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Abstract 

Over the last decade, more onshore wind farms were constructed over or near to 

complex terrain such as: hills and mountains. Complex terrains can have an impact 

on wind turbine performance and power output. In this thesis, the flow over a steep 

two-dimensional hill as well as the performance of a turbine located over the same 

hill was examined to investigate the effect of complex terrain on wind turbine 

performance. A good agreement between Experimental and Numerical simulations 

was achieved for the average vertical wind speed profiles. These results displayed 

the impact of the steep hill on air flow. A good agreement between wind tunnel test 

and Computational Fluid Dynamics (CFD) results was achieved for the wind turbine 

power coefficient by using the Transition SST model. The Transition SST model 

yielded better results than the SST k-omega turbulence model specifically at high tip 

speed ratios. 

An engineering wake model, that considers acceleration on a two-dimensional hill, 

was developed based on the momentum theory. The model consists of the wake 

width and wake wind speed. The equation to calculate the rotor thrust, which is 

calculated by the wake wind speed profile, was also formulated. Then, the model 

was validated through wind tunnel test and CFD. The results obtained by using the 

current model were close to the wind tunnel test and CFD results, and by using the 

current model, it was possible to estimate the wake shrinkage in accelerating two-

dimensional wind field. 

In this thesis, a wind-tunnel test was conducted to investigate wake development 

over a two-dimensional hill in simple flow conditions, where a uniform approach-

flow with turbulence intensity less than 0.5 % was used. Conducting the wind-tunnel 

test in such simple flow conditions was necessary for this study in order to 

investigate the effect of the hill on wake development and evaluate the new wake 

model without the influence of the Atmospheric Boundary Layer (ABL), ground 

roughness, or turbulence. 

The wake model was compared with the wind-tunnel test, and the results obtained 

by using the wake model were close to the wind-tunnel test results. The wake model 

was able to estimate the wake shrinkage in accelerating two-dimensional wind field. 
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The measured wake width at the top of the hill was lower than the estimated value 

(by the wake model), this could be because the wake center at the top of the hill was 

moved downwards due to the hill effect. 

In the wind-tunnel test, the hill surface was smooth as it was made of ABS resin, 

however, the surface roughness may affect wind speed profiles over the hill. 

Consequently, the effect of the surface roughness on wake development must be 

considered in the future studies. 

Further experimental and numerical studies where the approach-flow represents real 

atmospheric conditions (where the ABL is reproduced) are required to investigate 

wake development over the hill in conditions that wind turbines experience in the 

field. Finally, further modifications to the wake model are necessary to include the 

effect of turbulence and ground roughness on wake development over the hill, and 

to extend the wake model to decelerating wind field (downstream of the hill). 

The wake model introduced in this thesis could be integrated into wind farm layout 

optimization algorithms to estimate far-wake shrinkage in accelerating wind field, 

which was not possible previously using the Jensen or the adapted Jensen wake 

models. 

A wind farm layout optimization algorithm was developed, where a Genetic 

Algorithm was used as an initial step for the optimization process. Then, a new 

Random Algorithm was developed to overcome the limitations of the Genetic 

Algorithm and improve the output of the optimization algorithm. CTFLOW 

(Complex Terrain Farm Layout Optimization Workbench) was developed by the 

author for layout optimization over complex terrain. CTFLOW can import satellite 

terrain images then convert them directly to an STL file, rather than creating the STL 

file manually. 
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1 Introduction 

1.1 Wind 

Wind is the movement of air from areas with high pressure to areas with low pressure. 

The pressure difference is caused by the uneven heating of the earth's surface by the 

sun’s radiation. When the air temperature on the surface increases relative to the air 

above, the air will start rising upwards due to the difference in densities. The rising 

air mass causes low pressure areas which draws air from the surrounding regions, as 

shown in Figure 1.1.  

 

 

  

Figure 1.1 Wind is caused by air movement from areas with high pressure to areas with low 

pressure. 
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1.2 Wind Energy 

Wind energy refers to the process of generating electricity using wind. Wind turbines 

converts wind’s kinetic energy to mechanical energy, then the mechanical energy is 

converted to electricity through a generator. Figure 1.2 shows the main components 

of a wind turbine. 

 

 

 

 

 

Figure 1.2 A schematic of the main components of a wind turbine. 

 

 

 

 

 



3 

 

Wind energy usage for electricity generation has been growing over the last years. 

According to the World Wind Energy Association (WWEA), “The overall capacity 

of all wind turbines installed worldwide by the end of 2018 reached 600 Gigawatt” 

[1], and “all wind turbines installed worldwide by mid-2016 can generate around 

4,7 % of the world’s electricity demand” [2]. Figure 1.3 shows worldwide wind 

capacity from 2012 to 2016. 

 

 

Figure 1.3 Worldwide wind capacity from 2012 to 2016 [3]. 

 

Mainly, there are two types of wind turbines, Horizontal Axis Wind Turbine 

(HAWT), and Vertical Axis Wind Turbine (VAWT). The axis of rotation of a 

HAWT is horizontal (parallel to wind stream), while the axis of rotation of a VAWT 

is vertical (perpendicular to the ground). HAWT can be single bladed or multi bladed, 

upwind or downwind type. The three bladed upwind HAWT are the most widely 

used wind turbines for electricity generation in multi-MW wind farms nowadays. 

Increasing wind turbine rotor diameter has been a major direction over the last years 

to generate more energy and reduce the cost of energy production. Figure 1.4 

illustrates the growth of wind turbine size from 1980 to 2005. 
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Figure 1.4 Wind turbine size growth from 1980 to 2005 [4]. 
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1.3 Wind Farm 

A wind farm consists of a group of wind turbines (as shown in Figure 1.5) in order 

to reduce the cost of energy production. Wind speed decreases as upstream wind 

turbines extract wind kinetic energy in a wind farm. As a consequence, power output 

of downstream turbines drastically decrease [5] [6]. Power output reduction of 

downstream turbines could be 10 – 40 %, depending on wind speed profiles and 

wind direction [7] [8], [9].   

 

 

Figure 1.5 Thanet off-shore windfarm [10]. 
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1.4 Wind Turbine Wake 

The area behind a wind turbine is called wake (as shown in Figure 1.6), and it can 

be divided into two areas: a near wake and a far wake [11]. The near wake is the area 

from the wind turbine rotor to roughly one wind turbine rotor diameter downstream 

as shown in Figure 1.7. As the thrust acting on the wind turbine rotor increases the 

wake velocity decreases and the difference between the wind velocity inside and 

outside the wake (shear) increases [12]. Turbulent wake state happens when a very 

high load acts on the rotor, leading to the conversion of a large amount of kinetic 

energy of the incoming flow into turbulent motion. The turbulence in the wake mixes 

the low wind velocity of the wake with the high wind velocity outside of the wake 

resulting in wake expansion [12]. 

 

 

Figure 1.6 Horns rev offshore wind farm [13], where wind-turbine wakes are visible due to fog. 
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Figure 1.7 Wind turbine wake [12]. 

 

Development of the turbulent wake is affected by several factors, such as: wind farm 

terrain shape, atmosphere turbulence levels, wind turbine operation conditions, and 

vertical wind speed gradients. When the ambient turbulence levels are low, wind 

turbine wake recovers slower and wake velocity deficit increases [14]. Therefore, 

the power output difference between a wind turbine and the first row turbine is 

higher at low ambient turbulence levels and low wind velocities [15]. Also, tower, 

nacelle of the wind turbine, and tip vortices could cause turbulence [16] [17]. It was 

noticed that turbulence is still existing at a distance of 15 rotor diameter (D) [18], 

and the load acting on the wind turbine rotor could increase due to turbulence by 

45% at 5D and 10% at 9.5D in the case of operating in a full wake [19]. 

Array efficiency is the power output of the total wind farm divided by the total power 

that could be generated by the same amount of wind turbines if standing alone [12]. 

Array efficiency is affected by ambient turbulence intensity and wind farm layout 

[6]. If the ambient turbulence intensity is high, turbulent mixing happens in the wind 

turbine wake, therefore, wind turbine wake recovery is faster. If the ambient 
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turbulence intensity is low, wind turbine wake recovery is slower. A study showed 

that when a downstream wind turbine is partially operating in an upstream wind 

turbine wake, it experiences high loads [20]. 

 

Figure 1.8 Comparison between observations and different models of the normalized power as 

function of turbine number in a wind farm [8]. 
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Downstream wind turbine wakes recovery is faster than the first row wind turbine 

wakes, because upstream wind turbines increase turbulence levels leading to better 

turbulent mixing in the wake of the downstream wind turbines [8]. Figure 1.8 shows 

the normalized power as function of turbine number in a wind farm [8]. 

Measurements were compared to different models such as: WAsP, GH Windfarmer, 

ECN, and NTUA. This comparison showed that there is a huge power loss between 

the first and second row of wind turbines, however, the power loss in successive 

wind turbines is much smaller. The power output of the downstream wind turbines 

is almost constant. This constant power output in the downstream wind turbines 

could be due to an equilibrium value of turbulence was accomplished [8]. 

The movement of the wind turbine wake is called wake meandering as shown in 

Figure 1.9. Wake meandering may happen because of eddies larger than the wake 

size [12]. Wake meandering can increase fatigue loads acting on wind turbines, and 

it can also decrease the mean wake deficit and power losses [12]. Ainslie modeled 

the effect of wake meandering on wake deficits, and he founded that wake 

meandering effect is notable in decreasing the depth of the deficits [17]. Larsen et al 

[21] have studied wind turbine wake meandering using full scale wake experiments 

and a numerical model, and they developed a model for the dynamic wake 

meandering phenomenon. This model does not take into account the interaction 

between different wind turbine wakes. Some experimental studies [22] [23] 

proposed that wind turbine wake meandering happens due to wake instability. 
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Figure 1.9 Wind turbine wake meandering [21]. 
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1.5 Linear Momentum Actuator Disc Theory 

Linear Momentum Actuator Disc Theory (LMADT) was used by Betz to determine 

the limit of power extraction in a fluid [24]. Figure 1.10 shows the actuator disc and 

the geometry of the flow. As the fluid passes the rotor disc the fluid slows down 

because its kinetic energy decreases, and the stream tube cross-sectional area 

expands due to the decrease in fluid velocity [24]. 

 

 

 

Figure 1.10 The actuator disc and the geometry of the fluid flow. 
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Three reference locations are considered as shown in Figure 1.10, the far upstream 

from the rotor (denoted with 1), rotor (denoted as 2), and the far downstream from 

the rotor (denoted as 3).  

The mass flow rate has to be the same upstream and downstream of the turbine, 

therefore, 

 

𝜌𝑆1𝑈1 = 𝜌𝑆2𝑈2 = 𝜌𝑆3𝑈3    (1.1) 

 

Where 𝑈 is the fluid velocity, T is the thrust from the actuator disc to the fluid, ρ is 

the fluid density, and S is the cross-sectional area. 

𝑈2 can be defined as follows: 

𝑈2 =  𝑈1(1 − 𝑎0)     (1.2) 

 

Where 𝑎0 is the axial induction factor. 

Since the disc causes the fluid velocity to change from 𝑈1 to 𝑈3 as shown in Figure 

1.10, therefore, the rate of change of momentum caused by the disc (𝑚𝑑𝑖𝑠𝑐) is as 

follows: 

 

𝑚𝑑𝑖𝑠𝑐 = (𝑈1 − 𝑈3)𝜌𝑆2𝑈2    (1.3) 

 

The force (T) causing the change of momentum can be represented as follows: 

 

T = (𝑈1 − 𝑈3)𝜌𝑆2𝑈1(1 − 𝑎0)    (1.4) 
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By applying Bernoulli equation along the stream line, the pressure difference across 

the actuator disc (∆𝑝) can be obtained: 

 

∆𝑝 = 
1

2
 ρ (𝑈1

2 − 𝑈3
2)     (1.5) 

 

Therefore, from equation (1.4): 

 

1

2
 ρ (𝑈1

2 − 𝑈3
2)𝑆2 = (𝑈1 − 𝑈3)𝜌𝑆2𝑈1(1 − 𝑎0)            (1.6) 

 

𝑈3 = (1 − 2𝑎0)𝑈1      (1.7) 

Therefore, from equation (1.4): 

 

T = 2𝜌𝑆2𝑈1
2𝑎0(1 − 𝑎0)              (1.8) 

 

Therefore Power (𝑃),  

𝑃 = T𝑈2 = 2𝜌𝑆2𝑈1
3𝑎0(1 − 𝑎0)2            (1.9) 

 

The power coefficient (𝐶𝑃) can be defined as follows:  

 

𝐶𝑃 =
𝑃𝑜𝑤𝑒𝑟

1

2
 𝜌𝑈1

3𝑆2

              (1.10) 

Therefore: 

 

𝐶𝑃 = 4𝑎0(1 − 𝑎0)2    (1.11) 
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The maximum power extracted from the fluid can be obtained when: 

 

𝑑𝐶𝑃

𝑑𝑎0
= 4(1 − 𝑎0)(1 − 3𝑎0) = 0 

 

Which gives a value of 𝑎0 = 1/3 

 

Therefore  CP  = 16 / 27, which is the maximum achievable value of the power 

coefficient (the Lanchester-Betz limit). 
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1.6 Wind Turbine Wake Models 

1.6.1 Jensen Wake Model 

Jensen model [25] is a simple wind turbine wake model. The wake is assumed to 

expand linearly as shown in Figure 1.11. It is also assumed that the downstream 

velocity is constant. By using this model, it is possible to obtain the velocity at a 

given distance along the far wake region of the turbine, however, for the near wake 

region, this wake model gives inaccurate results [25]. 

 

 

 

Figure 1.11 Jensen wake model. 
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From Figure 1.11, the following expression can be used to obtain the diameter at 

distance x (𝐷𝑥): 

𝐷𝑥 = D + 2 𝜃 x      (1.12) 

The balance of momentum gives the following expression: 

 

𝐷2 𝑢𝑡 + (𝐷𝑥
2 - 𝐷2) u = 𝐷𝑥

2 𝑢𝑥      (1.13) 

 

The wake velocity at a given distance x (𝑢𝑥 ) can be obtained by the following 

expression: 

 

𝑢𝑥  = u + u (√1 −  CT  − 1) ( 
𝐷

𝐷𝑥
 )2           (1.14) 
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1.6.2 Adapted Jensen Wake Model 

Feng and Shen [26] tried to adapt Jensen wake model so that it can account for the 

terrain effects. The adapted Jensen wake model assumes that the wake expands 

linearly and the center of the wake follows terrain shape along the streamwise 

direction as shown in Figure 1.12. It also assumes that velocity deficit and wake zone 

radius develop linearly according to the travelling distance. But, the model includes 

a contradiction with the physics of fluid-dynamics such as conservation of flow rate 

and momentum. 

 

Figure 1.12 Adapted Jensen wake model [27] 

 

The wind speed (𝑉𝑖𝑗) can be obtained using the following equation: 

   (1.15) 

 

Wake zone radius (𝑅𝑖𝑗) of the wake of WT𝑗 when arriving the streamwise level where 

WT𝑖 located, can be obtained using the following equation: 

     (1.16) 

Where S is the speed-up factor of a given position at the hub height. 
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1.7 Complex Terrain 

Over the last decade, more onshore wind farms were constructed over or near to 

complex terrain such as: hills and mountains (Figure 1.13). Complex terrain can be 

defined as any terrain that can affect wind flow. Moreover, Complex terrains can 

have an impact on wind turbine performance and power output. The performance of 

a wind turbine placed at several locations over a hill, where the vertical wind 

component changes significantly, was affected by the terrain [28], [29], [30]. Uchida 

et al. [31] showed that the pitch control of a wind turbine was incapable of reacting 

properly to wind speed variation that resulted from the terrain upstream of the wind 

farm. In addition, complex terrains can have a negative impact on wind turbine life 

time. Li et al. [32] found that varying wind speeds resulted from complex terrain was 

the reason of the recurrent failure of a wind turbine yaw system (Figure 1.14). 

Furthermore, complex terrains can influence wind turbine wakes and wind speed 

profiles in a wind farm. As a consequence, predicting wind turbines performance 

and energy production over complex terrains is more difficult than that over flat 

terrains. Flow over complex terrain was investigated in many previous studies. A 

wind-tunnel test [33] that examined the flow over a Gaussian hill showed higher hub 

height mean velocity and lower turbulence intensity at the top of a hill compared to 

that downstream of the hill. Webster et al. [34] studied flow over a two-dimensional 

bump, and the study indicated that the boundary layer over the two-dimensional 

bump was different from that over a flat terrain. Helmis et al. [35] investigated flow 

over a complex terrain, and the study suggested that applying a simple logarithmic 

extrapolation formula to calculate hub height wind speed can lead to unreliable 

results. 

The flow over a hill is influenced by the roughness and steepness of the hill, where 

rough hills with steeper slopes are more likely to cause flow separation downstream 

of the hill [36]. A number of linear flow models [37] [38] [39] [40] have been 

developed to predict the flow field over hills, however, the validity of these linear 

flow models decreases significantly when considering flow over hills with steeper 

slopes, therefore, these linear flow models can only be used to predict flow over hills 

of modest slopes [36]. Cao and Tamura [41] performed wind-tunnel tests to 

investigate surface roughness effects on the flow over a two-dimensional steep hill, 
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and the study showed that the speed-up ratio at the top of a rough hill is greater than 

that of a smooth hill, and the flow separation region of a rough hill extends farther 

downstream than that of a smooth hill. Also, for a rough hill, the position of the 

maximum turbulence intensity is located farther downstream than that for a smooth 

hill. Allen [42] studied the flow over hills with variable roughness, and the study 

indicated that the roughness change can either cause or prevent flow separation 

depending on the location and size of the roughness change. Cao and Tamura [43] 

performed wind-tunnel tests to examine the effects of roughness blocks on the flow 

over a two-dimensional hill, and the study suggested that the velocity deficit and 

turbulence structure downstream of the hill are significantly affected by the number 

and location of roughness blocks on the hill surface or upstream of the hill. 

 

 

Figure 1.13 Wind turbine in complex terrain. 
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Figure 1.14 Wind turbine component damage due to turbulence induced by complex terrain [32]. 

 

Terrain effect on wind-turbine wakes was investigated in several studies. Politis et 

al. [44] studied wake development of a wind turbine placed over a Gaussian hill, and 

the study showed that the velocity deficit over a hill existed at farther distances than 

over a flat terrain. Makridis and Chick [45]conducted Computational Fluid 

Dynamics (CFD) simulations for wind turbines in complex terrain, where the wind 

turbine rotor was modelled as an Actuator Disc (AD), then the results were validated 

with measurements. Hansen et al. [46] studied wind turbine wake properties over 

complex terrain by examining high frequency time series measurements, and the 

study showed that complex terrain can greatly influence wind turbine wake. The 

influence of a complex terrain on the wakes of a group of four wind turbines was 

studied through numerical and experimental data [47], [48], and the study showed 

that the wake of the upstream turbine was distorted due to the terrain effect, and as 

a result, the upstream wake recovered faster than what would occur over flat terrain. 

Hyvärinen and Segalini [49], [50] studied wind turbine wake development over 

sinusoidal hills through wind tunnel test and numerical simulations, and the results 
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showed a faster wake recovery over the hilly terrain. The Large Eddy Simulation 

(LES) model was used for wake modelling, where the wind turbine rotor was 

modelled as an AD [51] and Actuator Line (AL) [52], then the simulation results 

were compared with wind tunnel tests, achieving good agreement. The LES model 

was also used in other Ref. [53], [54] to simulate wind-turbine wakes over complex 

terrains. Literature reviews on wind turbine wake aerodynamics were reported by 

Vermeer et al. [11] and Sanderse [12]. The literature reviews include some 

experimental and numerical studies of wind turbine wakes over complex terrain. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



22 

 

1.8 Objectives and Approaches 

Wind farm layout optimization using full scale experiments or numerical simulations, 

which include wind turbine rotors, is infeasible. Therefore, a simple engineering 

model such as Jensen wake model [25] is widely used for wind farm layout 

optimization. Jensen wake model assumes that the wake expands linearly, and the 

wake velocity is uniform. However, Jensen wake model does not take into account 

the terrain effects. Feng and Shen [26] tried to adapt Jensen wake model so that it 

can account for the terrain effects. The adapted Jensen wake model assumed that the 

wake expands linearly and the center of the wake follows terrain shape along the 

streamwise direction. But, the model includes contradiction with physics of fluid-

dynamics such as conservation of flow rate and momentum. 

Considering the situations above, an engineering wake model, which considers wind 

acceleration, was developed based on the momentum theory in this research. The 

wake model consists of the wake width and wake wind speed. The equation to 

calculate the rotor thrust, which is calculated by the wake wind speed profiles, was 

also formulated. Then, the model was validated through wind tunnel test and CFD. 

The results obtained by using the current model were close to the wind tunnel test 

and CFD results, and by using the current model, it was possible to estimate the wake 

shrinkage in accelerating two-dimensional wind field. 

Furthermore, wind tunnel tests and Numerical simulations were performed to study 

the effect of a steep two-dimensional hill on the performance of a horizontal axis 

wind turbine. Experiments were performed in the wind tunnel to measure the 

average vertical wind speed profiles over the hill and the load acted on the wind 

turbine at a number of locations over the hill. Flow over the hill and wind turbine 

power coefficient were examined using CFD simulations where the wind turbine 

rotor was fully resolved. CFD simulations had a good agreement with wind tunnel 

test results, and current studies showed the great impact of the hill on the 

performance of wind turbines. 
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2 Wake Model Formulation 

An engineering wake model, which considers acceleration on a two-dimensional hill, 

is formulated in this chapter based on the momentum theory. The model consists of 

the wake width and wake wind speed [55]. The equation to calculate the rotor thrust, 

which is calculated by the wake wind speed profiles, is also formulated. 

2.1 Thrust Coefficient over a Two-Dimensional Hill 

In this chapter, the thrust and the thrust coefficient equations will be formulated to 

include the acceleration of the wind upstream of a steep two-dimensional hill. Figure 

2.1(a) and 1(b) show wind turbine wake over a flat terrain and a two-dimensional 

hill respectively, where L is the hill half-length, and X is the streamwise direction. 

As the turbine extracts kinetic energy from the wind, the wind has to slow down and 

expand. The mass flow rate has to be the same upstream and downstream of the 

turbine, therefore, 

 

ρS∞U∞ =  ρSRUR = ρSWUW =  ρSBUB        (2.1) 

 

where ρ is the air density, S is the cross sectional area of the wind stream tube, and 

𝑈 is the wind velocity. The subscript ∞ is relevant to circumstances upstream of the 

turbine, 𝑅 is relevant to circumstances at the rotor, 𝑊 is relevant to circumstances 

in the wake (between the rotor and X= -L), and 𝐵  is relevant to circumstances 

between X= -L and X=0. 

 

The momentum loss in the wake caused by the rotor (𝑚𝐵) is as follows: 

 

mB = −ρUB0
2 ∫

UB

UB0

∞

−∞
(1 −

UB

UB0
) dSB = −ρUB0

2SBνB(1 − νB)  (2.2) 

 

where, 𝑈𝐵0 is the wind velocity outside the wake at location B, and 𝜈𝐵 = 𝑈𝐵/𝑈𝐵0. 
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Since the terrain causes the wind velocity to change from 𝑈𝑊  to 𝑈𝐵  as shown in 

Figure 2.1(b), therefore, the rate of change of momentum caused by the terrain (𝑚𝑇) 

is as follows: 

 

mT = ρSBUB
2 − ρSWUW

2 = ρUB
2SB (1 −

1

σ
) = ρUB0

2SBνB
2 (1 −

1

σ
)       (2.3) 

 

where, 𝜎 = 𝑈𝐵/𝑈𝑊. 

 

 
(a) 

 

 

 
(b) 

 

Figure 2.1(a) Wind turbine wake over a flat terrain; (b) The combined effect of 

both the turbine and the hill on the wind turbine wake. 
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Therefore, the net force that acts on the wind stream tube can be represented as 

follows: 

 

T =  − mB  +  mT  =  ρUB0
2SBνB (1 −

νB

σ
)    (2.4) 

 

Therefore the thrust coefficient calculated by the wake wind speed profile over the 

two-dimensional hill (𝐶𝑇 𝐻𝑖𝑙𝑙) can be as follows: 

 

𝐶𝑇 𝐻𝑖𝑙𝑙 =  
ρUB0

2SBνB(1−
νB
σ

)

1

2
ρU∞

2SR

= 2σ0
2S̅νB (1 −

νB

σ
)   (2.5) 

 

where, 𝜎0 = 𝑈𝐵0/𝑈∞, and 𝑆̅ = 𝑆𝐵/𝑆𝑅. 
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2.2 Wake Development over a Two-Dimensional Hill 

The rotor thrust can be represented as follows: 

 

T =  ρU∞
2SRµR(1 − µW)    (2.6) 

 

where µ𝑅 = 𝑈𝑅/𝑈∞, and µ𝑊 = 𝑈𝑊/𝑈∞. 

Therefore, from equations (2.4) and (2.6), 

 

S̅ =
νR(1−

σ0
σ

νB)

σ0
2νB(1−

νB
σ

)
     (2.7) 

where, 𝜈𝑅 = 𝑈𝑅/𝑈𝑅0 = 𝑈𝑅/𝑈∞. 
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3 Wind Tunnel Test 

In this chapter methods for the experimental studies are described. These include 

equipment such as: test facility, wind turbine model, and terrain model. The 

measurement methods used for forces and moments measurements, and flow 

velocity measurements are described. Finally, test conditions for several wind tunnel 

configurations are described. 

3.1 Test Facility 

The wind tunnel test was conducted in the Boundary Layer Wind Tunnel at the 

Research Institute of Applied Mechanics of Kyushu University [56]. The outline is 

shown in Figure 3.1. The wind tunnel has a closed test section of 15 m length, 3.6 m 

width, and 2.0 m height. A uniform flow with turbulence intensity less than 0.5 % 

can be achieved in this wind tunnel, and the maximum wind speed is 30 m/s. Wind 

tunnel top walls were removed at sections 3, 4, and 5 (Figure 3.1) so as to minimize 

wind tunnel blockage effects [57], [58]. 

 

 

Figure 3.1 Boundary Layer Wind Tunnel [56], [58] 
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3.2 Wind Turbine Model 

A three bladed Horizontal Axis Wind Turbine (HAWT) was used in the wind tunnel 

test as shown in Figure 3.2 (a). The turbine rotor diameter (D) was 0.512 m, and it 

was attached to an electric motor placed inside a nacelle. The blades of the wind 

turbine model were created using a 3D printer, and with the scale ratio of 1:175, the 

wind turbine test model would represent a wind turbine in a wind farm with a rotor 

diameter D equals to about 89.6 m and a hub height equals to about 89.6 m. The 

blade pitch angle of the wind turbine was fixed, and the wind turbine was maintained 

at a constant rotational speed. The rotational speed was set by the controller of the 

electric motor, and the rotor speed was measured by the built-in encoder. The nacelle 

was attached to a 6-component load cell (Figure 3.2 (b)) to measure the forces and 

moments acting on and around the turbine in X, Y, and Z axes. Then, the load cell 

was attached to a steel pipe that is hanged from the wind tunnel ceiling, and the steel 

pipe was streamlined using a streamline tube (Figure 3.2 (c)) to minimize the wake 

of the pipe. 

 

 
(a) 
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(b) 

 

 
(c) 

 

Figure 3.2 (a) Wind Turbine Model; (b) Load cell; (c) Streamline tube cross 

section. 
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3.3 Terrain Model 

Figure 3.3 shows the two-dimensional hill model. The hill surface was smooth, and 

it was made of ABS resin. The height of the hill was h = 512 mm (same as the hub 

height) and its half-length L = 1560 mm long. The hill model was placed at about 

0.12 m from wind tunnel floor so as to impose a uniform flow condition avoiding 

the boundary layer on the floor of the wind tunnel. The hill is represented by equation 

(3.1), where the slope of the hill a = 0.45. The two-dimensional hill model was 

created by using a wooden frame with a curve that is represented by equation (3.1), 

then the wooden frame was covered with a sheet made of ABS resin. With the scale 

ratio of 1:175, the terrain test model would represent a hill with the hill height h 

equals to about 89.6 m. 

 

 

Z =  h exp [−
1

2
(

X

h/2.3548a
)

2
]    (3.1) 

 

 

 
(a) 
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(b) 

Figure 3.3 (a) Schematic diagram of the two-dimensional hill model; (b) Hill 

model used in the wind tunnel test. 
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3.4 Measurements 

A hot wire anemometer (Figure 3.4) is often utilized to measure flow velocity in a 

wind tunnel. When the hot thin wire is placed perpendicular to the flow, the 

temperature of the thin wire changes. The change in temperature changes the wire 

resistance, and the flow velocity can be obtained by measuring the variation in 

resistance. The hot wire was mounted on a rod which was fixed to the traverse 

system of the wind tunnel. Wind speed profiles were measured using a standard 

straight hot wire anemometer at several locations over the hill with an increment of 

L/4 along the streamwise direction (Table 3.1), vertically along the Z-axis every 0.02 

m, and horizontally along the Y-axis at the hub height every 0.02 m. The hot wire 

was fixed to the traverse system of the wind tunnel as shown in Figure 3.5. The flow 

velocity was measured with a sampling time of 30 seconds and a sampling frequency 

of 1 kHz.  

 

Figure 3.4 Different types of hot wire anemometers [59]. 
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Table 3.1 Measurement locations of wind speed profiles along X-axis. 

Location 

Number 

X 

[mm] 

X/L Distance from 

Location 1 

1 - 1560 -1 0 

2 - 1170 -3/4 0.76 D 

3 -780 -1/2 1.52 D 

4 -390 -1/4 2.29 D 

5 0 0 3.05 D 

6 390 1/4 3.81 D 

7 780 1/2 4.57 D 

8 1170 3/4 5.33 D 

9 1560 1 6.09 D 

 

 

 

 

Figure 3.5 Wind velocity measurement setup. 
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The forces and moments acting on and around the turbine in X, Y, and Z axes were 

measured using a 6-component load cell (Figure 3.6) at several rotational speeds as 

shown in Table 3.2. Wind turbine rotor speed was set by the controller of the electric 

motor, and the rotor speed was measured by the built-in encoder. The Tip Speed 

Ratio (TSR; λ) can be defined as equation (3.2), where 𝜔 is the rotor speed in rad/s, 

𝑅 is the wind turbine radius in meters, and 𝑈 is the wind velocity in m/s. 

 

 

 

λ =  
ωR

U
      (3.2) 

 

 

 

 

Figure 3.6 Model number and capacity of the load cell [60]. 
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Table 3.2 Wind turbine rotor speed. 

rpm Tip Speed Ratio 

(λ) 

261 1.0 

392 1.5 

522 2.0 

653 2.5 

783 3.0 

914 3.5 

1044 4.0 

1175 4.5 

1306 5.0 

1436 5.5 

1567 6.0 
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3.5 Test Conditions 

The test was conducted in three configurations A, B, and C as shown in Figure 3.7 

and Figure 3.8. The inlet wind velocity was constant at 7 m/s for the three 

configurations. Wind speed profiles over the hill with no wind turbine are measured 

in configuration A. The wind speed profiles at the wake of a turbine placed at 

location 1 were measured in configuration B. Also, forces acting on turbine in X, Y, 

and Z axes as well as moments around X, Y, and Z axes were measured using a 6-

component load cell in configuration B. The wind speed profiles at the wake of a 

turbine placed over a flat terrain were measured in configuration C to extract the 

terrain effects. The Tip Speed Ratio was λ = 4 for configurations B and C. 

 

 

(a) 
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(b) 

 

 

(c) 

Figure 3.7 Measurement setup. (a) Configuration A: No wind turbine over the hill; (b) 

Configuration B: Wind turbine at –L over the hill; (c) Configuration C: Wind turbine at –L over 

the flat terrain. 
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(a) 

 

 
(b) 
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(c) 

 

Figure 3.8 A schematic diagram of the measurement setup. (a) Configuration A: No wind turbine 

over the hill; (b) Configuration B: Wind turbine at –L over the hill; (c) Configuration C: Wind 

turbine at –L over the flat terrain. 
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4 Computational Fluid Dynamics 

4.1 Wind Turbine Models 

The wind turbine rotor could be modelled as a fully resolved rotor (by building a 

rotor body fitted mesh, as shown in Figure 4.1), or an actuator disk or an actuator 

line (Figure 4.2) [12]. Modelling the fully resolved rotor [61] [62] [63] [64] [65] [66] 

[67] [68] [69] is an accurate way for simulating air flow around the rotor, but, it has 

the highest computational cost. The actuator disk method [45] [44] [70] [71] [72] 

doesn’t require the creation of the turbine rotor’s body fitted mesh, however, the 

force applied by the actuator disk on the flow is added to the momentum equation. 

The actuator disk method is simpler than the fully resolved rotor method and has a 

lower computational cost. The actuator line method [73] doesn’t need the creation 

of the body fitted mesh, but the turbine blades are replaced by forces acting on 

rotating lines, as shown in Figure 4.2. 

 

 

Figure 4.1 Surface mesh of a fully resolved wind turbine rotor. 
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Figure 4.2 Actuator Line method [12]. 
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4.2 CFD simulation cases 

4.2.1 Case 1: Flow over a Two-Dimensional Hill 

k–ε turbulence model was previously used for simulating flow over terrain and other 

applications [74] [75] [76]. However, using this method results in average turbulent 

kinetic energy and average wind speed [77]. Alternatively, Large Eddy Simulation 

(LES) model was previously used [53] [78] [79] for wind flow simulation over 

terrain, and was able to show flow unsteadiness. Therefore, the LES model was used 

in this paper for flow simulation over the steep 2D hill, and the standard 

Smagorinsky model [80] was used as the subgrid-scale (SGS) model. 

The flow over the hill was simulated using Ansys Fluent [81] where a transient 

pressure-based solver was used to obtain the average vertical wind speed profiles 

along the hill. 

Computational domain was as shown in Figure 4.3. It had the same dimensions as 

the wind tunnel, and the boundary conditions were as follows: Outlet was set to 

pressure-outlet with an operating pressure of 101,325 Pascals and a gauge pressure 

equals to zero. Inlet was set to velocity-inlet type at a constant velocity of 7m/s, and 

a uniform approach-flow with turbulence intensity less than 0.5 % was used. The 

hill was set to no-slip condition. The ceiling windows were set at atmospheric 

pressure (101,325 Pascals), and a no-slip condition was employed for side walls. 
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Figure 4.3 Computational domain of Case 1. 

 

An unstructured mesh was created using Ansys Meshing. Prismatic volume cells 

were generated on hill surface with a growth rate of 1.2, as shown in Figure 4.4, and 

the first layer thickness was specified in order for y+ to be less than 1, where 𝑦+ is 

a non-dimensional distance, and can be defined by equation 4.1. Where y is the 

distance to the closest wall, 𝑢𝜏  is the friction velocity, and ν is the kinematic 

viscosity. 

 

 

y+ =
y uτ

ν
      (4.1) 
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Figure 4.4 Prismatic layers were generated on the hill surface. 
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4.2.2 Case 2: Flow around a Wind Turbine 

Transition Shear Stress Transport (SST) model (also called the γ - 𝑅𝑒𝜃 model) was 

used in this paper. The transition SST model combines the transport equations of the 

SST k-ω and two more equations [82] [83] [84] [85] [86]. The Transition SST model 

is based on three local correlation parameters 𝑅𝑒𝜃𝑐, 𝑅𝑒𝜃𝑡, and 𝐹𝐿𝑒𝑛𝑔𝑡ℎ. 𝑅𝑒𝜃𝑐 is the 

Critical momentum thickness Reynolds number, 𝑅𝑒𝜃𝑡  is the Transition onset 

momentum thickness Reynolds number, and 𝐹𝐿𝑒𝑛𝑔𝑡ℎ is an empirical correlation that 

controls the laminar-turbulent transition region length. These three parameters were 

optimized as described in the work of Sørensen [86]. 𝑅𝑒𝜃𝑐  and 𝐹𝐿𝑒𝑛𝑔𝑡ℎ  were 

specified, then a number of simulation runs were done to get the optimum values for  

𝑅𝑒𝜃𝑐  and 𝐹𝐿𝑒𝑛𝑔𝑡ℎ. Then a second series of simulation runs were done to get the 

optimum value for third correlation parameter 𝑅𝑒𝜃𝑡.  

Flow around wind turbine rotor was simulated using Ansys Fluent where a steady 

state solver was used for investigating wind turbine performance at different inlet 

wind velocity profiles. 

For this case, a fully resolved rotor was used in CFD simulations as shown in Figure 

4.5. An unstructured mesh that satisfies the Transition SST model limitations [82] 

[83] [84] [85] [86] was created using Ansys Meshing. Prismatic volume cells were 

generated on the wind turbine rotor surface with a growth rate less than 1.1, as shown 

in Figure 4.6, and the first layer thickness was specified in order for y+ to be less 

than 1. The total number of cells was about 7.6 million cells. 

 



46 

 

 

Figure 4.5 Surface mesh of the fully resolved wind turbine rotor. 

 

 

Figure 4.6 Prismatic layers were generated on turbine rotor surface. 
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The computational domain was as shown in Figure 4.7. The hill body was not 

included in this case, however, the hill effect was included in the inlet boundary 

condition. 

Boundary conditions were as follows: Pressure-outlet condition was used for the 

outlet with an operating pressure of 101,325 Pascals and a gauge pressure equals to 

zero. Velocity-inlet condition was used for the inlet, and it had the same wind 

velocity profile as the wind tunnel test measurements. The rotor was set to no-slip 

condition, and the outer cylinder wall was set to symmetry type. 

To simulate the rotation of the wind turbine rotor, moving reference frame was used 

where an axis of rotation, origin of axis of rotation, and rotational velocity were 

specified. 

 

 

 

 

Figure 4.7 Computational domain of case 2. 
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4.2.3 Case 3: Wind Turbine Wake Development over Flat Terrain 

The LES model was used in this case to investigate wind turbine wake development 

over flat terrain, and the standard Smagorinsky model was used as the SGS model. 

Wake development over the flat terrain was simulated using OpenFOAM [87], 

where a transient solver was used. 

A fully resolved wind turbine rotor was used in this CFD case as shown in Figure 

4.8, where the rotor diameter D = 0.512 m. A moving reference frame was used to 

simulate the rotation of the wind turbine rotor, where the axis of rotation, origin of 

axis of rotation, and rotational velocity were specified. The Tip Speed Ratio was λ = 

4, because it is the optimum λ for this turbine. 

 

Figure 4.8 Wind turbine model used for case 3. 
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Computational domain was as shown in Figure 4.9. Boundary conditions were as 

follows: The inlet was set to uniform flow, and the inlet velocity was constant at 

𝑈𝑖𝑛𝑙𝑒𝑡= 7 m/s, and a uniform approach-flow with turbulence intensity less than 0.5 % 

was used. A slip condition was used for upper, lower, and side walls. An 

unstructured mesh was created for the rotor. Cells were generated on the rotor 

surface with a growth rate of about 1.2, and the first layer thickness was specified in 

order for y+ to be less than 1, where 𝑦+ is a non-dimensional distance, and can be 

defined by equation (4.1). The total number of cells was about 12 million cells. 

 

 

 

Figure 4.9 Computational Domain of Case 3. 
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4.2.4 Case 4: Wake development of a Wind Turbine Located at the Top of a 

Hill 

The LES model was used in this study to investigate wake development of a wind 

turbine located at the top of a two-dimensional hill, and the standard Smagorinsky 

model was used as the SGS model. Wake development over the hill was simulated 

using OpenFOAM, where a transient solver was used. The hill is represented by 

equation (3.1), where the slope of the hill a = 0.45, the height of the hill is h = 0.1 m 

(same as the hub height) and half-length of hill L = 3D as shown in Figure 4.10. 

 

 

 

Figure 4.10 A schematic diagram of Case 4. 
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A fully resolved wind turbine rotor was used in the CFD simulation as shown in 

Figure 4.11, where the rotor diameter D = 0.1 m. The rotor was placed at the top of 

the hill, as shown in Figure 4.10. A moving reference frame was used to simulate 

the rotation of the wind turbine rotor, where the axis of rotation, origin of axis of 

rotation, and rotational velocity were specified. The Tip Speed Ratio was λ = 4, 

because it is the optimum λ for this turbine. 

 

 

Figure 4.11 The fully resolved wind turbine rotor used for Case 4. 
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Computational domain was as shown in Figure 4.12. Boundary conditions were as 

follows: The inlet was set to uniform flow, and the inlet velocity was constant at 

𝑈𝑖𝑛𝑙𝑒𝑡= 7 m/s, and a uniform approach-flow with turbulence intensity less than 0.5 % 

was used. The hill was set to no-slip condition, and a slip condition was used for 

upper and side walls. A slip condition was used for the floor from the inlet boundary 

to 17D (as shown in Figure 4.12) so as to impose a uniform flow condition, and a 

no-slip condition was used for the rest of the floor as shown in Figure 4.12. An 

unstructured mesh was created for the hill and rotor. Cells were generated on hill 

and rotor surfaces with a growth rate of about 1.2, and the first layer thickness was 

specified in order for y+ to be less than 1, where 𝑦+ is a non-dimensional distance, 

and can be defined by equation (4.1). 

 

 

 

Figure 4.12 Computational Domain of Case 4. 
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4.2.5 Case 5: Wind Turbine Wake Development over a Two-Dimensional Hill  

CFD was used in this case to investigate far-wake development in accelerating wind 

field over a hill, which was difficult to do in the wind tunnel due to the size 

limitations of the wind tunnel test section. In the wind tunnel, the hill model couldn't 

be made bigger due to the blockage effect, and the wind turbine rotor couldn't be 

made smaller due to the difficulty of manufacturing small diameter blades for the 

wind turbine model. Furthermore, smaller wind turbines wouldn’t be stable at higher 

wind speeds in the wind tunnel. 

The LES model was used in this study to investigate wake development in 

accelerating wind field over a two-dimensional hill, and the standard Smagorinsky 

model was used as the SGS model. Wake development over the hill was simulated 

using OpenFOAM, where a transient solver was used to investigate far-wake 

development in accelerating wind field. The hill is represented by equation (3.1), 

where the slope of the hill a = 0.45, the height of the hill is h = 0.1 m (same as the 

hub height) and half-length of hill L = 3D as shown in Figure 4.13. 

 

 

 

Figure 4.13 A schematic diagram of Case 5. 
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A fully resolved wind turbine rotor was used in the CFD simulation as shown in 

Figure 4.14, where the rotor diameter D = 0.1 m. The rotor was placed at a distance 

of 6D away from the hill center, as shown in Figure 4.13. A moving reference frame 

was used to simulate the rotation of the wind turbine rotor, where the axis of rotation, 

origin of axis of rotation, and rotational velocity were specified. The Tip Speed Ratio 

was λ = 4, because it is the optimum λ for this turbine. 

 

 

Figure 4.14 The fully resolved wind turbine rotor used for Case 5. 

 

Computational domain was as shown in Figure 4.15. Boundary conditions were as 

follows: The inlet was set to uniform flow, and the inlet velocity was constant at 

𝑈𝑖𝑛𝑙𝑒𝑡= 7 m/s, and a uniform approach-flow with turbulence intensity less than 0.5 % 

was used. The hill was set to no-slip condition, and a slip condition was used for 

upper and side walls. A slip condition was used for the floor from the inlet boundary 

to 17D (as shown in Figure 4.15) so as to impose a uniform flow condition, and a 

no-slip condition was used for the rest of the floor as shown in Figure 4.15. 
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Figure 4.15 Computational Domain of Case 5. 

 

An unstructured mesh was created for the hill and rotor. Cells were generated on hill 

and rotor surfaces with a growth rate of about 1.2, and the first layer thickness was 

specified in order for y+ to be less than 1, where 𝑦+ is a non-dimensional distance, 

and can be defined by equation (4.1). The total number of cells was about 27 million 

cells. 
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5 Results and Discussion 

5.1 Wind Tunnel Test Results 

5.1.1 Wind Speed profiles over the Two-Dimensional Hill 

Figure 5.1 shows the vertical wind speed profiles over the hill at locations 1 to 6 

without a wind turbine. In Figure 5.1, the horizontal axis is normalized by 𝑈ℎ1 =

6.21 𝑚/𝑠, where 𝑈ℎ1 is the hub height wind speed at X = -L. The vertical axis is 

normalized by the hill height h, and z* indicates the height from the hill surface. 

Wind velocity is almost constant at X = - L, afterwards, wind velocity starts to 

increase at X = -L/2 until it reaches the maximum wind speed at X = 0, then starts to 

decrease at the downstream of the hill at X = L/4.  

 

 

Figure 5.1 Configuration A: vertical wind speed profiles over locations 1 to 6. 
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5.1.2 Wake over the Two-Dimensional Hill 

The power coefficient (𝐶𝑃) and the thrust coefficient (𝐶𝑇) were calculated using load 

cell measurements over a flat terrain as shown in Figure 5.2 and Figure 5.3. Figure 

5.4 to Figure 5.7 show the average vertical and horizontal wind speed profiles at 

several distances downstream of the turbine for the configuration B. In Figure 5.5 

and Figure 5.7, the horizontal axis is normalized by wind turbine radius R = 0.256 

m. Wind speed profiles were measured at -L/2, -L/4, 0, L/4, L/2, and L. 

The wake width (𝐷𝑤𝑎𝑘𝑒) was determined using an arbitrary threshold that the wind 

speed must be greater than or equal 0.9𝑈𝐵0 to be regarded as the wake edges. 

Figure 5.4 and Figure 5.5 show the wind turbine wake development upstream of the 

hill. At 1.52 D (X= -L/2), the wake width was about 0.52 m, and by the time the 

wake reached 3.05 D at the top of the hill (X = 0), the wake width has decreased to 

about 0.15 m. This means that the hill has caused the wake to accelerate and shrink 

upstream of the hill. 

However, as the wake reaches 3.81 D (X = L/4) it started to expand and the wake 

width was about 0.50 m, and by the time the wake reached 6.09 D (X = L), the wake 

width has increased to about 0.56 m. This means that the hill has caused the wake to 

decelerate and expand downstream of the hill. 
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Figure 5.2 Wind turbine power coefficient over a flat terrain. 

 

 

Figure 5.3 Wind turbine thrust coefficient over a flat terrain. 
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Figure 5.4 Configuration B: vertical wind speed profiles upstream of the hill. 

 

 

Figure 5.5 Configuration B: horizontal wind speed profiles upstream of the hill. 
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Figure 5.6 Configuration B: vertical wind speed profiles downstream of the hill. 

 

Figure 5.7 Configuration B: horizontal wind speed profiles downstream of the hill. 
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5.1.3 Wake Development over Hill versus Flat Terrain 

Figure 5.8 and Figure 5.9 compare between wake development over hill 

(configuration B) and wake development over flat terrain (configuration C) at 3.05 

D and 6.09 D respectively. The hill had an effect on both the velocity deficit and the 

wake width at the top and downstream of the hill. At 3.05 D, the velocity deficit over 

hill was about 0.5 the velocity deficit over flat terrain, and 𝐷𝑤𝑎𝑘𝑒  over hill was about 

0.27 the 𝐷𝑤𝑎𝑘𝑒 over flat terrain. At 6.09 D, the velocity deficit over hill was about 

0.67 the velocity deficit over flat terrain, and 𝐷𝑤𝑎𝑘𝑒 over hill was almost the same 

as 𝐷𝑤𝑎𝑘𝑒 over flat terrain. 

 

 

 

 

Figure 5.8 Comparison between configurations B and C at 3.05 D (Wind turbine at X=- L, 

measurement at X=0) 
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Figure 5.9 Comparison between configurations B and C at 6.09 D (Wind turbine at X=- L, 

measurement at X= L) 
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5.2 CFD Results 

5.2.1 Wind Speed Profiles over the Two-Dimensional Hill 

Figure 5.10 (a) to (f) compare wind tunnel test results with CFD simulation. 

Numerical results showed a good agreement with the experimental measurements. 

 

 

 

 

(a)         (b) 
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(c)     (d) 

 

(e)     (f) 

Figure 5.10 Wind speed profiles at: (a) –L (b) -3L/4 (c) –L/2 (d) –L/4 (e) 0 (f) L/4 
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5.2.2 Power and Thrust Coefficient  

Figure 5.11 and Figure 5.12 show results of the second wind tunnel test 

configuration. Figure 5.11 shows the moment acting on turbine at six locations over 

2D hill versus the tip speed ratio (TSR; λ). Moment acting on turbine is lowest at X 

= -1560 mm, and highest at X = 0 and X = 390 mm. This is due to the higher wind 

speed at the top of the hill compared with upstream wind speed. Power Coefficient 

(Cp) was calculated for the turbine at different tip speed ratios, as can be seen in 

Figure 5.12. Turbine performance at the top of the hill (X = 0) and X = 390 mm was 

better than that at X = -1560 mm (upstream of the hill), due to the higher hub wind 

speed. 

Figure 5.13 and Figure 5.14 compare CFD simulations with wind tunnel test results 

upstream (over X = -1560 mm) and over X = 0. The Transition SST model had good 

agreement with experimental measurements. Predicting stall and flow separation at 

high tip speed ratios was possible using the Transition SST model, whereas the SST 

k-omega model failed to predict the stall as can be seen in Figure 5.13. This shows 

the usefulness of the Transition SST model as compared to a fully turbulent one. 

Therefore, the Transition SST model can be important for predicting wind turbine 

rotors performance. 
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Figure 5.11 Moment acting on turbine over 2D hill at six locations. 

 

Figure 5.12 Wind turbine power coefficient over 2D hill at six locations. 
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Figure 5.13 Wind turbine power coefficient at X = -1560 mm. 

 

Figure 5.14 Wind turbine power coefficient at X = 0. 
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5.2.3 Wind Turbine Wake Development over Flat Terrain versus at the Top of 

the Hill 

Figure 5.15 and Figure 5.16 show wake development over a flat terrain and that over 

a two-dimensional hill respectively. By comparing these two figures, the shape of 

the wake in Figure 5.16 is curved towards the ground compared to the wake shape 

over a flat terrain (Figure 5.15). This shows the great effect of the two-dimensional 

hill on the wind-turbine wake development. 

 

 

Figure 5.15 Wake development over a flat terrain. 
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Figure 5.16 Wake development over a two-dimensional hill. 
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5.2.4 Wind Turbine Wake Development over the Two-Dimensional Hill 

Figure 5.17 shows wind turbine wake development over the hill. The hill caused the 

wake to accelerate and shrink upstream of the hill. The wake center at the top of the 

hill was at the height of 0.8h from the hill surface, this means that the wake center 

at the top of the hill was shifted downwards due to the hill effect. Figure 5.18 show 

horizontal wake wind speed profiles at distances: 3D, 4D, 5D, and 6D away from 

the wind turbine rotor. At 3D, the wake width was about 1.26D, and by the time the 

wake reached 6D at the top of the hill, the wake width has decreased to about 0.39D. 

This means that the hill has caused the wake to accelerate and shrink upstream of 

the hill. 

 

 

 

Figure 5.17 Wind turbine wake development over the hill. 



71 

 

 

Figure 5.18 Horizontal wake wind speed profiles at distances: 3D, 4D, 5D, and 6D away from 

the wind turbine rotor. 
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6 Model Validation 

6.1 Validation with Wind Tunnel Test 

𝐶𝑇 𝐻𝑖𝑙𝑙 was calculated at X/L = -1/2, X/L = -1/4, and X/L = 0 using equation (2.5). 

All the parameters used for the calculations are shown in Table 6.1, where 𝑈𝐵 is the 

value at 0.9 of the wake depth as shown in Figure 6.1. Figure 6.2 shows 𝐶𝑇 𝐻𝑖𝑙𝑙/ 𝐶𝑇 

over Flat terrain at locations 3 to 5. The Figure shows that 𝐶𝑇 𝐻𝑖𝑙𝑙 is very close to 𝐶𝑇 

over Flat terrain except at X/L = 0, this could be because the wake center at X/L = 0 

was moved downwards due to the hill effect. 

 

Table 6.1 Parameters used for the calculations. 

Parameters Flat Terrain X/L = -1/2 X/L = -1/4 X/L = 0 

𝑫𝒘𝒂𝒌𝒆/𝑹 2.20 2.02 1.73 0.59 

𝑼𝑩𝟎/𝑼𝒉𝟏 1.07 1.15 1.30 1.39 

𝑼𝑩/𝑼𝒉𝟏 0.64 0.85 0.99 1.19 
 

 

Figure 6.1 Wake over flat terrain at 6.09 D (Wind turbine at X=- L, measurement at X = L). 
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Figure 6.2 𝐶𝑇 𝐻𝑖𝑙𝑙 / 𝐶𝑇 over flat terrain at locations 3 to 5. 

 

Equation (2.7) was used to calculate the estimated wake width. Figure 6.3 shows a 

comparison between the measured and estimated wake width/Rotor diameter for the 

configuration B at X/L=-1/2, X/L=-1/4, and X/L=0. The estimated wake width/Rotor 

diameter was close to that measured during the wind tunnel test. The percentage 

difference between the measured and estimated wake width/Rotor diameter at X/L=-

1/2, X/L=-1/4, and X/L=0 is 13.3%, 23.6%, and 48.9% respectively. The measured 

wake width at the top of the hill (X/L=0) drops more quickly than the estimated value, 

this could be because, the wake shifts downward slightly due to the effect of the 

terrain. 
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Figure 6.3 Comparison between the measured and estimated wake width/Rotor diameter. 
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6.2 Validation with CFD 

Equation (2.7) was used to calculate the estimated wake width. All the parameters 

used for the calculations are shown in Table 6.2. Figure 6.4 shows a comparison 

between CFD and estimated wake width/Rotor diameter at distances: 4D, 5D, and 

6D away from the wind turbine rotor. The estimated wake width/Rotor diameter was 

close to that obtained using CFD. The percentage difference between CFD and 

estimated wake width/Rotor diameter at 4D, 5D, and 6D is 9.41%, 13.95%, and 

15.56% respectively. 

 

Table 6.2 Parameters used for the calculations. 

Parameters 3D 4D 5D 6D 

𝑫𝒘𝒂𝒌𝒆/𝑹 2.52 2.04 1.24 0.78 

𝑼𝑩𝟎/𝑼𝒊𝒏𝒍𝒆𝒕 0.99 0.96 1.09 1.26 

𝑼𝑩/𝑼𝒊𝒏𝒍𝒆𝒕 0.70 0.74 0.94 1.12 

 

 

Figure 6.4 Comparison between CFD and estimated wake width/Rotor diameter. 

 



76 

 

7 Wind Farm Layout Optimization over Complex Terrain 

7.1 Genetic Algorithm 

A Genetic Algorithm (GA) was developed as an initial step for the wind farm layout 

optimization over complex terrain process. The GA consists of the following steps:  

1. Create Parent, Offspring, and Elite sets. 

2. Create the initial grid of wind turbines (Figure 7.2).  

3. Randomly generate new populations.  

4. Evaluate the fitness of each population with respect to the fitness function 

(Equation 7.1). 

5. Select parents and choose Elite.  

6. Produce children from parents either by mutation or crossover.  

7. Replace current population with children to form the next generation. 

8. Start again from step 4, and stop when a predetermined condition is met. 

 

The algorithm can deal with any irregular wind farm borders as shown in Figure 7.1 

to Figure 7.3. Also, the algorithm can avoid placing turbines inside irregular barriers 

such as roads, and areas with high Turbulence Intensity. 
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Figure 7.1 Wind farm borders and barriers. 

 

Figure 7.2 Initial Grid. 
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Figure 7.3 GA output. 

 

The Cost of Energy (COE) for a wind farm can be represented by the following 

equation: 

 

𝐶𝑂𝐸 =

𝑁 ∗ 𝐶𝑂&𝑀 + (𝑁 ∗ 𝐶𝑊𝑇 + 𝐶𝑠 ∗ 𝑓𝑙𝑜𝑜𝑟 (
𝑁
𝑀

)) (
1
3

∗ 𝑒−0.00174𝑁2
+

2
3

)

8760𝑃𝑊𝐹 ∗ (𝐴𝑛𝑛𝑢𝑎𝑙 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡𝑠)
 

(7.1) 

 

Where, 𝑁  is the number of wind turbines, 𝐶𝑂&𝑀  is the annual operation and 

maintenance cost per wind turbine, 𝐶𝑊𝑇 is the cost per wind turbine, 𝐶𝑠 is the cost 

per substation, 𝑀 is the number of wind turbines for each substation, 𝑃𝑊𝐹  is the 

wind farm power output. 
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7.2 A modified Random Algorithm 

A modified Random Algorithm (RA) was developed in this thesis based on the work 

done by Feng and Shen [26]. The modified RA was developed to overcome the 

limitations of the Genetic Algorithm and improve the output of the optimization 

process. The modified RA consists of the following steps: 

1. Use the output of the GA as an initial solution to the Random Algorithm.  

2. Generate new random locations which satisfy the following conditions: 

i. Favors high elevations and high wind speeds, as shown in Figure 7.4. 

ii. Doesn’t favor lower elevations, low wind speeds, or high turbulence 

intensity areas. 

iii. Inside wind farm borders. 

iv. Outside of barriers 

3. Select a random turbine from the initial solution.  

4.  Move the selected turbine to one of the new random locations generated in 

step 2. 

5. Check if the distance between any two turbines less than 4D. 

i. If True: ignore step 4 and start again from step 3. 

ii. If False: continue to step 6. 

6. Evaluate the Cost of Energy (COE) of the new wind farm layout. 

i. If COE increase: ignore step 4 and start again from step 3. 

ii. If COE decrease: keep the selected turbine at the new location. 

7. Start again from step 3, and stop when a predetermined condition is met. 
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(a) 

 

(b) 

Figure 7.4 (a) Shows the contour lines of a terrain, where red represents the highest area, and 

blue represents the lowest areas; (b) New random locations were generated using the modified 

RA. 
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Figure 7.5 shows a comparison between the output of GA and the output of the 

modified RA. As can be seen in the figure, the modified RA was able to make use 

of all the wind farm borders, overcome the limitations of the Genetic Algorithm, and 

improve the output of the optimization algorithm to generate more energy and reduce 

the COE. 

 

(a) 

 

(b) 

Figure 7.5 (a) GA output, where areas the GA cannot optimize are highlighted; (b) Modified RA 

output. 



82 

 

8 CTFLOW 

CTFLOW (Complex Terrain Farm Layout Optimization Workbench) was 

developed by the author for layout optimization over complex terrain. The Graphical 

User Interface (GUI) is shown in Figure 8.1.  

 

 

Figure 8.1 Complex Terrain Farm Layout Optimization Workbench. 
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The following are the steps for using the software: 

Step 1: Generating terrain STL file 

CTFLOW can import satellite terrain images then convert them directly to an STL 

file (as shown in Figure 8.2 to  Figure 8.4), rather than creating the STL file manually 

(which can be a tedious and time consuming task). 

 

 

Figure 8.2 CTFLOW is used for wind farm layout optimization over complex terrain. 
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Figure 8.3 Importing satellite terrain images then converting them directly to an STL file 

 

(a) 
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(b) 

Figure 8.4 Converting satellite terrain image directly to an STL file. (a) Satellite terrain image; 

(b) STL file of the terrain. 

 

Step 2: Uploading settings file   

Uploading a settings file by the user that contains information such as: terrain length 

and width, wind setting file, wind farm borders, wind farm barriers, wind turbine 

specifications as shown in Table 8.1 to Table 8.5, and Figure 8.5 to Figure 8.7. 

 

Table 8.1 An example of a wind setting file (From theta="0" to theta="45"). 

theta="0" c="5.647690" k="2.985195" omega="0.048955" 

theta="15" c="7.349626" k="3.523647" omega="0.032574" 

theta="30" c="8.222031" k="1.729255" omega="0.017582" 

theta="45" c="8.071149" k="2.568082" omega="0.006319" 
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Table 8.2 An example of a wind setting file (From theta="60" to theta="345"). 

theta="60" c="9.541978" k="1.993438" omega="0.000541" 

theta="75" c="8.652621" k="2.490072" omega="0.082663" 

theta="90" c="6.507816" k="2.465158" omega="0.077562" 

theta="105" c="8.949849" k="3.062744" omega="0.066829" 

theta="120" c="6.643308" k="3.294917" omega="0.052141" 

theta="135" c="5.697838" k="3.044321" omega="0.035789" 

theta="150" c="5.719562" k="2.961634" omega="0.020324" 

theta="165" c="8.743764" k="2.166234" omega="0.008159" 

theta="180" c="9.110421" k="2.031583" omega="0.001193" 

theta="195" c="6.725090" k="1.815424" omega="0.000512" 

theta="210" c="10.419769" k="2.342080" omega="0.006222" 

theta="225" c="7.617459" k="2.990985" omega="0.017433" 

theta="240" c="8.614856" k="1.592461" omega="0.032396" 

theta="255" c="7.876530" k="4.841224" omega="0.048775" 

theta="270" c="11.993449" k="2.146332" omega="0.064015" 

theta="285" c="9.379689" k="3.739560" omega="0.075739" 

theta="300" c="12.192645" k="2.469500" omega="0.082116" 

theta="315" c="9.169049" k="1.327429" omega="0.082152" 

theta="330" c="10.246860" k="1.732229" omega="0.075841" 

theta="345" c="8.355799" k="2.204085" omega="0.064168" 
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Table 8.3 An example of a wind farm borders file. 

x="2000.1" y="500.12" 

x="500.2" y="500.11" 

x="1000.3" y="1000.1" 

x="500.4" y="1500.9" 

x="1000.5" y="2000.8" 

x="500.6" y="2500.7" 

x="1000.7" y="2750.6" 

x="2000.8" y="2000.5" 

x="3000.9" y="2600.4" 

x="4000.1" y="2500.3" 

x="4500.11" y="500.2" 

x="3000.12" y="600.1" 
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Table 8.4 An example of a wind farm barriers file. 

Barrier Number="0"  

x="3000.1" y="1000.4" 

x="2500.2" y="2000.3" 

x="4000.3" y="1500.2" 

x="4000.4" y="1000.1" 

x="3500.5" y="1200.5" 

Barrier Number="1"  

x="1000.1" y="1500.4" 

x="1200.2" y="2000.3" 

x="2000.3" y="1000.2" 

x="1500.4" y="700.1" 

Barrier Number="2"  

x="3000.1" y="2000.7" 

x="3500.64" y="2400.48" 

x="4000.23" y="2000.45" 

Barrier Number="3"  

x="2000.6" y="1500.4" 

x="2200.5" y="2000.3" 

x="2500.1" y="1500.7" 

 



89 

 

 

Figure 8.5 An example of wind farm borders. 

 

 

Figure 8.6 An example of barriers in a wind farm. 
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Table 8.5 An example of wind turbine specifications file. 

Thrust Coefficient 0.8 

Rated Power 2000 

Wind Turbine Radius 40 

eta -550 

k 0.075 

lambda 150 

Cut-in wind speed 4 

Cut-out wind speed 25 

Rated wind speed 13 
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Figure 8.7 Wind turbine specifications. 

 

 

Step 3: CFD 

CTFLOW will run CFD simulations of wind flow over the terrain using the STL file 

generated in step 1. The CFD simulations will be performed in at least 16 direction 

as shown in Figure 8.8 to obtain wind speed and turbulence intensity profiles over 

the terrain as shown in Figure 8.9, this is an important step for layout optimization 

over complex terrain, as the algorithm will avoid placing wind turbines in areas with 

high turbulence intensities. 
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Figure 8.8 CFD will be performed in at least 16 direction over the terrain. 

 

 

Figure 8.9 Wind speed profiles over the terrain. 
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Step 4: Post processing 

Wind speed and turbulence intensity profiles will be imported, as these are important 

for the next optimization step. 

 

Step 5: Layout optimization using GA 

1. Create Parent, Offspring, and Elite sets. 

2. Create the initial grid of wind turbines (Figure 8.10).  

3. Randomly generate new populations.  

4. Evaluate the fitness of each population with respect to the fitness function. 

5. Select parents and choose Elite.  

6. Produce children from parents either by mutation or crossover.  

7. Replace current population with children to form the next generation. 

8. Start again from step 4, and stop when a predetermined condition is met. 

The final GA output is shown in Figure 8.11. 
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Figure 8.10 the initial grid of wind turbines. 

 

 

Figure 8.11 Final GA output. 
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Step 6: Improving GA output using Modified RA 

1. Use the output of the GA as an initial solution to the Random Algorithm.  

2. Generate new random locations which satisfy the following conditions: 

i. Favors high elevations and high wind speeds. 

ii. Doesn’t favor lower elevations, low wind speeds, or high turbulence 

intensity areas. 

iii. Inside wind farm borders. 

iv. Outside of barriers 

3. Select a random turbine from the initial solution.  

4.  Move the selected turbine to one of the new random locations generated in 

step 2. 

5. Check if the distance between any two turbines less than 4D. 

i. If True: ignore step 4 and start again from step 3. 

ii. If False: continue to step 6. 

6. Evaluate the Cost of Energy (COE) of the new wind farm layout. 

i. If COE increase: ignore step 4 and start again from step 3. 

ii. If COE decrease: keep the selected turbine at the new location. 

7. Start again from step 3, and stop when a predetermined condition is met 

The final output of the Modified RA is as shown in Figure 8.12. 
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Figure 8.12 Final output of Modified RA. 
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9 Conclusions 

This study examined the flow over a steep two-dimensional hill as well as the 

performance of a turbine located over the same hill. A good agreement between 

Experimental and Numerical simulations was achieved for the average vertical wind 

speed profiles. These results displayed the impact of the steep hill on air flow. 

Moment acting on turbine was lowest upstream of the hill, and highest at the top of 

the hill. This is due to the higher wind speed at the top of the hill compared with 

upstream wind speed. 

A good agreement between wind tunnel test and CFD results was achieved for the 

wind turbine power coefficient by using the Transition SST model. The Transition 

SST model yielded better results than the SST k-omega turbulence model 

specifically at high tip speed ratios. 

An engineering wake model, that considers acceleration on a two-dimensional hill, 

was developed based on the momentum theory. The model consists of the wake 

width and wake wind speed. The equation to calculate the rotor thrust, which is 

calculated by the wake wind speed profiles, was also formulated. Then, the model 

was validated through wind tunnel test and CFD. The results obtained by using the 

current model were close to the wind tunnel test and CFD results, and by using the 

current model, it was possible to estimate the wake shrinkage in accelerating two-

dimensional wind field. 

In this thesis, a wind-tunnel test was conducted to investigate wake development 

over a two-dimensional hill in simple flow conditions, where a uniform approach-

flow with turbulence intensity less than 0.5 % was used. Conducting the wind-tunnel 

test in such simple flow conditions was necessary for this study in order to 

investigate the effect of the hill on wake development and evaluate the new wake 

model without the influence of the Atmospheric Boundary Layer (ABL), ground 

roughness, or turbulence. 

The wake model was compared with the wind-tunnel test, and the results obtained 

by using the wake model were close to the wind-tunnel test results. The wake model 

was able to estimate the wake shrinkage in accelerating two-dimensional wind field. 
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The measured wake width at the top of the hill was lower than the estimated value 

(by the wake model), this could be because the wake center at the top of the hill was 

moved downwards due to the hill effect. 

In the wind-tunnel test, the hill surface was smooth as it was made of ABS resin, 

however, the surface roughness may affect wind speed profiles over the hill. 

Consequently, the effect of the surface roughness on wake development must be 

considered in the future studies. 

Further experimental and numerical studies where the approach-flow represents real 

atmospheric conditions (where the ABL is reproduced) are required to investigate 

wake development over the hill in conditions that wind turbines experience in the 

field. Further modifications to the wake model are necessary to include the effect of 

turbulence and ground roughness on wake development over the hill, and to extend 

the wake model to decelerating wind field (downstream of the hill). 

The wake model introduced in this thesis could be integrated into wind farm layout 

optimization algorithms to estimate far-wake shrinkage in accelerating wind field, 

which was not possible previously using the Jensen or the adapted Jensen wake 

models. 

A wind farm layout optimization algorithm was developed, where a Genetic 

Algorithm was used as an initial step for the optimization process. Then, new 

Random Algorithm was developed to overcome the limitations of the Genetic 

Algorithm and improve the output of the optimization algorithm. 

CTFLOW (Complex Terrain Farm Layout Optimization Workbench) was 

developed by the author for layout optimization over complex terrain. CTFLOW can 

import satellite terrain images then convert them directly to an STL file, rather than 

creating the STL file manually (which can be a tedious and time consuming task). 

CTFLOW will automatically run CFD simulations of wind flow over the terrain 

using the STL file generated. The CFD simulations will be performed in at least 16 

directions to obtain wind speed and turbulence intensity profiles over the terrain, this 

is an important step for layout optimization over complex terrain, as the algorithm 

will avoid placing wind turbines in areas with high turbulence intensities, then wind 

speed and turbulence intensity profiles will be imported. Then, layout optimization 
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using GA will start. The GA consists of the following steps: 1. Create Parent, 

Offspring, and Elite sets. 2. Create the initial grid of wind turbines. 3. Randomly 

generate new populations. 4. Evaluate the fitness of each population with respect to 

the fitness function.5. Select parents and choose Elite. 6. Produce children from 

parents either by mutation or crossover. 7. Replace current population with children 

to form the next generation.8. Start again from step 4, and stop when a predetermined 

condition is met. Then the new Random Algorithm will be used to improve the 

output of the GA as follows: 1. Use the output of the GA as an initial solution to the 

Random Algorithm. 2. Generate new random locations which favors high elevations 

and high wind speeds, and doesn’t favor lower elevations, low wind speeds, or high 

turbulence intensity areas. 3. Select a random turbine from the initial solution. 4. 

Move the selected turbine to one of the new random locations generated in step 2. 5. 

Check if the distance between any two turbines less than 4D: if True: ignore step 4 

and start again from step 3, if False: continue to step 6. 6. Evaluate the Cost of 

Energy (COE) of the new wind farm layout: if COE increase: ignore step 4 and start 

again from step 3, if COE decrease: keep the selected turbine at the new location. 7. 

Start again from step 3, and stop when a predetermined condition is met. 
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Appendix A 

Wind Turbine Load Measurement in the Wake over the hill 

The objective of this configuration was to measure the load of a wind turbine operating in the wake 

of another wind turbine over the hill as shown in Figure A.1. The 1st wind turbine was located at 

X=-L. The 2nd wind turbine was located at X=-L/2, X = 0, X = L/2, and X = L. Both wind turbines 

had a diameter D = 0.512 m. The inlet wind velocity was 7 m/s. The forces acting on wind turbine 

in X, Y, and Z directions as well as the moments around X, Y, and Z directions were measured 

using a 6 component load cell. 

 

 

(a) 
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(b) 

Figure A.1 (a) Wind tunnel test configuration setup; (b) a schematic diagram of the 

measurement setup. 

 

Cp and Ct of the 2nd wind turbine were obtained at X = - 780 mm, X = 0, X = 780 

mm, and X = 1560 mm as shown in Figure A.2 to A.9. Rotational speeds of the 1st 

wind turbine was n = 783 rpm, 1044 rpm, and 1306 rpm. 
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Figure A.2 1st WT at x=-1560mm, 2nd WT at x= -780mm 
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Figure A.3 1st WT at x=-1560mm, 2nd WT at x= -780mm 
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Figure A.4 1st WT at x=-1560mm, 2nd WT at x=0. 
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Figure A.5 1st WT at x=-1560mm, 2nd WT at x=0. 
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Figure A.6 1stWT at x=-1560mm, 2nd WT at x=+780mm. 
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Figure A.7 1st WT at x=-1560mm, 2ndWT at x=+780mm. 
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Figure A.8 1stWT at x=-1560mm, 2ndWT at x=+1560mm. 
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Figure A.9 1stWT at x=-1560mm, 2ndWT at x=+1560mm. 
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Appendix B 

Wind Turbine Load Measurement in the Wake over Flat Terrain 

The objective of this configuration was to measure the load of a wind turbine operating in the wake 

of another wind turbine over flat terrain as shown in Figure B.1. The 1st wind turbine was located 

at X=-L. The 2nd wind turbine was located at X = 0. Both wind turbines had a diameter D = 0.512 

m. The inlet wind velocity was 7 m/s. The forces acting on wind turbine in X, Y, and Z directions 

as well as the moments around X, Y, and Z directions were measured using a 6 component load 

cell. Figure B.2 shows a comparison between the two-dimensional hill and the flat terrain.  

 

 

(a) 
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(b) 

Figure B.1 (a) Wind tunnel test configuration setup; (b) a schematic diagram of the 

measurement setup. 

 

 

(a) 
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(b) 

Figure B.2 A comparison between the two-dimensional hill and the flat terrain (a) 

Power coefficient; (b) Thrust coefficient. 


