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Abstract. We consider the g-Painlevé equation of type AELI) (a version of ¢-
Painlevé V equation) and construct a family of solutions expressible in terms of
certain basic hypergeometric series. We also present the determinant formula for
the solutions.
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1. Introduction

In this article we consider the g-difference equation

_qt (f+bs)(f+1)
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where ¢ is a constant and  denotes the discrete time evolution. (1.1) can be also
expressed as
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G=a; (i=1,23), z=g2 z=q%p,

where the variables are related as
1
by = a%, by = St by = a%, t=——2 f=aizz, g= alagzy. (1.3)
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(1.2) was first derived and identified as one of the discrete Painlevé equations with
a continuous limit to the Painlevé V equation in [21]. Sakai has classified (1.1) as
the discrete dynamical system on the rational surface of type Afll) which admits
the symmetry of affine Weyl group of type AS) [31]. Geometrical structure of
the 7 functions on the Ay weight lattice has been investigated in [28] as well as
various Bécklund transformations. In this article, we denote (1.1) (or (1.2)) as
dP(AL(LI)) following the notation that was adopted in [23]. We also write (1.1) as

dP(Ale))[bl, by, b3] when it is necessary to specify the values of parameters explicitly.

It is well-known that the Painlevé and discrete Painlevé equations admit two
classes of particular solutions; hypergeometric solutions and algebraic solutions.
In particular, the determinant formula for the hypergeometric solutions play an
important role in applications, for example, to the area related to matrix integration,
such as random matrix theory [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 25, 32]. The simplest
hypergeometric solution to dP(Afll)) has been obtained in [15, 16, 29]. The purpose of
this article is to construct hypergeometric solutions to dP(Afll)) (1.1) and present the
determinant formula. In section 2, we construct the simplest hypergeometric solution
through the Riccati equation which is reduced from (1.1) by imposing a condition
on the parameters. By applying a Béacklund transformation we construct complex
hypergeometric solutions and present the determinant formula in section 3. We give
the proof in section 4.

2. Riccati solution

We first recall the definition of the basic hypergeometric series[11]

A1y ..y Qp e (ala--~>ar§q>n |: n n(n71)}1+s—r n
rPs y 4, 2| = —1 2 z, 2.1
L bbe } nZ:O(bu~ S bsi n(d30)n (=1 (21)
where
T n
(a1, a5 = [ [ (@i O)ns  (a:0)n = [J (1 = ag"™). (2.2)
=1 k=1

The simplest solution that is expressible in terms of the basic hypergeometric function
is constructed by looking for the special case in which dP(Afll)) (1.1) is reduced to the
Riccati equation. In fact, imposing the condition on (1.1)
b =1 (2.3)

then it admits a specialization 1 + f 4+ g = 0 to yield the Riccati equation

g—|—1—b3 - _ qtbgl—b1+qt—1f
gt————— , f=—(1+7) = ( )+ )

g+ 1-— qtblbg qtblbg + f

Linearizing the Riccati equation (2.4) by the standard technique, one obtains the
following solution (see also [29, 15, 16]):

(2.4)

Proposition 2.1 Let v = 1(t, by,b3) a function satisfying
¥(qt, b1, b3) = brap(t, by, bs) + (1 — b1) (gt b1/q, bs),
bsp(gt, br, bs) = (¢, b1,bs) + (b3 — 1) ¥(t, b1, gbs),
qtb1b3tp(gt, b1, b3) = (qtbr — 1) (¢, b1, b3) + (¢, gb1, bs),
qty(qt, b1, bs) = (qtbr — 1) (¢, b1,bs) +(qt, b1, bs/q).

~ o~ —~
co J O Ot
o — T T
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Then
w(qtabl/qaqb?)) w(tvbhbi’))

J=atbs (L= b)) " 0T T Bt b abe)” (2.9)

gives a solution of dP(Afll)) (1.1) with by = 1.

It should be remarked that several basic hypergeometric functions satisfy the
contiguous relations (2.5)-(2.8)[22]. For example, we have

(i) ¥(t,b1,b3) = 201 [ Ubé’bg ; q,qtbl} ; (2.10)
(i)

Bt by, by) = m 261 [ %ﬁbg : q,l/tbl} (2.11)

e e I

0 o B [P ]

In order to prove Proposition 2.1 we use the following Lemma:
Lemma 2.2 9(t, by, bs) satisfy the contiguous relations
qtbs(qt, by, qbs) = ¥(t, b1, bs) — (1 — qtbybs) ¥(t, by, qbs), (2.1
th3tp(gt, b1,b3) = ¥(t/q, qb1,b3) — (1 — 1) (¢, b1, b3). (21
Proof of Lemma 2.2. Eliminating (¢, by, b3) from (2.5) and (2.7) we have

(gtbibs — gt + %) Y(qt, b1, b3) + (qtby — 1)(% — 1)9(qt, b1/q,b3) = ¥(t, qb1,b3).(2.16)

Similarly, eliminating v(qt, b1/q, b3) from (2.5) and (2.7),, 5, /g We obtain
tblbgw(qt,bl,bg) - (tb12b3 +1- bl) w(t, bl, bg) = (1 - bl)(tb1 - 1)¢(t,b1/q, b3) (2.17)
Then eliminating v (qt, b1/q, bs) from (2.16) and (2.17);—.q we get

(1 - qt) 1p<qt7 bla b3) + qtb?) w(tha bla b3) = w(ta qb17 b3)a

which is nothing but (2.15);—4. Similarly, (2.14) can be derived by eliminating
¥ (gt, by, b3) from (2.6) and (2.8)p,—qb,. O

(G2 =
-

Proposition 2.1 follows immediately from Lemma 2.2. In fact, dividing (2.6) by
(2.14) we have

1 9(qt,by,b3) g ¥(t,b1,b3) + (b3 — 1) ¥(t, b1, qbs) —g+ (b3 —1)

a¢(qt7 b17qb3) B _& B ¢(ta bla b3) - (1 - qtb1b3) 7/)(75’ b17 qb3) —9 — (1 - qtble)’
which is the first equation of (2.4). The second equation of (2.4) can be derived in
similar manner by dividing (2.15);—qt,6, —b, /q,bs—qbs PY (2-5)b3—qbs - O
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3. Determinant formula and bilinear equations

3.1. Bdcklund transformations

Sakai constructed the following transformations for the homogeneous variables z, y, z
of P? and the parameters b; (i = 0,1,2,3,4) on the Afll) type (Mul.5) surface[31]1:

bibabs )
by by T

bs by b
< 3b1 4b20 s bazy(z+ ) 1 bez(z+y+2)(x+bay + 2) : x(x+z)2> , (3.1)
rof bubabs
a.( by bo ,x.y.z)r—>
1 1 1
< bliboib‘* s baz(z+2)(x+y+2):y((z+ x)(box + baz) + bayz) : box(x + 2)2)(3.2)
bs bs
o bbby
w3.< by bo ,x.y.z)»—»
by bobs =
bs s bax(bzz +y +b32) tylbszr +y+2) 1 bsz(z+y+2) |, (3.3)
bsby bo
o bubabs g bib2bs
wy : < by bo ,x.y.z)r—»( by bybo cxiyiz), (3.4)
o bubabs bibs gy babs o,
woy ( by bo ,x.y.z)r—»( b4QbO 0w boy i bez |, (3.5)
. b1 bg b3 . Lo bl b2 b3b4 . . .
w4.< by bo ,x.y.z)n—>( ibz;bo s wibyy iz, (3.6)
wo = 02 0wy 0 0. (3.7)

Introducing the variables f and g by

2w +y+2)
= T v (38)

then (3.1) - (3.7) can be rewritten as
o : (bo, b1, b2, b3, ba, f, g) > (b2, b3, ba, bo, b1, bag, 1+bzg)’
: bo(1+9)
o’ : (bo, b1, b, b3, by, g) — (ﬁ7%7i7é=é Obzfg ),

wo : (bo, br, ba, f,9) = (5, bobi, boba, b(f’(’ﬁiijﬁﬁ, ),

wi : (b, b1, b2) = (bobi, 5, bibe), (3.9)
ws : (b1, b2, b3, f,g) = (biba, -, babs, b f 11;}};nggg,bzglff§cﬁszg)7
w3 : (b2ab37b47f7 ) (b2b3vbivb3b47%a%)

. 1 g(1+b4f )
wy : (bo, b3, ba, f, ) — (boba, b3ba, 5-, baf, ),
respectively, where the abbreviated Varlableb are invariant with respect to the

transformation. It can be shown by direct calculation that these transformations

1 Actions of these transformations are slightly modified from the original formula to be subtraction-
free.
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satisfy the fundamental relation of the (extended) affine Weyl group I/IN/(AS)):
wi =1, (wiwigr)® =1, (ww;)? =1 (j#£i,i£1), 0° =1, =1, (3.10)
ow; = Wi 20, 0wy = w0, o'ws = wyo’, o'wy = w0’ i € Z/57. '

We note that g = 1/(bpb1bab3bs) is invariant with respect to the Weyl group actions.
The translation Ty = wywswewio> acts on b; as

To : (bo, b1, ba, b3, ba) — (gbo, b1, b, b3, ba/q), (3.11)

and the action on f and g is nothing but dP(Afll))(l.l) for t = by and s = by. If we
define the translations T; (1 = 1,2, 3,4) by

T1 = (J'?’T()U27 T2 = UT()U47 T3 = U4T00', T4 = O'2T00'3, (312)

then actions of T; (i = 1,2,3,4) on the parameters are given by

T1 : (b07 b17 b27 b3a b4) = (bo/q7 qbla b2a b3a b4)a

T3 = (bo, b1, ba, b3, ba) — (bo, b1/, qb2, b3, ba), (3.13)

T3 : (b07b17627b3;b4) = (b07b17b2/Q7qb37b4)7 '

Ty : (bo, b1, b2, b3, bs) — (bo, b1, b2, b3/q, qbs).
and one can directly verify that T;T; = T;T; (1,7 = 0,1,2,3, i # j) and ToT1/ T2 T3Ty =
1. Therefore if we regard Ty as the discrete time evolution, T; (i = 1,2,3,4) can be
regarded as the Béacklund transformations.

3.2. Determinant formula

Let us apply the Bécklund transformation 75 on the Riccati solution obtained in
Proposition 2.1. Applying T5 N times yields the solution for dP(AEll))[q_Nbl, q, bs],
which is expressed as rational function in ). However the denominator and numerator
can be factorized into two factors, respectively, and each factor admits determinant
formula. More precisely, we have the following formula, which is the main result of
this article:

Theorem 3.1 Let 7n(t,b1,b3) (N €7Z) be
det(w(taqijjrlbla qiilbfﬂ))i,j:l,...,N (N > 0)7
TN(tJ)l,bg) = 1 (N = 0), (314)

Then
N1 Ny TN (tb1,gb3) TN y1(qt, b1/, qbs)
ths (1 — b N >0),
;= 1 3(l—¢""by) T~ (gt, b1/q, qbs) TN+ (t, b1, gbs) (V= 0)
_TN(t7qb17b3) TN+1(qtab1?b3) (N < O)
TN(qtvblabS) TNJrl(tv th b3) ’ (3 15)
_TN(tabl/QaQQbi’)) TN41(t, b1, b3) (N >0)
= TN (t,b1/q, qbs) Tn41(t, b1, gbs) -7
TN (t, b1, qbs) Tn41(t, gb1,b3/q)
t(bg — 1 N < 0),
1 ( ’ ) TN(tablab?)) TN+1(t7qb17b3) ( )

satisfy dP(Afll))[qubl, g™, bs].
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We introduce a notation for simplicity
TN (t,q"b1,q"b3) = T " (8). (3.16)
Theorem 3.1 for N > 0 is a direct consequence of the following Proposition:

Proposition 3.2 For N > 0, 73"(t) satisfy the following bilinear difference
equations.

(1= g Moyt (1) Tair(at) + a Noiry U (gt) T ()

—q Nyt E) TR (at) =0, (3.17)
qtbs(1 — ¢ Vo) () Ty (at) + Nt (at) TR ()

— 752 (qt) TN, (1) =0, (3.18)
qt(1 — g Vo) (8) Tl (at) + NVt (gt) TRLL ()

=g N L (at) =0, (3.19)
g N O () — g Vgt 2<t>n°vil<t>

— (1= g Vo)A = ¢ Vtby) T (B () =0, (3.20)
g Nyt E) TR () - n;“"(t) TN (D)

+ N b (1 — ¢ Vo) Ty (t/g) Thit (at) =0, (3.21)
q_Nt 7'Nl 1(t) TJ?Ulrl(t) - TNl 2(t) 71%31(75)

+(1—-q" tbl) (qt) TN+1(t/q> =0. (3.22)

In fact, Theorem 3.1 for N > 0 can be derived from Proposition 3.2 as follows. We
have from (3.17) by using (3.15)

v (t) TN+1 (qt)

1 TN
[+ - =qths— : (3.23)
5 T~ (gt) T (1)
We also have from (3.18) and (3.19)
-1,2
(gt t
fr1=g" X (at) 7 ) (3.24)
1,1
T~ (at) Ta g ()
-1,2
TN (E) T t
f4bs=bs— (0 7100 ), (3.25)
i1
T " (qt) TN+1(t)
respectively. Therefore we obtain
(4D +be) gV Ty @ @ Oy 0 M (3.26)
- - TN J :

f+% t TNM(qt)TRf-lH(qt)TRfL(t)TN (t) t
which is the first equation of (1.1). Similarly, from (3.20);—q, (3.21);—q and
(3.22) gt We get

N N N+1 Tgf’l(qt)ﬁ;i’ll(qt)
1+b1§:q (1_q_ bl)(l_q_ * tb ) ,11 (327)
(qt)TN+1(qt)
0,1 2
t t
1+ ¢Vg = —¢* N 2thy(1 — ¢ Vby) val 1( )TN“ ’t) (3.28)
(qt)TNJrl(qt)

TN (q2t)TN+1 (t)

gt +q"g=—¢"(1 - ¢ Ntth) o (3.29)
(qt) TN+1(qt)
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respectively. Then we have

(1+b19)1 +q"g)
gt +qNg

which is the second equation of (1.1). Therefore we have verified that Theorem 3.1

for N > 0 follows from the bilinear equations (3.17) - (3.22) in Proposition 3.2. We
omit the proof for the case of N < 0 since it can be proved in similar manner.

qtbs = I, (3.30)

4. Proof of Proposition 3.2

The bilinear equations (3.17) - (3.22) can be reduced to the Pliicker relations
which are quadratic identities among the determinants whose columns are properly
shifted. This can be done by constructing “difference formulae” that relate the
“shifted” determinants with 75" (¢) by using the contiguous relations of t. This
technique has been developed in [26, 27] and applied to various discrete Painlevé
equations[12, 13, 14, 17, 18, 19, 20, 24, 25, 30]. In this section, we prove the bilinear
equation (3.17) as an example. Since other bilinear equations (3.18)-(3.22) can be
proved in similar manner, we leave the details in the appendix.
We first introduce the following notation:

U(t, b1, q"bs) Yt g™ 1, q"bs) - (g™ N by, )
o P(t, "1, q"bs) Pt g™ o, q" ) e (g™ N b, ¢ D)
N ()= : : :
w(t7qmb1’qn+N—lb3) ¢(t’qm—1b1’qn+N—lb3) T w(t7qm_N+1b1aqn+N_lb3)
= | \I’m,n(t) \I’mfl’n(t) \I/mfNJrl,n(t) }7 (4~1)

where ¥, () denotes a column vector

w(ta qnlblv qnb?))
1/)(75’ qmb17 qn+1b3)

U, n(t) = (4.2)

w(ta q’mbh qn+N_1b3)

Here we note that the height of the column vector is IV, but we use the same symbol
for the column vector with different height. Then we have the following difference
formula:

Lemma 4.1

} \Ilm,n(t) \Ilm,n(t/q) e \IlmfN+2,n(t/Q) |
T 45— )
= o v () (4.3)
3 b1
} \I/m,n(t/Q) \Ijm—l,n (t) \I/m—l,n(t/Q) to \I’m—N+2,n(t/Q) |
T (@4 - 1)
— k=1 (. (4.4)

(N—-1)(2m—=N+2) N _1 Y
2 bl
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Proof. Using the contiguous relation (2.5) on the N-th column of the determinant in
(4.1), we have

) = | Upnn) Ui n) o Ui ngon(t) U ng1n(t) |
_ m—N+2
= ‘ Upn(t) -+ Qm7N+2,n(t) \IImfN+2,n(t);’n?_N+2b1b_lipm—N+2,n(t/q) ‘
quN+2bl
:W | Upn(t) - Urnengon(t) Umenion(t/q) |-

Applying this procedure from the N-th column to the second column we obtain
q(N71)(2£n7N+2) bN71
T]Tvnm(t) = N_2 L ’ \I’m,n(t) \Pm,n(t/Q) \IIm—N+2,n(t/Q) | ) (45)

[T (@m*b - 1)

k=0

which is nothing but (4.3). At the stage where the above procedure has been applied
up to the third column, we have by using (2.5) on the first column

" ()
q(N72)<2;"7N+1) bN72
= N_2 1 | \I’m,n(t) \I’m—l,n(t) \Ijm—l,n(t/Q) \I/m—N+2,n(t/Q) ’
[T (gm=Fb1 —1)
k=1

(N—2)(2m—N+1) _
fbjlv 2

N-—-2
[T (g™ %b1 — 1)
k=1
X ’ qmbl\Pm,n(t/q) - (qmbl - 1)\Ijm—l,n(t) lIlfn—l,n(t) \Ijm—l,n(t/q) e \I]m,—N+2,n(t/q) ’
- (N71)(2;an+2) b¥71
T ON-2
IT (g6 — 1)
k=1
X | \I’m,n(t/Q) \Iimfl,n(t) \I/mfl,n(t/Q) \IjmfN+2,n(t/Q) | ) (4.6)

which is (4.4). This completes the proof. O

Now consider the Pliicker relation

0= | Yps1,n(t/@) Vrnn(t) Urnlt/@) -+ Wi-ni3n(t/q) |
X | Upn(t/q) - WmNi3n(t/q) Vim—nion(t/q) ¢ |
= | Urns1n(t/0) Ynn(t/@) o Voo nNisn(t/Q) W niy2a(t/q) |
X | Vinn() Ymalt/a) - Vm-nisn(t/q) & |
+ ’ Vit1,n(t/€) Ymn(t/a) - Ym-nisn(t/a) ¢ ‘
X | Uinn(t) Yimn(t/q) - Ve Ni3n(t/@) Ym-Ni2a(t/q) | ) (4.7)
where ¢ is the column vector
0
= 0 (4.8)
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Applying Lemma 4.1 to (4.7) we have
T ) T () — ¢ T (tq) T ()
+ gV TN = g™y Tt q) T () = 0.
Putting N — N +1,t — gt, m = —1 and n = 1 we obtain (3.17). O
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Appendix: Proof of bilinear equations

In this appendix we prove the bilinear equations (3.18)-(3.22). We first note that
Tn ' (t) admits various determinantal expressions, which play an important role in
proving the bilinear equations. Taking the transpose of the right hand side of (4.1),
we have

T;ann(t) = {Ivlm,n (t) \Ilm,nJrl (t) e \Ijm,nJerl (t) ) (A 1)

where

1p(t7 qmblv qnb?))

~ t, m—lb7 ny
By 0(1) = U(t,q :1 q"bs) ' (A2)

¢(t7 qmiNJrlbla qan)
It is also possible to express 75" (¢) by the determinants with different structure of

shifts.

Lemma A.1 7" (t) can be expressed as follows:

N-1 _ N—k
™oy qn+k 1b3
™~ ( ) - qn+k71b3 —1

k=1
| Tonlt) Trnlat) o Tnlg™ ) | (A.3)
- N—k
< I e)
- m—k—+1 _
he1 q bl 1
X | Wit
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where the column vectors are given by

%ff(tiqmbhqnbs) Y(t,q™b1,q"b3)
. Y(g™'t,q™b1,q"b3) ~ P(qt,q"b1,q"b3)
\I’m,n(t) = : ) m,n(t) == : 7(A6)
(g VT, g™ b1, q"bs) Y(gN T, q™by, " bs)
respectively.

Proof. We prove (A.3). Using the contiguous relation (2.6) to the N-th column of
the right hand side of (A.1), we get

El I I i~ n+N72b {Iv/m n — _Elm n —
RO = | Tpnt) Tt -+ Tpyoalt) Lyl unsea) |
qn+N72b3 . . . -
= ez | T Fonns® o Tiyoat) Frninoalat) |-
Applying this procedure up to the second column, we have
N-1 n+k—1
) q b3 ~ ~ ~ ~
() =11 i 1 | Yna®) Tnaat) - Vmnen-s(@t) mnin-2(qt) ’
k=1

Continuing this procedure we obtain

N-1  nyk-1 N-2  inq .
T () = <H M) x (H M) ‘o <qu36il)
k=1 k=1
x’ \Tlm’n(t) ‘I/m,n(qt) \f;mm(qN—Qt) ‘T’m,n(qN_lt) ‘
- J\i_f( by >N—k
Pl qn+k—1b3 1
x’ \f/m,n(t) ‘T’m,n(qt) ‘I’m,n(qN_Qt) ‘I’m,n(qN_lt) 7

which is (A.3). As to (A.4) and (A.5) we omit the details and only describe the
method, since one can prove them by the similar calculations. In order to prove (A.4)
we use the contiguous relation (2.5) on (4.1) repeatedly. For (A.5) we use (2.5) on
(A.3) to express 75" (t) by the determinant in which ¢ is shifted in both horizontal
and vertical directions. Finally we use (2.6) on this determinant to derive (A.5). O

Now the bilinear equations (3.18)-(3.22) can be proved by the same procedure as
that in section 4. Therefore we do not repeat the procedure, but give the list of data
which are necessary for proof of each bilinear equation.

(3.18)
(i) Expression of 7"": (A.1)

(ii) Difference formula:

\A:[}m,n(t) \Ilmfl,n%»l(qt) e lA]:;m,fl,nJerl(qt) ’
1 m,n
= T (1), (A7)

(N—1)(2n+N)

N-1
g = ()Nt [ (@mFb - 1)
k=0
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CI}m—l,n-&-l(qt) lAI}TrL,n-‘,—l(t) CIijrrL—l,n+2(qt) e CI}m—l,n—&-N—l(qt)
1 m,n
=— T (2), (A.8)

N-—1

(N—-1)(2n+N) _ _

¢ 7 ()N [ @ -1
k=0

where

b=t g1, q"bs)
Ui, n(t) = :
Ww(t’ g™ Ntby, q"bs)
(iii) Contiguous relation to be used for derivation of difference formula:
¥(t, b1, qbs) = ¥(t,b1,b3) + qtbs(by — 1) ¥(qt, b1/, qbs). (A.10)
(A.10) can be derived by eliminating ¢ (gt, b1, gbs) from (2.5)p,—qv, and (2.14).

(iv) Pliicker relation:

0= \im—l,n(qt) {Ivjnz,n(t) {Ivjnz—l,n-i-l(qt) \im—l,n—&-N—Q(qt) ‘
X | U1 (@) P tns2(qt) - Umoinen-1(qt) o
- \Tlmfl,n(qt) CI//mfl,nJrl(qt) i\:[;mfl,n#»Nfl(qt) ‘
X \im,n(t) Ejm—l,n-&-l(qt) e {i’nL—l,n-i-N—Q(qt) QSI
| Ue1n(@t) Trnotnsi(@t) - Umotnin—2(qt) ¢
X CI}m,n(t) \AI}mfl,n%»l(qt) \AI:'mfl,rH»Nfl(qt) ‘7 (All)
where
1
0
0
(3.19):

(i) Expression of 7"": (A.1)

(ii) Difference formula:

| Tn®) Fonnsr(t/a) - Tonninoa(t/9)
tN_l
= N7 " (1), (A.13)
[T @™ ¥t —1)
k=0
‘ \Ilm,n+1(t/Q) \Ijm,n+1(t) \Ijm,n+2 (t/Q) to \Ijm,n—&-N—l(t/Q)
tN72
S— 7 g, (A.14)

IT (@ *tby — 1)

k=0
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where
= ¢t a™br, q"br)
U n(t) = : : (A.15)
mw(t»qm_mﬂbhq”bg)

(iii) Contiguous relation to be used for derivation of difference formula: (2.8)

(iv) Pliicker relation:

0= | Tnnt/a) Tinnl) Fmnis(t/a) - Vonnin-s(t/a) |
< Ui 1(t/0) rnny2(t/a) - onyn-a(t/a) ¢
| /) Tmaer(t/a) - Trnenoa(t/0)
| nt) Umnia(t/a) o Umninoa(t/a) o
| U (t/0) Unsa(t/a) oo Uinoa(t/e) &
< | W) Ui (t/) - Upnminoa(t/q) ’ (A.16)
(v) Derivation of (3.19): applying the difference formula to the Pliicker relation we
have

gt T3 () T (gt) + (1= qtby) T (at) TR (8) = Ty () TR (at) = 0.(A1T)

We obtain (3.19) by eliminating the term 75" (t) T]%}rl(qt) from (3.17) and
(A.17).

(3.20):
(i) Expression of 7y"": (4.1)

(ii) Difference formula:

| \Ilm,n(t) \Ijm,n—l(t) e \Pm—N+2,n—l(t) ’
N-2
(™ Fby — 1) (1 — g™ Fiby)

k=0 m,n

= N-DCEm-N12) N ™ (t)7 (A.18)

3 b1
\I/m,n—l(t) \I’m—l,n(t) \Ijm 1,n— 1(t) te \Ijm—N+2,n—1(t) |

N-2
H m= kbl — 1 (1 — qm_ktbl)

_ k=1 ). (A.19)

N—-1)2m—N+2
(EESET JyN—1

(iii) Contiguous relation to be used for derivation of difference formula:

WY(t,b1,b3) — by P(t,b1,b3/q)
vltb et = T Sy

(A.20) can be derived by eliminating v (t/q, b1, b3) from (2.5); /4 and (2.8);_ /4

(A.20)
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(iv) Pliicker relation:

0= ’ \I/m+l,n—1(t) \I]m,n(t) \I]m,n—l(t) \IIW—N+3,n—1(t) |
X‘ Uin—1(t) - Y nNi3n—1(t) Ym—nt2,n-1(%) ¢’I|
- ’ \I/m+1,n—1(t) \Ijm,n—l(t) \I/m—N+3,n—1(t) ‘I/m—N-i-Zn—l(t) |
X | Urn(t) Urnn1(t) -+ U ngsa—1(t) ¢ |
+ ’ Uptin—1(t) Ump_1(t) - YUp_nNign_1(t) ¢ |
X | Urn(t) Urnne1(t) - U ngsn—1(t) Umonion—1(t) |. (A21)
(3.21):

(i) Expression of 7y"": (A.4)

(ii) Difference formula:

\ilm,n(t) \ijm—l n+1(qt) e li/rn—l n+N—1(qt) ’
n m 1 N m k+1b1 b m,n
’ \Ilmfl,n%»l(qt) l:tl7n,n+1(t) \i/mfl n+2(qt) e \Ilmfl,n%»Nfl(qt) ‘

m k+1b1

k—N
= — (q"tb3(¢™by — 1))V H <mk+1b1_1> TN (t), (A.23)

where

»(q't, ¢™b1, q"b3)
q¥(¢" 't q™b1, q"bs)

Upnn(g't) = _ : (A.24)
gN (g N by, 47 Ds)
(iii) Contiguous relation to be used for derivation of difference formula:
¢(t7 b17 qb3) = w(t7 b17 b3) + qtb?)(bl - 1) le}(qt, bl/q7 qb3) (A25)
(A.25) can be derived by eliminating ¥ (qt, b1, gbs) from (2.5)p, g, and (2.14).

(iv) Pliicker relation:

0= | Wr(at) Forn) Tiroriir (@) o Foorin—a(at)
X | Uit (qt) oo Unoinin—2(qt) Ypoiagn-1(qt) ¢ |
— | Unanlgt) Uoipa(gt) o aaan—2(gt) Wonininoa(qt) |
| W) Fonriir@t) oo Fnrinolat) &
"i’ 1nlqt) Vn—1ims1(qt) oo Uit agn—2(qt) ¢/|
| T Vrrcriia(@) oo Fouorminoalat) | (A.26)

(3.22):
(i) Expression of 7"": (A.5)
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(ii) Difference formula:

~ ~

\/I}mm,(t) \Ij’mfl,nﬁ»l(t) . \mel,n+N71(q7N+2t) ‘
N-1

(qt(q"b1 — 1))17N H (qn+k—1b3)ka
k=1

—1 m—k-+1 k—N
q bl m,n
(¢ A.27
x L <qu+1b1 — 1) ™ (1), ( )

N(N-1)
2

- (-1)

=2

~ ~

\I/m—l,n-‘rl(t) @m,n-‘rl(t/Q) \I’m—l,n+2 (t/Q) e @m—17n+N—1(q_N+2t)
N-1

_ _(_1)1\7(1\;71) (qt(qmb1 _ 1))171\[ H (qn+k—1b3)k—1\/

k=1

N-1 qm_k+1b1 k—N
X <q7n_k+1b1_1) 7—1\[7 (t), (A28)
k=1

where

w(qltv qmblv qnb3)

a  Y(g" 1, g™ b1, q"bs3)

Ty (g't) = (A.29)

q—N-‘rlw(qH—N—-lt’ b1, q"bs)
(iii) Contiguous relation to be used for derivation of difference formula:
Y(t,b1,bs) = P(qt,b1,bs/q) + qt(bs — 1) ¥(qt,b1/q,b3). (A.30)
(A.30) can be derived by eliminating ¥(qt, b1, b3) from (2.5) and (2.8).

(iv) Pliicker relation:

0= | Tiin(@t) Tron) Trorns(®) o Tpreoalg2) |
X \T’mq,nﬂ(f) \/I}mfl,n+N72(q_N+3t) (I\lmfl,n+N71(q_N+2t) ¢
- (I\]m,—l,n(qt) (I\jm—l,n+1(t) \/I}m—l,n+N—2(q7N+3t) \/I)m—l,n+N—1(q7N+2t) ‘
x (I\/m,n(t) (I\/mfl,n+1(t) s \/I\]mfl,n+N72(q_N+3t> ¢/
| Unan(@) Tmoanea ) o Tnoeva(g V)¢
X \/I\Jm,n(t) \/I\Jm—l,n—&-l(t) (I\/m—l,n—i-N—l(qiNjth) ‘ (A31)
(v) Derivation of (3.22): applying the above difference formula to the Pliicker relation
we have

Ty (at) T (t/a) 11— g Vb)) T () Tl (8) — T R (E) T () = 0.(A.32)
We obtain (3.22) by eliminating the term 79" (£) T];_l,'_ll (t) from (3.20) and (A.32).
This completes the proof of Proposition 3.2. [J
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