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§ 1. Introduction

In this paper we study the arithmetic of the minimal splitting field of the

Alexander polynomial of a knot and present two kinds of infinite families of knots,

one is a family of knots which satisfying Heilbronn conjecture (Conjecture 1.3) and

the other is a family of counterexamples to the conjecture.

For a knot K in R3 let us denote by ∆K(t) the Alexander polynomial of K.

In general, ∆K(t) is defined up to ±tk. In this paper we assume that ∆K(t) is

normalized so that ∆K(t) is a polynomial in Z[t] whose order at t = 0 is equal

to 0. It is a difficult problem to determine the period of a knot K in terms of

the Alexander polynomial ∆K(t). However, some necessary conditions for a knot

to have some period are known. For a positive integer m ∈ Z, m ≥ 1 let ζm be

a primitive m-the root of unity in Q. Let Ff be the minimal splitting field of a

polynomial f ∈ Q[t] over Q.

Proposition 1.1 (Trotter [7]). Let K be a fibered knot with disct∆K(t) 6= 0. If

K has period m, then ζm ∈ F∆K
.

Let p be a prime number. For a positive integer λ ∈ Z, Z ≥ 1 and a polynomial

µ ∈ Z[t] let us denote by Mp(λ, µ) the set consisting of polynomials f ∈ Z[t] such

that f ≡ ±tk(1 + t + · · ·+ tλ−1)p−1µp (mod p) for some integer k ∈ Z.

Proposition 1.2 (Murasugi [4]). If K is a knot with prime period p, then

∆K(t) ∈ Mp(λ, µ) for a positive integer λ ∈ Z, λ ≥ 1 and a polynomial µ ∈ Z[t].

Let H(F ) be the Hilbert class field of a finite number field F .

Conjecture 1.3 (Heilbronn (cf. [5])). For a (fibered) knot K, if ∆K(t) ∈
Mp(λ, 1) for a positive integer λ ≥ 1, then ζp ∈ H(F∆K

).
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We have already obtained some counterexamples to the Heilbronn’s conjecture

(e.g., Example 2.3). Morishita gave a question which revises the Heilbronn’s con-

jecture. For a polynomial f ∈ Q[t] we say that f satisfies the condition (U) if

ζp ∈ H(Ff ).

Question 1.4 (Morishita (cf. [5])). What is a condition so that the Alexander

polynomial ∆K(t) with degree p− 1 of a knot K satisfies the condition (U) ?

In this paper we show the following theorem by constructing the explicit Alexander

polynomials of knots.

Theorem 1.5 (Corollary 3.4). For every odd prime number p > 3 (resp. p = 3)

there exist infinitely many knots K whose Alexander polynomials ∆K(t) are monic

(resp. non-monic) of degree p− 1 and satisfy the two conditions ∆K(t) ∈ Mp(2, 1)

and (U).

Theorem 1.6 (Corollary 3.8). For every odd prime number p > 3 (resp. p = 3)

there exist infinitely many knots K whose Alexander polynomials ∆K(t) are monic

(resp. non-monic) of degree p− 1 and satisfy the conditions ∆K(t) ∈ Mp(2, 1) but

fail the condition (U).

Remark 1.7. The Alexander polynomial of a fibered knot is monic. For the

Alexander polynomial ∆K(t) of a knot K, if ∆K(t) is monic, then there exists a

fibered knot K ′ so that ∆K′(t) = ∆K(t) (Burde [1]).

Acknowledgement. The author is grateful to Professor Masaaki Morishita for intro-

ducing the Heilbronn’s conjecture. He is grateful to Professor Kunio Murasugi for

his many helpful comments. He is supported by the 21st Century COE Program

“Development of Dynamic Mathematics with High Functionality”.

§ 2. Known results

For a positive integer n let An be the set of the Alexander polynomials ∆K(t) of

knots K with degree n. We define three conditions (A.1) to (A.3) for a polynomial

f(t) ∈ Z[t] by

(A.1) the degree n of f(t) is even,

2



(A.2) f(t) = tnf(t−1),

(A.3) f(1) = ±1.

Proposition 2.1 (Seifert [6]). For a polynomial f(t) ∈ Z[t] with degree n, it

holds that f(t) ∈ An if and only if f(t) satisfies all of the three conditions (A.1) to

(A.3).

Let p be a prime number. For a positive integer λ ∈ Z, Z ≥ 1 and a polynomial

µ ∈ Z[t] let Mp(λ, µ) be the set as in Introduction, that is, the set consisting of

polynomials f ∈ Z[t] such that f ≡ ±tk(1 + t + · · ·+ tλ−1)p−1µp (mod p) for some

integer k ∈ Z. If f(t) ∈ An ∩ Mp(λ, 1), then tk(1 + t + · · · + tλ−1)p−1 ≡ f(t) =

tnf(t−1) ≡ tn−k(1 + t−1 + · · · + t−(λ−1))p−1 (mod p). By considering the degrees,

one has that k +(λ− 1)(p− 1) = n− k, which shows n = (λ− 1)(p− 1)+2k. Note

that k ≥ 0 for f(t) ∈ Z[t]. Let us calculate the Hilbert class field H(F∆K
) of the

Alexander polynomials ∆K(t) of some knots K and determine whether or not the

Heilbronn’s conjecture holds.

Example 2.2 (cf. [5]). For ∆K(t) = 4 − 7t + 4t2 ∈ A2 ∩ M3(2, 1), we have

F∆K
= Q(

√−15). One can see that H(F∆K
) = F∆K

(ζ3) 3 ζ3. Thus Heilbronn’s

conjecture is true for the case ∆K(t) = 4− 7t + 4t2.

Example 2.3 (cf. [5]). When ∆K(t) = 1− 6t + 11t2− 6t3 + t4 ∈ A4 ∩M5(2, 1),

we have F∆K
= Q(

√
5) since ∆K(t) = (1−3t+t2)2. Note that H(Q(

√
5)) = Q(

√
5).

This means that ζ5 6∈ H(F∆K
), that is, Heilbronn’s conjecture is not true for the

case ∆K(t) = 1− 6t + 11t2 − 6t3 + t4.

We define four conditions (U), (U1), (U2) and (U3) for a finite Galois extension F

of Q such that

(U) ζp ∈ H(F ),

(U1) F (ζp)/F is unramified,

(U2) F (ζp)/F is unramified at all the prime ideals p of F above p,

(U3) for every prime ideal p of F above p, the ramification index of p in the

extension F/Q is a multiple of p− 1.

The ramification theory of algebraic number theory implies
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Lemma 2.4. Assume that p is odd. If F is totally real, then F (ζp)/F is ramified

at all infinite places of F, in particular, ζp 6∈ H(F ). When F is totally imaginary,

the four conditions (U), (U1), (U2) and (U3) are equivalent to each other.

Morishita and Taguchi showed a sufficient condition to hold (U). For a polynomial

g(t) =
∑n

i=0 ait
i ∈ Z[t] we call g(t) a p-Eisenstein polynomial if the coefficients ai

satisfy that p - an, p | ai for 0 ≤ i ≤ n − 1 and p2 - a0. In this paper we do not

assume that a p-Eisenstein polynomial is monic.

Proposition 2.5 (Morishita–Taguchi (cf. [5])). If g(t) ∈ Z[t] is a p-Eisenstein

polynomial of degree p− 1, then ζp ∈ H(Fg).

Example 2.6 (cf. [5]). If g(t) = t4 + 5t3 − 40t2 + 70t − 35, then g(t + 1) =

t4 + 9t3 − 19t2 + 9t + 1, which is the Alexander polynomial of some knot. One can

see that Fg is a D4-extension of Q where D4 is the dihedral group of degree 4 with

order 8. Note that Fg has no subfields which are cyclic quartic fields since D4 has

no normal subgroups N such that D4/N are isomorphic to the cyclic group C4 of

order 4. Thus we have ζ5 6∈ F∆K
. Proposition 1.1 implies that K does not have

period 5. On the other hand, Proposition 2.5 yields ζ5 ∈ H(F∆K
).

For the use of Proposition 2.5 one needs a criterion whether or not a p-Eisenstein

polynomial g(t) can become the Alexander polynomial ∆K(t) of a knot K by some

translation t 7→ at+b for integers a and b ∈ Z with a 6= 0, that is, g(at+b) = ∆K(t).

However, such a criterion is not easy in general. By using a characterization of the

Alexander polynomials we present a family of the Alexander polynomials which

become p-Eisenstein polynomials in the next section.

§ 3. Construction of the Alexander polynomials

For a positive and even integer n = 2r let Bn be the set of polynomials f(t) in

Z[t] such that f(t) = tnf(t−1). Note that An = {f(t) ∈ Bn|degtf(t) = n, f(1) =

±1}.

Lemma 3.1 (cf. Crowell-Fox [3]). The set Bn is a Z-module with free basis

{(t2 − 2t + 1)itr−i|0 ≤ i ≤ r}, that is, Bn = {∑0≤i≤r bi(t
2 − 2t + 1)itr−i|bi ∈ Z}.
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Let p be a prime number and λ ≥ 1 a positive integer such that n ≥ (λ−1)(p−1).

We define a polynomial αλ(t) = αn,p,λ(t) by

αλ(t) = tk(1 + t + · · ·+ tλ−1)p−1 − (λp−1 − 1)tr

where k = r − (λ − 1)(p − 1)/2. For integers ci ∈ Z with 1 ≤ i ≤ r let us denote

αλ(t) + p
∑

1≤i≤r ci(t
2 − 2t + 1)itr−i by fλ(c, t) where c = (c1, c2, . . . , cr). We put

Sr(Z) = Zr and S×r (Z) = {c = (c1, c2, . . . , cr) ∈ Sr(Z)|cr 6= 0}.

Lemma 3.2. The intersection set An ∩ Mp(λ, 1) consists of the polynomials

±fλ(c, t), c = (c1, c2, . . . , cr) where c ∈ Sr(Z) if n = (λ− 1)(p− 1) and c ∈ S×r (Z)

otherwise.

Proof. Let c be an element in Sr(Z) if n = (λ− 1)(p− 1) and in S×r (Z) otherwise.

It follows from the definition that degtfλ(c, t) ≤ n. If n = (λ − 1)(p − 1), then

the coefficient of tp−1 in fλ(c, t) is equal to 1 + pcr. Since cr ∈ Z, one has that

1+ pcr 6= 0 and degtfλ(c, t) = n. When n > (λ− 1)(p− 1), the coefficient of tp−1 in

fλ(c, t) is equal to pcr. Thus it holds that degtfλ(c, t) = n for cr 6= 0. It is easy to

see that ±fλ(c, t) satisfies the conditions (A.2) and (A.3). Hence the polynomial

±fλ(c, t) belongs to An ∩Mp(λ, 1). Let f(t) be a polynomial in An ∩Mp(λ, 1). For

a non-negative integer k ∈ Z with k = r−(λ−1)(p−1)/2, one has ±tk(1+t+ · · ·+
tλ−1)p−1 ∈ Bn. Since Bn is a Z-molude, we have f(t)∓ tk(1+ t+ · · ·+ tλ−1)p−1 ∈ Bn

and (f(t) ∓ tk(1 + t + · · · + tλ−1)p−1)/p ∈ Bn if f(1) = ±1, respectively. Lemma

3.1 implies that f(t) = ±tk(1 + t + · · · + tλ−1)p−1 + p
∑

0≤i≤r ci(t
2 − 2t + 1)itr−i

where ci ∈ Z for 0 ≤ i ≤ r. It follows from f(1) = ±1 that ±λp−1 + pc0 = ±1 and

c0 = ∓(λp−1 − 1)/p ∈ Z. Hence f(t) is of the form ±fλ(c, t).

For considering Question 1.4 we have n = p − 1 ≥ 2, which means that λ = 1

or 2. Here one has that α1(t) = t(p−1)/2 and α2(t) = (1 + t)p−1 − (2p−1 − 1)t(p−1)/2.

Let us define a number εp ∈ Q by εp = −(2p−1 − 1)/(4p). Note that vp(εp) ≥ 0.

Theorem 3.3. Let h(X) =
∑(p−3)/2

j=0 sjX
j ∈ Z[X] be a polynomial of degree

less than (p− 1)/2 such that s0 6≡ εp (mod p) and s0 > εp. Then

f(t) = α2(t) + pt(p−1)/2(t + t−1 − 2)h(t + t−1 + 2)
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is a polynomial in Ap−1 ∩Mp(2, 1) satisfying ζp ∈ H(Ff ). The polynomial f(t) is

monic if and only if s(p−3)/2 = 0.

Proof. It is easy to check that f(t) ∈ Ap−1 ∩ Mp(2, 1). In fact, it holds that

f(t) = f2(c, t) for an element c = (c1, c2, . . . , c(p−1)/2) ∈ S(p−1)/2(Z) satisfying
∑(p−1)/2

i=1 ci(t + t−1 − 2)i−1 =
∑(p−3)/2

j=0 sj(t + t−1 + 2)j. One has that f(t − 1) ≡
tp−1 (mod p) and f(−1) = (−1)(p+1)/2(2p−1 − 1 + 4ps0). The condition s0 6≡ εp

(mod p) is equivalent to vp(f(−1)) = 1. Thus f(t − 1) is a p-Eisenstein polyno-

mial of degree p − 1. Now put X = t + t−1 + 2. Then we have f(t)/t(p−1)/2 =

X(p−1)/2 − (2p−1 − 1) + p(X − 4)h(X), which is denoted by f̃(X). Here it is seen

that f̃(0) = −(2p−1−1)−4ps0 and f̃(4) = 1. It follows from s0 > εp that f̃(0) < 0.

This shows that f̃(X) = 0 has a real solution x with 0 < x < 4. For a complex

number z ∈ C with z + z−1 ∈ R, the condition 0 < z + z−1 + 2 < 4 holds if and

only if z is not real. This means that f(t) has a non-real zero in C. Thus Ff is not

totally real but totally imaginary. Hence Lemma 2.4 verifies that ζp ∈ H(Ff ).

Corollary 3.4 (Theorem 1.5). For every odd prime number p > 3 (resp. p = 3)

there exist infinitely many knots K whose Alexander polynomials ∆K(t) are monic

(resp. non-monic) and satisfy the two conditions ∆K(t) ∈ Ap−1∩Mp(2, 1) and (U).

Proof. For example, one may take an arbitrary integer s ∈ Z satisfying s 6≡ εp

(mod p) and s > εp for the polynomial h(X) in Theorem 3.3.

Example 3.5 (Examples 2.2 and 2.6). For the case that p = 3 and h(X) = 1

in Theorem 3.3, one has f(X) = 4t2 − 7t + 4. Since ε3 = −1/4 ≡ 2 (mod 3), we

have ζ3 ∈ H(Ff ). If p = 5 and h(X) = 1, then f(t) = t4 + 9t3 − 19t2 + 9t + 1 and

ζ5 ∈ H(Ff ) for ε5 = −3/4 ≡ 3 (mod 5).

Theorem 3.6. Assume p ≥ 5. Let h(X) =
∑(p−3)/2

i=0 siX
i ∈ Z[X] be a polyno-

mial of degree less than (p− 1)/2. If s0 ≡ εp (mod p) and s1 6≡ εp/4 (mod p), then

f(t) = α2(t)+ pt(p−1)/2(t+ t−1− 2)h(t+ t−1 +2) is a polynomial in Ap−1∩Mp(2, 1)

such that ζp 6∈ H(Ff ). The polynomial f(t) is monic if and only if s(p−3)/2 = 0.

Proof. In the same way as in the proof of Theorem 3.3 one sees f(t) ∈ Ap−1 ∩
Mp(2, 1). For 0 ≤ j ≤ p− 1 let γj ∈ Z be integers such that f(t− 1) =

∑p−1
j=0 γjt

j.
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It is calculated that

γ0 = (−1)(p+1)/24p(s0 − εp),
γ1 = (−1)(p−1)/22p(p− 1)(s0 − εp),

γ2 = (−1)(p−1)/24p(s1 − p2 − 4p + 5

8
s0 − (2p−1 − 1)(p− 1)(p− 3)

32p
).

By the condition s0 ≡ εp (mod p) we have that vp(γ0) = vp(γ1) ≥ 2 and γ2 ≡
(−1)(p−1)/24p(s1 − εp/4) (mod p2). If s1 6≡ εp/4 (mod p), then vp(γ2) = 1. Since

f(t − 1) ≡ tp−1 (mod p), it holds that vp(γj) ≥ 1 for 3 ≤ j ≤ p − 2. Using the

Newton polygon method (cf. [2]), one can show that the ramification index of every

prime ideal of Ff above p is equal to p− 3. Hence we have ζp 6∈ H(Ff ) for Lemma

2.4.

Lemma 3.7. Let us put f(t) = (3s + 1)t2 − (6s + 1)t + 3s + 1 for an integer

s ∈ Z. Then f(t) is a polynomial in A2∩M3(2, 1). The condition ζ3 ∈ H(Ff ) holds

if and only if v3(s + 1/4) is even and s is greater than −1/4.

Proof. The discriminant of the polynomial f(t) is equal to −12(s + 1/4), that is,

Ff = Q(
√
−3(s + 1/4)). The ramification index of 3 in Ff/Q is divisible by 2 if

and only if v3(s + 1/4) is even. The field Ff is totally imaginary if and only if

s > −1/4. Hence the assertion holds.

Theorem 3.6 and Lemma 3.7 imply

Corollary 3.8 (Theorem 1.6). For every odd prime number p > 3 (resp. p = 3)

there exist infinitely many knots K whose Alexander polynomials ∆K(t) are monic

(resp. non-monic) and satisfy the conditions ∆K(t) ∈ Ap−1 ∩Mp(2, 1) but fail the

condition (U).

Proof. When p ≥ 5, for the polynomial h(X) in Theorem 3.6 one may take a

polynomial s1t + s0 where s1 and s0 ∈ Z are integers such that s0 ≡ εp (mod p)

and s1 6≡ εp/4 (mod p). In fact, ε5 = −3/4 6≡ 0 (mod 5), which means that we can

have s(p−3)/2 = s1 = 0 for the case p = 5. For p = 3 let us set s = −(3u2 + 3u + 1)

in Lemma 3.7 where u ∈ Z is an integer. Then one has f(t) = −((3u + 1)t− (3u +

2))((3u + 2)t− (3u + 1)), which implies that Ff = Q.
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Example 3.9 (Example 2.3). When p = 5 and h(X) = −2, one has f(t) =

t4 − 6t3 + 11t2 − 6t + 1. Since ε5 = −3/4 ≡ 3 (mod 5), the polynomial h(X) =

s1X+s0 = −2 satisfies that s0 ≡ ε5 (mod 5) and s1 6≡ ε5/4 ≡ 2 (mod 5). Theorem

3.6 shows that ζ5 6∈ H(F∆K
).

Example 3.10. For an integer s ∈ Z let us put fs(t) = t4 + (5s + 4)t3− (10s +

9)t2 + (5s + 4)t + 1, which is obtained as p = 5 and h(X) = s in Theorems 3.3 and

3.6. It is calculated that the discriminant δ(s) of the polynomial fs(t) is equal to

−55(s + 2)2(5s + 6)2(4s + 3). Here f−3(t) (resp. f−1(t)) have four real (resp. four

non-real) zeros. It holds that f−2(t) = (t − (3 +
√

5)/2)2(t − (3 − √5)/2)2. The

polynomial f0(t) has two real and two non-real zeros. Thus Ffs is totally real (resp.

totally imaginary) provided s = −3,−2 (resp. s = −1, 0). Note that there exist no

zeros of δ(s) in the areas s ≤ −3 or s ≥ 0. Hence Ffs is totally real (resp. totally

imaginary) when s ≤ −2 (resp. s ≥ −1). Theorems 3.3 and 3.6 with the argument

above imply that Heilbronn’s conjecture is true for fs(t) if and only if s ≥ −1 and

s 6≡ 3 (mod 5).
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Detecting persistent regimes in the North Atlantic Oscillation time series

MHF2006-13 Toru KOMATSU
Tamely Eisenstein field with prime power discriminant

MHF2006-14 Nalini JOSHI, Kenji KAJIWARA & Marta MAZZOCCO
Generating function associated with the Hankel determinant formula for the
solutions of the Painlevé IV equation
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