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Contemporary Mathematics

Stochastic analysis and the KdV equation

Setsuo Taniguchi
Dedicated to Professor Yoichiro Takahashi on the occasion of his 60th birthday

ABSTRACT. N. Ikeda and the author established a mapping from a class of
Gaussian measures parameterized by linear combinations of Dirac measures
on R to that of reflectionless potentials. The bijectivity of the mapping was
shown by the author, and was extended to a class of more general Gaussian
measures.

In this paper, a brief review on the bijection and its application to the
KdV equation is given first. Next another application to the stochastic KdV
equation is discussed. Finally presented is an alternative approach to the
bijection via the linear filtering theory.

1. Introduction

Applications of stochastic analysis to the theory of partial differential equations
(PDE in short) have their source in stochastic representations of solutions; let vV
be a second order differential operator on R™ of the form

EVzlzn:aij 0’ +ib"i+v
2 =1 5‘128% im1 8:01 ’

where a¥,b%, 1 < 4,5 < n, and V are appropriately smooth functions from R" to
R. The solution u = u(z,t) of the Cauchy problem of the PDE

ou .y B
a—ﬁ u, U(,O)—f

is represented as

(o, t) = E[f(X(t,x)) exp (/Ot V(X(s,x))dsﬂ,

where {X (¢, z)}:>0 is the diffusion process stating from x at time 0, which is gen-
erated by £°, and E stands for the expectation with respect to the underling prob-
ability measure. This kind of expression goes back to the studies in 1940’s made
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2 SETSUO TANIGUCHI

by K. Ito [It], R. Cameron-W. Martin [CM], and M. Kac [Ka]. In this paper,
we shall first give a review on such expressions for classical and generalized reflec-
tionless potentials, and n-soliton solutions of the Korteweg-de Vries (KdV in short)
equation

ov 3 v 1%
(1.1) =V —+ - 53
ot 2 Oz 4 023
Secondly, we shall apply our probabilistic expression to the stochastic KAV equation
observed in [W]. Finally we shall give an alternative proof of the probabilistic
expressions of reflectionless potentials by using the filtering theory.
The author is grateful to Professors Gui-Qiang Chen, Elton Hsu, and Mark
Pinsky for the stimulating conference at the Northwestern University in June, 2005,

and their hospitality.

2. Reflectionless potentials

Let
8 ={{nmihi<icn|n €N, mjm; >0, mi £y it i # 5}
A classical reflectionless potential ug with scattering data s = {n;,m;}i<j<n € S

is by definition the function

2

ug(x) = —2% log det(I + Gs(x))

o) (\/We—(m-&-m)i”)
s(x) = .
Ni +nj 1<i,j<n

Applying the inverse scattering theory to the Schrodinger operator —(d/dx)? + us,
one can spell out the scattering data s from us. Thus we can identify the space

EOZ{US‘SGS}

of all classical reflectionless potentials with S. We say that u is a generalized
reflectionless potential if there exist > 0 and {u, }5°; C Z¢ such that u,, converges
to u uniformly on compacts and

where

2
Spec(oizj2 + un) Cl—p,00), n=12 ...,
where Spec(—(d/dz)? + u,) stands for the spectrum of —(d/dx)? + u,. Let =
be the space of all generalized reflectionless potentials. The space Z was used by
D. Lundina [L] and V. Marchenko [Ma2] to study the Cauchy problem of the KAV
equation, and by S. Kotani [Kol, Ko2] to construct the KdV-flow.

Let W be the space of all continuous functions w : [0,00) — R with w(0) = 0.
We denote by {X(z)},>0 the coordinate mapping on W; X(z) : W 3> w —
X(z,w) = w(r) € R. Let ¥ be the space of all finite measures on R with com-
pact support. For o € 3, P? denotes the probability measure on W under which
{X(x)}z>0 is a centered Gaussian process with covariance function

L[ ) eyl
/WX(x)X(y)dP */R—% o (dC).

Set
G={P°|oeX}.



STOCHASTIC ANALYSIS AND THE KDV EQUATION 3

d
—x/WX(m)zdP” :/Re%xa(dg“),

we may and will identify 3 with G.
For P? € G, we define ®, : [0,00) — (0,00) by

q)g(:r)/Wexp(;/oxX(y)zdy)dP”, x> 0.

Then @, € C*(]0,0)) (see [T2]), and hence we can define ¢ : G — C([0,00)) by

Since

2
Y(P%)(z) = 4% log®,(z), =>0.

Put

n
Yo = {0 = Zc?ép]. ‘n eENe;>0p;eR, j=1,...,n,p; #pi (i ;é])}
j=1
For ¢ = Z;L 1 Jépj € Yo, we can construct P? by taking advantage of stochastic
integrals. Namely, take an n-dimensional Brownian motion {b(z)},>0 on the prob-
ability space (92, F, P). Representing elements of R™ as column vectors, we define
the R™-valued Ornstein-Uhlenbeck process {{,(x)}s>0 and the R-valued centered
Gaussian process {X,(x)}z>0 by

& (x) = &P / e Pedb(y) and X, (x) = (e, & (),

respectively, where D, = diag[p;] (the diagonal matrix with pi,...,p, being di-
agonal entries), e = > 7% A¥/k! for n x n-matrix A, (-,-) is the standard inner
product in R, and ¢ = ¥(cy,...,¢,), the transposed vector of (c1,...,¢c,). It is
easily seen that P coincides with the induced measure P o X1 on W through
X;: Q- W.

For o = Z;L 1 J(S € Yy, without loss of generality, we may and will assume
that there exist m < n and 1 < j(1) < --- < j(m) < n such that
Dl < Ipjvils  Pie) >0, Diwy+1 = —Piey,  #F#pal -5 lpal} =n—m.

Let 0 <ry <--- <7n_m be the roots of the algebraic equation

2.1 =—1.
(2.1) pf_r

We define the mapping ¢ : X9 3 0 +— (o) = {n;,m;} € S by
{771 << 77n} = {pj(1)7"'7pj(m)7\/71717~'~7\/7.n*m}

and

c = 1 + 1
2 ¢ Z)+1 Nk T 7 Pk 7717 if i = j(0),
o 0 Nk — 1 Pk — 1
0 ki k#£5(€),5(0)+1

o H Nk + N H Pe+ i otherwise.
k#nk—mk 1Pk—m

(2.2) m; =
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THEOREM 2.1 ([IKT, T2]). Let P° € Gy and ¥(c) = {nj,m;}1<j<n-
(i) It holds that

(2.3) 4log®,(z) = —210gdet<[ + Gy (@ ))
n
+ 210gdet([—|—Gw( )( )) 2x Z(p,» +n:), x>0.
i=1
(ii) ¥(Go) C E¢ and Y (P7) = U ()
(iii) 9 : Go — Zg is bijective.

The second assertion should be understood as follows. Due to the first assertion,
one has that ¢ (P?) = ug,, on [0,00). Being real analytic on R, uz, is determined
completely by ¢ (P?). In this sense, one thinks of ¢)(P?) as an element in Z.

In the proof of (2.3) given in [IKT], the change of variable formula on W, so
called the Cameron-Martin formula, played a key role. In the next section, we shall
give a new proof of the identity (2.3) by using the filtering theory.

To see the bijectivity described in the assertion (iii), it suffices to construct the
inverse mapping of . For this purpose, let u = us € Z¢ (s € S) and e™(x;() be
the right Jost solution of the Schrédinger operator £ = —(d/dx)? + us;

Let(x¢) = Cet(%0), e (2:0) ~ e (z — o0).
Then, it is known ([L, Ma2]) that there are A; € C>*(R;R), 1 < j < n, such that

et (z;¢) = F@HCCQ() and N, <0, 1<j<n.
J=1 Ln;

If we set k(s) = Z?ﬂ(*/\} (0))dx,(0), then r = Eﬂ
On account of the above observation on the Jost solution, one can give stochas-
tic expressions on (—o0, 0[;

THEOREM 2.2 ([T2]). Let P° € Gy.
(i) If we define p € Eo by u(A) = o(—A), A € B(R) (=the Borel field on R), then

U (@) = p(P*)(=x)  for z € (—o0,0].
(ii) Fory <0, let b(y) = b(—y). Define

0
£ (y) = —evP- / e Padb(z),  Xo(y) = (e o ().

Then uw = (P7) is represented as

d2 1 max{0,z} )
u(zx) = 4d log exp ~5 X,(y)*dy |dP | for every x € R.
min{0,z}

The above bijectivity extends to that between G and =;

THEOREM 2.3 ([T2]). (i) Let 0, € Lo, n = 1,2,..., and 0 € X. Assume
that o, converges to o vaguely as n — oo and |J,cysuppo, C [0, 8] for some
B > 0. Then ¥(P°) tends to ¥(P?) uniformly on compacts in [0,00) as n — oo.
Moreover, for each € > 0, there ezists ng € N such that

U Spec( —+ ¢(P‘7")) C[-B* - o(R) —¢,00).

n>ngo



STOCHASTIC ANALYSIS AND THE KDV EQUATION 5

(ii) Let 0 € X, and define p € ¥ by u(A) = o(—A), A € B(R). Set

u(oy = { PP, =0
W(Pr)(=a), 2 <0,

Then u € =. Conversely every u € Z is of the above form.

For o € ¥, 0,,’s constructed as follows satisfy the conditions described in (i);

n

ru= 3 {olliona G+ 05/m) + - i

where 3 > 0 has been chosen so that suppo C [/, 3].

3. The KdV equation

As is well known ([MiJD]), soliton solutions of the KdV equation and the
7T-function of the KdV hierarchy are of the same form as classical reflectionless
potential. Namely, the 7-function of the KdV hierarchy is given by

7(x,t) = det(I + A(z,t))
where z € R, t = (t1,t2,...) € RN satisfies that #{t; # 0} < oo, {n;,m;} € S,

00
Cila,t) =ami + 3 tam;*t!, and
a=1

Az, t) = <V i, 6{<i<x,t>+<j<z,t>}> .
Ni +nj 1<i,j<n

If t = (¢,0,...), then v(x,t) = 2(9/0x)?log T(z,t) is a soliton solution of the KAV
equation (1.1) ([MiJD]).

As was seen in [IkT], we also have a stochastic expression of the 7-function.
To recall this, let o € ¥y and ¥(0) = {n;,m;} € S. If we denote by R the diagonal
matrix diag[n;] with 7;’s being the diagonal entries, then there exists U € O(n) such
that D2+c®c = UR?*U ™!, where c®c = (Cicj)1§i,jgn‘ Set ((z,t) = diag[(;(z,t)],
and define the n x n-matrix ¢(z,t) by

¢(z,t) = U{cosh(¢(z,t)) — sinh({(z,t))R'U ' D,UU .

Then, for every (z,t), det ¢(x,t) # 0 and one can define the n x n-matrix G (z) by

5uw) = 22 (2. 6) 97 2. 1)

Set
1 [* 1
L@t = [ ew(=5 [ X2y + 5RO - D)t (). @) )ap
We then have that
THEOREM 3.1 ([IKT]). (i) It holds that

n

1 1
log I (z,t) = —5 log 7(z,t) + 3 log 7(0,t) — g Z(pl + ;).

i=1
(ii) If t = (t,0,...), then the function

Vo (2, t) = 4<63>2 log I, (z, t)

X
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is an n-soliton solution of the KdV equation (1.1).

We next consider the stochastic KAV equation dealt with in [W];

2 Oz 4 023

where ¢ € R and {W(¢)}+>0 is a 1-dimensional Brownian motion which is inde-
pendent of {b(x)},>0. For t > 0, let t = (¢,0,...) and write A(z,t) and Gi(x) for
A(z,t) and B¢ (z). Define

Io(a W) = [ exp(—é / "X, ()2dy
4 ;<{Bt<—32a/0tW(u)du> _ Dg}gg(x),gg(x)>>dP.

THEOREM 3.2. The function given by

3
(3.1) dyv — {3 v 1 0% }dt = adW(t),

Then we have that

Oz
is a solution of the stochastic KdV equation (3.1).

o(z, t; W) = aW (t) — 4<5>2 log I, (, t; W)

PROOF. In repetition of the argument in [IkT], we have that

32 tou( [ exo( =g [ XelwPay+ §U ) - DY) 6ol ) )

1 T
=3 logdet(I + A(x + zg,t)) + 3 logdet(I + A(xo,t -3 ; i + 1)

for any xy € R. While the stochastic KdV equation dealt with by Wadati [W] was

of the form
v 0w
div —<6 dt = dW (¢t
tv { Yor ~ oz 3} ®),

after the standard change of variables, his result is rewritten in our setting as
follows; the function

W,t;W):aW(t)+2(£>2log(det[”/‘(x‘/W Ja t)D

solves the stochastic KAV equation (3.1). Combining this with (3.2), we arrive at
the desired assertion. g

4. The filtering theory

The results in the previous sections, which connects the Gaussian measures
and reflectionless potentials and the KdV equation, start from the identity (2.3).
In [IkT], the identity was shown by using the Cameron-Martin formula on the
Wiener space. In this section, we first give an alternative proof of (2.3) with the
help of the linear filtering theory. Secondly we investigate ®, from the Gaussian
filtering theoretical point of view to revisit the Marchenko formula.
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4.1. Proof of (2.3) via the linear filtering theory. Let o = Z?Zl 30y, €
39. Throughout this subsection, we assume that
pa] <o <pnl.

The general case follows from this one in the standard limiting procedure as was
seen in [IkT]. Let {b(z)}s>0 be an n-dimensional Brownian motion on a filtered
probability space (Q,F, P, {F.}z>0), and define {&,(z) = “(€L(z),..., % (x))}as0
and {X,(z)},>0 as in Section 2.

Take a 1-dimensional Brownian motion {N(z)},>0 with N(0) = 0, which is
independent of {b(z)},>0, and set

Zota) = [ " X, (y)dy + N(),

~

Z,=0Z,(y);y < 2], Xo(x) = E[X,(x)| Z,;], the conditional expectation of X, (x)
given Z,, and

S, (z) = /Q (X, (2) — X, () dP.

It was shown by Kleptsyna-Le Breton [KIB] that

/QeXp(—;/:Xg(y)Qdy)dP=eXp(—;/: Sa(y)dy>-

Combined with the definition of X, (), this implies that

(4.1) 1og< / exp(—; / ' Xg<y>2dy)dP) -3/ (Z cichij(w)dy,

1,7=1
where R
Pyly) = /Q (€ () — E.()(E () — E(y)dP.

Since the n x n-matrix valued function P = (P;;) is the error matrix of the linear
filtering problem

dés(x) = D&y (x)dz + db(z) (system),
dZs(x) = {c, & (x))dx + dN(z) (observation),
it obeys the ordinary differential equation
apr
dx

where I denotes the n x n unit matrix. See [BJ]. Thus, what is needed to show
(2.3) is a precise expression of szzl cici Pij(x).
Put

H= <_?U Cgic> and <l‘2§§))> = exp(zH) <é> )
where 0 denotes the n X n zero matrix. Since
Wala)o.Vala)e) = [ {0a(uol? + (e Valwho) b, v < R,
we see that det Up(x) # 0 for any = > 0. It is then easily checked that
(4.3) P(x) = Vo(x)Up(z) L.

(4.2) (z) = Dy P(z) + P(z)Dy — P(z)(c®c)P(z) + I, P(0)=0,
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Let 0 <7y < --- <1, be the roots of (2.1), and set n; = ,/r;. Define n x n-matrices
A, B,C and (2n) x (2n)-matrix S by

A= (Do + 77j)_1c)1§jgn’ B = ((Ds - 77j)_1c)1§jgn’
_ A B
C=(-(D2-ry) 1c)1§j§n, sz<0 C).

Then det S # 0 and it holds that

(R 0
nos( 05

(157 (1Y)

det(A — B) # 0 and det C' # 0. We then have that

(wH) = Aetf Be—oR (A-B)! —(A-B)"1BC!
P =\ CerR Ce=R )\ —(A—B)"' (A-B)"'BC-'+C1)"

Since

Due to (4.3), this implies that
P(z) = C(e"® — e *F){ Ae™F — Be*“%}fl.
Define n x n-matrices X,Y, Z by

1 1 1
) e Tt 7 )
Pi TN/ 1<ij<n Pi —=Mj /1<iji<n Pi =T/ 1<iji<n

Since A = diag|¢;|X, B = diagc;|Y, C = —diag[c;]Z, we obtain that

P(z) = —diag[c;]Z (" — e™ ") { X" — Ye*“"R}_ldiag[l/cj].

In conjunction with the definition of r4’s, this yields that

(4.4) > ciciPy(x) = Y Qix),

ij=1 ij=1
where
Qz) = (I —e F){X — Ye_QwR}fl.

In the sequel, we compute Z?jzl Qij(x) algebraically, and do not use the
dependence of n;’s on p;’s. Hence, in what follows we only assume that p; # p;

and n; #n;ifi#7, 1, >0,1<j<n,and {p1,...,pn} N {n1,... 0} = 0. Define
m; > 0 by (2.2);

n
L+ i K+ M
ki Nk — 1 kel P — i

If we set T'(¢) = X — Ydiag[¢F], ¢ = *(C1,---,¢n) € R, then

T(H(e @M, .. ,e”®m)) =X — Ve 22l

and

detT(Q) =det X +> > (det X, ;)¢ ... ¢,

p=11<j1<-<jp<n
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where X; ; is the matrix obtained by replacing all jix-th column, 1 < k < p, of
X by t(fl/(pi — njk))1<i<n, 1 < k < p, respectively. Due to Cauchy’s identity

det[( 1 ) ] _ H1§i<j§n(ai —a;)(Bi — By)
i+ 05/ 1< i<n H:'l,jzl(ai + 5;) 7
we obtain that
P 2
(4.5) det Xj,..5, = [ 1 ;:)i (’M) x det X.
it ik g <jeloap NMie T i
Since

(4.6) det(I + Gs(x))

_1+Z > Hm 11 (M) exp( 2952172])

p=11<iy < <ip<n j=1 2, 1<j<k<p N + i,
we have that
(4.7) det(X — Ve 271) = det X - det(I + Gs(x)).

Denote by T(¢) the cofactor matrix of T(¢), and set Q(¢) = (I —diag[(?])f(().
It then holds that
(4.9 Q) = 570

R0

‘C_f,(emwew)

If we use T<;~(¢) to indicate the matrix obtained by replacing the i-th line of T'(¢)
by (1—¢?,...,1—¢?), then it holds that

D QriQ) = > (1= DT ZdetT@
k,i=1 k,i=1

Since limy, o piTik(¢) =1 — (7, 1 <k < n, we observe that

det Teis(¢) = lim p;detT(¢) =Y > (det X )G

pPi— 00 . )
p=01<j1 < <jp<n

where X, j,:i = ((le...jp;i)k€)1§k,egn is given by
1/(pk+77€)7 k#h g%{jl?7]1)}7
J1---dpit) ke 1, k:i, £¢{j17'~-,jp}7
-1, k=i, Le{j,....Jp}
In the above expression, for p = 0, ]21 e C?p = 1 and the summation Zl§j1<»--<jp§n
is just one term determined as {j1,...,jp} = 0. Thus we obtain that
W Yo=Y ¥ (z et X )G G
3,j=1 p=01<j1<--<jp<n “i=
For

~(ai3)
&+ 05 ) 1<ij<n
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and its cofactor matrix IN( it holds that

ZK]fdetKZalJrﬁl

7,7=1
Hence if we set )
) 14 jla v 7j
| e g (i)
(le Jp)kl =
, Ledj,...,J
Pr— e & 2
and denote by X’ Loty the cofactor matrix of le Jp then, by (4.5), we have that
Zdet Koy = (1P D2 (X5, )
i=1 k=1

p p
—(—1)P{A—22njk}deth’l Ja {141—22773-,€}deth1 dp
k=1
2
{A 2ank}detXH Mg 11 <n”“n“> :
Mg, + Nje

Mji 1<k<t<p

where A =" | (p; + 1;). Plugging this into (4.9), we obtain that

> Qi) =detX{A+Z > {A—?ka}x
k=1

t,j=1 p=11<j1<<jp<n

P 2
My, <"7jk — 77je> 2 2 }
x || =% el IRV G-
kl;[l 277jk 1§kl:£§p Nje + Nje 7 o
Combining this with (4.6), (4.7) and (4.8), we arrive at

n n d
Z Qij(x Z Pi + 1) logdet(I + Gs(z)).
ij=1 i=1
From this, (4.1) and (4.4), the identity (2.3) follows.

4.2. The Gaussian filtering theory. In this subsection, we give a proba-
bilistic interpretation of the Marchenko formula ([Mal]) in the inverse scattering
theory through the Gaussian filtering theory.

We start with recalling the Gaussian filtering theory. Let u € = and, as an
application of Theorem 2.3, take P° € G so that u = ¥(P?) on [0,00). Let
Q =)W x W, and define the probability measure P = P? x P% on . Notice that
P% is the Wiener measure on W. Denote by {(X(x), N(z))}.>0 the coordinate
mapping of Q; X (x,w) = w'(z), N(z,w) = w?(x) for w = (w!,w?) € Q. Define

x) = /OwX(y)derN(x), x> 0.
Set Z, = o[Z(y) 1y < 2], X(z) = E[X(2)|Z,], and

S(z) :/Q(X(x)—f((x))%zp.
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Let K(z,y) be the unique Volterra kernel solving the Wiener-Hopf type equation
Klo)+ [ Kle2)Ra(e)ds = Rafe.g),
0

where R, (z,y) = [,,, X (2)X(y)dP?, and L(z,y) be the unique Volterra kernel to
the resolvent equation

L)~ Klow) ~ [ K(@2)Lz s =0.
Yy
Then it holds that

L(zy) = %lX(w)(X@) ~R@)dP, x>y,
’ T <y,

and
S(z) = L(z,x) = K(z,x).
It was shown by Kleptsyna-Le Breton [KIB] that

/Qexp<—;/OxX(y)Qdy>dP=exp<—;/Ox S(y)dy).

Hence we have that

u(z) =(P%)(z) = 2%(71((3:,1’)), x> 0.

This identity is exactly the Marchenko formula in the inverse scattering theory
([Ma1l]). Thus we have revisited the Marchenko formula via the stochastic calculus.
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