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Abstract

This note presents a relational formalization of Hennessy-Milner properties in Schroder
categories.
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1 Introduction

The modal logic for labeled transition systems due to Hennessey and Milner[2] (Hennessey—
Milner logic, or HM logic for short) specifies behaviors of processes with logical formulae.
This logic presents modality as occurrence of actions in transition systems and actions are
classified into necessity and possibility. Labeled transition systems are used for operational
semantics for parallel programs and concurrent processes which provide a notion of equiv-
alence ’'observational equivalence’. Between such logical systems and semantic structure
equivalent correspondences are shown in [2]. It is called Henessey—Milner properties (HM
properties, for short) [1]. This means that HM logic is necessary and sufficient to describe
behaviors of concurrent processes. Moreover choice of logical operations determines seman-
tic structures with respect to observational equivalence and etc. However, investigating the
proof of HM properties in [2], one would notice that their argument is assumed in logics of
2—valued Boolean algebra.

Dedekind category is a general theory of relational calculus (relation algebra). It consists
of category of relations and lattice structures of homsets. In this paper we present an
alternative proof of HM properties in Boolean Dedekind categories. According to our study
it turns out that HM properties are valid also in generally Boolean valued modal logics,
for instance, in a powerset of two point set. For the sake of this generalization one may
guarantees that behaviors of concurrent processes are characterized by logical formulae which
is valid in values between true and false.

HM properties are classified into three levels with respect to semantics of labeled tran-
sition systems; observational level , semi—observational level and experimental level. They
correspond to HM logic with negation and conjunction, with conjunction and only with
modality, respectively. The contents of this paper follow this classification. In section 2
Dedekind categories are introduced. From section ?? to section ?? we verify HM property in
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terms of observational equivalence. Especially in section ?? binomial equivalence relations
are introduced as logical equivalence relations over a set of processes. These relations denote
equality of sets of valid formulae in HM logic. Readers may find out that methods of proof
are algebraically unified in Dedekind categories. In section ?? and ?? semi-observational
level and experimental level properties are proved respectively.

2 Dedekind Categories

In this section we recall the fundamentals on relation categories, which we will call Dedekind
categories.

Throughout this note, a morphism « from an object X into an object Y in a Dedekind
category (which will be defined below) will be denoted by a half arrow « : X — Y, and the
composite of a morphism « : X — Y followed by a morphism 3 : Y — Z will be written as
xf : X — Z. Also we will denote the identity morphism on X as idx.

DEFINITION 1

A Dedekind (Schroder) category D is a category satisfying the following:

D1. [Distributive Lattice/Boolean Algebra] For all pairs of objects X and Y the hom-set
D(X,Y) consisting of all morphisms of X into Y is a distributive lattice with the least mor-
phism Oxy and the greatest morphism Vxy. Its lattice structure will be denoted by

D(X) Y) = (D(X) Y)) E) l—l) |_|) OXY) VXY)'

D2. [Converse] There is given a converse operation * : D(X,Y) — D(Y,X). That is, for all
morphisms «, ' : X — Y, f:Y — Z, the following involutive laws hold:

(@) (xB)f = B*od, (b) (&) = &, (¢) If « C o/, then of C ¥

for all morphisms o, ' : X — Yand :Y — Z.

D3. [Dedekind Formula] For all morphisms « : X — Y, 3 :Y — Z and v : X — Z the
Dedekind formula «f3 My C «(p M oy) holds.

D4. [Residues| For all morphisms 3 : Y — Z and y : X — Z the residue (or division, weakest
precondition) vy + 3 : X — Y is a morphism such that «f3 C vy if and only if « C y + {3 for
all morphisms o : X — Y.

An object I in a Dedekind category D is called a unit if Oy # id; = V1. (VxiVix = Vxx)

A morphism f: X — Y such that f*f C idy (univalent) is called a partial function and
may be introduced as f : X — Y. A partial function f : X — Y such that idx C ff* (total)
is called a function. In what follows a word relations is a synonym of morphisms in a
Dedekind category.

3  Observational Equivalences

Let D be a boolean Dedekind category and A a set of labels. An (A-labelled transition)
system over D consists of an object X of D and an A-indexed set of transition relations
dq: X — X (a € A), which will be denoted by (X, 6, : X — X;a € A).



DEFINITION 2
For each relation 0 : X — X define relations 0° : X — X and 61 : X — X by

0* = |_| (6,0 = &,) and 0 = 0° r o,
acA
respectively.

ProprosITION 1
1. If O is a reflexive trasitive relation on X, then so is 6°,

2. If 0 is an equivalence relation on X, then so is 07.
Two sequences of relations o, W1, -, Un, - : X — X and 0, 01,---,0,,---: X — X will
be defined as follows:

Mo = 0o = Vxx, Hnt1 = Wn® and B =6,".

It is easy to see from the last proposition that all relations ., are reflexive transitive,
and all relations 6,, are equivalence relations. Set po =[],50 Hn and 86 =[],150 On-

PROPOSITION 2
If each transition relation d, : X — X is a finite sum of partial functions, then equalities
(Moo)® = Hoo and (8o0)" = B4, hold.

4 Binomial Equivalence Relations

Let D be a boolean Dedekind category.

DEFINITION 3
For every relation p : I — X define relations (,: X — X and &, : X — X by

Cp:pﬁ_pIi and E:p:Cpl_ldz))
respectively.

LEMMA 1
(o : X — X is a reflexive transitive relation and &, : X — X is an equivalence relation.

DEFINITION 4
A sequence Ly, Lq,--, Ly, - of sets of formulas will be defined as follows:

1. Ly ={true},

2. IfFeL,, then Fe L4,
IfFe £, and a € A, then a.F € £, 4,4,
IfFe £n+1, then —F € ‘C‘Tl+1)
If K , F, € [’n—l—]; then F; AF, € [’n—i—] .

DEFINITION 5
A sequence My, My, -+, M, - of sets of formulas will be defined as follows:
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1. My = {true},

2. IfFe M,, then F e M, 4,
If Fe M,, and a € A, then a.F € M, 4,
IfF,F, € My 41, then Fy AF € M.

DEFINITION 6
For each formula F in £ or M its interpretation [[F]] : I — X will be defined as follows:

[truell = Vix, [[a.F]] = [FI8}, [=FI = [F] -, and [[F; A F2ll = [F;]l 1 [[F].
For each formula F € £ we then have a binomial equivalence relation &g : X — X.

DEFINITION 7
For each natural number n a reflexive transitive relation (, : X — X and an equivalence
relation &, : X — X will be defined as follows:

=[] tn and &=[]&m.

FeMn FeLln

5 Hennessy-Milner Properties

ProposITION 3
u, C Gy and 0, C &, hold for each natural number n.

THEOREM 1
If each transition relation &, is a finite sum of partial functions, then inequalities (, C W,
and &, C 0,, hold for each natural number n.

6 Experimental Equivalences

DEFINITION 8
Define a relation ¢, : X — X by

En = |—| {(8wVx1 + 8w V1) M (8 V1 + 8 V1)),

weAln

En = |—| CSWVXI)

weAll

where A™ is the set of all strings with length |w| < n.

It is trivial that ¢,, is an equvalence relation on X such that ¢,,1 C €.

DEFINITION 9
A sequence Ny, N7, -+, Ny, - - of sets of formulas will be defined as follows:

1. No = {true},

2. IfFe N, then F € N1,
If FeE N, and a € A, then a.F € N1,
PROPOSITION 4

For each natural number n an equality e, = [ |rc,. &r holds.
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7 Conclusion

We presented an alternative proof of HM properties in Boolean Dedekind categories, so that
HM properties hold in more than two Boolean valued modal logics. This seems to be im-
portant for concurrency theory. Because, considering behavior of communicating concurrent
processes one cannot determine their logical semantics with either true or false. It is worth
studying logical semantics of concurrency in general Boolean algebras and lattice-valued
logical semantics.
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Appendix

Proof of 1. (a) First the reflexive law idyx C 0° follows from idx C 8,0 + 8, by idx6, C 00,.
The transitive law 0°0°* C 0° can be seen from (8,0 = 64)(8,0 = 04)0a C (040 + 84)0,0 C
5,00 C 6,0.

(b) First note that the symmetric law 6 = 0 implies 0© = 0° 1 0. The reflexive law
idyx C 0+ follows from the reflexive law idx C 0° of 8°. The symmetric law 8% = 0+ is trivial
by 87 = 0° 11 0°*. The transitive law 070+ C 0T can be seen from 010+ C 9°0°r19°¢0* C 0+
using the transitive law of 0°.

PROPOSITION 5
Since the hom set D(X,Y) of a Dedekind category D is a complete Heyting algebra, a
distributive law

(| foy) =] ()

€] j€]
holds for all o, 05 : X — Y (j € ]), and so an extended distributive law also holds:

k

|—|(|_| )= || (ﬁ%’i)

i=1 Ji€J J1€],9k €] i=1
foralloy;: X —Y (i=1,---  kandj€]).

ProPOSITION 6

Assume that every hom set of a Dedekind category D satisfies the distributive law in the last
proposition. Let 3;: Y — Z be a decreasing sequence of relations, that is, o J 1 J --- J
B; 2 Bj+1 I ---. Then an equality «([ |;5, B;) = [, *B; holds, if « is one of the following:



1. a finite sum of partial functions,

2. a disjoint sum of finite sums of partial functions.

Proof. (a) Fisrt of all a semi-distributive law ([ ];5, Bj) E [, oB; is trivial. Assume that
o = | ¥, f; for partial functions f;. Then we have

o‘(l_ljzo B]) = (U];:1 fi)(rljzo BJ)

LI {2 (M0 BY))

|_|]1<:1 (szo fif’j)

|_|j1 20,---,)'1(20([—']1;1 fi[?’ji)

and .
[isoxB; = [Tisolllizg fi)Bs
= ﬂjzo(l_]]i; fiB;).
Thus we have to see that [T,(Lli; fiB;) T (L, fis,) for all j; > 0,---,ji > 0. Set
jo = max{ji,---,jx}. Then B;, C B;, for i=1,--- k, and hence

k k k
|_|(|_| fiB;) C || fiBs, C | | fiBs.,
>0 i=1 i=1 i=1

which completes the proof.

(b) (First we assume (N, I) distributive law [7;5,(Lker o) = Uenoi([ 5o %e(i)j)-) Assume
that o = [ J;¢c; i, where o is a finite sum of partial functions such that ocgoq/ =Oyy if 1 A1

Then we have

[soaB; = [Tiso(Llier &) B;
szo(UieI i B5)
LIc:NHI(l_ljZO () Bs)
Uiel(l_'jzo xi35)
LlieI[O(fL(rljzo BJ)]
(Uiel O‘d)(l_ljzo BJ)

= “(l_IjZO BJ)

Note that if c(j) # c(j'), then |_|520 oc(5)B; = Oxy, since

ote() By M o) Byr C oxey [Bs M o)) Byr) = Oxcy.

Proof of 2.(continuity)

(a) It follows from ug, =[1,ca{0a([ 1150 Hn)0a} =[Taeall T Oabn)+0a} =[Taea [ Tuso(dakn

0q) = |_|n20 HQEA(éaP«n +04) = ano Hp = |_|n20 Hnt1 = Hoo-

(b) By the same way as in (a) it follows that 02 = |_|TLZO 07, that is, (ano On)® =[1ae A{f’a(ﬂnzo 0.)+
0o} = HaeA{(HnZO 040n) +8a} = I_laeA I_lnzo(éaen +084) = ano HaeA(éaen +084) = |_|n20 91.1-

But by noticing that © and 0, are equivalence relations, we have 0} = 02 M 0% =

(ﬂnZO 6:1) M (l_anO e:L)I:t = HnZO(e:l M e:Ln) = HnZO ei = |—|n20 en‘H = eoo

Proof of 1 (a) First the reflexive law idx C (, follows from idx C p* = p* by idxp* C p*.
The transitive law (,(, C (, can be easily seen from (pf + p*)(p* + p*)p* C (p* + p*)p* C pf
by using (v + B)B C v. (b) First the reflexive law idx C &, follows from idx C (, M C% by
idx C Cp. The symmetric law ép” = &, is trivial by definition. The transitive law £,&, C &,
can be seen from (G, M C4)(Co M CE) T Colp M CECE T ¢ M1 L.
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LEMMA 2
1. CP1 Ml sz E Cpﬂ_lpz and Evm M Evpz E amﬂpz:

2. 8C, + 0 C (pst for a relation 6 : X — X,

3. & =plpUpfp and & =&,

Proof. (a) The former follows from (pq - pq ) (pu2+ pg) C {pt]t = (p1 M pz)ﬂ}l‘l{pg+ (p1Mp2)t) =
(pq M pg) + (p1 M p2)* by ??7?? and the latter is a simple corollary of the former. (b)
5(p*+p?) =8 C (5p*+pf)+6 = 5p* + 5pF, since a(B+y) C aff +v. (c) As &, = (p* pUpip )~
by 77?7, the result simply follows from checking a fact that pfp LI p~#p~ is the complement
of pp L pfp~.

Proof of 3. The statements will be proved by sturctural induction on formulas.

(a) Assume that u,, C (g for all F € M,,. We will show that w11 C (g for all G € M, ;.
(i) If G € My, then pni1 C py E gy (ii) Assume that G = a.F for F € M,, and a € A.
Then from the induction hypothsis w, T (pp we have w1 C dqtn = 8q E 04 =+ 64 C
Clar) = (rap- (iii) If G = G1 A G; for Gy, G2 € My, then a1 E Crai M Cre,n E Ciainc,) =
Cigp- (b) It suffices to see that 0,1 C &,41 can be derived from the induction hypothesis
0, C &,. Assume that 6, C & for all F € £,,. We will show that 6,1 C gy for
all G € L,41 by the structural induction. (i) If G € L, then 6,41 C 6, C &gp. (ii)
Assume that G = a.F for F € £,, and a € A. Then from 6,, C & C (i we have
8aOn + 04 C 04Cpr) + 80 E (o and hence

Ont1 C (800n + 8a) M (800n + 80)° C Lo M Cary = Elcl-

(111) If G=—-G'for G' € L., then 0,1 C E,[[G/]] = ((_,[[ﬁG/]] = E,[[G]]. (IV) If G=G;AG; for
G1,G2 € L1 such that 0,41 E &gy and On41 E &fa,, then 0q41 E &Eigi1M 6,1 & &6 AG,1-

LEMMA 3
Let p,p1, -+, Pk, 01,-++,0k: 1 — X, and & : X — X be relations in D. Then

1. If 0y C p; for i #3, then [, (o U pi) = (LU 00) U ([T, ps)-

2. If R is a finite set of relations p : I — X such that | |,cr p = Vix and p M p' = Orx for
p#p' €R, then [, (60" + p*) = Lper 5p%p.

Proof. (a) Since 07 C p; and 0, C py, it is trivial that
(p1 U oq) M (p2U 02) = (p1 M p2) Loy LU 032,

We now remark that o3 C p; M p2 and o7 U 02 C p3, and then also the following is clear:

3 3

3
[eiuo) =(]es) (o)

i=1 i=1 i=

—_

(b) First note that | |,cx p = Vix, and when p # p' for p,p’ € R, we have

5p*p M Vxip' C Vxip M Vxip’' = Vxi(pMp') = Oxx.



Therefore from (b) we have

[Moer (80F + %)

Moerl(Vxip)™ U 8pPp)
{VXI(UpER p)}i U (UpE'R 6pﬂp)
Uper 30%.

LEMMA 4
If a transition relation &, is a finite sum of partial functions, then

1. [Treps, (8allFIF =+ [FIF) C 80l
2. [Tree, (8allFIF = [FI*) C 8o&n.

Proof. By the assumtion we can set 5, = ||, f;, where f; is a partlal function for 1 =
] k Then 6aC’n, - (Uk 1 fi )Cn - U1—1 fi Cn - 1—1{1: |—|F€Mn C[[F]])} - 1 1 |_|Fej\4n fi C[[F]]) =
|_|F1 Feem, Uizt filprg and alSO Sabn = |—|F1 e L fi&rg.

(a) It suffices to prove [Trcp, ( 8 [[FI* + [[F]%) T X, figgr, for all formulas Fy, - -+, F € My,.
Now we will prove [T, (filira) T Lirens, (5alFIF < [FIF) . Since

k k k
[](fra) =] (V) UfilGra) 3 = J{(fiVxx) U RlFIF (R}
i=1 i=1 i=1
and
k k
(8allFI* + [FIF)~ = (8alFIF) [F = [ |(FuFIF) [IFD = [ J{(f:Vxr) ™~ W :IFIF}IFI,
i=1 i=1

the right hand side of the last equality is the supremum (sum) of terms(relations)

t

{10, V) |—| ),
p=1

where {i;,---,1s} and {j;,---,j.} is a partition of a set {1,---,k}.
(1) T, (i V)™ = (U fiVxx) ™ = (8aVxx)™ = (8aVx1) Vix = (8alltruel')~ [[truell, where
true € M,,.

(ii) |—|1<1f [FIF[FD = (M, fullFD ) (M1, TR C 1 {(f: V)~ U 3 [FI*)IFT, where F =
Fi A AF.
(iii)

705 (i, Vo) 3 11 (Mg B 75, 1*~[F;, 1) M= (fi, Vo)™

1 (Moey
{5 (Fi, V) 31 (Mg

C mq[ ]ﬂ ) [[F]

C [{l‘l i, Vxx) }[[F]]” M (M f [T

C [Ty (Fi, Vx) 3Vt 11 ([T 5 [IFDF)1IF]

= M- VxxVXI) 0 (M fjg[[ﬂ]”)mﬂ]
~ [IF]

Il

|_|1 1{(f VXI) L 3 ([F]* ()
where F:Fj] /\/\F]t



(b) Recall that §,&,, = |_|F1 Feecs U 1 1 fi& v,y Hence it suffices to see that [ ], Lo (6 [[F]]u+
[[F]]”) C [_|‘f:1 fi&r,p for all formulas Fy,---,F¢ € £,,. Now consider the set R of all formulas
Fi/A---AF'suchthat ;' =F, or ;' =—F fori=1,.-- k. That is,

R:{_‘£1F]/\"'/\_‘E1Fk|812001'](1:],'-',]()}.

Since R is a subset of L,,, it is enough to show that |_|Fe’R_(6 [F]F = [[F]]”) C U, fi&r, for
all formulas Fy,---,Fy € £,,. It si trivial that [FI*[F] C [FJ*[IF] U [—FP-F] = &y for
all F € R. Therefore we have | |r. [FI*[F] C &g, and so

Mrer (8allFIF = [FIF) = Uper SallFI* [[F]] { Lemma 5.7(b). }
8a(Urer [FIFLF])

(L ) (Urer 1 ]] [F])

L fi(Lire [FTFIFT)

LI fi&r

Proof of 1. (a) We will see that (11 C pn41 can be derived from the induction hypothesis
Cn C pun. Assume that ¢, C u,. If Goyp1 C G,°, then Gy C GL° T un® = tng. So it suffices
to prove (i1 C (n* and 80 (ny1 C 0,0n + 84 for all a € A. But this fact follows from the
following:

11l

Cn+] E HFEMn C[[a.F]]
= [Trep, (8allFIF + 84[[FIF)
= {Mrenq, (SallFIF = [FIH)} + 84
C 8qGn+ 0 { Lemma 5.8(a). }

(b) We will see that &,,1 C 0,,1 can be derived from the induction hypothesis &, C 0,.
Assume that £, £ 0,,. If &, C &,", then &, C &, C 0, = 0,,1. So it suffices to prove
Eni1 C &7, But note that &, C &7 iff &1 C 8,80 = 8, for all a € A. But this fact
follows from the following:

I_lFeLn C[[a.F]]

MMree, (8allFIF <+ 84[IFI¥)

Mrec, (8[FIF = [FIF)} + 84

Ok + b4 { Lemma 5.8(b). }

£n+1

Il 1

i1l

PROPOSITION 7
The universal morphism Vi : X — 1 is a function.

Proof. (totality) VXIVXI VxiVix = Vxx J idx by the assumption.
(unvalency) VXIVXI = levXI E VH = ldI.

PROPOSITION 8
For each a € A the equality 6,Vx1 +~ 8.Vx1 = 0Vxx + 0, holds.

Proof. As Vg is a function, we have 6,Vyx; =~ Vyx1 = 6aVXIV§<I.

3aVx1i +84Vxi = (8aVx1i+ Vxi) =+ 4
= (6aVx1Vh) = ba
= 04Vxx + b,

Let x: X —Y, B, :Y—Z,v,v:X—Zand 6:Y' — Y be relations and W an object.
9



1. Owxa = Owy and aOyw = Oxw,
2. alliey By)y = Usey By,
3. f a C o' and B C B, then o C «'p’,
4. If '« C idy and J # 0, then ([, B5) = [Ty oBs,
5. Ohy = Oyx and Vi, = Vyx,
6. (Uiey By)* = Lliey B} and (Miy By)* =iey B5,
7. ot = o,
8. (y+B)pEvyandy+8p=(v+p)+39,
9. (Hieﬂ’i) +B= HieI(Yi +B) and vi + (Lker Bi) = |_|1€1('Y + Bi),
10. If B'CRandyC v/, theny+-BCvy' = B/,
11 y+B=(y B,
12. If «foc Cidy, then (xB)” = (aVyz) U af,
13. If B*B Cidz, then vy + B = (VxzB*)~ L YBY,
14. If B*B C idz, then (Licrvi) + B = Lher(vi + B),
15. If p: I — X and p; : T — X, then p* + ([T pf) = Uier(p* + ob).
16. [y tipr = ([T w) (M p0)-
17. If 1 is a strict unit, then (a«Vyi) Viw = (aVyw) .

Proof. (a) It directly follows from a fact that Owxa C Owy <= Owx C Owy + «, in which
the latter condition is true because the zero relation is the smallest relation.
(b) It follows from

(Lsey Bs)y Em Uiy B En+y
Vie]:BEn+y
Vie]:ByyEn
Ley Byy E .

1117

(c)
af M{(aVyz) Uaf} {aB M (aVyz) JU (B M)
{aVyz M (aVyz) U (BMR7)

Oxz

Il

and
a U{(aVyz) U} = (aVyz) Uo(BLB)
= (aVyz)" UaVyz
= Vxz.
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Hence the result is clear.
(d) Recall that v+ = (y B*)". then it suffices to see that (Vxz[*)~Lyp* is the complement
of v~ B*. Recall that {3 is a partial function.

v B {(VxzB*)~ LyB*) {y B M (VxzB") JU (v B* M ypH)
{VxzB* M (VxzB) U (v my)p*

Oxx

Il

and

(VxzBH)~ U (y~ Uy)p*
(VxzB%)~ U Vxzp*

= Vxy.

Y B U{(VxzBY) LYRY)

Hence the result is clear.
(e) It is trivial that the semi-distributive law «([ |;; B;) C ['];c; «B; holds by the monotonicy
of the compoition. As J # (0 there is some jo, € J. Hence we have

I_le] P xPBj, M (|_|j7éjo of3;)

o Bs, M ([, «B;)} { Dedekind Formula }
ofBj, M ([, xBs;)} { The semi-distributivity }
{35, M (l_lj:,éjo Bj)} { ot Cidy }

(x(l_lje] B;),

which completes the proof. (f) It is enough to see that t1p; M 12p2 = (71 M72)(p1 M p2). But

(T112) (p171p2) © Tip1 MT2p2 C (11 M120205) 0171 (T1p1 05 MT2) 02 E (11 Mt2) pr M1 (T4 M) p2 =
(T9 M 12)(p1 M p2), since 77 M 15 is a partial function. (g)

e

(aVyi) " Viw M aVyw C {(aVyi)™ M aVyw Vi Viw

C {(aVv) NaVi)Viw

= Ox1Viz

= Oxz

and
(aVy1) " Viw U aVyw = (aVyi) Viw U aVyViw

= {(«Vyi)” U aVyi}Viw
— VxiViw
= V.
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