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Abstract

Large time behavior of solutions to the compressible Navier-Stokes
equation around a given constant state is considered in an infinite
layer R x (0,a), n > 2, under the no slip boundary condition for
the velocity. The LP decay estimates of the solution are established for
all 1 < p < oo. It is also shown that the time-asymptotic leading part
of the solution is given by a function satisfying the n — 1 dimensional
heat equation. The proof is given by combining a weighted energy
method with time-weight functions and the decay estimates for the
associated linearized semigroup.

1. Introduction

This paper is concerned with the initial boundary value problem for the
compressible Navier-Stokes equation in an infinite layer 2 :

(1.1) Owp + div (pv) =0,
(1.2) Oi(pv) + div (pv @ v) + VP(p) = pAv + (u + p')Vdiv,

(13) U’xnzo,a = 07 p‘t:O = pO(x)a v’t:(] = UO(I')'
Here € is an n-dimensional infinite layer that is defined by
Q={z=(",2,);2 = (Tp, ,2n1) ER", 0< 2, <0}, n>2;

p = p(z,t) and v = (v'(x,t), -+ ,v"(x,t)) denote the unknown density and
velocity at time ¢ > 0 and position x € (2, respectively ; P = P(p) is the



pressure ; p and y' are the viscosity coefficients that satisfy u > 0, %,u—i— w >0
; and the notation div (pv ® v) means that its j-th component is given by
div (pviv).

We are interested in the large time behavior of solutions to problem (1.1)-
(1.3) when the initial value (po,wvo) is sufficiently close to a given constant
state (p«,0), where p, is a given positive number.

Matsumura and Nishida [22, 23] proved the global in time existence
of solutions to the Cauchy problem for (1.1)-(1.2) on the whole space R"
around (ps,0) and obtained the optimal L? decay rate of the perturbation
u(t) = (p(t)—ps, v(t)). Kawashima, Matsumura and Nishida [17] then showed
that the leading part of u(¢) is given by the solution of the linearized problem.
(See [16] for the case of a general class of quasilinear hyperbolic-parabolic sys-
tems.) The solution of the linearized problem reveals a hyperbolic-parabolic
aspect of system (1.1)-(1.2), a typical property of system (1.1)-(1.2). It is
written asymptotically in the sum of two terms, one is given by the convo-
lution of the heat kernel and the fundamental solution of the wave equation,
which is the so-called diffusion wave, and the other is the solution of the heat
equation. Hoff and Zumbrun [7, 8] showed that there appears some interest-
ing interaction of hyperbolic and parabolic aspects of the system in the decay
properties of P norms with 1 < p < co. The diffusion wave decays faster
than the heat kernel in L? norm for p > 2 while slower for p < 2. (See also
[20].) This decay property of the diffusion wave also appears in the exterior
domain problem [18, 19] and the half space [14, 15].

On the other hand, in contrast to the domains mentioned above, we
know that the Poincaré inequality holds for functions on the infinite layer 2.
Therefore, if one considers, for example, the incompressible Navier-Stokes
equation on 2 under the no-slip boundary condition for the velocity, it is
easily seen that the L? norm of the velocity decays exponentially. (See [1,
2, 3] for the L? decay estimates.) As for problem (1.1)-(1.3), the Poincaré
inequality still holds for the velocity v(t) but not for the density part ¢(t) =
p(t) — p«. This leads to that the spectrum of the linearized operator reaches
the origin but it is like the one such as the n—1 dimensional Laplace operator.
As a result, the solution of the linearized problem behaves in large times such
as a solution of an n— 1 dimensional heat equation [11]. In this paper we will
prove that the leading part of the solution of the nonlinear problem (1.1)-
(1.3) is given by the solution of the linearized problem. More precisely, we
will show that under suitable assumptions on the initial value, u(t) satisfies

(1.4) lu(t) = u©@ ()| = O~ T O=2 72 L (1))

forall1 <p <oocast— oo. Here L(t) = 1 when n > 3 and L(t) = log(1+1t)



when n =2 ; and u(® = (¢©(2/,¢),0) with ¢© (2’ t) satisfying

1 a
at¢(0) - K'A/¢(O) = 07 ¢(0)’t:0 = a\/ (po(l'/,l'n> - p*) dxna
0

where k = %, v="29"=Pl(p)and A'=0; +---+0; . Wewill also
establish decay estimates of ||0u(t)||, for all 1 <p < co.

The estimate (1.4) means that the leading part of w(t) is given by a
solution of the n — 1 dimensional heat equation and no hyperbolic feature
appears in the leading part. We also note that, even in the case of n = 2,
any effect from the nonlinearity does not appear in the leading part.

As for related works, we mention that the structure of the spectrum of the
linearized operator near the origin is quite similar to that of the linearized
operator appearing in the free surface problem of viscous incompressible fluid
studied in [4]. So, the leading part of u(t) has a similar form to that of the
free surface problem. We also mention the work of Benabidallah [5] where the
global existence of the solution was proved in the isothermal case under the
action of a large potential force such that the density tends to 0 as || — oc.

The proof of (1.4) is similar to that of an analogous result on the half
space problem investigated in [15]. It is based on the H® a priori estimate
with time-weight function by the energy method [13, 15, 21, 24] and the decay
estimates for the linearized semigroup [10, 11]. There are, however, several
aspects different from the half space problem, especially in low-dimensional
cases. One thing is that the decay rate of the linearized semigroup is not so
fast in the case n = 2, 3. Therefore, for these cases, a more detailed treatment
of the nonlinearity is needed.

The paper is organized as follows. In Section 2 we state our main results
concerning the large time behavior. The proof of the main results is given
in Section 3. We first show the asymptotic behavior (1.4) for p = 2. We
then investigate the asymptotic behavior in L*> space by combining the lin-
earized analysis and the decay estimate of the H® norm. We finally study
the asymptotic behavior in L! space. In the Appendix we give a proof of the
estimates for the solutions of the Stokes problem which are used in the proof
of the energy estimates.

2. Main Result

We first introduce some notation. For 1 < p < oo we denote by LP the
usual Lebesgue space on € and its norm is denoted by || - ||,. The L? inner
product will be denoted by (-, -)2. Let ¢ be a nonnegative integer. The symbol
WEP denotes the ¢-th order LP Sobolev space on 2 with norm || - ||yyz,. When
p = 2, the space W%? is denoted by H* and its norm is denoted by || - || z. C§
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stands for the set of all C* functions which have compact support in 2. We
denote by H} the completion of C3 in H'. The dual space of H{ is denoted
by H~1L.

We often write x € Q as z = (2/,x,), ¥’ = (xp, - ,T,—1) € R". Partial
derivatives of a function u in z, 2/, z,, and t are denoted by 0,u, Opu, O, u
and Oyu, respectively. We also write higher order partial derivatives of u in
r as Ofu = (0%u; |a| = k).

We next rewrite problem (1.1)-(1.3). We set ¢ = p — p.. Then problem
(1.1)-(1.3) is reduced to finding u = (¢, v) that satisfies

(2.1) 0 +v-Vo+ pdive = 0,
(2.2) p(Oww +v- Vo) — pAv — (u+ ¢/ )Vdive + P'(p)Ve = 0,

(23) U’xnzo,a = 0; u’t:O = Uo,
where p = ¢ + p. and

Uy = (¢07/UO>7 ¢0 = Po — Px-
Here (1.1) is used to obtain (2.2).
In the following we set
S = [q + 1.

2
Here and in what follows [¢] denotes the greatest integer less than or equal
to q.
For a solution of (2.1)-(2.3) we define some quantities. Let u = (¢, v) be
a solution of (2.1)-(2.3). We define E?(t) and D?(t) by

1/2
710 = ((smp (1407 (o + o) )

0<r<t

and

¢ 1/2
(/ 1+ DellRdr) " for o =0,
0

Dy =14 7, ”
(A(LH¥WWDMM4+HWMM}W) for o> 1.

Here and in what follows we denote
1/2

3]
[ @®]ls = Z o7 @) |
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|00 (t)]]2 for o =0,

Dl = e
(DN + P@)B)  for o> 1,

We will look for the solution u € ﬂEOC([O, o0); H*™%) satisfying E3(t)? +
D§(t)? < oo for all t > 0 with s > s.

Before stating our main results we mention the compatibility condition.
Since we consider strong solutions, we need to require the compatibility con-
dition for the initial value ug = (¢o,vo), which is formulated as follows.

Let u = (¢, v) be a smooth solution of (2.1)-(2.3). Then dyu = (97 ¢, 07 v)
(7 > 1) is inductively determined by

06 = —v- V6= pdivdy v = {[% v V]e+ [0 pdiv]v}
and
v = —p A v+ P(p)Vo o} — pH{[0]7, plow + [0, P(p)V] 6}
—p~ 10l (pv - V).

Here Av = —pAv — (u+p/)Vdive ; and [C, D] = CD — DC is the commu-
tator of C' and D. ‘ ‘

From these relations we see that (8¢, d{v)|
(¢o, o) in the following way:

(8£¢, agv) }t:O = (¢j7 vj)?

+—o 18 inductively given by

where
Jj—1 .
05 = —vo- Vo1 = podivej1 = 3 ( ! ; 1 ) {ve- V1o + ¢edivoj 1},
=1
vi = =y {Avi+ Ppo) Vi)
Jj—1 .
') ( / 2 ! ) {bevj—e + ae(o; b1, -+, Bo)bj1-e}
=1

+05 ' Gi-1(Po, vo, Ogvo; P1, -+, Dj1, U1, -+ V1, OgUr, - -+, Dpj1).

Here pg = ¢o + ps 5 ae(do; @1, , ¢¢) is a certain polynomial in ¢y, - -+, dp ;
~~~~~~ , and so on.
By the boundary condition v|,,—0, = 0 in (2.3), we necessarily have
a,fv |zn=0.0 = 0, and hence,
Vj |zp=0,a = 0.
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Assume that (¢,v) is a solution of (2.1)-(2.3) in ﬂg»%:]OC([O,T]; H*™%) for
some T > 0. Then, from the above observation, we need the regularity
(¢j,v;) € H=% for j = 0,---,[s/2], which, indeed, follows from the fact
that (¢o,v9) € H® with s > so. Furthermore, it is necessary to require that
(0o, vo) satisfies the s-th order compatibility condition:

N -1
vjEHé forj:0,1,~~-,s:l82 ]

We are ready to state our global existence result.

Theorem 2.1. Let s be an integer satisfying s > so and assume that
P'(p.) > 0. Then there exists a positive number €y such that if the initial
perturbation ug € H® satisfies ||uo||ms < €9 and the 5-th compatibility condi-
tion, then there exists a unique global solution u(t) € ﬂﬁ»%:]OC([O, o0); H¥%)
of problem (2.1)-(2.3), which satisfies

Eg(t)* + Dy(t)* < Clluoll3s
for allt > 0. Furthermore, it holds that lim;_. ||u(t)| e = 0.

The proof of Theorem 2.1 is similar to that of analogous results in [13, 24].
It is proved by a combination of the local existence and the a priori energy
estimate. The local existence can be proved by applying the local solvability
result in [12]. The a priori energy estimate can be obtained by the same
energy method as in [13, 24]. The decay of the L* norm can also be proved
in a similar manner as in [13]. We omit the details. (See Lemma 3.5 below
for the energy estimate.)

As for the asymptotic behavior of the solution, we have the following
result.

Theorem 2.2. Let s be an integer satisfying s > sg + 2 when n > 4,
s> 850+ 3 whenn =3 and s > sy + 4 when n = 2. Assume that P'(p.) > 0.
In addition to the assumption on ug in Theorem 2.1, assume also that ug
belongs to H® N (W21 x WH). Then if ug is sufficiently small, the solution
u(t) of problem (2.1)-(2.3) satisfies

lu()ll, = O~ =173,

|0zu(®)]l, = O = 17972 L(1)2073))

and o
lu(t) — @), = 0™ = 22 L())
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forany 1 < p < oo ast — oo. Here (1 — %)+ = max{l — %,O} ;w0 =
(¢ O(2',1),0) and ¢ (2',t) is a function satisfying

1 a
00" — kN0 =0, | _ = 5/ (po(@’, 2n) — ps) davn,
0

- and

n—-1 7

where Kk = ‘izzz, v =p/pe, v* = P(p.) and A = agl + 402
L(t) =1 whenn > 3 ; and L(t) = log (1 +t) when n = 2.

Remark 2.3. (i) As is well known, [|u(® ()|, decays exactly in the order
n—1

"7 0=3). We thus see that the decay estimate for u(t) in Theorem 2.2 is

optimal.

(ii) The regularity assumption on ug can be relaxed depending on p. See
Theorems 3.4, 3.7, 3.13-3.15 and 3.17 below.

Theorem 2.2 will be proved in the next section.
3. Proof of Theorem 2.2

In this section we prove the asymptotic behavior described in Theorem
2.2. The proof is given by combining the weighted energy estimate (Lemma
3.5) and the estimates for the linearized semigroup (Lemmas 3.1 and 3.2)
which were obtained in [10, 11].

We first transform the unknown v into m = pv. Then (2.1)-(2.3) is
written as

O + divm = 0,
me®m

p ) +VP(p) = pA (%) + (4 () Vdiv (%) ,

m’xnzo,a = Oa ¢’t:0 = ¢0(.T), m’t:O = m()(l'),

3tm -+ div (

where my = povg wWith pg = ¢g + p.. We rewrite this problem as

(3.1) oyw + Lw = div./v,

¢
m
0 div ~ 0
L= ( P’V —vA - Vdiv ) M= ( (Nik)1<jh<n )



with 72 = P'(p.), v = i/ ps, V = (p+ ')/ p« and

N = —v0y, (&) — djpv div (¢¢i|—mp*)
mimg

—w¢/‘ 0P (08+ ") dp - 54

Here the j-th component of div N is given by > 7', 05, Njy.

In view of the H® energy bound in Theorem 2.1, it suffices to prove
Theorem 2.2 with u(t) replaced by w(t).

In [10] we showed that the operator —L with domain D(L) = W7 (Q) x
[W27(Q) N W, ()] generates an analytic semigroup %(t) on W (Q) x
L"(Q) (1 < r < o0) and established the estimates of Z/(t) for 0 < t < 2

stated in Lemma 3.1 below. B
In the following we will denote by @) the (n+1) x (n+ 1)-diagonal matrix
diag(0,1,--- ,1). Note that

~ - 0 - ¢
Qw—(m) for w—(m).
Lemma 3.1. Let ¢/ =0,1. Then there hold the estimates
|05% (tywoll, < C2fwollwerprs 1 <7< o0,
10,2 (£)wolloo < CE = fwo| g, gyigree
and ,
105 (t)woll, < Ct™2||wollwesiswes,  p=1,00,

for 0 < t < 2 with some constant 0 < € < 1, provided that wy belongs to
the Sobolev spaces indicated on the right-hand side of each inequality above.
Furthermore, if Quo|z, =0 = 0, then

10:2 (t)wolls < Cllwollws

holds for 0 <t < 2.

As for the large time behavior of %(t), we showed the following result in
[11].

Lemma 3.2. Let 1 < r < oo and let (t) be the semigroup generated by
—L. Suppose that wo = (¢, mo) € L*(Q) N [WL(Q) x L™(Q)]. Then the
solution w(t) = % (t)wo of problem (3.1)—(3.2) is decomposed as

U (t)ywy = %O (t)wo + % (t)wo,
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where each term on the right-hand side has the following properties.

(i) 2 (t)ywy is written in the form

2O (t)wy = #O (t)wo + 2 (t)wo.

0) PO (2', 1) ©) (od 4Y -
Here #1 (Hwo = 0 ;and ¢\ (2')t) is a function independent

of &, and satisfies the following heat equation on R™!:
1 a
000 — k860 =0, 0|y = [ on(a',) d,
= a )y

_ ag'yg /I _ 92 2
where Kk = - and A" =0, +---+0;, .

The function 2 (H)wo satisfies the following estimate. For any 1 < p <
oo and j, ¢ = 0,1, there exists a positive constant C' such that

070522 ywll, < O =475 g
holds for t > 1. Furthermore, it holds that
10,220 (1) Quo |, < Ct~ 7 57| Quo

a’nd ~ n—1 1 1 ~
12 (£)[0:Qui]ll, < Ct~= 17972 | Qugl .-

(ii) There exists a positive constant ¢ such that %™ (t)w, satisfies
|0 0.2 (tywoll» < Ce™*|lwollwerrr, 4,€=0,1,
for all t > 1. Furthermore, the following estimates
052 (tywolloe < Ol ypnse, yrs €= 0.1,

H@ﬁ%(“)(zﬁ)woﬂp < Ce M wo|lwertoxwes, p=1,00,£=0,1,

hold for all t > 1, provided that wy belongs to the Sobolev spaces on the right
of the above inequalities.

Remark. Although the estimates of the time derivative was not given in
[10, 11], it is easy to prove these estimates by tracing the proof in [10, 11].

We first prove the L? decay estimates (Theorem 3.4) and then the LP
estimates for p = oo (Theorems 3.7, 3.13 and 3.14) and p = 1 (Theorems
3.15 and 3.17). The L estimates for general p can then be obtained by

9



interpolation. To prove the LP estimates for p = oo and p = 1, we will
use the L? decay estimates and the H*® energy estimate with a time-weight
function.

We define MQ(k) (t) and M(t) by

MP (1) = sup (14 7)"T +5]|8%w(r)]|2,

0<r<t
0 1
M(t) = My () + M (2).
To obtain the decay estimates for L? norm we use the following

Lemma 3.3. Let s > so+1 and assume that ||ug||2 < 0. Then the following
inequalities hold.

(i) [divNy < CO+ )75 2 {E5(6) /> M ()*2 + E5()M ()} (n > 3).
(i) [div Ay < CO+ )7 T2 {[|0,0]| g M8 + E3()M (1)} (n = 2).
(iii) [|div ]y < C(1+t)~"T "2 E5(t)M(t) (n > 4).

(iv) [div A < C(L+6) "5 ~5{ E5 () /"M (8" + E5(t)M(8)} (n =
(V) [ldivAls < O+ )~ "F ~2 { E5(0)2M()*2 + Eg ()M (1)} (n =

3).
2).
(vi) Set N = (N(Z) (=1,2, wzth./\f() —v0y, <$ﬁj) d;xv div f—)

and ./\fjk = Nk —./\fjk . Then

/N

NI < C -+~ T M),
[divAN@ |, < C(1+ 1)~ T "2 M(1)>.
Proof. The inequalities in Lemma 3.3 follows by a direct application of the
Holder, Poincaré and Gagliardo-Nirenberg-Sobolev inequalities to each term
of div N except || J||, (p = 1,2) for n = 2,3 with J = —v2Am — p2Vdivm.

P
We here estimate it for n = 2. The case n = 3 can be treated similarly.
We write m = pv = ¢v + p,v. Then

|02m| < C{|070] + 6070] + |0:¢0uv] + 05601},
and whence,

[71l: < C{llpd2v|lL + [|[¢*D2v|y + [|90:00,v 11 + || ¢07¢v]|1}.

10



Let us estimate each term on the right-hand side. Since 0,v = d,m/p —
Dxom/p*, we have
|0v] < C(1 + |m])|0,w|.

Therefore, by the interpolation inequality : [|02v|2 < C||0, vH2/3H6 vﬂgrf,

have
lod2ully < Cllgllalldavll3 *10:0] 15 < Cllellal|duwlls | v]l}s
< O+ )73 0]l M ().

Similarly, we have |[|¢20%v]); < C(1 +t)71]|0, le/S M (t)®/3. The remaining
terms can be estimated by using the Holder and Poincaré inequalities, and,
consequently, we obtain

171l < C(L+6) 3 {1050 ]| 2 M (1) + Eg(t) M (1)}
We next consider [|J||2. We decompose ¢ as
_ _ 1,
¢:¢+¢17 ¢:a ¢($7xnat)dxn
0
Observe that ¢ does not depend on z, and that foa ¢1dx, = 0 for all (2/,1).

Therefore, we have the Gagliardo-Nirenberg inequality for ¢ :

18l < ClIGNE N0, < Cliols* 020015

and the Poincaré inequality for ¢, :

161ll2 < CllDs, 1]l < Cl1258)|2-
It then follows that
1602mlls < [[@llscllO2mll2 < Clgll5 > 10a0 15> 10xmll3 | Qum
< CO+t)TE; ()2 M (t)3/?

and ) )
[@10zmllz < [l@1lallOzmlla < C|0:¢1]|2]|0xm]| g

< C+6) MBS ()M(1),

from which the desired inequality for ||.J||2 is obtained. This completes the
proof. O
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In the following we will denote

Eo = |lwol|zs + |Jwol|1-

Theorem 3.4. Let s > so+1. Assume that wyg € H*NL'. Then there exists
a positive number €1 such that

(i) l0bw®)ls < CO+4)7T72&, €=0,1,

for all t > 0, provided that & < €1. Furthermore, it holds

(i) w(t) —u@ @), < C1+1)~"F 3&.

Here ul%(t) is the function defined in Theorem 2.2.

Proof. To prove (i) we derive a uniform estimate for M(¢). By Theorem

2.1, we know that ||w(t)|| g < C& for all £ > 0. So, it suffices to estimate

M(t) for t > 2.

We write w(t) as

t—1 . t ~

w(t) = Ut)wo+ / Ut — 7)divN(7)dr + / Ut —1)divN(r)dr
0 t—1

= Io(t) + Li(t) + Lx(t).
We note that

div N (7) = ( div./(\]f(T) ) = QdivN (7).

By Lemma 3.2, we see that
10To(1)]2 < C(1+ )T 2&,.

We next apply Lemmas 3.2 and 3.3 to estimate [1(¢). When n > 3, we
have

n—1

t—1
Rl < C [ (st )T i N ) e
’ t—1
—1—0/ e~ || div N (1) || dr
0
< CL+ )T 2{E()M(t) + B30 M(£)%/*)
for £ = 0,1. We here used the fact that divV = @div./v.

12



In case n = 2, since s > sg + 1 = 3, we similarly have

[EARGIE
! -3_4l1 -3 1/3 5/3 s
< C (I+t—7) 72 (1 +7) 2(||0pv| s M(1)"" + Eg(T)M(7)) dr
0
t—1
+C / e~ (1 4 1) 7T dr (B ()2 M (1) + E5(t)M(1)).
0
By Holder’s inequality, we have

t—1
/ 1+t —7) 51+ 1) o0l dr
0

t=1 63 ¢ 9 o0 =1
([Tavi-ntanaentar) ([ 1)
0 0

< C(1+t)"172Dy(t)"/3,

1/6

IN

It then follows that
|OLL (t)]|2 < C(1+1) T3 { Dy ()3 M ()% + By(t)M(t) + Ey(t)/* M (t)*/?}

for ¢ =0,1.
As for I5(t), we apply Lemmas 3.1 and 3.3 to obtain

105 L2(8) ]2

IN

t
c/ (t — 1) 2| div N (7)||2 d7
t

-1

< O(L+ ) T3 {E5(t)M(t) + E5(t)¥*M(£)5/* + E5(t)/>M (t)*?}

for ¢ =0,1.
Since E§(t) + D§(t) < C& for all t > 0 by Theorem 2.1, it follows from
the above estimates that if & is sufficiently small, then

M(t) < C{E + EPM(1)% + €3 M(£)5/* + Y2 M (1)%/}.

We thus conclude M(t) < C&, provided that & is sufficiently small. This
completes the proof of (i).
We next prove the estimate (ii). By Lemma 3.2, we have

1o(t) — u®(t)[|l2 < C&(1 + )T 5.

13



We already showed that ||I2(t)||2 has the desired decay property. As for I;(t),
we write N = N + N® as in Lemma 3.3 (vi). It follows from Lemmas 3.2
and 3.3 (vi) that

n—1

t—1
@] S/O (L4t = 1) T2 (INO@) 0+ div A @ (7)]|1) dr

t—1
—i—C/ e—c(t=7) | div N (7)||2 dT
0

n—1_1

< C&(L+1t) T 2L(1).
We thus obtain the estimate in (ii). This completes the proof. O

We next establish L decay estimates. We first derive a decay estimate
of the H* norm, which will be also used to obtain the L' estimate for d,w(t).

Lemma 3.5. Under the assumption of Theorem 3.4, it holds

lw(®)]| e < CE(L+ )T (log(1+ )2,

Proof. The proof is based on Theorem 3.4 and a weighted energy estimate
with a time-weight function. Let u = (¢,v) be a solution of (2.1)-(2.3).
Assume for simplicity that E§(¢) < 1 for all £. One can then prove that there
exists a positive constant C' independent of ¢ such that

B0+ Dy < C{lluolly + B5(6)D (1)
(3.3) t
+rD;§(t)? —l—r/ (1 +T)2T_1HuH§dT}.
0

The inequality (3.3) is proved in the same way as in the proof of [13, Proposi-
tion 3.2] and [15, Propositions 11.2, 11.3], where the half space problem was
investigated. In fact, there are only two points to be remarked as compared
with the argument in [13, 15]. One is in the estimate of E?(¢)? + DO(¢)>.
Although we can estimate it as in [13], here we can also use the Poincaré
inequality. Let a(p) = \/P'(p)/p. Then we see from (2.1)-(2.2) that

(34)  Oila(p)d) +v-V(a(p)p) + palp)dive = —pa'(p)(divv)e,

(3.5) p(@tv +uv- Vv) + Av + V(P'(p)9) = P"(p) (V).
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Taking the L? inner product of (3.4) and (3.5) with (1 +¢)*"a(p)¢ and (1 +
t)? v, respectively, and noting that

(pa(p)divv, a(p)p)e = —(V(P'(p)d), v)2,

we have

[+ (lalp)o®)3 + Voo@)3)] + (1 + > A2u(t)]3
=r(L+ 1) ([la(p)o®)]3 + [[Vev®)]3) + R(t),

where [|AY20|[3 = ul|Vol[3 + (1 + /)[|divv[]3 and

R(t) = —(v- V(a(p)), a(p)9)2 + (v, V(pd'(p)a(p)$?))2 + (P"(p)(V )b, v)a.

For the velocity v, we have the Poincaré inequality : ||v]|2 < C||0,v||3. There-
fore, R(t) is estimated as

Sl

1
(3.6) 2

[R(t)] < C1+1llo) 8llcllv]l210x¢ll2 < CEG(®)]|0zull3.

This, together with (3.6), implies that E°(¢)? + DY(¢)? is bounded by the
right-hand side of (3.3).

The second point is as follows. In deriving (3.3) we use regularity esti-
mates for solutions to the Stokes system. In the case of it is formulated
in the following way. Let (p,v) € H*™ x H*? be the solution of the Stokes

system
dive = f in Q

—pAv+ P(p)Vp = g in Q

v = 0.

xn=0,a

Then for any k € Z, k > 0, there exists a constant C' > 0 such that
(3.7) 1052 0[l2 + |05 plla < C{Ifllmer + gl e + 182013}

Here the right-hand side of (3.7) is slightly different from the one for the
half space problem, but it does not affect the argument to obtain (3.3). For
completeness we will give a proof of (3.7) in the Appendix. The other part
of the proof is quite similar to the argument in [13, 15]. We omit the details.

We continue the proof of Lemma 3.5. We see from (3.3) with r = 0 that
(3.8) E5(t)* + Dg(t)* < Clluo|

2
Hs»

15



provided that [[ug||gs < €o for some small g > 0. Note that this is just the

energy estimate in Theorem 2.1. Since ||ulls < Cl|w||2, we see from (3.3) and
(3.8) that

" 1/2
Ef(zf)SCHUoHHs+C( / <1+r>2f-luwuzdr) |
0

n—

provided that |lug| gs is sufficiently small. We now take r = Tl and apply
Theorem 3.4 to obtain
t 1/2
Ei(t) < C& (/ (1+7)7" dT) < C& (log(1 + t))"/?
0
n—1

with 7 = %=. The desired estimate now follows since ||w(t)||zs < C|lu(t)| as.

This completes the proof. 0

Before proceeding further, we prepare a lemma to estimate the nonlin-
earity, which follows from [9, Lemma 3.3.1].

Lemma 3.6. Let F' be a smooth function on R. Then

102 F ()gllz < CAA+1Flloo) " N Nlocllgll s + glloollf11arx)-

Proof. The inequality follows by a direct application of [9, Lemma 3.3.1],
when () is the whole space. The desired inequality can then be obtained by
using the extension argument. This completes the proof. 0

We set

MO@) = sup (1+7)F [w(7)]|e-
0<r<t

Theorem 3.7. Let s > sqg+ 1. Then there exists a positive number €5 such
that .
Jw(t)[lo < CE(L+1)" 2,

provided that & < €.

Proof. Since ||w(t)||c < CE(t) < C& by the Sobolev inequality, it suffices
to show MY (t) < C& for t > 2.

As in the proof of Theorem 3.4, we write w(t) = Io(t) + I1(t) + I2(t). By
Lemma 3.2 we have

_n—1
2

Ho()lloo < C&(1+1)

16



Applying Lemmas 3.5 and 3.6, we see that
|div V]|

ot < Clullscllw] s

(3.9) L
< C&(1+1)~ T (log(1 + 1) MY (1)

This, together with Lemmas 3.2 and 3.3, implies that

t—1
H(®)llee < C/ (14t —7)7 7 (WO + [div N (7)]|1) dr
0

Hso—l dT

t—1
+C / == div A (7)|
0

—1

t—1
ca [ (+t-nTT e b
0

IN

t—1 B
L CEMO (1) / et (1 4 1)~ (log(1 + 7)) dr
0

3(n—1)

< CEL(L+t) T 2L{t) + (1+ 1)1 (log(1+1))"* MO (1)}.

As for I5(t), we see from Lemma 3.1 and (3.9) that

t
[L2(t)[lee < 0/ (t — 7)) div N (7) || oo d7
t—1
t
< C&EMO®W) [ (t—7) (1 +7) "5 (log(1+ 7))/ dr

t—1
3(n—1)

< C&(1+1)~ (log(1 + 1)> MP2).

We thus conclude that if & is sufficiently small, then MY (t) < C&. This
completes the proof. O

To obtain the decay estimate for ||0,w(t)|| we first show that ||0,w(t)]|eo
decays in the order t="2. We set

MO () = sup (1+7) 7 [[0:0(7)]|oo-
0<r<t

Proposition 3.8. Let s > sq+ 2. Then there exists a positive number €3
such that .
|0, w ()] oo < CE(L+1)" 7,

provided that & < €3.

17



Proof. Since s > sy + 2, we see from Lemmas 3.5 and 3.6 that

[divN] g0 < Cllwlloollw| s

_3(n=1)

< CEL+t)~ " (log(1+ )2 MO ).

Similarly to the proof of Theorem 3.7, we can obtain the desired estimate.
We omit the details. This completes the proof. 0

To prove ||0,w(t)||sc = O(t~“F "2 L(t)7), we next derive a decay estimate
for [|02m(t)||]2. We set

MP(t) = sup (1+7)T *2L(1) 2 {[|0,w(7)||2 + | 02m(7)|2}.

0<r<t

Based on the decay estimates obtained above, it is now straightforward
to obtain the following estimates for the nonlinearity:.

Lemma 3.9. Let s > sqg+ 2. Assume that & < e3. Then the following
imequalities hold.

1

(i) |8divN||a < CE{1 + M@ () }(1 + )T 2 L(t)=.

(i) [|8udiv N2 < CE(1+ )" T ~2L(1)%.

Proposition 3.10. Let s > so + 2. Then there exists a positive number ey
such that

18w (t) |2 + |82m(t)||2 < CE(1 + )T 2 L(1)%,
provided that & < &4.

Proof. Since ||0;w(t)|2 + [|02m(t)]]2 < E5(t) < C& for all t > 0, we
may assume that ¢ > 2. As in the proof of Theorem 3.4, we write w(t) =
Io(t) + I1(t) + I2(t). By Lemma 3.2 we have

10, Io(1)||2 < CEL T 2.

Since

Oh(t) =2 (1)divN(t — 1)+ /t_l O (t — 1)div N (7) dr,

18



we see from Lemmas 3.2 and 3.3 that
t—1
10:1(t)]2 < Cl|divN(t —1)|]2 + C/ (1+t— T)_%_aHdiVN(T)Hl dr
0

t—1
+C / == | div A (7)o dr
0
< C&(L+t) Tz

By integration by parts, we have
Oy I5(t) / Ut —7)0;div N (T)dr
Applying Lemmas 3.1 and 3.9, we then find that
t
ool < © | s )l
t—1

< CEI+MAWY [ (147" T 5L(7)2 dr
< C&{1+ Mt )}(1+t)‘——§L(t)%.
We thus obtain
85w (t)]|2 < CE{L+ M@ () }(1 +£)~"T 3 L(1)3.

We next estimate ||0,0,m(t)||2. In view of the proof of Lemma 3.2 ([10,
11]), one can see that

(3.10) 100,29 (t)wo|2 < C(1 + )T " lwols
and
(3.11) 10202 (t)wo |2 < Ce™|Oprwo || mixr2-

We see from (3.10) and (3.11) that

1000 (t)]]2 < CEC(1+¢) T 2.
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By (3.10), (3.11) and Lemma 3.9, we have
t—1 -
100 0:11(t)||2 < C/ (1+t—7)" 7 HdivN(r)|:dr
?
—i—C/ e~ 0, div N (1) |2 dr
0

1

t—1
CSO/ (1+t—7')_nT_1_1(1+7')_%_% dr
0

IN

n—1_1

t—1
—1—050/ e~ (1 4 1) TEL(7) 7 dr
0
< C&(L+1t) T 3L(1)7.

Since J,; commutes with %(t), we similarly obtain

o0t < € [ (6= Howdiv A dr
< C8 /tl(t R4 )RR ar
-
< C&(L+1t) T 3L(1)?.
We thus obtain
10500 (t)]|2 < CE(L+ )T "3 L(t)3.
It remains to estimate |02 m(t)||2. From equation (3.1) we find that
vz m' = Om' —vA'm' —vV'divin +yV'¢ — (divN),
(v +0)92 m™ = Om” —vA'm" — 00, V' -m' +0,,¢ — (divN)",

where V' = (0y,,+++,04, ,) and divAN = ((divN)', (divAN)"). It follows
that

107 m(@®)ll2 < C{lldm(t)ll2 + (|92 0em(t)l|2 + [[926(t)||2 + [|div N (£)]|2 }
< C&E{1+ M) (1 +t)~"T 2 L(t)2.

Therefore, we arrive at M@ (t) < C& {1+ M@ (t)}. The desired inequality
now follows if & is assumed to be sufficiently small. This completes the
proof. O

The following inequalities immediately follow from Proposition 3.10.
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Lemma 3.11. Let s > sg+ 2 and assume that & < €4. Then

n—1_

[div A1 < CE(1+t)~"F ~2L(t)z.

To estimate ||0,u(t)]|« We also use the following inequality.

Lemma 3.12. Assume that s > so+ 2 whenn >4, s > sg+ 3 whenn =3
and s > sg+4 when n = 2. Assume also that &y < 4. Then

| div N || grs0 < CE{L + MO ()1 + )" ~2 L)/

Proof. We write div.N as
divN = {yv A(V(Fy(¢))m) + vV - (Fi(6)Vm)

+UV(V(Fi(9)) - m) + DV (Fi(¢)divm) }

+H{V(E(6))0 + Fa(0) V6 } + {—%(w Sm)m — %m : vm}
= Ji+ Jo+ Js,

where Fj(¢), j = 1,2, are some smooth functions. By Lemma 3.6, we see
that

1] #oo+2 + (|02 oo||m]

HSO+1 }

#eo < Cl|¢loo]| Oz

moott + [|0xm|| oo || @]

We here used the Poincaré inequality : ||m]|« < C||0xm||oo-
Similarly we can obtain

oo < C{||@]|os [| 020
| J3]

2]

HSO'H}?

#eo + [|020|oo|]

#eo < Cl|0pw]|oo[w]

HSO+1 .

Consequently, we have
(3.12)
|div V]|

HSO+2 } .

moo < C{[w]loo([10:0]

w0 + [|0zm]

Hoot1) + [0 ]| oo [|w]
Let us now consider the case n > 4. Since ”T_l > % > % for n > 4, we see
from (3.12), Lemma 3.5 and Theorem 3.7 that

n—1

HleN| Ho0 < Cgo{Moo(t) + Méol)(t)}(l +t)_T_%’
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which yields the desired inequality for n > 4.
We next consider the case n = 3. Since so = 2 when n = 3, we see from
Theorem 3.4 and Lemma 3.5 that

10:0(8) [0 < CllD(E)]l3 | 01575

Wl

< CE1+1)73 (log(1+1))3 < C&(1+1)72.

We also obtain, by Theorem 3.4, Lemma 3.5 and Proposition 3.10,

10z ()] oo+ < Oz (t) |2 + 107 (t) | 2

|0em(t)l|z + CllO2m (D)1 |92m (D) 375

IN

wl=

IN

CEL(+1)" + (1 +1)75 (log(1 + 1))

}

< C&(1+1)2.

This, together with (3.12), implies the desired inequality for n = 3 as in the
case n > 4.
We finally consider the case n = 2. In this case we also have sy = 2 but

[w(t)]| e < CE(L +¢)~F (log(1 + ¢))?. Therefore,
1826(1)]

ISE

0 < Cll0:0() |15 10:0(1) 117 < CE(L+ )% (log(1 + 1))

and

10zm ()| g0 < (|0zm(t)[[2 + 107 (t) | 2

< N|om(t)llz + CllO2m@)|1y 92017

ol

< C&E{(+1)+ (1+1)77 (log(1 +1))

}

[N

< C&(1+1)2 (log(1 +1))2 .

This, together with (3.12), implies the desired inequality for n = 2 as in the
case n > 4. This completes the proof. 0

We now establish the estimate for ||0,w(t)||oo-

Theorem 3.13. Assume that s > sog+2 whenn >4, s > sg+3 whenn =3
and s > sqg+4 when n = 2. Then there exists a positive number €5 such that
1

105w ()]0 < CE(L+ ) T ~3L(1)7,
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provided that & < &y4.

Proof. As in the proof of Theorem 3.4, we write w(t) = Io(t) + I1(t) + Ix(t).
By Lemma 3.2, we have

10:10(t)|loe < CE(1+ 1)~ 7 2.

We also see from Lemmas 3.2, 3.11 and 3.12 that

t—1
0.0 < C / (14t — ) Y div N (D) | dr
0

Hs0 d'T

t—1
—i—C/ e~ || div NV (1)
0

n—1

t—1
050/ (L+t—7)7"F Y1 +7)7"F 2L(r)dr
0

IN

_(n-1) 1 1

t—1
+C&{1 + MY (1)} / e (14 7) " 2L() 3 dr
0
< C&{L+ MDD @)1 +1t)~"F ~5L(t)?

As for I5(t), we apply Lemmas 3.1 and 3.12 to obtain

t
102 Lo(t)]| oo < C/ (t =)~ div N (7)]
t—1

Hso dr

(n—1)

t
< CEL+MYOMY [ (t—7)" O +7) T IL(r)zdr
t—1

< C&f1+ MPW)I1+1)"TL(1)5.

We thus conclude that M (t) < C& (1 + MY (t)), from which the desired
inequality follows if & is sufficiently small. This completes the proof. O

We next prove the asymptotic behavior in L* space.
Theorem 3.14. Under the same assumption of Theorem 3.13, it holds

n—1_1

lw(t) = u' (t)lle < CE(L + )™= "=L(1).

Proof. We write N' = N'Y + N @ as in Lemma 3.3 (vi). We see from (3.12),
Lemma 3.5 and Theorems 3.7 and 3.13 that

(3.13) | div N[ o1 < CE(L + 1) ~2L(1)2.
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This, together with Lemmas 3.2 and 3.3, implies that

n—1

t—1
10O < € [ (4t = T AN+ [ A ) dr
0

Hso—l dT

t—1
—|—C/ e 0| div V(1)
0

—1

t—1
= 050/ (L4+t—7)" 7 21 +7)""2 ~2dr
0

1 1 1

t—1
—1—050/ e~ (14 7)"" % ~2L(7)2,dr
0
< C&(L+1)~"F T3L(1).

Also, by Lemma 3.1 and (3.13), we have

t
[12(0)[lee < 0/ (t — 7)) div N (7) || s d7
t—lt_1 -
< & [ (- 0Pk T L
0
< C&(1+1t)"T ~2L(t)e.
This completes the proof. 0

We finally consider the estimates in L! norm.

Theorem 3.15. In addition to the assumption of Theorem 3.4, assume also
that wog € WH x L', Then the following estimates hold.

(1) lw(®)lly < C{& + l[wollwrrxr}-

(i) lw(t) = u@ @)l < C{E + l[wollwrxss }(1+ )72 L(2).

Proof. By Lemmas 3.1 and 3.3, we have

t

lo@®: < Clwollwrixg: +C / Idiv A ()ls dr
0
S C{go—i-Honwl,le1}

for0 <t <2.
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Assume that ¢ > 2. As in the proof of Theorem 3.4, we write w(t) =
Io(t) + I1(t) + I2(t). By Lemma 3.2 we have

o[l < C{& + [lwollwrixrr -

By Lemmas 3.2 and 3.3, we have
t—1 )
L) < C/ A+t —7) 2(INO ()1 + ([div NP (7)]]1) dr
0

t—1
e / <=7 || div (7)1 d
0

IN

t—1
050/ (I+t—7) 51473 dr
0
t—1 , s
+C& [ () 0 + D ar
0
t—1
< CE&{(L T EL() + / (1 4 7) 3| 0p0(r) |2 dr ).
0
As for the last term on the right, we see from Hoélder’s inequality that
t—1 , s , s
| et o ar < ca oty
0

We thus obtain )
[11()][1 < CE(L + 1) 2 L(2).
Similarly,

t t
1ROl < C [ Javatlhdr <ca [ @n ol +
t t—1

-1

< C&(1+1)75.

We thus obtain the inequality (i).
Furthermore, by Lemma 3.2, we have

176(t) = u(O)lls < C{E + wollwrsr }(1 +1)72.

Combining this with the estimates for ||/;(¢)]|: and ||Z2(¢)||1 obtained above,
we arrive at the inequality (ii). This completes the proof. O

To estimate ||0,w(t)||x we make use of the following inequality.
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Lemma 3.16. Assume that s > sg+ 1 when n > 3 and s > sg + 2 when
n = 2. Assume also that & < €1. Then

[N

v AN || < CE(L+1)"T 2 (log(1 + t))

Proof. By Lemma 3.3, we have
[div Ay < C&(1 +t)~*T 2.

Here we used the fact that [|0,v(t)||gs < E§(t) < C& when n = 2 since
s> 59+ 2=4"forn=2.
A direct computation, together with Lemma 3.5, yields the inequality

I

10,div |1 < CE(1 + )T 2 (log(1 +1))2 .
We omit the details. This completes the proof. 0
We now establish the decay estimate for ||0,w(t)]]1.

Theorem 3.17. Assume that s > sg+ 1 when n > 3 and s > sqg + 2 when
n = 2. Assume also that wo € H* N (W' x W), Then

[0:w(t)ll < C{& + l[wollweaxwia }(1+1) 72,

provided that & < €1.

Proof. We first note that mg|.,—0. = 0 since g satisfies the compatibility
condition. Therefore, for 0 <t < 2, we see from Lemmas 3.1 and 3.16 that

t
0w < QWMWMMAPH?/@—TYﬂWMNHMWJM
0

IN

t
Cllwollwa1 +050/ (t—7)"2dr
0

C{(c:o + HwOHWQJXWM }

N

We next consider the estimate for ¢ > 2. As in the proof of Theorem 3.4,
we write w(t) = Io(t) + I1(t) + I2(t). By Lemma 3.2, we have

10:T0() |1 < C{E + Ilwollwawra H(L + 1) 2.
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We also see from Lemmas 3.2 and 3.16 that
t—1
[0:Li()]: < C/ (1+t—7)7H|div N (7)||ly d7
0

t—1
+C / =<t | div AT (7) [y dr
0

IN

t—1 )
050/ (1t — 7)1 (147~ (log(1 + 7))} dr
0
< C&(1+1t)2,

and, by Lemmas 3.1 and 3.16,

t
1011 (8)||1 < C/ (t — )" 2||[div N (7)||wra dT
t—1

IN

¢ 1
050/ t—7)2(1+7)""T "2 (log(l+7))2 dr
t

-1
< C&(L+1)73.

We thus obtain the desired estimate. This completes the proof. 0
Appendix: Proof of (3.7)

In this section we give a proof of the estimate (3.7) for the Stokes system.
The argument is similar to that in the proof of [25, Theorem II1I1.1.5.1]. We
begin with

Lemma A.1. Let D =R? or D =R3 = {x = (2, z,); 2z, > 0} and let k be
a nonnegative integer. Assume that v € H**2(D), p € H*1(D) satisfy

dive = fin D,
—pAv+ P(p,)Vp = gin D,
v = 0 on{z, =0} in case D = R?.
Then

105720 2y + 105 pll 20y < CLIOET fllL2y + 1059l 2oy }-

Proof. See, e.g., [6]. O
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In what follows we assume that v € H*2(Q), p € H*1(Q) satisfy
dive = f in (),
(A.1) —pAv+ P(p)Vp = g in Q,

v = 0 on{x,=0,a}.

o0

We take a family of open cubes {Q;}52, that has the properties: (i)
Qc U2, Q5 (i) Q= QN Q; # 0, (iil) @;’s are congruent with each other,
and (iv) {@Q;}32, has the finite intersection property.

Lemma A.2. Set p; = ﬁ fﬂj p(x)dz. Then it holds
lp = Pjlle20,) < ClllgllL2()) + 1020l L2, }-
Here C' is a positive constant independent of j.
Proof. We see from (A.1) that
—plAv+ P'(p.)V(p—p;) =g ae .
For any ¢ € C§°(€2;), we have
[P (p)(V(p = D) 0)rznl = (9 9) 2@, +v(Vu, Vo) 2|
< lgllz@llellzze) + Vol Vel 2w
< Cllgllzeey) + 1Vl HIVel 2@y

Here we used the Poincaré inequality : [[¢[|12q,) < C||V¢l[12@,)- We thus
obtain
IV =Pl < Clllglle2y) + [10v] 220 }-
Since ||p — p;llz2) < CIIV(p —D;) a1, (See, e.g., [25, Lemma I1.1.5.4]),
we have
12 = Bjllz2;) < Clllgllzzy) + 10:0]l 220, }-
This completes the proof. 0

In the following we take a family of smooth functions {x;}%2, that satisfies
supp x; C @Qj and Y%, x5 = 1.

Proof of (3.7). We set v; = x;v and p; = x;(p — p;). Then we see from
(A.1) that

{ diV?)j = Fj,
—plvj+ P'(p.)Vp; = G
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Here
Fj :Xjf+U‘VXj,

Gj = X9 — QUVXj Vo — VAXjU + PYVXj(p - 1_7])

By Lemma A.1 we have
(A.2) 1070512 + 1|10zpsll2 < C{II0uFjll2 + |Gy}
By Lemma A.2 we have
1Gillz < CHllgllrae,) + lollarey) + I = Dll2 )}
< C{llgllzz@,) + vl a1y }-
We also have
(A.4) 102 Fjll2 < CL| f ey + vl -
Therefore, we see from (A.2)-(A.4) that
(A.5) 10705112 + 10apsll2 < CLUf ey + N9llzziy) + vl -

Furthermore, since
Xj0zv = O7v; + [x;. %3],

Xjaacp = Xjaac(p _Z_)j) = aacpj + [Xj:aac](p _Z_)j):

we see that
(A.6) Ix;070ll2 < 107v5]l2 + Cllv]l ey
and, by Lemma A.2,
IXiOepll2 = [Ixi0:(p — ) ll2
< NGapillz + Clllgll2)) + 192l 220 }-
It then follows from (A.5)-(A.7) that

1020113+ 10213 = > Is0%0ll3 + Ix;0:pll3
j=1

C Y Alf iy + l9lZa@y) + l0lF@,}
j=1
CLNS I + lglls + N7}

CLNS I + llgll3 + ll0avl13}-
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Here we used the Poincaré inequality for v. The estimate (3.7) is thus ob-
tained for k = 0.

The case k > 1 can be shown by induction on k. We have already seen
that (3.7) holds for £ = 0. Suppose that (3.7) holds for all & < ¢. We will
prove (3.7) to hold for k£ = ¢ + 1. We apply Lemma A.1 to obtain

(A.8) 10z vjlla + 105 pille < CLIOZFyll2 + 11077 Gy 23
By Lemma A.2 we have

[0571Gll2 < Clllgll vy + vl aeva,y) + Il = Pillae,)

< Cllgllgera,) + vl aerz@,) + [102pll Heq,) }-

We also have
(A.10) 19572 Elle < C{I fll 2, + 0l evao -
Therefore, we obtain

10 vjll2 + 1105 ;i 2

< C{llfllaer2,) + lgllaerryy + 0l gera,) + 10:pl e, )

Since
Xj3ﬁ+3v _ 6£+3/Uj + [Xj: 6“3} v,

X0 = X0 (p — 1) = 0.7%p; + x5, 0.7 (p — ;)

we see that
(A.12) 1305 vlla < C{I18z Pvjlle + [[vl] sevaqo, }
and, by Lemma A.2,
(A13) [Ix;0;2pll2 < CLIIOZ pillz + 10upll e () + 191l 20y + 10201 2200 }-
It then follows from (A.11)-(A.13) that

1077013 + 1185 pll3
D G0l + 1xs05pll3
j=1

CZ{I\J‘H?mz(Qj) + 9llzre10,) + 19701150y + 1022l Freqe,) + 01170y}

7=1
< CUI ez + 1191 5er1 ) + 1020131y + 102136y + 101710y }-
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By the inductive assumption and the Poincaré inequality we obtain
10720l + 10:7pl13 < CLUIF IFrereqy + N9l ) + 100113}

Therefore, the estimate (3.7) holds for £ = ¢ + 1. This completes the proof.
O
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