSVs

In this section, we give an alternative proof of the following theorem due to Ohno–Wakabayashi
[27] as an application of Theorem 7.2.

Theorem 11.1 ([27, Theorem 1], Cyclic sum formula for MZSVs). For k1, . . . , ks ∈ Z≥1 such
that k1 + · · ·+ ks > s, we have

s∑
i=1

ki−1∑
j=1

ζ⋆(ki − j, ki+1, . . . , ks, k1, . . . , ki−1, j + 1) = kζ(k + 1).

where k = k1 + · · ·+ ks.
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Lemma 11.2. For k1, . . . , ks, l ∈ Z≥1 such that ks > 1, we have

ζcyc([(k1), . . . , (ks)]) = ζ(k1 + · · ·+ ks),

ζcyc([(l, ks), (ks−1), . . . , (k1)]) = ζ⋆(l, k1, . . . , ks)− ζ(l + k1 + · · ·+ ks).

Proof. This is an immediate consequence of the series expression of ζcyc.

Proof of Theorem 11.1. Fix k1, . . . , ks ∈ Z≥1 such that k1 + · · ·+ ks > s. Put k := k1 + · · ·+ ks.
By Theorem 7.2, we have

s∑
i=1

Zcyc(zks⊗· · ·⊗zki+1
⊗(y�zki)⊗zki−1

⊗· · ·⊗zk1) =
s∑

i=1

Zcyc(zks⊗· · ·⊗zki+1
⊗y⊗zki⊗· · ·⊗zk1).

(12)
By the previous lemma, we have

Zcyc(zks ⊗ · · · ⊗ zki+1
⊗ y ⊗ zki ⊗ · · · ⊗ zk1) = ζ(k + 1) (13)

for 1 ≤ i ≤ s. Since

y� zl =
l−1∑
j=1

zl−jzj+1

for l ∈ Z≥1, we have

Zcyc(zks ⊗ · · · ⊗ zki+1
⊗ (y� zki)⊗ zki−1

⊗ · · · ⊗ zk1)

=

ki−1∑
j=1

ζ⋆(ki − j, ki+1, . . . , ks, k1, . . . , ki−1, j + 1)− (ki − 1)ζ(k + 1) (14)

for 1 ≤ i ≤ s. From (12), (13) and (14), we have

s∑
i=1

ki−1∑
j=1

ζ⋆(ki − j, ki+1, . . . , ks, k1, . . . , ki−1, j + 1) = kζ(k + 1).

Thus the claim is proved.

11.2 Algebraic preliminary

For m ≥ 1, we define derivation maps ∂m and δm on h by

δm(x) = 0, δm(y) = yxm−1(x+ y),

∂m(x) = y(x+ y)m−1x, ∂m(y) = −y(x+ y)m−1x.

By definition, we have

δm(zk) = δm(yx
k−1) = yxm−1(x+ y)xk−1 = zmzk + zm+k.
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Thus,

δm(zk1 · · · zkd) =
d∑

i=1

zk1 · · · zki−1
(zmzki + zm+ki)zki+1

· · · zkd .

Therefore,
δm(w) = zm ∗ w − wzm = zm ∗ w + zmw (15)

for w ∈ h1C . We denote by [A,B] the commutator AB − BA.

Lemma 11.3. For m ≥ 1, we have

m−1∑
j=1

[δj, ∂m−j] = (m− 1)(∂m + δm).

Proof. Put z := x+ y. We define a derivation s : h → h by

s(x) = x2, s(z) = z2.

Then we can easily check that

[s, δm] = mδm+1,

[s, ∂m] = m∂m+1.

We prove the lemma by induction on m. We can check the case m ≤ 2 by direct calculation.
Take m ≥ 3 and assume that ∑

p+q=m−1
1≤p,q≤m−2

[δp, ∂q] = (m− 2)(∂m−1 + δm−1).

From the Jacobi identity, we have

0 =
∑

p+q=m−1
1≤p,q≤m−2

([s, [δp, ∂q]] + [∂q, [s, δp]] + [δp, [∂q, s]])

=(m− 2)(m− 1)(∂m + δm)

−
∑

p+q=m−1
1≤p,q≤m−2

p[δp+1, ∂q]−
∑

p+q=m−1
1≤p,q≤m−2

q[δp, ∂q+1]

=(m− 2)(m− 1)(∂m + δm)− (m− 2)
∑

p+q=m
1≤p,q≤m−1

[δp, ∂q].

Since m > 2, we obtain ∑
p+q=m

1≤p,q≤m−1

[δp, ∂q] = (m− 1)(∂m + δm).

Thus the claim is proved.
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11.3 Proof of the derivation relation for MZVs

In this subsection, we give an alternative proof of the derivation relation

Z(∂m(w)) = 0 (m ∈ Z≥1, w ∈ h0C)

due to Ihara–Kaneko–Zagier [13]. We put {1}m := ym and

{1}m⋆ :=

{
1 m = 0,

y(x+ y)m−1 m > 0.

Lemma 11.4. For m ≥ 1, we have

m{1}m⋆ =
m∑
i=1

zi ∗ {1}m−i
⋆ , (16)

m{1}m =
m∑
i=1

(−1)i−1zi ∗ {1}m−i, (17)

m∑
i=0

(−1)i{1}m−i
⋆ ∗ {1}i =

{
1 m = 0,

0 m > 0.
(18)

Proof. We first prove equation (16). By definition,

{1}n⋆ =
n∑

d=1

∑
k1+···+kd=n

ki≥1

zk1 · · · zkd

for n ≥ 1. Thus, we have
m∑
i=1

zi ∗ {1}m−i
⋆

=
m−1∑
i=1

m−i∑
d=1

∑
k1+···+kd=m−i

ki≥1

zi ∗ zk1 . . . zkd + zm

=
m−1∑
i=1

m−i∑
d=1

 d∑
j=1

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkj+i . . . zkd +
d∑

j=0

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkjzizkj+1
. . . zkd

+ zm

=
m−1∑
d=1

m−d∑
i=1

d∑
j=1

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkj+i . . . zkd

+
m−1∑
d=1

m−d∑
i=1

d∑
j=0

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkjzizkj+1
. . . zkd + zm (19)
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Here we have

the first term of (19) =
m−1∑
d=1

d∑
j=1

m−d∑
i=1

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkj+i . . . zkd

=
m−1∑
d=1

d∑
j=1

∑
k1+···+kd=m

kl≥1

(kj − 1)zk1 . . . zkd

=
m−1∑
d=1

∑
k1+···+kd=m

kl≥1

(m− d)zk1 . . . zkd ,

the second term of (19) =
m−1∑
d=1

d∑
j=0

m−d∑
i=1

∑
k1+···+kd=m−i

kl≥1

zk1 . . . zkjzizkj+1
. . . zkd

=
m−1∑
d=1

∑
k1+···+kd+1=m

kl≥1

(d+ 1)zk1 . . . zkd+1

=
m∑
d=2

∑
k1+···+kd=m

kl≥1

dzk1 . . . zkd

=
m∑
d=1

∑
k1+···+kd=m

kl≥1

dzk1 . . . zkd − zm.

Then we get (16).
We next prove equation (17). We note that

z1 ∗ zm−1
1 = mzm1 +

m−1∑
i=1

zi−1
1 z2z

m−1−i
1 ,

z2 ∗ zm−2
1 =

m−1∑
i=1

zi−1
1 z2z

m−1−i
1 +

m−2∑
i=1

zi−1
1 z3z

m−2−i
1 ,

. . .

zm−1 ∗ z1 =
2∑

i=1

zi−1
1 zm−1z

2−i
1 + zm,

zm ∗ 1 = zm

hold. By taking the alternating sum, we have (17).
Equation (18) follows from [21, Proposition 7.1].

35



By Lemma 10.1 and the series expression of ζcyc, we have

Zcyc(w ⊗
m times︷ ︸︸ ︷

y ⊗ · · · ⊗ y) = Z({1}m⋆ ∗ w)

for w ∈ h0C . By Theorem 7.2, we have

Zcyc(y� w ⊗
m times︷ ︸︸ ︷

y ⊗ · · · ⊗ y)− (m+ 1)Zcyc(w ⊗
m+1 times︷ ︸︸ ︷
y ⊗ · · · ⊗ y) = 0.

Thus, we get the following corollary of Theorem 7.2.

Corollary 11.5. For w ∈ h0C and m ≥ 0, we have

Z(F (w,m)) = 0,

where F (w,m) := {1}m⋆ ∗ (y� w)− (m+ 1){1}m+1
⋆ ∗ w.

In fact, Corollary 11.5 is essentially the derivation relation. More precisely, the following
theorem holds.

Theorem 11.6. For w ∈ h0C and m ≥ 1, we have

m∑
i=1

(−1)i−1F (yi−1 ∗ w,m− i) = ∂m(w).

Remark 11.7. By Theorem 11.6 and (18), we can obtain

F (w,m− 1) =
m∑
i=1

∂i({1}m−i
⋆ ∗ w).

Thus Theorem 11.6 implies that the family of relations obtaind by Corollary 11.5 essentially
coincides with the one obtained by the derivation relations.

We prove this theorem in the rest of this section. We prepare some lemmas.

Lemma 11.8. For m ≥ 1, we have

m−1∑
j=1

∂m−j(zj) = −(m− 1)zm.

Proof. By Lemma 11.3, we have

m−1∑
j=1

[δj, ∂m−j](x+ y) = (m− 1)(∂m + δm)(x+ y).
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Since

m−1∑
j=1

[δj, ∂m−j](x+ y) =−
m−1∑
j=1

∂m−j(yx
j−1(x+ y))

=−
m−1∑
j=1

∂m−j(zj)(x+ y)

and
(∂m + δm)(x+ y) = zm(x+ y),

we have
m−1∑
j=1

∂m−j(zj) = −(m− 1)zm.

Lemma 11.9. For m ≥ 1, we have

m−1∑
i=0

(−1)i(m− i){1}m−i
⋆ ∗ {1}i = zm.

Proof. This follows from the following calculation:

m−1∑
i=0

(−1)i(m− i){1}m−i
⋆ ∗ {1}i =

m∑
i=0

(−1)i(m− i){1}m−i
⋆ ∗ {1}i

=
m∑
i=0

(−1)i

(
m−i∑
j=1

zj ∗ {1}m−i−j
⋆

)
∗ {1}i (by (16))

=
m∑
j=1

zj ∗
m−j∑
i=0

(−1)i{1}m−j−i
⋆ ∗ {1}i

=
m∑
j=1

zj ∗

{
1 j = m,

0 j ̸= m
(by (18))

=zm.

Proof of Theorem 11.6. Put

Gm(w) :=
m∑
i=1

(−1)i−1F (yi−1 ∗ w,m− i).

By definition, we have
Gm(w) = G′

m(w) +G′′
m(w),
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where

G′
m(w) =

m∑
i=1

(−1)i−1{1}m−i
⋆ ∗ (y� ({1}i−1 ∗ w))

and

G′′
m(w) =−

m∑
i=1

(−1)i−1(m− i+ 1){1}m−i+1
⋆ ∗ ({1}i−1 ∗ w)

=−

(
m∑
i=1

(−1)i−1(m− i+ 1){1}m−i+1
⋆ ∗ {1}i−1

)
∗ w

=− zm ∗ w.

Here the last equality follows from Lemma 11.9. Thus we have

Gm(w) =
m∑
i=1

(−1)i−1{1}m−i
⋆ ∗ (y� ({1}i−1 ∗ w))− zm ∗ w. (20)

Now we prove Gm(w) = ∂m(w) by induction on m.
We first prove the case m = 1. By the definition of G1 and (15), we have

G1(w) = y� w − z1 ∗ w
= y� w + yw − δ1(w).

Here, by the definition of the shuffle product,

y� w + yw = θ(w),

where θ is the derivation map defined by θ(x) = yx and θ(y) = y2. Since (θ − δ1)(x) = ∂1(x)
and (θ − δ1)(y) = ∂1(y), we have θ − δ1 = ∂1. Thus G1(w) = (θ − δ1)(w) = ∂1(w). Hence the
case m = 1 is proved.

For m ≥ 2, we assume that Gm−j(w) = ∂m−j(w) for all 1 ≤ j ≤ m− 1. By Lemma 11.3, we
have

(m− 1)(∂m + δm)(w) =
m−1∑
j=1

(δj∂m−j − ∂m−jδj)(w)

=
m−1∑
j=1

(δjGm−j −Gm−jδj)(w)

=
m−1∑
j=1

(zj ∗Gm−j(w)+zjGm−j(w)−Gm−j(zj ∗ w)−Gm−j(zjw)) . (21)
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Here the last equality follows from (15). Now we have

m−1∑
j=1

(zj ∗Gm−j(w)−Gm−j(zj ∗ w))

=
m−1∑
j=1

m−j∑
i=1

(−1)i−1(zj ∗ {1}m−i−j
⋆ ) ∗ (y� ({1}i−1 ∗ w))

−
m−1∑
j=1

m−j∑
i=1

(−1)i−1{1}m−i−j
⋆ ∗ (y� ((zj ∗ {1}i−1) ∗ w))

−
m−1∑
j=1

zj ∗ (zm−j ∗ w) +
m−1∑
j=1

zm−j ∗ (zj ∗ w) (by (20))

=
m−1∑
i=1

m−i∑
j=1

(−1)i−1(zj ∗ {1}m−i−j
⋆ ) ∗ (y� ({1}i−1 ∗ w))

+
m∑
k=2

k−1∑
j=1

(−1)k−1{1}m−k
⋆ ∗ (y� (((−1)j−1zj ∗ {1}k−j−1) ∗ w)) (k := i+ j)

=
m−1∑
i=1

(−1)i−1(m− i){1}m−i
⋆ ∗ (y� ({1}i−1 ∗ w))

+
m∑
k=2

(−1)k−1(k − 1){1}m−k
⋆ ∗ (y� ({1}k−1 ∗ w)) (by (16), (17))

=(m− 1)
m∑
i=1

(−1)i−1{1}m−i
⋆ ∗ (y� ({1}i−1 ∗ w))

=(m− 1)Gm(w) + (m− 1)zm ∗ w. (22)

We also have
m−1∑
j=1

(zjGm−j(w)−Gm−j(zjw)) =
m−1∑
j=1

(zj∂m−j(w)− ∂m−j(zjw))

=−
m−1∑
j=1

∂m−j(zj)w

=(m− 1)zmw. (23)

Here the last equality follows from Lemma 11.8. From (15), (21), (22), and (23), we have

(m− 1)(∂m + δm)(w) =(m− 1)Gm(w) + (m− 1)zm ∗ w + (m− 1)zmw

=(m− 1)(Gm(w) + δm(w)).

Thus the claim ∂m(w) = Gm(w) is proved.
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11.4 Proof of the sum formula

Let k > d > 0. Put k := [(k − d+ 1),

d−1︷ ︸︸ ︷
(1), . . . , (1)]. From the series expression (7), we have

ζcyc(k) = ζ(k).

On the other hand, from the integral expression (8), we have

ζcyc(k) =

∫
t1,1<···<t1,k−d+1>t2,1>···>td,1>t1,1

dt1,1
1− t1,1

dt1,2
t1,2

· · · dt1,k−d+1

t1,k−d+1

dt2,1
1− t2,1

· · · dtd,1
1− td,1

=Z(yd−1
� zk−d+1)

=
∑

k1+···+kd=k
k1,...,kd−1≥1,kd≥2

ζ(k1, . . . , kd).

Then we get the sum formula: ∑
k1+···+kd=k

k1,...,kd−1≥1,kd≥2

ζ(k1, . . . , kd) = ζ(k).
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Part V

Quasi-derivation relations for multiple
zeta values revisited

12 Quasi-derivation relations for MZVs

The quasi-derivation relations in the theory of multiple zeta values is a generalization, proposed
by Kaneko [15] and established by Tanaka [30], of a set of linear relations known as derivation
relations (see §1.6).

In order to introduce the quasi-derivation relations, we first define a Q-linear map θ :=
θ(c) : h → h with a parameter c ∈ Q (we often drop c from the notation) by setting

θ(u) = uz = u(x+ y) for u = x, y

and requiring
θ(ww′) = θ(w)w′ + wθ(w′) + cH(w)∂1(w

′)

for w,w′ ∈ h, where H is the Q-linear map from h to itself defined by H(w) = deg(w) · w for
any monomial w ∈ h (deg(w) is the degree of w). This is well defined because H is a derivation

on h. Now we define the quasi-derivation map ∂
(c)
n . Write ad(θ) the adjoint operator by θ, i.e.,

ad(θ)(∂) := [θ, ∂] = θ∂ − ∂θ.

Definition 9. For each positive integer n and any rational number c, we define a Q-linear map
∂
(c)
n : h → h by

∂(c)n :=
1

(n− 1)!
ad(θ)n−1(∂1).

Then the quasi-derivation relations of Tanaka [30] is stated as

Z(∂(c)n (w)) = 0

for all n ≥ 1, c ∈ Q, and w ∈ yhx. Our aim in this part is to take another look at this relation,
or rather at the operator ∂

(c)
n .

Remark 12.1. 1) We have changed the definition of θ = θ(c) by shifting the original ([15, 30])
by the derivation w → [z, w]/2 = (zw−wz)/2. However, we can check that this does not change

∂
(c)
n (w). Note also that the convention of the order of the product in h there is opposite from

ours.
2) As noted in [13] , the special case c = 0 gives the original derivation ∂n: ∂n = ∂

(0)
n .

3) From θ(zr) = rzr+1 (r ≥ 1) and ∂n(z) = 0, we see that ∂
(c)
n (wz) = ∂

(c)
n (w)z and ∂

(c)
n (zw) =

z∂
(c)
n (w). We need to use this at several points later.
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13 Main Theorem

We present a formula for ∂
(c)
n (w) when w is in hx. To describe the formula, we define a product

⋄ on h introduced in Hirose–Murahara–Onozuka [8] by

w1 ⋄ w2 := ϕ
(
ϕ(w1) ∗ ϕ(w2)

)
(w1, w2 ∈ h), (24)

where ϕ is an involutive automorphism of h determined by

ϕ(x) = z = x+ y and ϕ(y) = −y.

This is an associative and commutative binary operation with 1 ⋄ w = w ⋄ 1 = w for any w ∈ h.
In [8], the definition of ⋄ is given in an inductive manner like the definition of ∗ in [6]. Later we
only use the shuffle-type equality

xw1 ⋄ yw2 = x(w1 ⋄ yw2) + y(xw1 ⋄ w2), (25)

which holds for any w1, w2 ∈ h.
We define a specific element qn = q

(c)
n in h for each n ≥ 1 as follows.

Definition 10. Let θ̃ = θ̃(c) be the map from h to itself given by

θ̃(w) := θ(w) + cH(w)y (w ∈ h).

For each positive integer n, we define

qn :=
1

(n− 1)!
θ̃n−1(y).

We thus have q1 = y and qn = θ̃(qn−1)/(n− 1) for n ≥ 2.

Note that qn = q
(c)
n is in yh, as can be seen inductively by the definition. We shall give an

explicit formula for qn in the next section. Here is our main theorem.

Theorem 13.1. For all n ≥ 1 and c ∈ Q, we have

∂(c)n (wx) = (w ⋄ qn)x (w ∈ h).

Assuming the theorem, it is straightforward to deduce the quasi-derivation relations from
Kawashima’s relations (strictly speaking, its “linear part”). Recall the linear part of Kawashima’s
relations [21] asserts that

Z(ϕ(w1 ∗ w2)x) = 0

for any w1, w2 ∈ yh. Using this and the definition (24) of ⋄, we see that

Z
(
∂(c)n (ywx)

)
= Z

(
(yw ⋄ qn)x

)
= Z

(
ϕ
(
ϕ(yw) ∗ ϕ(qn)

)
x
)
= 0
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because both ϕ(yw) and ϕ(qn) are in yh. This is the quasi-derivation relations.

Another immediate corollary to the theorem is the commutativity of the operators ∂
(c)
n , that

is, ∂
(c1)
n1 and ∂

(c2)
n2 commute with each other for any n1, n2 ≥ 1 and c1, c2 ∈ Q. This was proved in

[30] but the argument was quite involved. Here we may show

[∂(c1)n1
, ∂(c2)n2

](w) = 0

first for w ∈ hx as

[∂(c1)n1
, ∂(c2)n2

](wx) = (∂(c1)n1
∂(c2)n2

− ∂(c2)n2
∂(c1)n1

)(wx)

= ((w ⋄ qn2) ⋄ qn1)x− ((w ⋄ qn1) ⋄ qn2)x

= 0

because the product ⋄ is associative and commutative, and then for the general case by induction
on the degree of w by noting ∂

(c)
n (wz) = ∂

(c)
n (w)z as remarked before.

Proof of Theorem 13.1. We need some lemmas. Recall z = x+ y.

Lemma 13.2. For w1, w2 ∈ h, we have

zw1 ⋄ w2 = w1 ⋄ zw2 = z(w1 ⋄ w2).

Proof. This follows from ϕ(z) = x, ϕ(x) = z and xw1 ∗ w2 = w1 ∗ xw2 = x(w1 ∗ w2). See also
[8].

Lemma 13.3. For w ∈ h, we have ∂1(w) = w ⋄ y − wy.

Proof. We proceed by induction on deg(w). The case deg(w) = 0 is obvious because ∂1(1) = 0.
Suppose deg(w) ≥ 1. By linearity, it is enough to prove the equation when w is of the form zw′

and xw′. If w = zw′, we have, by using the induction hypothesis and Lemma 13.2,

∂1(w) = ∂1(zw
′) = z∂1(w

′) = z(w′ ⋄ y − w′y) = zw′ ⋄ y − zw′y = w ⋄ y − wy.

When w = xw′, we similarly compute (using equation (25))

∂1(w) = ∂1(xw
′) = yxw′ + x∂1(w

′) = yxw′ + x(w′ ⋄ y − w′y)

= y(xw′ ⋄ 1) + x(w′ ⋄ y)− xw′y = xw′ ⋄ y − xw′y

= w ⋄ y − wy.

Lemma 13.4. For u ∈ Qx+Qy, we have

θ̃(uw) = u
(
θ̃(w) + zw + c(w ⋄ y)

)
.
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Proof. We only need to show the equation for u = x and y. By the definition of θ̃, we have

θ̃(uw) = θ(uw) + cH(uw)y

= uzw + uθ(w) + cu∂1(w) + cuwy + cuH(w)y

= u
(
θ̃(w) + zw + c(∂1(w) + wy)

)
.

From Lemma 13.3, we complete the proof.

We need one more preparatory result, which may be of interest in its own right.

Proposition 13.5. The Q-linear map θ̃ is a derivation on h with respect to the product ⋄, i.e.,
the equation

θ̃(w1 ⋄ w2) = θ̃(w1) ⋄ w2 + w1 ⋄ θ̃(w2) (26)

holds for any w1, w2 ∈ h.

Proof. We prove this by induction on deg(w1) + deg(w2). The case deg(w1) + deg(w2) = 0 holds
trivially:

θ̃(1 ⋄ 1) = θ̃(1) = 0 = θ̃(1) ⋄ 1 + 1 ⋄ θ̃(1).

When deg(w1) + deg(w2) ≥ 1, we first prove when w1 is of the form w1 = zw′
1. By the definition

of θ̃ and Lemmas 13.2 and 13.4, we have

θ̃(zw′
1 ⋄ w2) = θ̃(z(w′

1 ⋄ w2)) = z
(
θ̃(w′

1 ⋄ w2) + z(w′
1 ⋄ w2) + c(w′

1 ⋄ w2 ⋄ y)
)
.

On the other hand, we have

θ̃(zw′
1) ⋄ w2 + zw′

1 ⋄ θ̃(w2)

= z
(
θ̃(w′

1) + zw′
1 + c(w′

1 ⋄ y)
)
⋄ w2 + z

(
w′

1 ⋄ θ̃(w2)
)

= z
(
θ̃(w′

1) ⋄ w2 + w′
1 ⋄ θ̃(w2) + z(w′

1 ⋄ w2) + c(w′
1 ⋄ w2 ⋄ y)

)
.

Hence by the induction hypothesis we obtain

θ̃(zw′
1 ⋄ w2) = θ̃(zw′

1) ⋄ w2 + zw′
1 ⋄ θ̃(w2).

Since the binary operator ⋄ is commutative and bilinear, it suffices then to prove equation (26)
only in the case where w1 = xw′

1 and w2 = yw′
2. By using equation (25) and Lemma 13.4, we

have

θ̃(xw′
1 ⋄ yw′

2)

= θ̃ (x(w′
1 ⋄ yw′

2) + y(xw′
1 ⋄ w′

2))

= x
(
θ̃(w′

1 ⋄ yw′
2) + z(w′

1 ⋄ yw′
2) + c(w′

1 ⋄ yw′
2 ⋄ y)

)
+ y
(
θ̃(xw′

1 ⋄ w′
2) + z(xw′

1 ⋄ w′
2) + c(xw′

1 ⋄ w′
2 ⋄ y)

)
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and

θ̃(xw′
1) ⋄ yw′

2 + xw′
1 ⋄ θ̃(yw′

2)

= x
((
θ̃(w′

1) + zw′
1 + c(w′

1 ⋄ y)
)
⋄ yw′

2

)
+ y
(
θ̃(xw′

1) ⋄ w′
2

)
+ x
(
w′

1 ⋄ θ̃(yw′
2)
)
+ y
(
xw′

1 ⋄
(
θ̃(w′

2) + zw′
2 + c(w′

2 ⋄ y)
))

= x
(
θ̃(w′

1) ⋄ yw′
2 + w′

1 ⋄ θ̃(yw′
2) + z(w′

1 ⋄ yw′
2) + c(w′

1 ⋄ yw′
2 ⋄ y)

)
+ y
(
θ̃(xw′

1) ⋄ w′
2 + xw′

1 ⋄ θ̃(w′
2) + z(xw′

1 ⋄ w′
2) + c(xw′

1 ⋄ w′
2 ⋄ y)

)
.

From these, we see by the induction hypothesis that

θ̃(xw′
1 ⋄ yw′

2) = θ̃(xw′
1) ⋄ yw′

2 + xw′
1 ⋄ θ̃(yw′

2)

holds.

Now we prove Theorem 13.1 by induction on n. When n = 1, we have

∂
(c)
1 (wx) = ∂1(wx) = ∂1(w)x+ wyx = (∂1(w) + wy)x = (w ⋄ y)x = (w ⋄ q1)x

by Lemma 13.3. When n ≥ 2, we have

∂(c)n (wx) =
1

n− 1
ad(θ)(∂

(c)
n−1)(wx)

=
1

n− 1

(
θ∂

(c)
n−1(wx)− ∂

(c)
n−1θ(wx)

)
.

By the induction hypothesis, we have

θ∂
(c)
n−1(wx) = θ((w ⋄ qn−1)x)

= θ(w ⋄ qn−1)x+ (w ⋄ qn−1)xz + cH(w ⋄ qn−1)yx

= θ̃(w ⋄ qn−1)x+ (w ⋄ qn−1)xz

and

∂
(c)
n−1θ(wx) = ∂

(c)
n−1 (θ(w)x+ wxz + cH(w)yx)

= (θ(w) ⋄ qn−1)x+ (w ⋄ qn−1)xz + c(H(w)y ⋄ qn−1)x

= (θ̃(w) ⋄ qn−1)x+ (w ⋄ qn−1)xz.

We therefore obtain by Proposition 13.5,

∂(c)n (wx) =
1

n− 1

(
θ̃(w ⋄ qn−1)− (θ̃(w) ⋄ qn−1)

)
x =

1

n− 1

(
w ⋄ θ̃(qn−1)

)
x

= (w ⋄ qn)x,

which completes the proof.
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14 Explicit formula for qn

We now describe the element qn = q
(c)
n in an explicit manner. For any index l = (l1, . . . , ls) ∈ Ns,

we define a(l) = a(l1, . . . , ls) ∈ Q (or ∈ Z[c] if we view c as a variable) inductively by a(1) := 1
and

a(l) :=
s∑

i=1

(
li − 1− (l1 + · · ·+ li−1)c

)
a(l(i)),

where

l(i) =

{
(l1, . . . , li−1, li+1, . . . , ls) if li = 1,

(l1, . . . , li−1, li − 1, li+1, . . . , ls) if li > 1.

Proposition 14.1. For n ≥ 1, we have

qn = − 1

(n− 1)!

∑
|l|=n

a(l)w(l), (27)

where the sum runs over all indices l = (l1, . . . , ls) ∈ (Z≥1)
s of any length s and of weight

|l| := l1 + · · ·+ ls = n, and w(l) = ϕ(yxl1−1 · · · yxls−1) = (−1)syzl1−1 · · · yzls−1.

Proof. Let q′n denote the right-hand side of (27). We prove (27) by induction on n. When n = 1,
we easily see q′1 = y.

Suppose n ≥ 2. We want to show that q′n = θ̃(q′n−1)/(n − 1). Since θ(zm) = mzm+1 and
∂1(z) = 0, we have

θ(yzk−1) = yzk + (k − 1)yzk = kyzk,

and so

θ(yzk1−1 · · · yzkr−1)

=
r∑

j=1

yzk1−1 · · · yzkj−1−1 · kjyzkj · yzkj+1−1 · · · yzkr−1

+ c
∑

1≤i<j≤r

yzk1−1 · · ·H(yzki−1) · · · ∂1(yzkj−1) · · · yzkr−1

=
r∑

j=1

kj yz
k1−1 · · · yzkj−1−1yzkjyzkj+1−1 · · · yzkr−1

− c
∑

1≤i<j≤r

yzk1−1 · · · (kiyzki−1) · · · y(z − y)zkj−1yzkj+1−1 · · · yzkr−1

=
r∑

j=1

kj yz
k1−1 · · · yzkj−1−1yzkjyzkj+1−1 · · · yzkr−1

− c
r∑

j=2

(k1 + · · ·+ kj−1)yz
k1−1 · · · yzkj−1−1y(z − y)zkj−1yzkj+1−1 · · · yzkr−1.
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Since cH(yzk1−1 · · · yzkr−1)y = c(k1 + · · · + kr)yz
k1−1 · · · yzkr−1y, we finally obtain for k =

(k1, . . . , kr),

θ̃(w(k))

= (−1)rθ̃(yzk1−1 · · · yzkr−1)

= (−1)r
r∑

j=1

(
kj − c(k1 + · · ·+ kj−1)

)
yzk1−1 · · · yzkj−1−1yzkjyzkj+1−1 · · · yzkr−1

− (−1)r+1c

r∑
j=1

(k1 + · · ·+ kj)yz
k1−1 · · · yzkj−1 · y · yzkj+1−1 · · · yzkr−1.

If we write

θ̃(q′n−1) = − 1

(n− 2)!

∑
|l|=n

a′(l)w(l),

we see from this that the coefficient a′(l) of w(l) = (−1)syzl1−1 · · · yzls−1 is given exactly by a(l)
as defined recursively.

15 Quasi-derivation relations for finite multiple zeta val-

ues

In this section, we briefly discuss how the quasi-derivation relations look like for “finite” multiple
zeta values. We recall ZF is the Q-linear map from yh to either algebra assigning the monomial
yxk1−1 · · · yxkr−1 to ζA(k1, . . . , kr) or ζS(k1, . . . , kr).

As a consequence of our Theorem 13.1, we have the following.

Theorem 15.1 (Quasi-derivation relations for finite multiple zeta values). For all n ≥ 1 and
c ∈ Q, we have

ZF(∂
(c)
n (w)x−1) = ZF(wx

−1)ZF(q
(c)
n ) (w ∈ yhx).

Proof. This is almost immediate from Theorem 13.1 if one notes ZF ◦ ϕ = ZF and ZF is a
∗-homomorphism (see Theorem 3.4 and 3.5).

Remark 15.2. When c = 0, we can easily compute that q
(0)
n = yzn−1. Since ZF(yz

n−1) =
ZF
(
ϕ(yzn−1)

)
= −ZF(yx

n−1) = −ζF(n) = 0 for F = A or S, we see that Theorem 15.1
generalizes the derivation relations (Theorem 3.6).

47



Part VI

On Hoffman’s t-values of maximal
height

16 Multiple t-values and main result

In [11], Hoffman introduced and studied an “odd variant” of multiple zeta value

t(k1, . . . , kd) :=
∑

0<n1<···<nd
ni:odd

1

nk1
1 · · ·nkd

d

,

which we call multiple t-value (MtV). Any multiple t-value can be written as a Q-linear combi-
nation of “Euler sums”, which is defined by

ζ

(
k1, · · · , kd
ϵ1, · · · , ϵd

)
:=

∑
0<n1<···<nd

ϵn1
1 · · · ϵnd

d

nk1
1 · · ·nkd

d

,

for k1, . . . , kd ∈ Z≥1 , ϵ1, . . . , ϵd ∈ {±1} with (kd, ϵd) ̸= (1, 1).
If we write

t(k1, . . . , kd) = 2−d
∑

0<n1<···<nd

(1− (−1)n1) · · · (1− (−1)nd)

nk1
1 · · ·nkd

d

,

we see by expanding this that

t(k1, . . . , kd) = 2−d
∑

ϵm∈{±1}

ϵ1 · · · ϵdζ
(
k1, . . . , kd
ϵ1, . . . , ϵd

)
. (28)

Multiple zeta values are special cases of Euler sums. Our first main result shows that in some
cases multiple t-values are linear combination of multiple zeta values.

Theorem 16.1. When all ki are greater than 1, t(k1, . . . , kd) is a Q-linear combination of mul-
tiple zeta values.

In particular, if all ki are either 2 or 3, t(k1, . . . , kd) belongs to the space spanned by the
MZVs. Hoffman conjectured and Brown proved that ζ(k1, . . . , kd)’s with all ki equal 2 or 3 span
the space of MZVs. Our second main result gives an alternative, analogous generators of MZVs
by means of MtVs.

Theorem 16.2. Every multiple zeta value is a Q-linear combination of elements in

{t(k1, . . . , kd) | k1, . . . , kd ∈ {2, 3}} .
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To prove this theorem, we need the following theorem, just as Brown’s proof of [1, Theorem
1.1] needed Zagier’s [35, Theorem 1].

Theorem 16.3. Let t̃(k1, . . . , kd) := 2k1+···+kdt(k1, . . . , kd) and set

K(a, b) := t̃(2, . . . , 2︸ ︷︷ ︸
a

, 3, 2, . . . , 2︸ ︷︷ ︸
b

) and K(n) := t̃(2, . . . , 2︸ ︷︷ ︸
n

),

for any a, b, n ∈ Z≥0. Then, for all integers a, b ≥ 0, we have

K(a, b) = 2
a+b+1∑
r=1

(−1)r−1

[(
2r

2a+ 1

)
+
(
1− 2−2r

)( 2r

2b+ 1

)]
K(a+ b− r + 1)ζ(2r + 1). (29)

We prove Theorems 16.1 and 16.2 by proving their motivic counterparts. In Section 17, we
introduce motivic Euler sums. In Section 18, we prove Theorem 16.1 by using Glanois’s theorem.
In Section 19, we prove Theorem 16.3. The proof of this theorem is based on the same argument
as in the proof of [35, Theorem 1]. In Section 20, we prove Theorem 16.2 in a similar way as in
Brown’s proof of [1, Theorem 1.1].

17 Motivic Setup

For a ∈ Z≥0, ki ∈ Z≥1 and ϵi ∈ {±1} (1 ≤ i ≤ d) , the (general) motivic Euler sum is defined in
terms of motivic iterated integral as follows:

ζma

(
k1, . . . , kd
ϵ1, . . . , ϵd

)
= (−1)dIm

(
0; 0a, η1, 0

k1−1, η2, 0
k2−1, . . . , ηd, 0

kd−1; 1
)
,

where ηi := ϵi · · · ϵd. When a = 0, we denote ζm0 by ζm. Also when ϵ1 = · · · = ϵd = 1, we

denote ζma

(
k1, . . . , kd
1, . . . , 1

)
by ζma (k1, . . . , kd), which we call the motivic MZV. For the definition of

motivic iterated integrals and their properties, we refer the reader to [4]. Let H2 (resp. H1) be
the Q-vector space spanned by the motivic Euler sums (resp. motivic MZVs). Let H2

N denote
the Q-vector space spanned by all motivic Euler sums of weight N . The space H2 naturally has
the structure of a graded Q-algebra

H2 =
⊕
N≥0

H2
N

with the shuffle product. There is a surjective homomorphism called the period map

per : H2 −→ R,

which sends ζm
(
k1, . . . , kd
ϵ1, . . . , ϵd

)
to ζ

(
k1, . . . , kd
ϵ1, . . . , ϵd

)
.

Let A be the quotient algebra H2/ζm(2)H2, and AN denotes its weight N part. We use Ia

(resp. ζa) to denote the image of Im (resp. ζm) under the canonical surjection H2 → A. Let
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L := A>0/A>0 · A>0 be the ‘linearized quotient’ of A>0. We denote by LN the weight N part of
L and by I l (resp. ζ l) the image of Ia (resp. ζa) under the canonical surjection A>0 → L.

Motivic Euler sums and motivic iterated integrals satisfy the following properties:

(I1) Im (a0; a1) = 1.

(I2) Im (a0; a1, . . . , an; an+1) = 0 if a0 = an+1, n ≥ 1.

(I3) ζma

(
k1, ..., kd
ϵ1, ..., ϵd

)
= (−1)a

∑
i1+···+id=a

ij≥0 (1≤j≤d)

(
k1+i1−1

i1

)
···
(
kd+id−1

id

)
ζm
(
k1+i1 , ..., kd+id
ϵ1 , ..., ϵd

)
.

(I4) Path composition:

Im (a0; a1, . . . , an; an+1) =
n∑

i=1

Im (a0; a1, . . . , ai;x) I
m (x; ai+1, . . . , an; an+1) . (x ∈ {0,±1})

(I5) Path reversal: Im (a0; a1, . . . , an; an+1) = (−1)nIm (an+1; an, . . . , a1; a0).

(I6) Homothety: Im (0;−a1, . . . ,−an;−an+1) = Im (0; a1, . . . , an; an+1).

Define the motivic multiple t̃-values for k = (k1, . . . , kd) as

t̃m(k1, . . . , kd) := 2|k|−d
∑

ϵm∈{±1}

ϵ1 · · · ϵdζm
(
k1, . . . , kd
ϵ1, . . . , ϵd

)
.

We recall |k| := k1 + · · · + kd is the weight of the index k. In view of (28), the image of
t̃m(k1, . . . , kd) under the period map is t̃(k1, . . . , kd).

From [4, Subsection 2.3.2], the coaction ∆ : H2 −→ A⊗Q H2 is given by

∆Im (a0; a1, . . . , an; an+1)

=
∑

0≤k≤n
i0=0<i1<···<ik<ik+1=n+1

(
k∏

p=0

Ia
(
aip ; aip+1, . . . , aip+1−1; aip+1

))
⊗Im (a0; ai1 , . . . , aik ; an+1) .

(30)

For any odd r ≥ 1, we define the derivation operator:

Dr : H2 −→ Lr ⊗Q H2

as the composite of ∆− (1⊗ id) with πr ⊗ id, where πr is the projection A → L → Lr.
By (30), the action of Dr on I

m (a0; a1, . . . , an; an+1) is given by

Dr (I
m (a0; a1, . . . , an; an+1))

=
n−r∑
p=0

I l (ap; ap+1, . . . , ap+r; ap+r+1)⊗ Im (a0; a1, . . . , ap, ap+r+1, . . . , an; an+1) .

Brown used the following theorem to lift a particular relation of MZVs proved by Zagier to
the corresponding motivic relation.
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Theorem 17.1 (Brown [1, Theorem3.3]). Let N ≥ 2. The kernel of D<N = ⊕1<2r+1<ND2r+1 is
one-dimensional in weight N spanned by ζm(N):

kerD<N ∩HN = Qζm(N).

We employ this theorem as well as the following theorem to prove our main result.

Theorem 17.2 (Glanois [4, Corollary 2.4]). Let ξ be a motivic Euler sum. Then ξ is a motivic
multiple zeta value if and only if:

D1(ξ) = 0 and Dr(ξ) ∈ Lr ⊗H1 for r : odd.

18 Proof of Theorem 16.1

In this section, we prove the following theorem. By applying the period map, we obtain Theo-
rem 16.1.

Theorem 18.1. When all ki are greater than 1,

t̃m(k1, . . . , kd) ∈ H1.

First, we prove Lemma 18.2 and Proposition 18.3, which are used for the calculation in the
proof of Proposition 18.4.

Lemma 18.2. Let k0, . . . , ki ∈ Z≥1. For α, β ∈ {±1},∑
η1,...,ηi∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, . . . , ηi, 0

ki−1; β) = 0.

Proof. If α = β, by property (I2), we have∑
ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, . . . , ηi, 0

ki−1;α) = 0.

If α ̸= β, we compute∑
ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, . . . , ηi, 0

ki−1;−α)

=
∑

ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1; 0) +
∑

ηm∈{±1}

I l(0; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1;−α) (by (I4))

=
∑

ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1; 0) +
∑

ηm∈{±1}

I l(0; 0k0−1,−η1, 0k1−1, ...,−ηi, 0ki−1;α) (by (I6))

=
∑

ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1; 0) +
∑

ηm∈{±1}

I l(0; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1;α)

=
∑

ηm∈{±1}

I l(α; 0k0−1, η1, 0
k1−1, ..., ηi, 0

ki−1;α) (by (I4))

=0.
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Proposition 18.3. Let a ∈ Z≥0, k = (k1, . . . , kd) ∈ (Z≥2)
d and N := a+ k1 + · · ·+ kd. We have

ζma (k1, . . . , kd) = (−1)d2N−d
∑

ηm∈{±1}

Im(0; 0a, η1, 0
k1−1, η2, 0

k2−1, . . . , ηd, 0
kd−1;α). (31)

Proof. In the following, we write ki,j = (ki, . . . , kj) the subindex of k = (k1, . . . , kd) and δ• = 1
if • is true and δ• = 0 if not. We prove (31) by induction on N . Let 1 < r < N with r: odd. By
applying Dr, we have

(−1)d2d−NDr(R.H.S. of (31))

=
∑

ηm∈{±1}

Dr

(
Im(0; 0a, η1, 0

k1−1, η2, 0
k2−1, . . . , ηd, 0

kd−1;α)
)

=
∑

1≤j≤d

δ|k1,j |≤r≤a+|k1,j |
∑

ηm∈{±1}

(
I l(0; 0r−|k1,j |, η1, 0

k1−1, . . . , ηj, 0
kj−1; ηj+1) (32)

⊗ Im(0; 0a+|k1,j |−r, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1;α)

)

+
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1

∑
ηm∈{±1}

(
I l(0; 0r−|ki+1,j |, ηi+1, 0

ki+1−1, . . . , ηj, 0
kj−1; ηj+1) (33)

⊗ Im(0; 0a, η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1;α)

)

+
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1

∑
ηm∈{±1}

(
I l(ηi; 0

ki−1, ηi+1, 0
ki+1−1, . . . , ηj, 0

r−|ki,j−1|; 0) (34)

⊗ Im(0; 0a, η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1;α)

)

+
∑

1≤i<j≤d

δr=|ki,j |−1

∑
ηm∈{±1}

(
I l(ηi; 0

ki−1, ηi+1, 0
ki+1−1, . . . , ηj, 0

kj−1; ηj+1) (35)

⊗ Im(0; η1, 0
k1−1, . . . , ηi, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1;α)

)
.

The sum (32) is calculated as follows.

(32) =
∑

1≤j≤d

δ|k1,j |≤r≤a+|k1,j |
∑

ηj+1,...,ηd∈{±1}

( ∑
η1,...,ηj∈{±1}

I l(0; 0r−|k1,j |, η1, 0
k1−1, . . . , ηj, 0

kj−1; ηj+1)

)
⊗ Im(0; 0a+|k1,j |−r, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1;α)

=(−1)d2d−N
∑

1≤j≤d

δ|k1,j |≤r≤a+|k1,j |ζ
l
r−|k1,j |(k1, . . . , kj)⊗ ζma+|k1,j |−r (kj+1, . . . , kd) .
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The second equality follows from the induction hypothesis. The sums (33), (34) and (35) are
calculated in a similar manner.

(33) =
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(0; 0r−|ki+1,j |, ηi+1, 0
ki+1−1, . . . , ηj, 0

kj−1; ηj+1)

)

⊗ Im(0; 0a, η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1;α)

=(−1)d2d−N
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1ζ
l
r−|ki+1,j |(ki+1, ..., kj)⊗ ζma (k1, ..., ki−1, |ki,j| − r, kj+1, ..., kd).

(34) =
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(ηi; 0
ki−1, ηi+1, 0

ki+1−1, . . . , ηj, 0
r−|ki,j−1|; 0)

)

⊗ Im(0; 0a, η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1;α)

=− (−1)d2d−N
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1ζ
l
r−

∑j−1
l=i kl

(kj−1, ..., ki)⊗ ζma (k1, ..., ki−1, |ki,j|−r, kj+1, ..., kd) .

(35) =
∑

1≤i<j≤d

δ|ki,j |−1=r

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(ηi; 0
ki−1, ηi+1, 0

ki+1−1, . . . , ηj, 0
kj−1; ηj+1)

)

⊗ Im(0; η1, 0
k1−1, . . . , ηi, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1;α)

=0. (by Lemma 18.2)

Therefore, we obtain Dr(L.H.S. of (31)) = Dr(R.H.S. of (31)). By Theorem 17.1, there
exists c ∈ Q such that (L.H.S. of (31)) − (R.H.S. of (31)) = cζm(N). Taking the period map
and by distribution relations for Euler sums, we obtain c = 0. Thus the proposition is proved.

Proposition 18.4. For k = (k1, . . . , kd) ∈ (Z≥2)
d, we have

Dr

(
t̃m(k1, . . . , kd)

)
=
∑

1≤j≤d

δ|k1,j |=r t̃
l(k1, . . . , kj)⊗ t̃m(kj+1, . . . , kd)

+
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1ζ
l
r−|ki+1,j |(ki+1,. . ., kj)⊗ t̃m(k1,. . ., ki−1,|ki,j|−r, kj+1,. . ., kd)

−
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1ζ
l
r−|ki,j−1|(kj−1,. . ., ki)⊗ t̃m(k1,. . ., ki−1,|ki,j|−r, kj+1,. . ., kd).

Proof. By the definition of motivic Euler sums and motivic multiple t̃-values, we have

(−1)d2d−|k|t̃m(k1, . . . , kd) =
∑

ηm∈{±1}

η1I
m(0; η1, 0

k1−1, η2, 0
k2−1, . . . , ηd, 0

kd−1; 1).
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By applying Dr, we have

(−1)d2d−|k|Dr

(
t̃m(k1, . . . , kd)

)
=

∑
ηm∈{±1}

η1Dr

(
Im(0; η1, 0

k1−1, η2, 0
k2−1, . . . , ηd, 0

kd−1; 1)
)

=
∑

1≤j≤d

δ|k1,j |=r

∑
ηm∈{±1}

η1

(
I l(0; η1, 0

k1−1, . . . , ηj, 0
kj−1; ηj+1) (36)

⊗ Im(0; ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1; 1)

)

+
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1

∑
ηm∈{±1}

η1

(
I l(0; 0r−|ki+1,j |, ηi+1, 0

ki+1−1, . . . , ηj, 0
kj−1; ηj+1) (37)

⊗ Im(0; η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1; 1)

)

+
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1

∑
ηm∈{±1}

η1

(
I l(ηi; 0

ki−1, ηi+1, 0
ki+1−1, . . . , ηj, 0

r−|ki,j−1|; 0) (38)

⊗ Im(0; η1, 0
k1−1, . . . , ηi, 0

|ki,j |−r−1, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1; 1)

)

+
∑

1≤i<j≤d

δ|ki,j |−1=r

∑
ηm∈{±1}

η1

(
I l(ηi; 0

ki−1, ηi+1, 0
ki+1−1, . . . , ηj, 0

kj−1; ηj+1) (39)

⊗ Im(0; η1, 0
k1−1, . . . , ηi, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1; 1)

)
First, we calculate the sum (36).

(36) =
∑

1≤j≤d

δ|k1,j |=r

∑
ηj+1,...,ηd∈{±1}

( ∑
η1,...,ηj∈{±1}

η1ηj+1I
l(0; η1ηj+1, 0

k1−1, . . . , ηjηj+1, 0
kj−1; 1)

)
⊗ ηj+1I

m(0; ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1; 1)

=
∑

1≤j≤d

δ|k1,j |=r

( ∑
η1,...,ηj∈{±1}

η1I
l(0; η1, 0

k1−1, . . . , ηj, 0
kj−1; 1)

)

⊗

( ∑
ηj+1,...,ηd∈{±1}

ηj+1I
m(0; ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1; 1)

)
=(−1)d2d−|k|

∑
1≤j≤d

δ|k1,j |=r t̃
m(k1, . . . , kj)⊗ t̃m (kj+1, . . . , kd) .
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The last equality follows from the induction hypothesis. Next, we calculate the sum (37).

(37) =
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(0; 0r−|ki+1,j |, ηi+1, 0
ki+1−1, . . . , ηj, 0

kj−1; ηj+1)

)

⊗ η1I
m(0; η1, 0

k1−1, . . . , ηi, 0
|ki,j |−r−1, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1; 1)

=(−1)d2d−|k|
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1ζ
l
r−|ki+1,j |(ki+1, ..., kj)⊗ t̃m (k1, ..., ki−1, |ki,j| − r, kj+1, ..., kd) .

The last equality follows from Proposition 18.3 and the induction hypothesis. The sum (38) is
calculated in a similar way.

(38) =
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(ηi; 0
ki−1, ηi+1, 0

ki+1−1, . . . , ηj, 0
r−|ki,j−1|; 0)

)

⊗ η1I
m(0; η1, 0

k1−1, . . . , ηi, 0
|ki,j |−r−1, ηj+1, 0

kj+1−1, . . . , ηd, 0
kd−1; 1)

=−(−1)d2d−|k|
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1ζ
l
r−|ki,j−1|(kj−1, ..., ki)⊗ t̃m (k1, ..., ki−1, |ki,j|−r, kj+1, ..., kd) .

Finally, we calculate the sum (39).

(39) =
∑

1≤i<j≤d

δ|ki,j |−1=r

∑
η1,...,ηi

ηj+1,...,ηd∈{±1}

( ∑
ηi+1,...,ηj∈{±1}

I l(ηi; 0
ki−1, ηi+1, 0

ki+1−1, . . . , ηj, 0
kj−1; ηj+1)

)

⊗ η1I
m(0; η1, 0

k1−1, . . . , ηi, ηj+1, 0
kj+1−1, . . . , ηd, 0

kd−1; 1)

=0. (by Lemma 18.2)

By the above calculation, the proposition is proved.

Proof of Theorem 18.1. Let k = (k1, . . . , kd) ∈ (Z≥2)
d. If r = 1, there are no terms on the right-

hand side of Proposition 18.4. Hence D1

(
t̃m(k)

)
= 0. For r ≥ 3: odd, we have Dr

(
t̃m(k)

)
∈

Lr ⊗H1 by induction on weight. Thus by Theorem 17.2, we obtain Theorem 18.1.
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19 Evaluation of t̃(2, . . . , 2, 3, 2, . . . , 2)

Let G(x, y) and Ĝ(x, y) be the generating functions

G(x, y) :=
∑
a,b≥0

(−1)a+bK(a, b)x2a+1y2b+1,

Ĝ(x, y) :=
∑
a,b≥0

(−1)a+bK̂(a, b)x2a+1y2b+1,

where K̂(a, b) denotes the right-hand side of (29).

Proposition 19.1. We have

G(x, y) =
xy

1
4
− x2

cos πy
∞∑

m=1

1

m− 1
2

·
(
−1

2
+ x
)
m

(
−1

2
− x
)
m(

1
2
+ y
)
m

(
1
2
− y
)
m

,

where (a)m := a(a+ 1) · · · (a+m− 1) is the ascending Pochhammer symbol.

Proof. By a straightforward calculation,

G(x, y) = xy
∞∑

m=1

∏
0<k<m

(
1− x2

(k − 1
2
)2

)
· 1

(m− 1
2
)3

·
∏
l>m

(
1− y2

(l − 1
2
)2

)

= xy cos πy
∞∑

m=1

(
1− x2

( 1
2
)2

)(
1− x2

( 3
2
)2

)
· · ·
(
1− x2

( 2m−3
2

)2

)
(
1− y2

( 1
2
)2

)(
1− y2

( 3
2
)2

)
· · ·
(
1− y2

( 2m−1
2

)2

) · 1

(m− 1
2
)3

= xy cos πy
∞∑

m=1

1

m− 1
2

·
(
(1
2
)2 − x2

) (
(3
2
)2 − x2

)
· · ·
(
(2m−3

2
)2 − x2

)(
(1
2
)2 − y2

) (
(3
2
)2 − y2

)
· · ·
(
(2m−1

2
)2 − y2

)
=

xy

(−1
2
)2 − x2

cos πy
∞∑

m=1

1

m− 1
2

·
(
−1

2
+ x
)
m

(
−1

2
− x
)
m(

1
2
+ y
)
m

(
1
2
− y
)
m

.

Proposition 19.2. We have

Ĝ(x, y) = cos πy [A(x+ y)− A(x− y)] + cos πx [B(x+ y)− B(x− y)] ,

where A(z) and B(z) denote the power series

A(z) :=
∞∑
r=1

ζ(2r + 1)z2r, B(z) :=
∞∑
r=1

(1− 2−2r)ζ(2r + 1)z2r. (40)
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Proof. This also follows from a straightforward calculation,

Ĝ(x, y) = 2
∑
a,b≥0

a+b+1∑
r=1

(−1)a+b−r+1
[
Ãr

a,b +Br
a,b

]
K(a+ b− r + 1)ζ(2r + 1)x2a+1y2b+1

= 2
∑

r≥1,s≥0

(−1)s

[
r−1∑
a=0

(
2r

2a+ 1

)
K(s)ζ(2r + 1)x2a+1y2r+2s−2a−1

+
r−1∑
b=0

(1− 2−2r)

(
2r

2b+ 1

)
K(s)ζ(2r + 1)x2r+2s−2b−1y2b+1

]

= 2
∑
s≥0

(−1)sK(s)y2s
∑
r≥1

ζ(2r + 1)
r−1∑
a=0

(
2r

2a+ 1

)
x2a+1y2r−2a−1

+ 2
∑
s≥0

(−1)sK(s)x2s
∑
r≥1

(1− 2−2r)ζ(2r + 1)
r−1∑
b=0

(
2r

2b+ 1

)
x2r−2b−1y2b+1

= 2 cos πy
∑
r≥1

ζ(2r + 1) · 1
2

[
(x+ y)2r − (x− y)2r

]
+ 2 cos πx

∑
r≥1

(1− 2−2r)ζ(2r + 1) · 1
2

[
(x+ y)2r − (x− y)2r

]
= cos πy

[∑
r≥1

ζ(2r + 1)(x+ y)2r −
∑
r≥1

ζ(2r + 1)(x− y)2r

]

+ cos πx

[∑
r≥1

(1− 2−2r)ζ(2r + 1)(x+ y)2r −
∑
r≥1

(1− 2−2r)ζ(2r + 1)(x− y)2r

]
= cos πy [A(x+ y)− A(x− y)] + cos πx [B(x+ y)− B(x− y)] .

For later use, we mention that the two series in (40) can be written as

A(z) =
∞∑
n=1

z2

n(n2 − z2)
, B(z) =

∞∑
n=1

(−1)n−1z2

n(n2 − z2)
,

and also by using digamma function ψ(x) = Γ′(x)/Γ(x) as

A(z) = ψ(1)− 1

2
(ψ(1 + z) + ψ(1− z)) ,

B(z) = A(z)− A(z/2).

Proposition 19.3. Both G(x, y) and Ĝ(x, y) are entire functions on C × C and are bounded
by constant multiples of eπX logX as X → ∞, where X = max{|x|, |y|}, and also by multiples
(depending on x) of eπ|ℑ(y)| as |y| → ∞ with x ∈ C fixed.
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Proof. By the definition of K(a, b), it holds the estimate

0 < K(a, b) <
1

a+ 1
2

K(n) =
1

a+ 1
2

π2n

(2n)!
(a+ b+ 1 = n). (41)

The last equality follows from

t(2, . . . , 2︸ ︷︷ ︸
n

) =
π2n

22n(2n)!
, (42)

which was proved by Hoffman [11]. By (41) and the definition of G(x, y), we have

max
|x|,|y|≤M

|G(x, y)| <
∞∑
n=1

n−1∑
a=0

1

a+ 1
2

π2nM2n

(2n)!
= O

(
eπM logM

)
.

Therefore, we obtain
max

|x|,|y|≤M
|G(x, y)| = O

(
eπM logM

)
. (43)

We next show the estimate
|G(x, y)| = Ox

(
eπ|ℑ(y)|) . (44)

Here, the notation Ox(•) means O(•) for fixed x. For |ℑ(y)| ≥ 2, by
∣∣(1

2
+ y
)
m

(
1
2
− y
)
m

∣∣ >{(
1
2

)
m

}2
for large m, and

(
−1

2
+ x
)
m

(
−1

2
− x
)
m
= Ox

({(
1
2

)
m−1

}2
)
,

|G(x, y)| <
∣∣∣∣ x
1
4
− x2

∣∣∣∣ |cos πy| ∞∑
m=1

1

m− 1
2

·
|y|
∣∣(−1

2
+ x
)
m

(
−1

2
− x
)
m

∣∣∣∣(1
2
+ y
)
m

(
1
2
− y
)
m

∣∣
<

∣∣∣∣ x
1
4
− x2

∣∣∣∣ |cos πy| ∞∑
m=1

1

m− 1
2

·

(
m− 1

2

){(
1
2

)
m−1

}2

{(
1
2

)
m

}2
=

∣∣∣∣ x
1
4
− x2

∣∣∣∣ |cos πy| t̃(2)
= Ox

(
eπ|ℑ(y)|) .

Then, we obtain
|G(x, y)| = Ox

(
eπ|ℑ(y)|) for |ℑ(y)| ≥ 2. (45)

By (43), (45) and the Phragmén-Lindelöf theorem, we obtain the estimate (44).
For Ĝ(x, y), we have

max
|x|,|y|≤M

∣∣∣Ĝ(x, y)∣∣∣ = O
(
eπM logM

)
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and ∣∣∣Ĝ(x, y)∣∣∣ = Ox

(
eπ|ℑ(y)|) ,

from the estimate ψ(x) = O (log x) + O (1/dist(x,Z)), where dist(x,Z) denotes the distance
between x and it’s nearlest integer.

Proposition 19.4. For x ∈ C, we have

G(x, x) = Ĝ(x, x).

Proof. By a straightforward calculation,

G(x, x) =
x2

1
4
− x2

cos πx
∞∑

m=1

1

m− 1
2

·
(
−1

2
+ x
)
m

(
−1

2
− x
)
m(

1
2
+ x
)
m

(
1
2
− x
)
m

=
x2

1
4
− x2

cos πx
∞∑

m=1

1

m− 1
2

·
(
−1

2
+ x
) (

−1
2
− x
)(

x+m− 1
2

) (
−x+m− 1

2

)
= cos πx

∞∑
m=1

1

m− 1
2

· x2(
x+m− 1

2

) (
−x+m− 1

2

) .
On the other hand,

Ĝ(x, x) = cos πx [A(2x)− A(0)] + cos πx [B(2x)− B(0)]

= cos πx [A(2x) + B(2x)] (by A(0) = B(0) = 0)

= cos πx

[
∞∑
n=1

(2x)2

n (n2 − (2x)2)
+

∞∑
n=1

(−1)n−1(2x)2

n (n2 − (2x)2)

]

= cos πx

2 ∞∑
n=1
n:odd

(2x)2

n (n2 − (2x)2)


= cos πx

[
2

∞∑
m=1

(2x)2

(2m− 1) ((2m− 1)2 − (2x)2)

]
.

Therefore, we have the proposition.

Proposition 19.5. For k ∈ N and x ∈ C, we have

G(x, k) = Ĝ(x, k).

Proof. We calculate Ĝ(x, k) first. By Proposition 19.2,

Ĝ(x, k) = (−1)k [A(x+ k)− A(x− k)] + cos πx [B(x+ k)− B(x− k)] .
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By A(z + 1)− A(z) = −1
2

(
1

z+1
+ 1

z

)
,

A(x+ k)− A(x− k)

=(A(x+ k)− A(x+k−1)) + (A(x+k−1)− A(x+k−2)) + · · ·+ (A(x−k+1)− A(x− k))

=− 1

2

(
1

x+ k
+

1

x+ k − 1

)
− 1

2

(
1

x+ k − 1
+

1

x+ k − 2

)
− · · · − 1

2

(
1

x− k + 1
+

1

x− k

)
=−

(
1

2
· 1

x+ k
+

1

x+ k − 1
+

1

x+ k − 2
+ · · ·+ 1

x− k + 1
+

1

2
· 1

x− k

)
=−

∑
|j|≤k

∗ 1

x− j
.

Here, the notation
∑
|j|≤k

∗ means
∑
|j|<k

+
1

2

∑
|j|=k

.

Since

B(x+ 1)− B(x− 1) = A(x+ 1)− A(x− 1)−
[
A

(
x+ 1

2

)
− A

(
x− 1

2

)]
= [A(x+ 1)− A(x)] + [A(x)− A(x− 1)]−

[
A

(
x+ 1

2

)
− A

(
x− 1

2

)]
= −1

2

(
1

x+ 1
+

1

x

)
− 1

2

(
1

x
+

1

x− 1

)
+

1

2

(
2

x+ 1
+

2

x− 1

)
=

1

2

(
1

x+ 1
− 2

x
+

1

x− 1

)
,

we have

B(x+ k)− B(x− k)

= (B(x+ k)− B(x+k−2)) + (B(x+k−2)− B(x+k−4)) + · · ·+ (B(x−k+2)− B(x− k))

=
1

2
· 1

x+ k
− 1

x+ k − 1
+

1

x+ k − 2
− 1

x+ k − 3
+ · · · − 1

x− k + 1
+

1

2
· 1

x− k

=
∑
|j|≤k

∗ (−1)k−j

x− j
.

Therefore,

(−1)kĜ(x, k) = −
∑
|j|≤k

∗ 1

x− j
+ cos πx

∑
|j|≤k

∗ (−1)j

x− j
.

Here,

∑
|j|≤k

∗ 1

x− j
=

1

x
+
∑

1≤j≤k

∗
(

1

x− j
+

1

x+ j

)
=

1

x
−

∞∑
l=1

∑
|j|≤k
j ̸=0

∗ 1

j2l

x2l−1,

60



∑
|j|≤k

∗ (−1)j

x− j
=

1

x
+
∑

1≤j≤k

∗ (−1)j
(

1

x− j
+

1

x+ j

)
=

1

x
−

∞∑
l=1

∑
|j|≤k
j ̸=0

∗ (−1)j

j2l

x2l−1.

Therefore, we obtain

(−1)kĜ(x, k)

=−
∑
|j|≤k

∗ 1

x− j
+ cos πx

∑
|j|≤k

∗ (−1)j

x− j

=−

1

x
−

∞∑
l=1

∑
|j|≤k
j ̸=0

∗ 1

j2l

x2l−1

+

(
∞∑
l=0

(−1)l
π2l

(2l)!
x2l

)1

x
−

∞∑
l=1

∑
|j|≤k
j ̸=0

∗ (−1)j

j2l

x2l−1


=

∞∑
l=1

(
s∗k(l)−

l−1∑
m=0

(−1)ma∗k(l −m)
π2m

(2m)!
+ (−1)l

π2l

(2l)!

)
x2l−1

=
∞∑
l=1

(
s∗k(l)−

l∑
m=0

(−1)ma∗k(l −m)
π2m

(2m)!

)
x2l−1,

where

s∗k(l) :=
∑
|j|≤k
j ̸=0

∗ 1

j2l
, a∗k(l) :=

∑
|j|≤k
j ̸=0

∗ (−1)j

j2l
.

Let γ̂k(l) be the coefficient of x2l−1 in (−1)kĜ(x, k), i.e.,

γ̂k(l) := s∗k(l)−
l∑

m=0

(−1)ma∗k(l −m)
π2m

(2m)!
.

Put

β̂k(l) :=
2

k2l
− 2(−1)k

l∑
m=0

(−1)m

k2(l−m)
· π2m

(2m)!
,

then it is clear that
γ̂k(l) =

∑
1≤j≤k

∗ β̂j(l)

and

β̂k(l)−
1

k2
β̂k(l − 1) = 2(−1)k+l−1 π

2l

(2l)!
, β̂k(0) = 2

(
1− (−1)k

)
.
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We calculate G(x, k) next.

G(x, k) =
xk

1
4
− x2

(−1)k
∞∑

m=1

1

m− 1
2

·
(
−1

2
+ x
)
m

(
−1

2
− x
)
m(

1
2
+ k
)
m

(
1
2
− k
)
m

=x
∞∑

m=1

k

m− 1
2

·

((
1
2

)2 − x2
)((

3
2

)2 − x2
)
· · ·
((
m− 3

2

)2 − x2
)

(
1
2

)
m+k

(
1
2

)
m−k

=x
∞∑

m=1

k

m− 1
2

·
(
m− k + 1

2

)
· · ·
(
m− 3

2

)(
m− 1

2

)
· · ·
(
m+ k − 1

2

) (1− x2(
1
2

)2
)(

1− x2(
3
2

)2
)
· · ·

(
1− x2(

m− 3
2

)2
)
.

Let γk(l) be the coefficient of x2l−1 in (−1)kG(x, k), we have

γk(l) =(−1)k
∞∑

m=1

k

m− 1
2

·
(
m− k + 1

2

)
· · ·
(
m− 3

2

)(
m− 1

2

) (
m+ 1

2

)
· · ·
(
m+ k − 1

2

)
×

∑
0<i1<···<il−1<m

(−1)l−1 1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2

=(−1)k+l−1k
∑

0<i1<···<il−1

1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2

×
∑

il−1<m

(
m− k + 1

2

)
· · ·
(
m− 3

2

)(
m− 1

2

)2 (
m+ 1

2

)
· · ·
(
m+ k − 1

2

) .
By using the partial fraction expansion

(m− 3
2
)(m− 5

2
) · · · (m− k + 1

2
)

(m+ 1
2
)(m+ 3

2
) · · · (m+ k − 1

2
)
=

k∑
i=1

(−1)k−i

(
i+ k − 1

i− 1

)(
k

i

)
· 1

m+ i− 1
2

,

γk(l) =(−1)k+l−1k
∑

0<i1<···<il−1

1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2

×
∑

il−1<m

k∑
i=1

(−1)k−i

(
i+ k − 1

i− 1

)(
k

i

)
· 1

(m− 1
2
)2(m+ i− 1

2
)

=(−1)lk
k∑

i=1

(−1)i−1

(
i+ k − 1

i− 1

)(
k

i

)
αi(l)

where

αu(l) :=
∑

0<i1<···<il−1<il

1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2(il − 1

2
)2 · (il − 1

2
+ u)

.

When l = 0, we understand αu(0) =
1

u− 1
2

.

The sum αu(l) satisfies the following recurrence relation.
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Lemma 19.6. For u, l ∈ Z≥1, it holds that

αu(l) =
1

u
· π

2l

(2l)!
− 1

u2

u∑
u′=1

αu′(l − 1).

Proof. ∑
i>a

1

(i− 1
2
)2(i− 1

2
+ u)

=
1

u

∑
i>a

1

(i− 1
2
)2

− 1

u2

∑
i>a

(
1

i− 1
2

− 1

i− 1
2
+ u

)
=
1

u

∑
i>a

1

(i− 1
2
)2

− 1

u2

(
1

a+ 1− 1
2

+ · · ·+ 1

a+ u− 1
2

)

=
1

u

∑
i>a

1

(i− 1
2
)2

− 1

u2

u∑
u′=1

1

a− 1
2
+ u′

.

By setting a = 0 and (42), we obtain the lemma for l = 1. For l ≥ 2, the sum αu(l) is calculated
as follows.

αu(l) =
∑

0<i1<···<il−1

1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2

∑
il−1<i

1

(i− 1
2
)2(i− 1

2
+ u)

=
∑

0<i1<···<il−1

1

(i1 − 1
2
)2 · · · (il−1 − 1

2
)2

1

u

∑
i>il−1

1

(i− 1
2
)2

− 1

u2

u∑
u′=1

1

il−1 − 1
2
+ u′


=
1

u

∑
0<i1<···<il

1

(i1− 1
2
)2 · · · (il− 1

2
)2

− 1

u2

u∑
u′=1

∑
0<i1<···<il−1

1

(i1− 1
2
)2 · · · (il−1− 1

2
)2(il−1− 1

2
+u′)

=
1

u

π2l

(2l)!
− 1

u2

u∑
u′=1

αu′(l − 1). (by (42))

Thus the lemma is proved.

Put

βk(l) := 2(−1)lk
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
αi(l),
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then we get
k∑

j=1

∗ βj(l) = γk(l). In fact,

k∑
j=1

∗ βj(l) = 2
k∑

j=1

∗ (−1)lj

j∑
i=1

(−1)i−1

(
j + i− 1

i− 1

)(
j − 1

i− 1

)
αi(l)

= 2
k∑

j=1

∗
j∑

i=1

(−1)l(−1)i−1j

(
j + i− 1

i− 1

)(
j − 1

i− 1

)
αi(l)

= 2
k∑

j=1

j∑
i=1

(−1)l(−1)i−1j

(
j + i− 1

i− 1

)(
j − 1

i− 1

)
αi(l)

−
k∑

i=1

(−1)l(−1)i−1k

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
αi(l)

= 2
k∑

i=1

k∑
j=i

(−1)l(−1)i−1j

(
j + i− 1

i− 1

)(
j − 1

i− 1

)
αi(l)

−
k∑

i=1

(−1)l(−1)i−1k

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
αi(l)

=
k∑

i=1

(−1)l+i−1

(
2

k∑
j=i

j

(
j + i− 1

i− 1

)(
j − 1

i− 1

)
− k

(
k + i− 1

i− 1

)(
k − 1

i− 1

))
αi(l)

=
k∑

i=1

(−1)l+i−1i

(
2

k∑
j=i

(
j + i− 1

i− 1

)(
j

i

)
−
(
k + i− 1

i− 1

)(
k

i

))
αi(l).

By using the equation
k∑

j=i

(
j + i− 1

i− 1

)(
j

i

)
=

1

2

(
k + i

i

)(
k

i

)
,

we obtain

k∑
j=1

∗ βj(l) =
k∑

i=1

(−1)l+i−1i

((
k + i

i

)(
k

i

)
−
(
k + i− 1

i− 1

)(
k

i

))
αi(l)

=
k∑

i=1

(−1)i
(
(k + i)

(
k + i− 1

i− 1

)(
k

i

)
− i

(
k + i− 1

i− 1

)(
k

i

))
αi(l)

=
k∑

i=1

(−1)ik

(
k + i− 1

i− 1

)(
k

i

)
αi(l)

= γk(l).
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Lemma 19.7. The sum βk(l) satisfies the following recurrence relation:

βk(l)−
1

k2
βk(l − 1) = 2(−1)k+l−1 π

2l

(2l)!
.

Proof.

βk(l) =2(−1)lk
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
αi(l)

=2(−1)lk
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)(
1

i
· π

2l

(2l)!
− 1

i2

i∑
j=1

αj(l − 1)

)

=2(−1)l
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k

i

)(
π2l

(2l)!
− 1

i

i∑
j=1

αj(l − 1)

)

=2(−1)l
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k

i

)
· π

2l

(2l)!

− 2(−1)l
k∑

j=1

(
k∑

i=j

(−1)i−1

(
k + i− 1

i− 1

)(
k

i

)
1

i

)
αj(l − 1).

Here, by the equations
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k

i

)
= (−1)k−1

and
k∑

i=j

(−1)i−11

i

(
k + i− 1

i− 1

)(
k

i

)
= (−1)j−1 1

k

(
k + j − 1

j − 1

)(
k − 1

j − 1

)
,

we have

βk(l) = 2(−1)l(−1)k−1 · π
2l

(2l)!
− 2(−1)l

k∑
j=1

(−1)j−1 1

k

(
k + j − 1

j − 1

)(
k − 1

j − 1

)
αj(l − 1)

= 2(−1)l(−1)k−1 · π
2l

(2l)!
+

1

k2
βk(l − 1).

Finally, by the equation

k∑
i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
· 1

i− 1
2

=
1− (−1)k

k
,
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we have

βk(0) = 2k
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
αi(0)

= 2k
k∑

i=1

(−1)i−1

(
k + i− 1

i− 1

)(
k − 1

i− 1

)
1

i− 1
2

= 2k · 1− (−1)k

k
= 2

(
1− (−1)k

)
.

Since the initial values are equal and the recurrence formulas are the same, we conclude βk(l) =
β̂k(l). Hence γk(l) = γ̂k(l) and G(x, k) = Ĝ(x, k).

Proof of Theorem 16.3. For fixed x, let f(y) = G(x, y)− Ĝ(x, y). By Propositions 19.3 and 19.5,
f(y) is an entire function which vanishes at all integers and satisfies f(y) = O

(
eπ|ℑ(y)|). By [35,

Lemma 2], f(y) is a constant multiple of sin(πy). By Proposition 19.4, f(y) vanishes identically.
Then we have G(x, y) = Ĝ(x, y) and the theorem is proved.

20 Proof of Theorem 16.2

In this section, we prove the motivic version of Theorem 16.2. By applying the period map, we
obtain Theorem 16.2.

Theorem 20.1. The set of elements{
t̃m(k1, . . . , kd) | k1, . . . , kd ∈ {2, 3}

}
are a basis of the Q-vector space of motivic multiple zeta values.

Let us define

Hm(a, b) := ζm(2, . . . , 2︸ ︷︷ ︸
a

, 3, 2, . . . , 2︸ ︷︷ ︸
b

), Hm(n) := ζm(2, . . . , 2︸ ︷︷ ︸
n

),

Km(a, b) := t̃m(2, . . . , 2︸ ︷︷ ︸
a

, 3, 2, . . . , 2︸ ︷︷ ︸
b

), Km(n) := t̃m(2, . . . , 2︸ ︷︷ ︸
n

),

for any a, b, n ∈ N.
Brown shows that [35, Theorem 1] lifts to motivic MZVs [1, Theorem 4.3].

Theorem 20.2 (Brown [1, Theorem 4.3]). For all integers a, b ≥ 0, we have

Hm(a, b) = 2
a+b+1∑
r=1

(−1)r−1
(
−Ar

a,b +Br
a,b

)
Hm(a+ b+ 1− r)ζm(2r + 1), (46)
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where

Ar
a,b :=

(
2r

2a+ 2

)
and Br

a,b :=
(
1− 2−2r

)( 2r

2b+ 1

)
for any a, b, r ∈ Z≥0.

The proof of the following theorem is similar to the above theorem.

Theorem 20.3. For all integers a, b ≥ 0, we have

Km(a, b) = 2
a+b+1∑
r=1

(−1)r−1
(
Ãr

a,b +Br
a,b

)
Km(a+ b− r + 1)ζm(2r + 1), (47)

where

Ãr
a,b :=

(
2r

2a+ 1

)
and Br

a,b :=
(
1− 2−2r

)( 2r

2b+ 1

)
for any a, b, r ∈ Z≥0.

Definition 11. We define c2a32b (resp. c̃2a32b) ∈ Q the coefficient of ζm(2a+2b+3) in (46) (resp.
(47)). We also define c12n ∈ Q the coefficient of ζm(2a+ 2b+ 3) in ζm1 (2

n) = −2
∑n−1

i=0 H
m(i, n−

1− i).

From this definition, we have

c2a32b = 2(−1)a+b
(
−Aa+b+1

a,b +Ba+b+1
a,b

)
, c̃2a32b = 2(−1)a+b

(
Ãa+b+1

a,b +Ba+b+1
a,b

)
. (48)

From [1, Lemma 3.8 and Corollary 4.4], we have the following Lemma.

Lemma 20.4. From definition of c2a32b and c̃2a32b, these are in Z[1
2
]. Furthermore, c2a32b , c̃2a32b

and c12n satisfy

(1) c2a32b − c2b32a ∈ 2Z

(2) c̃2a32b − c2b32a ∈ 2Z

(3) c12n = 2(−1)n

(4) v2(c32a+b) ≤ v2(c2a32b) ≤ 0 where vp is p-adic valuation.

Lemma 20.5 (Brown [1, Lemma 4.2]). For any a, b ≥ 0, and 1 ≤ r ≤ a+ b+ 1, we have∑
α<a
β≤b

Ar
α,β −

∑
α≤a
β<b

Ar
β,α + δb≥r − δa≥r = 0

and ∑
α≤a
β≤b

Br
α,β −

∑
α≤a
β<b

Br
β,α = Br

a,b,

where all sums are over sets of indices α, β ≥ 0 satisfying α + β + 1 = r.
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Lemma 20.6. Let a, b ≥ 0 and 1 ≤ r ≤ a+ b. Then

D2r+1(t̃
m(2a32b)) = π(ξ̃ra,b)⊗ t̃m(2a+b+1−r)

where ξ̃ra,b is given by (sum over all indices α, β ≥ 0 satisfying α + β + 1 = r)

ξ̃ra,b = δa+1≤r t̃
m(2a32r−a−1) +

∑
α<a
β≤b

ζm(2α32β)−
∑
α≤a
β<b

ζm(2β32α) + (δb≥r − δa≥r) ζ
m
1 (2

r).

Proof. By Proposition 18.4.

Proof of Theorem 20.3. The proof is by induction on the weight. Suppose that (47) holds for all
a+ b < N . Let a, b ≥ 0 such that a+ b = N . By Lemma 20.6,

D2r+1(t̃
m(2a32b)) = π(ξ̃ra,b)⊗ t̃m(2a+b+1−r)

for 1 ≤ r ≤ N .

π(ξ̃ra,b) =δa+1≤rπ(t̃
m(2a32r−a−1)) +

∑
α<a
β≤b

π(ζm(2α32β))−
∑
α≤a
β<b

π(ζm(2β32α)) + (δb≥r − δa≥r) π(ζ
m
1 (2

r))

=

(
δa+1≤rc̃2a32r−a−1+

∑
α<a
β≤b

c2α32β−
∑
α≤a
β<b

c2β32α+(δb≥r−δa≥r)c12r

)
π(ζm(2r + 1)) (By (48))

=

(
2(−1)r−1

(
Ãr

a,r−a−1 +Br
a,r−a−1

)
+
∑
α<a
β≤b

2(−1)r(Ar
α,β − Br

α,β)−
∑
α≤a
β<b

2(−1)r(Ar
β,α − Br

β,α)

+ 2(−1)rδb≥r − 2(−1)rδa≥r

)
π(ζm(2r + 1))

(by the induction hypothesis and Lemma 20.4(3))

=2(−1)r−1

((
Ãr

a,r−a−1 +Br
a,r−a−1

)
−
(∑

α<a
β≤b

(Ar
α,β − Br

α,β)−
∑
α≤a
β<b

(Ar
β,α − Br

β,α) + δb≥r − δa≥r

))
π(ζm(2r + 1))

=2(−1)r−1

(
Ãr

a,r−a−1 −

(∑
α<a
β≤b

Ar
α,β −

∑
α≤a
β<b

Ar
β,α + δb≥r − δa≥r

)
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+

(∑
α<a
β≤b

Br
α,β +Br

a,r−a−1 −
∑
α≤a
β<b

Br
β,α

))
π(ζm(2r + 1))

=2(−1)r−1
(
Ãr

a,r−a−1 +Br
a,b

)
π(ζm(2r + 1))

=2(−1)r−1
(
Ãr

a,b +Br
a,b

)
π(ζm(2r + 1)).

Therefore, we obtain

D2r+1(t̃
m(2a32b)) = 2(−1)r−1

(
Ãr

a,b +Br
a,b

)
π(ζm(2r + 1))⊗ t̃m(2a+b+1−r).

It follows that

Θ = Km(a, b)− 2
a+b+1∑
r=1

(−1)r−1
[
Ãr

a,b +Br
a,b

]
Km(a+ b− r + 1)ζm(2r + 1)

satisfies D2r+1(Θ) = 0 for all r ≤ a + b. By Theorem 17.1, there is an α ∈ Q such that
Θ = αζm(2a + 2b + 3). Taking the period map and by Theorem 16.3, we see that α is equal to
0. Thus the theorem is proved.

Definition 12. For w ∈ {2, 3}×, we define the level of w to be deg3w. We define Q-subspaces
of H2 as follows:

H{2,3} := ⟨tm(w) | w ∈ {2, 3}×⟩Q
FlH{2,3} := ⟨tm(w) | w ∈ {2, 3}× s.t. deg3w ≤ l⟩Q

and define the quotient subspace

grlH{2,3} := FlH{2,3}/Fl−1H{2,3}.

From [1, Lemma 5.5], we obtain the map

grlD2r+1 : grlH{2,3} −→ L2r+1 ⊗Q grl−1H{2,3}.

By Theorem 18.1, the inclusion H{2,3} ⊆ H1 holds.

Definition 13. For all N, l ≥ 1, let ∂N,l be the linear map

∂N,l : grlH
{2,3}
N −→

⊕
1<2r+1≤N

grl−1H
{2,3}
N−2r−1

defined by first applying
⊕

1<2r+1≤N grlD2r+1 |grlH{2,3}
N

and then sending all ζ l(2r+1) to 1 by the

projection π̃2r+1 : Qζ l(2r + 1) → Q.
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Definition 14. For l ≥ 1, let BN,l and B
′
N,l denote respectively the sets

{w ∈ {2, 3}× | |w| = N, deg3w = l} and {w ∈ {2, 3}× | |w| ≤ N − 3, deg3w = l − 1}, in reverse
lexicographic order for the ordering 3 < 2. The B′

N,l includes the empty word if l = 1.

Example 20.7. For N = 10 and l = 2, the sets B10,2 and B′
10,2 are as follows.

B10,2 = { 2233 , 2323 , 2332 , 3223 , 3232 , 3322 },
B′

10,2 = { 223 , 232 , 23 , 322 , 32 , 3 }.

Definition 15. For l ≥ 1, letMN,l be the matrix (fw
w′)w∈BN,l,w′∈B′

N,l
, where fw

w′ are the coefficient

of t̃m(w′) in ∂N,lt̃
m(w), and w corresponds to the rows and w′ the columns.

Example 20.8. For N = 10 and l = 2, the matrix M10,2 is as follows. The words in the first
column and row are the elements of B10,2 and B′

10,2 in order, respectively.

223 232 23 322 32 3

2233 c3−c12 0 c23−c32−c122 0 0 c̃223−c322
2323 0 c3−c12 c̃23 0 0 c̃232−c232
2332 0 0 c32 0 c̃23−c32 0
3223 c̃3+c12−c3 0 c̃32+c122−c23 c3−c12 c23−c122 c̃322
3232 0 c̃3+c12−c3 0 0 c̃32 c232
3322 0 0 0 c̃3+c12−c3 c32+c122−c23 c322

Theorem 20.9. Let w ∈ BN,l. Then

∂N,lt̃
m(w) ≡

∑
w=uv

deg3 v=1

cv t̃
m(u) mod 2Z.

Proof. Let k1, . . . , kd ∈ {2, 3} with l = #{i | ki = 3} and w = (k1, . . . , kd). We consider the
action of grlDr on t̃

m(k1, . . . , kd). From Proposition 18.4, we have

grlDr

(
t̃m(k1, . . . , kd)

)
=
∑

1≤j≤d

δ|k1,j |=rπ̃r
(
t̃l(k1, . . . , kj)

)
t̃m(kj+1, . . . , kd)

+
∑

1≤i<j≤d

δ|ki+1,j |≤r<|ki,j |−1π̃r

(
ζ lr−|ki+1,j |(ki+1,. . ., kj)

)
t̃m(k1,. . ., ki−1,|ki,j|−r, kj+1,. . ., kd) (49)

−
∑

1≤i<j≤d

δ|ki,j−1|≤r<|ki,j |−1π̃r

(
ζ lr−|ki,j−1|(kj−1,. . ., ki)

)
t̃m(k1,. . ., ki−1,|ki,j|−r, kj+1,. . ., kd). (50)

If r = k1 + · · · kd, we have grlDr

(
t̃m(k1, . . . , kd)

)
= π̃r

(
t̃l(k1, . . . , kd)

)
t̃m(∅) = c̃w t̃

m(∅) ≡
cw t̃

m(∅). Hence, we assume that r < k1 + · · ·+ kd.
First, we consider the sum (49). There are the following three types of nonzero terms of (49):
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(ki, ..., kj) r term

(3, 2, ..., 2︸ ︷︷ ︸
n

) r = 2n+ 1 ζ l1(2, ..., 2)⊗ t̃m(k1, ..., ki−1, 2, kj+1, ..., kd)

(2, 2, ..., 2︸ ︷︷ ︸
α

, 3, 2, ..., 2︸ ︷︷ ︸
β

) r = 2α + 2β + 3 ζ l(2, ..., 2︸ ︷︷ ︸
α

, 3, 2, ..., 2︸ ︷︷ ︸
β

)⊗ t̃m(k1, ..., ki−1, 2, kj+1, ..., kd)

(3, 2, ..., 2︸ ︷︷ ︸
α

, 3, 2, ..., 2︸ ︷︷ ︸
β

) r = 2α + 2β + 3 ζ l(2, ..., 2︸ ︷︷ ︸
α

, 3, 2, ..., 2︸ ︷︷ ︸
β

)⊗ t̃m(k1, ..., ki−1, 3, kj+1, ..., kd)

All other types of terms are zero in L2r+1 ⊗Q grl−1H{2,3}.
Therefore, the sum (49) becomes as follows.

(49) =
∑

1≤i<j≤d

δ|ki+1,j |+1=rπ̃r
(
ζ l1(2, . . . , 2)

)
t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

+
∑

1≤i<j≤d

δ|ki+1,j |=rπ̃r
(
ζ l(ki+1, . . . , kj)

)
t̃m(k1, . . . , ki−1, ki, kj+1, . . . , kd)

=
∑

1≤i<j≤d

δ|ki+1,j |+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

+
∑

1≤i<j≤d

δ|ki+1,j |=rc(ki+1,...,kj)t̃
m(k1, . . . , ki−1, ki, kj+1, . . . , kd)

=
∑

1≤i<j≤d

δ|ki+1,j |+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

+
∑

1≤i<j<d

δ|ki+1,j |=rc(ki+1,...,kj)t̃
m(k1, . . . , ki−1, ki, kj+1, . . . , kd)

+
∑
1≤i<d

δ|ki+1,d|=rc(ki+1,...,kd)t̃
m(k1, . . . , ki).

The sum (50) is calculated similarly.

(50) = −
∑

1≤i<j≤d

δ|ki,j−1|+1=rπ̃r
(
ζ l1(2, . . . , 2)

)
t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

−
∑

1≤i<j≤d

δ|ki,j−1|=rπ̃r
(
ζ l(kj−1, . . . , ki)

)
t̃m(k1, . . . , ki−1, kj, kj+1, . . . , kd)

= −
∑

1≤i<j≤d

δ|ki,j−1|+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

−
∑

1≤i<j≤d

δ|ki,j−1|=rc(kj−1,...,ki)t̃
m(k1, . . . , ki−1, kj, kj+1, . . . , kd)

= −
∑

1≤i<j≤d

δ|ki,j−1|+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

−
∑

1<j≤d

δ|k1,j−1|=rc(kj−1,...,k1)t̃
m(kj, kj+1, . . . , kd)
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−
∑

1<i<j≤d

δ|ki,j−1|=rc(kj−1,...,ki)t̃
m(k1, . . . , ki−1, kj, kj+1, . . . , kd)

= −
∑

1≤i<j≤d

δ|ki,j−1|+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

−
∑

1≤j<d

δ|k1,j |=rc(kj ,...,k1)t̃
m(kj+1, . . . , kd)

−
∑

1≤i<j<d

δ|ki+1,j |=rc(kj ,...,ki+1)t̃
m(k1, . . . , ki, kj+1, . . . , kd).

Hence, we obtain

grlDr

(
t̃m(k1, . . . , kd)

)
=
∑

1≤j<d

δ|k1,j |=r

(
c̃(k1,...,kj) − c(kj ,...,k1)

)
t̃m(kj+1, . . . , kd)

+
∑

1≤i<j≤d

δ|ki+1,j |+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd)

+
∑

1≤i<j<d

δ|ki+1,j |=r

(
c(ki+1,...,kj) − c(kj ,...,ki+1)

)
t̃m(k1, . . . , ki, kj+1, . . . , kd)

+
∑
1≤i<d

δ|ki+1,d|=rc(ki+1,...,kd)t̃
m(k1, . . . , ki−1, ki)

−
∑

1≤i<j≤d

δ|ki,j−1|+1=rc12j−i t̃m(k1, . . . , ki−1, 2, kj+1, . . . , kd).

By Lemma 20.4, all but the fourth term in the above expression are in 2Z. Thus the theorem is
proved.

Corollary 20.10. The matrices MN,l mod 2Z are upper-trianglar. Every diagonal entry is equal
to c32r−1 mod 2Z, and every entry above the diagonal in the same column is equal to c2a32b, where
a+ b+ 1 = r.

Proof. We prove this corollary by the same way to the proof of [1, Corollary 6.2]. Let l ≥ 1 and
consider the map

B′
N,l −→ BN,l

u 7−→ u32r−1

where r ≥ 1 is the unique integer such that |u32r−1| = N . This map is a bijection and preserves
the ordering of both B′

N,l and BN,l. Then the diagonal entries of MN,l are of the form fu32r−1

u .

Let u ∈ B′
N,l. By Theorem 20.9, fu32r−1

u are equal to c32r−1 mod 2Z. If w < u32r−1, w is of the

form w = u2a32b(a+ b = r − 1), then fw
u ≡ c2a32b . If w > u32r−1, then we have fw

u ≡ 0.
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Theorem 20.11. For N, l ≥ 1, the matrices MN,l are invertible.

Proof. By Lemma 20.4(4) and [1, Lemma 7.1].

Theorem 20.12. The set of elements{
t̃m(k1, . . . , kd) | ki ∈ {2, 3}

}
are linearly independent.

Proof. We proceed by induction on the level. The elements of level zero are of the form tm(2n)
for n ≥ 0, which are linearly independent. Now suppose that elements in{

t̃m(w) | w ∈ {2, 3}×, deg3w ≤ l − 1
}

are independent. By Theorem 20.11, the map ∂N,l is injective. Therefore,{
t̃m(w) | w ∈ BN,l

}
are independent for N ∈ Z≥0. Since the weight is grading in H2,{

t̃m(w) | w ∈ {2, 3}×, deg3w = l
}

are independent. Thus the theorem is proved.

This theorem implies that
dimH{2,3}

N = dN .

Here, recall that dN was defined in (1). Goncharov [5], Terasoma [32] and Deligne–Goncharov
[2] show that the inequality dimQ H1

N ≤ dN (see Theorem 1.1). By this result and the inclusion

H{2,3}
N ⊆ H1

N , we have H{2,3}
N = H1

N . Therefore, Theorem 20.1 holds.
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(2017), 175–190.

[17] M. Kaneko, An introduction to classical and finite multiple zeta values, Publications
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