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1. Introduction

The Toda equation[24]
d*yn
dt?
where n € Z, is one of the most important integrable systems. It can be expressed in
various forms such as

— eynfl_yn _ ey'n_fl/n+17 (1.1)

dv, dl,
— =VoIp — Int1), —— =Vpo1—Vp, 1.2
7 ( +1) 1 (1.2)
dOén dﬁn
- o (Bns+1 = Bn), - 2(ap — ap 1), (1.3)
where the dependent variables are related to v, as
_ dyn 1 yn—vny1 1dy,
V’I’L: Yn yn+1, Inzia n =3 ) n = &5 1, ° 1.4
¢ a’ T T bo==5a 1Y
The Toda equation can be reduced to the bilinear equation
' = (T0)? = Ti1Tn1, (1.5)
by the dependent variable transformation
Tn—1 Tn+1Tn—1 d Tn—1
Y o8 Tn T2 dat 8 Tn (16)

In general, the determinant structure of the 7 function (dependent variable of
bilinear equation) is the characteristic property of integrable systems. For example,
the Casorati determinant formula of the N-soliton solution of the Toda equation (see,
for example, [25, 4])

Tn = e% det(fflaj_l)i,j:17...,Nﬂ fr(Lk) = p;cl epkt+77ko +p;n 6it+£k0, (17)
where pi, nko and &g (kK =1,..., N) are constants, is a direct consequence of the Sato
theory; the solution space of soliton equations is the universal Grassman manifold, on
which infinite dimensional Lie algebras are acting [9, 15, 25].

If we consider the Toda equation on semi-infinite or finite lattice, the soliton
solutions do not exist but another determinantal solution arises. For the semi-infinite

case we impose the boundary condition as

7-1=0, 19=1, V=0, n>0. (1.8)
Then 7, admits the Hankel determinant formula[13, 5, 6]

Tn = det(ai_w'_g)i,j:l’__’n, apg = T1, a; = a;;_l, n e Zzo. (19)
The important feature of this determinant formula is that the lattice site n appears
as the determinant size, while for the soliton solutions the determinant size describes
the number of solitons. This type of determinant formula is actually a special case of
the determinant forula for the infinite lattice[12]. However the meaning of the formula
has not been yet fully understood.

The purpose of this article is to establish a characterization of the Hankel
determinant formula of the Toda equation; entries of the matrices in the determinant
formula are closely related to the solution of auxiliary linear problem. Moreover, this
relationship can be described by a compact formula in the framework of the theory of
KP hierarchy.

In section 2, we discuss the Hankel determinant formula of the infinite Toda
equation and present the relationship between the determinant formula and auxiliary
linear problem. In section 3, we apply the results to the Painlevé II equation. We
consider the case of finite lattice in section 4.
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2. Hankel determinant formula of the solution of the Toda equation

2.1. Determinant formula and auxiliary linear problem

The Hankel determinant formula for 7,, satisfying the infinite Toda equation (1.5) is
given by as follows:

Proposition 2.1 [12] For fized k € Z, we have:

det( 'L+)J 2) i,j=1,...,n n > 0,

7Tk+n - 1 n= 07 (21)
Tk (
det(b; )i j=1,ofn) 7 <0,
k k Tk 1 k k k Tk+1
o® = B 4 Za()ggl’ o) — Tht1

Tk
(2.2)

Tk

bgk) bgk)ll Tk—i—l Zb(k)bz(k)g ’ b(()k) _ Tk:—l'
=0

We shall now relate the determinant formula to the auxiliary linear problem of the
Toda equation (1.2) given by

anlqlnfl + In\IJn + \Ijn+1 = )\\Ilnv

dv, \1/ (2.3)
W — Vn—-1%n-1,
or
LU, = AU,
7 (2.4)
d == Bn\Ijna
dt
where
L, = n—le_an +1I,+ ean7 B, = n—le_an- (25)

The adjoint linear problem associated with the linear problem (2.3) is given by
U+ LY VU = A

d\I/* (2.6)
V \Iln+1a
dt
or
Ly = \Ur
_dvy (2.7)
= BV’
dt nen
where
=Vpe? + 1, +e %, Bi=V,e. (2.8)
The compatibility condition for each problem
dL, dL}
= [Bn, La], ~ =[-B;, Ly 2.9
=By, L], = [-B;, L] (29)

yields the Toda equation (1.2), respectively.
One of our main results is that the entries of the determinants in the Hankel
determinant formula arise as the coefficients of asymptoric expansions at A = oo of
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the ratio of solutions of the linear and adjoint linear problems. To state the result
more precisely, we define

A V(B A) Uit \)

Theorem 2.2 (i) The ratios Ex(t,\) and Qx(t, ) admits two kinds of asymptotic
expansions as functions of A as A — oo

Q. (t,\) = (2.10)

VA = u A A (2.11)

=N = vt oA (2.12)
and

QYN = u g A u AR (2.13)

QYN = A +ug+v AT A (2.14)
respectively.

(ii) The above asymptotic expantions are related to the Hankel determinants entries
a® and b as follows:

=(-1) I Tk =, (k) \—i
200N = -5 P A 2.15
N =3aE (2.15)
i
2 Tt
Th 1
=0t A) = — 15— | (T,;l) D DL R Co I (2.16)
Tk+1Tk—1 T4 Te+1 2,
and
_ 1 Tk s k) i
QYN = =Ny 2.17
N = Fs 2l () (217)
/
: (%) 1a& (h-1)
QW \) = — Tk AT/ o pF=1 =i 2.18
e (B Th+1Tk—1 — >\ka1; ! (2.18)
i) ZFY and QFY are related as follows:
(iii) k
2 2
1 (-1 7) ~1 —(1 7,
o (t,0) 200 (0N = —E— o V(A 20N = — (2.19)
Tk+1Tk—1 Tk+1Tk—1

Brief sketch of the proof of Theorem 2.2. One can prove Theorem 2.2 by direct
calculation. From the linear problem (2.3) and (2.10), we see that Zj (¢, \) satisfies
the Riccati equation

Ek

ot
Plugging series expansion 2 = A Y2 h; A" into (2.20) and considering the balance
of leading terms, we find that p must be p = 1, —1, which proves (2.11) and (2.12) .
Moreover, it is possible to verify (2.15) and (2.16) by deriving recursion relations of
coefficients for each case and comparing them with (2.2). Similarly, from the Riccati
equation for €2

09
T = Ve + (A L) + 1, (2.21)

= -ViZ2 + (\ — I)Zx — 1. (2.20)
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T 1
Thk+1Tk—1 E(k’l) - VkEgjl)’

one can prove the statements for Q. For (iii), putting X} =

plugging this expression into the Riccati equation (2.21) and using (1.2), we find that

X, satisfies (2.20). Since the expansion of = ( Y starts from A~ L, the leading order of
X}, is A and thus X, = Q). The second equatlon of (2.19) can be proved in a similar
manner. [J

2.2. KP theory

The results in the previous section can be characterized by a compact formula in terms
of the language of the KP theory[9, 15, 19].

We introduce infinitely many independent variables x = (z1, z2,3,...), T1 =,
and let 7,(z) be the 7 function of the one-dimensional Toda lattice hierarchy[25, 9]
and the first modified KP hierarchy[9]. Namely, 7,,, nZ, satisfy the following bilinear
equations

1~ 1~ .
Dy pjt1 <2D> Tn * Tn = Dj (2D) Tn+l Tn-1, J=0,1,2..., (2.22)
1. 1. 1. .
lep]‘ §D _pj+1 iD +pj+1 —§D Tn+1 *Tn :0, ] :0,172...7 (223)
where po(z), p1(z), - - - are the elementary Schur functions

Z pr(2)K" = exp Z Tk, (2.24)
n=0 i=1

and

~ 1 1
D - (le,§D12,...75DI”7...>7 (225)

D,, (i=1,2,...) being the Hirota’s D-operator. Then we have the following formula:
Proposition 2.3 For fized k € Z, we have

det(a £+)J 9)i g=1,.n N1 >0,

Tean _ ) n=0, (2.26)
Tk
det(bS). )i jm1.m n <O,

where

a™ = pi(0) 2L b = (—1)ipy(—0) 2L, (2.27)

Tk Tk

and

= 1 1

8: (8901,53@,...,%8%”...). (228)
Remark 2.4 It might be interesting to remark here that a = T’“Zl and b = T’“T L
satisfy the nonlinear Schrodinger hierarchy. In fact, Equations (2.2) and (2 27) with
1 =2 imply for a = a(() ) and b = b(()k)

Azy = Qgyzy + 207, by, = —(byys, + 2a7b). (2.29)

Similarly, for i = 3 we have

Opy = Opygyzy T 0abAsy,,  byy = byyz 0, + 6abby, . (2.30)
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Before proceeding to the proof, we note that the auxiliary linear problem (2.3) and
its adjoint problem (2.6) are recovered from the bilinear equations (2.22) and (2.23).
In fact, suppose that 7, depends on a discrete independent variable [ and satisfies the
discrete modified KP equation

Do+ 1) 7(l) = —§ et (4 D71 (1), (2.31)
(%Dml et (1) - 7n(l) — 70l 4+ D7 (1) = 0, (2.32)

then one can show that Equations (2.22) and (2.23) are equivalent to (2.31) and (2.32),
respectively, through the Miwa transformation[14, 9]

l 0 10 1 0 1 9

= e_ -2 -9 429 L 2.33
v n(=A)" Bl A Oy + 22 Oz o J(=A)I Ox; + (2:33)
Putting
l+1
vy =y TlE D (2.34)
Tn (1)
Tot1(DTn—1(0) d Tn—1(0)

v, = netlmnl) g 4 , 2.35
()2 it 7,0 (2.35)

and noticing ¢ = x1, the bilinear equations (2.31) and (2.32) are rewritten as

U =V, U,

" T (2.36)

U A g1 Vo1 + Va2 W o = AW,
which are equivalent to the adjoint linear problem (2.6). Similarly, shifting I — 1 —1
in (2.31) and (2.32) and putting

Tn(l—1)
N, _\n 2.
ntl = A R (2.37)
we obtain
v, =V, 0,
e (2.38)
Vn\:[ln + In+l\Iln+1 + \Ijn+2 = A\I/n+la
which is also equivalent to the linear problem (2.3).
Proof of Proposition 2.3. From (2.37), (2.33) and (2.24) we have
\I/k(t,)\) _ lTk—l(l — Dm(l) _ 1 Tr(1) e_% Tk_l(l)
\I/k+1(t, )\) )\Tk(lf 1)Tk,1(l) )\kal(l) Tk(l)
1) ~Sidmasmal) 1 ) S ~mal)
= — e J=1 J = = _8 —A TL'
X 7e_1(0) () AT (D) n;)p"( o
Therefore Equation (2.15) in Theorem 2.2 implies
~ l
b = (~1)p, (~8) D) (2.39)

Tk_l(l)
Similarly we have from (2.34), (2.33) and (2.24)
\I/Z_‘_l(t,)\) :l7k+1(l+1) Tk(l) :l Tk(l) 1
Wr(t,\) A m(l4+1) 71D A 71 (D) (1)

_1n) EivEnal) 1) s smal),
= X @)~ Ama® 2P O VT
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Therefore comparing with (2.17) we obtain

a® = p, () T’;;l()l ), (2.40)

which proves Proposition 2.3. [J

3. Painlevé equations

3.1. Local Lax pair

Originally the relations between determinant formula of the solutions and auxiliary
linear problem have been derived for the Painlevé II and IV equations [10, 11]. In
the particular case of the rational solutions of the Painlevé IT and IV equations these
results give the relation between determinant formula and the Airy function found in
[7, 3]. It may be natural to regard those relationships as originating from the Toda
equation, since the sequence of 7 functions generated by the Backlund transformations
of Painlevé equations are described by the Toda equation [20, 21, 22, 23, 8, 12]. In
this section, we show that the results for the Painlevé II equation can be recovered
from the results in the section 2. The key ingredient of the correspondence is the local
Lax pair, which is the auxiliary linear problem for Toda equation formulated by a pair
of 2 x 2 matrices|[1]:

~ ~ _I’I’L + )\ _e_yn
Ln¢n - ¢n+17 Ln(t7>\) - < 0 > ) (31)

eyTL
d¢n 0 e Yn
Jar (), o2

V) = §n¢n7 En(tv)‘) - < 702
m Tn—
O = ( (2) ) . yn =log =L (3.3)

1

= O

dt
n n

Similarly, the adjoint linear problem is given by

T % * T * *In + A e¥n
Lign=dh 1, LitA) = ( I ) , (3.4)
d(b':, ¥ % % 1 0 0 e¥n

*(1)
b, = ( Zg@ ) . (3.6)

Compatibility condition for each problem

dL, ~ ~ = =~ dL?
dt - Bn+1Ln Lan, dt
gives Toda equation (1.2), respectively. By comparing (3.1) and (3.2) with (2.3),
similarly by comparing (3.4) and (3.5) with (2.6), one sees that there is a relationship

between the solutions of the linear problems:
o =MW, gD —eiN Iy, (38)

n n
Tn—1

G = BN g gr) —e%AtL;+1 v (3.9)

n
n

=B L'+ LB (3.7)

n-—mn’
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3.2. Painlevé II equation

In this section we consider the Painlevé II equation (Pyy)

d*u 1

We denote (3.10) as Pr[a] when it is necessary to specify the parameter a explicitly.
Suppose that 79 and 7 satisfy the bilinear equations

(D} —2t) 71 - 70 = 0, (3.11)
(D} —2tDy — 4(a + 2)) 10 =0, (3.12)
then it is easily verified that
d
~log — 3.13
YT og To (3.13)
satisfies Pr[a] (3.10). If we generate the sequence 7, (n € Z) by the Toda equation
1
3D T T = Tasa T, (3.14)
then it is shown that 7,, satisfy
(D? - Qt) Tnt1Tn = 0, (315)
1
(D} —2tDy — 4(a + 5+ n)) Tni1 - Tn =0, (3.16)
and that
d Tn+1
log 3.17
T dt Tn ( )

satisfies Prr[a + n]. In this sense, the Toda equation (3.14) describes the Béacklund
transformation of Pyy (see, for example, [18]). Therefore one can apply Proposition
2.1 to obtain the determinant formula: for fixed k € Z we have

det( EJF)] 2) g=1,...n n >0,
=<1 n =0, (3.18)
det (0. 5)ijm1,m n <0,

Tk+n
Tk

where

(k) _ aE’i){ Th—1 Z (k) () oB) _ Tkt

a; £ a;_a—ps Ao _—
- (3.19)
k T Tk—
bz(' ) bk1/+ kt1 z:b(k)bgk)2 ., (k) _ Tk—1
k Tk
Now consider the auxiliary linear problem for Prrfe] (3.10)[8]:
oy 1 0 -in
[ — — 4 2 2T
o~ A (0—1)A+<§TJJ 0" )
_ztt 1 (L)/
2 2\ 7
o ; : (3.20)
2 (To) 2
Y —1 o
E:BK B_< 2 g ))\"—( T—1 o )7 (321)
70
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(Y S
Y<Y2> S (3.22)

Comparing (3.21) with (3.2), we immediately find that
B=DB;, Y =¢. (3.23)

We note that it is possible to regard (3.20) as the equation defining A-flow which is
consistent with evolution in ¢. Also, the linear equation (3.1) describes the Backlund
transformation. Similarly, we have the adjoint problem

:A*Y* A* — 1 2 2 710
o ’ (01>A+<1ﬂ o )

+ , , (3.24)
1 (7m z+t
2 (Tg) 2
B ( ; ) ( LT )
—BY*, B =|(2 A+ o ), (3.25)
ot 0 —3 -0
«_ (TN _ TiT-1
Y_<Y2>, s= = (3.26)

where we have a correspondence

B* =B, Y*=4¢. (3.27)
Therefore, if we apply Theorem 2.2 noticing (3.8) and (3.9), we have the following;:
Proposition 3.1 We put

A(t,\) = %, I, \) = ; . (3.28)
(i) The ratios A and IT admit two kinds of asymptotic expansions as functions of A
as A — o0
ACY@EA) =u g A P ugd 24 (3.29)
AV = d+vg +vg A4 (3.30)
and
IEY#A) =u A fu g2 4 (3.31)
IOEN) = A +vg+o A4 (3.32)
respectively.

(ii) The above asymptotic expansions are related to the Hankel determinants entries
a® and b as follows:

ACD(t,0) = %Zbﬁo) A (3.33)
=0

/
A(l)(t,)\) _D A\ — ( 0) 1 7o Z (1) 71' (3.34)

T1
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and
D () = iao) (3.35)
=0
/
H<1>(t,A):—:—° A—<:_11) %TO Zb R (3.36)
1 o 175

(i) AGY and IEY are related as follows:
oM@, ACYE N =1, TV AD (@ N) = 1. (3.37)

Proposition 3.1 is equivalent to the results presented in [7, 10]. In other words, the
relations between determinant formula for the solution of Py; and auxiliary linear
problems originate from the structure of the Toda equation. We also note that one
can recover the results for the Painlevé IV equation[3, 11] in similar manner.

4. Toda equation on finite lattice

4.1. Determinant formula

Let us consider the Toda equation on the finite lattice. Namely, we impose the
boundary condition
VO = 07 VN = 07
Yo = —00, YN41 = OO, (4.1)
Qo = O, anN = O,

on the Toda equation (1.1), (1.2) and (1.3), respectively. In order to realize this
condition on the level of the 7 funtion, we proceed as follows: in the bilinear equation
(1.5), imposing the boundary condition on the left edge of lattice

T—1 = O7 T0 75 0, (42)

it immediately follows 7_o = 0 and one can restrict the Toda equation on the semi-
infinite lattice n > 0 . In this case, the determinant formula reduces to

T
== det(a?)_p)igeren (02 1), 0l =l af? =, (43)
0 T0

which is equivalent to (1.9). Moreover, imposing the boundary condition on the right
edge of lattice

™~ #0, 7n41 =0, (4.4)

then we have the finite Toda equation

2
TylL,Tn - (Tyll) = Tn+1Tn—1, n = Oa Tty N, T—1 =TN+1 = 0. (45)

It is easily verified that the boundary condition (4.4) is satisfied by putting

N
) — Zciemt7 (46)
=1

where ¢; and p; (i =1,...,N) are arbitrary constants.
It is sometimes convenient to consider the finite Toda equation in the form of
(1.3). One reason for this is that the auxiliary linear problem associated with (1.3)

do,,

Olnflq)nfl + ﬂnq)n + anq)n+1 - ﬂq)na W - _anflq)nfl + anq)nJrl» (47)
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or
051
dd Py
o=uo, C—pe, o= . |, (4.8)
dt ;
Dy
B o 0 o
a1 P2 oo —a; 0 Q
L= N , B=
an—2 Byn-1 an —Qp—2 0 an
0 an-1 BN 0 —an-1 O

is self-adjoint[2]. The solutions of the linear problem (2.3) and adjoint linear problem
(2.6) are related to ®,, as

n n 1
U, =e M(=1)"e % ®,, T:=c(-1)"T D, p= —A(4.10)

n =
respectively.

Remark 4.1 The relationship between entries of determinants and the solutions of
linear problems are given by applying Theorem 2.2 as

* (_1) 0
(-1) [N _ 11 ©); \y—i
Qi V(N = [\Ilg(t,)\) =30 §. ORI Gy (4.11)
0 1=0

However it is not possible to express (4.11) in terms of the solutions of the linear
problem (4.7) ®,, by using the correspondence (4.10), since g is not defined for the
finite lattice.

4.2. Results of Moser and Nakamura

Moser [16] considered (N, N) entry of the resolvent of matrix L:

_ An_
)= (= L)yy = =5 — (4.12)
N
where A,, is given by
p—>05 -
—Qq = B2 —Qg
An: '.. '.. '.. . (4.13)
—Qp—2 MU — Brn-1 —oap_1
0 —Qp_—1 H— ﬁﬂ

We note that f(u) is a rational function in p, since A,, is the n-th degree polynomial
in u. By investigating analytic properties of f(u), Moser derived the action-angle
variables of the finite Toda equation to establish the complete integrability. Nakamura
[17] further investigated the expansion of f(u) around g = oo to obtain
Anvog 11 & i
f)=—F—=—-—) g (=20)"", gi=gis1, (4.14)
An H 90 =5

and claimed that g; are the entries of the determinant formula (4.3), which is quite
similar to our result. Let us discuss this result from our point of view.
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By expanding the determinant in (4.13) with respect to n-th row, we have the
recurrence relation of A,,

An = (,u — 5n)An71 — aiflAn,g. (415)
Also, one can show by induction
Al = —-20%A, ;. (4.16)

Comparing (4.15) and (4.16) with the linear problems (2.3) and (4.7), we have from
(1.4) and (4.10)

Ap=(=2)" T, =2 % O,,. (4.17)
Now Proposition 2.1 and Theorem 2.2 with k = N yield

TN —
—— =de t(bgﬂ) 2)ig=1,..ms

(N) _ (N)/ 7-N-Q-l (N) (N) (N) _ TN-1
h ]Zob " L (4.18)

W (t,N) ](1) L TN = (M) \—i
_ — b4 A
[ ) >

‘1/N+1(t,/\ )\TN 1 s

Then taking the boundary condition (4.4) into account, noticing that A,, is polynomial
of degree n in u = —%, Equation (4.18) can be rewritten by using (4.17) as

S L S o, =)
AN HTNA ' " (4.19)

TN— (N) (V) _ TN—1
? =de t(bH—J 2)2 j=1,....,n» b - ™

which is nothing but (4.14). In order to satisfy the boundary condition (4.2) at the
left edge of lattice, we choose béN) to be sum of N terms of exponential function.

In summary, Nakamura’s result may be interpreted as the determinant formula
viewed from opposite direction of the lattice. Namely, starting from n = N under
normalization 7y = 1, it describes such formula that expresses 7 _, in terms of n x n
determinant. Since 7 function of the finite Toda equation is invariant with respect
to inversion of the lattice (n — N —n), it is also possible to regard this formula as
expressing 7, as n X n determinant under the normalization 79 = 1. Also, it should be
remarked that the resolvent of L appeared because A,,, principal minor determinant
of uI — L, satisfies the auxiliary linear problem of the finite Toda equation.

)

Remark 4.2 In order to obtain “normal” determinant formula, we may consider
(1,1) entry of the resolvent of L

. A
9(w) = (nl = L)' = < (4.20)
0
/4L - /BnJrl _anJrl
—Qp41 M — 6n+2 —Op42
A, = . (4.21)

—an—2 p—PBy_1 —an_i
0 —an—1 p—PN



Hankel determinant formula for the Toda equation 13

The recurrence relations for A, are given by

— _—

An = (= Brg1) D1 — a9 BAnya, A, =200, (4.22)
which implies
Ap = (=2)" Uk =2"'T @, (4.23)
Therefore Proposition 2.1 and Theorem 2.2 yield
B InS gt = =T
g 70 (4.24)
Tn

5. Concluding remarks

In this article we have established the relationship between the Hankel determinant
formula and the auxiliary linear problem. We have also presented a compact formula
of the 7 function in the framework of the KP theory. The similar phenomena that
have been observed in the Painlevé II and IV equation can be recovered from this
result. We have also pointed out that Moser and Nakamura’s result on the finite Toda
equation can be understood naturally in our framework.

Since the Toda equation can be seen in various context, we expect that the
structure presented in this article can be observed in wide area of physical and
mathematical sciences. Moreover, it might be an intriguing problem to study whether
similar phenomenon can be observed or not for the periodic lattice, where the theta
functions play the role of the 7 functions.
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