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Abstract

First, it is pointed out that the uniform distribution of points in [0,1]¢ is not al-
ways a necessary condition for every function in a proper subset of the class of all
Riemann integrable functions to have the arithmetic mean of function values at the
points converging to its integral over [0, l]d as the number of points goes to infinity.
We introduce a formal definition of the d-dimensional high-discrepancy sequences,
which are not uniformly distributed in [0, 1]d, and present motivation for the ap-
plication of these sequences to high-dimensional numerical integration. Then, we
prove that there exist non-uniform (oo, d)-sequences which provide the convergence
rate O(N~1) for the integration of a certain class of d-dimensional Walsh function
series, where N is the number of points.

Key words: discrepancy, high dimensional integrals, Monte Carlo and quasi-Monte
Carlo methods, (¢, d)-sequences, uniform distribution, Walsh functions

1 Introduction

It is well known [3] that the uniform distribution of points X,,,n =0,1,..., in
[0,1]¢ is a necessary and sufficient condition for every function f(z1,...,74) in
the class of all Riemann integrable functions over [0, 1]¢, hereafter denoted by
MRy, to satisfy

1 N-1

I(f) = /{(mclf(xl,...,xd)dxl...dxd:]\}ii%oﬁ S F(X,). (1)

n=0

It is also known [3] that for the class of all continuous functions over [0, 1]¢,
which is a proper subset of SR, the uniform distribution is a necessary and suf-
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ficient condition for every function in the class to satisfy the equation (1). From
the Information-Based Complexity (IBC) viewpoint, Wozniakowski [9,10] an-
alyzed the average case complexity with respect to the Wiener sheet measure
for the integration of this class of functions. The well-known Koksma-Hlawka
theorem implies that the class of all functions over [0, 1]¢ of bounded variation
in the sense of Hardy and Krause is another proper subset of PR, for which
the uniform distribution is also a necessary and sufficient condition for every
function in the class to satisfy the equation (1).

However, little is known about what happens to any other proper subsets of
MRy. Although the uniform distribution of sample points is a sufficient condition
for every function in any proper subset of JRy to satisfy the equation (1), it
is not always a necessary condition. The purpose of this paper is to explore a
possibility to develop faster algorithms for a proper subset of $R; based on non-
uniform sample points than Monte Carlo and/or quasi-Monte Carlo methods.
In the next section, we first introduce a formal definition of the d-dimensional
high-discrepancy sequences, which are not uniformly distributed in [0, 1], and
present motivation for the application of these sequences to high-dimensional
numerical integration. Then, we prove that there exist non-uniform (oo, d)-
sequences which provide the convergence rate O(N~1) for the integration of a
certain class of d-dimensional Walsh function series, where N is the number of
points. In the last section, we discuss the significance of this result and future
research directions.

2 Main Result
2.1 Definition and motivation for high-discrepancy sequences

First, we introduce the definition of high-discrepancy sequences:

Definition 1 If a sequence of points X,,,n = 0,1,..., in [0,1]? satisfies that
for all N > 1, the star discrepancy D%) of the first N points is given by

DY =0(1), (2)

then we call it a high-discrepancy sequence, where the implied constant in the
O notation depends only on the dimension d.

Notice that if the righthand side in the equation (2) is replaced by O((log N)?/N),
then it is the definition of a low-discrepancy sequence. High-discrepancy se-
quences are those sequences which are not uniformly distributed, and vice
versa.



We have the following proposition:

Proposition 1 A (¢,d)-sequence in base two for which the first rows of its
generator matrices are all identical to (1,0,0...) is a high-discrepancy sequence.

PROOF. Since the sequence is an (oo, d)-sequence which is distributed in

only two sub-domains, [0, 5] and [£, 1], the proof follows.

Note that there are two types of (0o, d)-sequences, i.e., uniform or non-uniform.
The sequence introduced in Proposition 1 is a non-uniform (oo, d)-sequence.

We give the following theorems, which motivate us to investigate the applica-
tion of high-discrepancy sequences defined in the above to high-dimensional
numerical integration.

Theorem 1 If an Lo function in d dimensions is written as

flzy, . xq) = Z Chy.o by COS(2TR 21 ) - - - cos(2mk g a),
ki,..kq>0

then we have
/ f(l'l,---,l'd)dl'l...dl'd
[0,1]¢

= 9d-1 </[0 » f(x1, ..., xq)dxy...dxg + f(an, ---,ﬂﬁd)dxl'-'dxd) .
'3

3,117

PROOF. Since .
/ cos(2mkzx)dxr =0
0

for any k > 1, we have
/ f(x1,...,xq)dxy...dxg = o o
[0,1]¢
And since
1/2 1
/ cos(2mkx)dxr = / cos(2rkx)dx =0
0 1/2

for any k > 1, we have

Co,...,0
‘/[O 1}d f(xl, u-,xd)dxl...dflfd = 77

and

C weey
/[5,1](1 f(xl,...,xd)dxl...dxd: %'

Thus, the proof is complete.O



Theorem 2 Suppose that the dimension d is odd. If an Lo function in d
dimensions is written as

f(@1,xa) =co+ Y. Chyoky SIN2Th12) - - - Sin(27kgzq),
kiyeoka>1

then we have
/ Fl@1, ooy wa)dar...drg
[0,1]4

= Qd_l </[‘0 1 f(.’L‘l, ceny l’d)dl'l...dl’d + f(l’l, ceny l'd)dl'L--dxd) :

[3.1]

PROOF. Since )
/ sin(2mkx)dzr = 0
0

for any k > 1, we have
/ f(.ili‘l, ...,Jj'd)d.ilfl...dl'd = Cp.
[0,1)¢

And since

1/2 1
/ sin(2rkx)dr = // sin(2rkx)dx = 0
0 1/2

for any even k > 2, and

1/2 1 1
/ sin(2rkx)dr = —/ sin(2rkx)dx = e
0 1

/2 m

for any odd k£ > 1, we have

‘o Chr,... kg
[t el deg = oY ek
03] kqyekg>1 1 RgT
all k1, ..., kq are odd
and
o d Cky,... kg
/1 f(ﬂfl,-..,xd)dxl...dxd: —d+(_1) Z — Bl
(511 2 Eppeonkg>1 ki« kam

d
all k1, ..., kq are odd

Since d is odd, the proof is complete.O

In what follows, we show that there exist non-uniform (oo, d)-sequences which
provide the convergence rate O(N~1) for the integration of a class of d-
dimensional Walsh function series.



2.2 A class of d-dimensional Walsh function series

The Walsh functions are defined by
wal(0,z) =1, for x € [0,1),
and for an integer k > 1,
wal(k, z) = (—1)25m1 %519 = (1))
where k = by +b;2+--- , and z = a;27 ' +ay272+- - - in the binary expansion,
and k = (bg, by, ...) and X = (ay,as,...) are the binary vector representation

of k and x, respectively. Then, we have the following theorem.

Theorem 3 A function in the d-dimensional Lo space can be written as

f(@1,nma) = Y. Cny,okgwal(ky, z1) - - - wal(kg, zq).

— 9d-1 / f(zq, .y xg)day...deg + f(xr, . wg)dey .. drg | — By,
[0,1]d L1

0<ky,....kg<1

(k1s-ees kq)#(0,...,0)
k1+--+kg=0 (mod 2)

PROOQOF. First, we have
/ f(.’L‘l, ...,xd)dxl...dxd = Co,...,0
[0,1]¢

Since

1/2 1 1
/ wal(1, z)dx = —/ wal(1, z)dx = -,
0 1 2

and

1/2 1
/ wal(k, z)dr = / wal(k, x)dz =0
0 1/2

for any k > 2, we have

1
/[o 1 f(z1, ..y xg)day...dxg = 5 S ks

’2



and

1 e
/[1 14 f(xla ) l’d)dﬂ?l...dl’d = ? Z (—1)1“1+ +kdck1,...,kd-
27

0<k1,....kg<1

Thus, the proof is complete.O

We now consider a class of functions for which F; = 0. First, we give some
definitions.

Definition 2 Letm > 1 be an integer and let v be a nonempty subset {j1, ..., jju } C
{1,...,d}. We define

qu,m(xly ...,I'd) = HwaJ(k:j(:n)?x]z))

m—1 (m) (m) m
for 2 < kj, ,...,/{:jlu| < 2m.

Definition 3 We define a class §4 which consists of functions

f(xlw-‘;xd) :CO_'_ Z Z Cu,m¢u,m(x17"'7xd)7

1<|ul<d m=1
|u| is odd

where ¢y and ¢y m,m = 1,2,..., are constants satisfying

oo
lcol + Y D lewm|2™ < M < .
1<u|<d m=1
|u| is odd

Here, M is a constant.
We have the following theorem.

Theorem 4 For any function f(z1,...,xq) in Fq, we have

f(:(fl, ey LL’d)dl’l...dLL’d

[0,1]

= 2% </[0 f(x1, ..., zq)dxy...deg + ) [z, ---,l‘d)dm---dﬁﬁd) .

PROOF. From the equation (3) and Definition 3, it follows that the quantity
E; in Theorem 3 becomes zero for the case of §4. Thus, the proof is complete.O



2.3 Convergence rate for the high-dimensional integration

Hereafter, we denote by &, a class of (¢, d)-sequences in base two whose gen-
erator matrices are nonsingular and lower-triangular. Note that this class is
a special subset of the class of non-uniform (oo, d)-sequences introduced in
Proposition 1. We prove the following theorem.

Theorem 5 For any sequence s,,n = 0,1, ..., in the class &4, the integration
error en of any function f in Fq is given by

1 N—-1

ex(sn, f) = |I(f) — N > f(sn)| < % > i |Cyn| MIN (2771 N).

n=0 1<|ul<d m=1
|u| is odd

From the condition in Definition 3, we have ex(s,, f) = O(N™!), where the
asymptotic constant is M.

In order to prove the above theorem, we need the following three lemmas,
which are generalization of Lemmas 2, 3 and 4 in [8]. Let s,,n =0, 1, ..., be a
sequence in &y, and let s,, ,,, denote the m-th bit of s,,.

Lemma 1 Suppose m > 1. For alln=h2™ h=0,1,..., and for all 0 < { <
2m=1 we have
Snt+lym = 1I- Snte42m—1 m-

PROOF. If we compare n+¢ and n+/¢+2""! only the coefficient of 2! in
their binary representation is different while all the others are identical. Since
the generator matrix is nonsingular and lower-triangular, this completes the
proof. O

Lemma 2 Suppose m > 1. For alln=h2™ h=0,1,..., and for all 0 < 1 <
2m=1 we have

wal(k, spu0) = —wal(k, Sy yppom-1),
where k is any integer with 2™ 1 < k < 2™,

PROOF. Since the generator matrix is nonsingular and lower-triangular, we
have sp47e = Spieyam-1, for all 1 < e < m. From the assumption that k& =
bo+ b2+ +by,_12" ! with b,,_; = 1 and Lemma 1, the proof is complete.
O

For d dimensions, we denote a sequence in &4 by s, = (s, ..., 5@d) n =
0,1,..., Then we have



Lemma 3 Suppose m > 1. Let u be any nonempty subset {ji,...,jju} C
{1,...,d}. If the cardinality |u| is odd, then for allm = h 2™ h = 0,1, ...,
and for all 0 < ¢ < 2™ we have

¢u,m(sn+£) = _(bu,m(sn_i_g_i_szl).

PROOF. Denote

|u

¢um Sn+€ HW&I Ji Sfé)?

where 271 < kjl . ,kj(‘ ‘) < 2™, Without loss of generality, we assume that
the number of j;,1 < i < |ul, with wal(k:i ,sif_fé) = —1 is odd. Then, from
Lemma 2, the number of j;,1 < i < |u|, with Wal(k(m, ;jr)€+2m ) = —11is

even because |u| is odd. Thus, the proof is complete. O

Note that I(¢y,m) = 0 for any v # () and m > 1. From Lemma 3, it follows that
the integration error ey of ¢, ., with |u| odd for any sequence s,,n =0,1, ...,
in G, is given by

1 V=L 1 N2 min(2™1, N
€N<Sn7¢um = | xF Z (bum - ‘NTL:NZ_N ¢u,m(sn) S (T),
where N,, is the residue of N modulo 2™.
We are now ready to prove Theorem 5.
1 N-1 1 N-1
exton f) = 32 750 = 100 = | E (7650 -
n=0 n=0
1 N-1 0o |
= N Z Z Cu,m(bu,m(sn) < Z Z Z ¢um Sn
n=0 1<|u|<d m=1 1<u|<d m=1
|u| is odd |u| is odd
1 (o]
<— > D |eum|min(2™ 1 N).
N 1<|u|<d m=1
|u| is odd
Thus, the proof is complete.
We should notice that a sequence s,,n = 1,2,..., in &, is distributed in

the sub-domain |55, 57—|¢ when n is a multiple of 2™~ but not of 2™ for

some m > 1. Therefore, high-discrepancy sequences employed in the above
are essentially non-uniform because they are distributed in only a part of the

diagonal domain [0, 5] U[3, 1]%.



3 Discussion

For a function f(xi,...,x,) which satisfies

/[0 1)d f(xl’ e xd)dl’l...dxd

= 2771 / f(z1, ..y xg)dey...dxg + fx1, .., xq)dxy...dxy |,
[0,5]¢ [5.1]¢

there are three approaches to its numerical integration when the dimension d

is large.

e Monte Carlo methods: We have two types of Monte Carlo methods: uniform
random sampling over the whole domain [0, 1]? or over two sub-domains,
[0, 2] and [£,1]%. For both cases, the convergence rate is O(N~1/2).

e Quasi-Monte Carlo or low-discrepancy methods: This approach provides the
convergence rate O((log N)4)/N) for functions of bounded variation [1,4-7].

e High-discrepancy methods: There are two types of high-discrepancy meth-
ods: The first type is to apply low-discrepancy sequences to each of the two
sub-domains, [0, 1]? and [3,1]¢, as the whole domain. The class of (oo, d)-
sequences introduced in Proposition 1 can be used for such purpose. In this
case, we get the convegence rate O((log N)?)/N) for functions of bounded
variation. Note that this type is closely related to Hlawka-Miick approach
[2]. The second type uses essentially non-uniform sequences such as the class
GS4. For the particular case of §4, we have shown the O(N~!) convergence
rate, which is better than Monte Carlo and quasi-Monte Carlo methods.
However, at least at present, nothing is known for functions besides .

An important consequence from our result is that the “low-discrepancy” ap-
proach is not the only way for accelerating the computation of high dimen-
sional numerical integration. If one considers a class of functions for which
the uniform distribution is not a necessary condition to satisfy the equation
(1), there is a possibility to develop faster algorithms based on the “high-
discrepancy” approach than Monte Carlo and/or quasi-Monte Carlo (low-
discrepancy) methods. There are several applications in practice involving
a class of functions in high dimensions which are localized in a very limited
domain. Commonly, we have used the so-called importance sampling tech-
niques including Markov Chain Monte Carlo (MCMC) methods for these ap-
plications. Unfortunately, all Monte Carlo techniques suffer from the slow
convergence rate O(N~Y/2), while our high discrepancy approach, which is
deterministic, has a potential of the convergence rate O(N~1). Therefore, we
can consider the high-discrepancy approach as a possible alternative. However,
there are many topics to be explored in this new area.
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