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Uniform convergence of hypergeometric series

Raimundas Vidunas*

The considered problem is uniform convergence of sequences of hypergeometric series. To
determine uniform convergence, we use the Weierstrass M-test: uniformly dominated conver-
gence implies uniform convergence. We give necessary and sufficient conditions for uniformly
dominated convergence of proper sequences of hypergeometric series. These conditions can
be checked algorithmically.

1 Introduction

In this paper we study uniform convergence of sequences of hypergeometric series. We
consider the sequences U(n) = >~ u(n, k) of hypergeometric series such that u(n, k) is
a proper hypergeometric term in n,k. We refer to these sequences as proper sequences of
hypergeometric series. We assume that the individual series U (n) are non-terminating for
large enough n. The underlying field is the complex numbers.

Recall [AP02] that a bivariate sequence u(n, k) is a hypergeometric term if both quotients
u(n+ 1,k)/u(n, k) and u(n, k + 1)/u(n, k) can be realized as rational functions of n, k.

A bivariate sequence u(n, k) is a proper term if there exist: non-negative integers p, ¢; com-
plex constants &, 0; by, ..., by; di,...,dg; integers aq, ..., 0 Bi, ... Bp; Vs Vgl 01y - -, 04
and a polynomial P(n, k) such that

(b1>a1n+ﬁ1k (bp)a n+06p k k
uln, k) = Pln, k L 1.1
( ) ( ) (d1)71n+61k T (dq)fyq n—+d, k k! 5 ( )

*Primarily supported by NWO, project number 613-06-565. Also supported by the ESF NOG project,
and the 21 Century COE Programme ”Development of Dynamic Mathematics with High Functionality” of
the Ministry of Education, Culture, Sports, Science and Technology of Japan.



where (a),, is the Pochhammer symbol:

ala+1)---(a+m—1), if m>0,
(@) = 1, ifm=0, (1.2)
1/(a=1) - (a—|m]), ifm<0.

For those n, k for which (1.1) is undefined due to division by 0, we set u(n, k) = 0.

A bivariate sequence u(n, k) is holonomic if the generating function > -, u(n, k) z"y*
and all its partial derivatives generate a finite-dimensional vector space over the field of
rational functions in z,y.

Proper terms are hypergeometric and holonomic [AP02, Theorem 3]. Since our coefficient
field is algebraically closed, any holonomic hypergeometric term is conjugate to a proper term
[AP02, Theorem 14]. This means, the quotients u(n + 1,k)/u(n, k) and u(n,k + 1)/u(n, k)
can be realized by rational functions f(n, k), g(n, k), respectively, which would also satisfy
u(n+1,k) = f(n,k)u(n, k) and w(n,k + 1) = g(n, k) u(n, k) for some proper term u(n, k).

If a term u(n,k) is holonomic, then it satisfies difference equations (in one or both
variables) whose coefficients are dependent only on n [PWZ, Chapter 4]. If the term u(n, k)
is proper, and for any n the sum U(n) = 3 ;- u(n, k) is terminating, Zeilberger’s algorithm
gives a recurrence relation with respect to n for U(n). The crucial step in Zeilberger’s
algorithm is to derive a recurrence relation

L(n)u(n,k) = R(n,k+1) — R(n, k), (1.3)

where L(n) is a linear difference operator with coefficients in n only, and R(n, k) is a hy-
pergeometric term. The linear recurrence is derived by summing (1.3) over all k; the right
hand-side simplifies due to telescoping summation.

When generalizing Zeilberger’s algorithm to non-terminating hypergeometric series, one
needs to make sure that the series U(n) = > ;- u(n, k) converges uniformly, so to justify
manipulation of (1.3). This paper gives criteria to decide uniform convergence of U(n).
In [VKO02| these criteria are used for the Zeilberger type algorithms for non-terminating
hypergeometric series.

2 Basic preliminary results

Throughout the paper, let Z, denote the set of non-negative integers. We make the conven-
tion that 0° = 1, which is the proper continuous limit of the function |z|*.



As the criterium for uniform convergence of function series, we use the Weierstrass M-test
formulated here below. (We apply it with £ = Z,..)

Lemma 2.1 Let fo(z), fi(x), fo(x),. .. be a sequence of complex valued functions from a set
E. If there exists a sequence Mo, My, My, ... of real constants such that | f;(z)| < M; for any
x € E and all j € Z, and the series " M; converges, then the function series 3 7 f;(x)
converges uniformly on E.

We refer to a function series that satisfies the sufficient condition of this criterium as a
uniformly dominated convergent series. In plain terms, the condition is that the series is
uniformly bounded (or majorated) by an absolutely convergent series.

The main result of this paper is the sufficient and necessary conditions for uniformly
dominated convergence of proper sequences of hypergeometric series. We present this result
in Section 6. In the current Section, we present the main technical Lemma that we use to
determine uniformly dominanted convergence, and provide a few asymptotic expressions for
the gamma function. In Section 3 we provide a few other intermediate results. In Sections
4 and 5 we specify the form of hypergeometric series under consideration, and define the
notation we use.

The following Lemma gives us a strategy to determine uniformly dominated convergence
of sequences of non-terminating hypergeometric series.

Lemma 2.2 Let u(n, k) denote a hypergeometric term in n,k. We assume that the hy-
pergeometric series U(n) = Y- u(n, k) is non-terminating for large enough n. The series
sequence U(n) is uniformly dominated convergent if and only if the following conditions hold:

(a) For any n > 0, the series U(n) converges absolutely.
b) The termuwise limit > o lim,_.o u(n, k) exists and converges absolutely.
k=0 g Y

(c) For any function N : Z, — Z such that N(k) ~ Co kP for some real p > 1 and Cy,
the series Y po o u(N(k), k) converges absolutely.

(d) For any function N : Zy — Z such that N(k) ~ Co kP for some real p € (0,1) and
Co, the series Y po o u(N(k), k) converges absolutely.

(e) For any function N : Z, — Z, such that N(k) = Xk + w(k), with w(k) = O(1) or
w(k) ~ Cok? for some real p € (0,1), Cy, and X > 0, the series >, u(N(k), k)
converges absolutely.



Proof. We may assume that the series U(n) actually depend on n. The conditions are
necessary because an uniformly bounding series would be a majorant for the indicated series
as well.

To prove the sufficiency, let z(k) = sup,,~ |u(n, k)|. Then the series >, z(k) is a precise
uniform majorant for 2(n). The series sequence U(n) is uniformly dominant convergent if
and only if the series .-, z(k) converges.

Let h(v, k) be the rational function of two complex variables equal to u(v + 1, k) /u(v, k)
for positive integer values of v and k. Note that h(v, k) is non-zero and well-defined for
positive integers x and large enough integers v, because u(n, k) = 0 would imply that the
hypergeometric series are terminating or undefined for large enough n. The function h(v, k)
may be complex valued, but the variables v, x are assumed to be real.

For each non-negative integer k, we have that either z(k) = lim,, ., |u(n, k)|, or

z(k) = |u(no, k)| and |h(ng, k)| < 1, |h(ng — 1, k)| > 1 for some integer ng.

In the later case, the rational function |h(v, k)| of v (with k fixed) has either a pole on the
interval v € [ng—1,ng|, or it is continuous and therefore achieves the value 1 on the same
interval.

Let /ﬁ(V, k) be the denominator of |h(v, k)|. Since the series U(n) are not the same for
all n, we have that |h(v, k)| is not a constant function of v for all large enough k. Let
V1(K), ..., Um(K) be the positive real algebraic functions, which are solutions of the algebraic
equations |h(v, k)| =1, ﬁ(l/, k) = 0, and are defined for large enough . For j = 1,...,m,
let N;(k) be the integer-valued function

), (L)) < 1.
k)= { (), i [l (R)), B)] > 1

All these functions satisfy the assumption of one of the last three conditions. For large enough
k, the candidates for z(k) are |u(0, k)|, lim, o |u(n, k)|, and |u(N;(k), k)| for j =1,...,m.
Note that each N;(k) is either bounded and we can apply condition (a), or we can apply
one of the conditions (¢)-(e). The sum of all candidates gives a series which is a uniform
majorant for U(n). QED.

We will use the following asymptotic expressions for the gamma function. It will be con-
venient for us to uniformize all gamma expressions with a linear argument in m — oo to
expressions with the only one gamma value I'(m). Some corollaries are formulated with
lesser generality than possible, so to indicate their application more stressfully.
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Lemma 2.3 Let A be a real number, and let £ € C.

o [f A >0 then
F(Am+10) ~ (27)% A2 g p\Am I'(m)* as real m — oo. (2.1)

o I[fA<O0,l&Z, and m runs through a set of real numbers such that Am € Z, then

271_)% |)\|1€—1/2

FAm+6) ~ ( 2 sin(7/)

mitiT I'(m)* as m — oo. (2.2)

Proof. The first statement follows from Stirling’s asymptotic formula [AAR99, Theorem
1.4.1]:

C(Am +0) V271 (Am 4 OXHEL2 exp(—Am — ()

Dim} 7 @r) 2 mAm exp(—Am)
—1/2 Am
N (27)% )\Am+e_1/2 mH% 1+L / 1+L exp(—@).
Am Am
Note that

(—1/2 / Am
nli_r)noo (H—m) =1 and lim (14—%) = exp(/).

m—00

Formula (2.1) follows.
To prove the second statement we use Euler’s reflection formula [AAR99, Theorem 1.2.1]:

(1) 7 1
I'(A () = . 2.
(Am+0) sintl T (|[A\m+1-1) (2:3)
Now we apply the first statement to I' (|A|m + 1—¢) and obtain (2.2). QED.

Corollary 2.4 Let A be a nonzero real number, and let £ € C. We assume that m runs
through a set of real numbers such that Am is an integer. If A < 0 then we additionally
assume that ¢ & 7. Under these assumptions there is a constant Cy € C such that

TAm+0) ~ Com ™z ™ T(m) (2.4)

as m — oQ.



Corollary 2.5 Let A\, N be integers, and let £ € C. We assume that X # 0. If A < 0 we
additionally assume that { & Z. Then, as integer m — oo,

TAm+N+0) ~ Co2m) 2 |ATV2AN mf 7 D(m), (2.5)

where 1, i A>0
a={ 26)
Proof. For A < 0, the simplification is [A\|Y/sin7w (¢ + N) = AV /sin 7. QED.

3 Other preliminary results

Here we continue with more asymptotic formulas for the gamma function and Pochhammer
symbols. Lemma 3.7 is used only in the auxiliary Section 8.
We introduce the following function:

O(x) = ! —; ° log(1+x) — 1. (3.1)

Lemma 3.1 Let w(m) denote a real-valued function defined for large enough m € R, such
that w(m) = o(m) as m — oo. Then

w(m)

rm +w(m)) ~ 1= exp (m) (X)) Tm) a5 oo (32)

Proof. By Stirling’s asymptotic formula:

Tm+wim))  (m+w(m))rrm-12

o ) expl o)
wlm m+w(m)—1/2
~ mem (1 + %) exp(—w(m))

~ m™ exp ((m +w(m)) log (1 + @) - w(m)) . (3.3)

The result follows. QED.



Corollary 3.2 Let w(m) denote a real-valued function defined for large enough m € R, such
that w(m) = o(m) as m — oo. Then

L(m +w(m)) ~ m“™ exp (Z (‘.1)#1 wm)? H) L(m). (3.4)

=0+

Proof. On the interval x € (—1,1) we have

© 1 J+r
Z ) (3.5)
j:1
QED.
As a direct consequence, we obtain the following well known asymptotics:
r 14
() = % ~ mf, as  m — o0 (¢ e C). (3.6)

Lemma 3.3 Let A be a nonzero real number, and let ¢ € C. If A < 0 we additionally assume
that £ ¢ Z. Let N = N(m) denote a function N : Zy — Z, such that N(m) — Am = o(m)
as m — oo. Let w(m) denote the difference N(m) — Am. Then there is a constant C; € C
such that

(0) Ny ~ C1 mitT AN ) exp (w(m) @<M>) L'(m)* as m —oo. (3.7)

Am

Proof. We have N(m) = Am +w(m) and (¢)y =T'(N + £)/T'(¢). Applying Corollary 2.4,
FAm+w(m)+4¢) = T ()\ (m+ @) —I—E)
A
~ CO m€+(/\—1)/2 )\)\m—i—w(m) F(m + w<m)> )
A

Then we apply Lemma 3.2 to the last factor. QED.

Corollary 3.4 Let A be a nonzero integer, and let ¢ € C. If A < 0, we assume that { & 7.
Let w(m) denote a function w : Z, — Z such that w(m) = o(m) as m — oo. Then there is
a constant Cy € C such that

(A1 4+ 0)ymy ~ Co A2 M=) exp <w(m) C) <Lm))> as m — oo. (3.8)

Am



Proof. We have (Am + ), = F(Am+w(m) 4+ £)/I'(Am+£). Lemma 3.3 can be applied
to the numerator and the denominator. QED.

Lemma 3.5 Let A be a non-zero integer, and let £ € C. If X\ < 0, we assume that { ¢ 7. Let
w(m) denote a function w : Z, — R such that A\w(m) € Z whenever m € Z,. We assume
that w(m) approaches +00, —oo or a finite limit as m — oco. Let us denote

1, if w(m) — +oo or bounded as m — oo,
£ = . (3.9)
-1, ifw(m) — —oo as m — oo,
Then there is a constant Cy € C such that
(Orwimy ~ Colw(m)| =272 (X)) T (|w(m)|) (3.10)

Proof. When w(m) — 400, by Corollary 2.4 we have
T(Aw(m) + ) ~ Cow(m)™ 2 M) T(w(m)) .
When w(m) — —oo, we apply Corollary 2.4 to I'(=\ |w(m)| 4+ £). The result is
A1

T(Aw(m) + ) ~ Co w(m)[=% (=1 0 T(jw(m)|)™.

The Pochhammer symbol grows accordingly. If w(m) is bounded or approaching a finite
limit, so is the Pochhammer symbol. QED.

Lemma 3.6 Let Z = Z]O'io v; be a series, o be a positive real number, and let

1 )
w@):fgﬂd for j=0,1,2,....
jQ
o Iflim; .o w(j) = —o0 orlim; . supw(j) < 0, then the series Z converges absolutely.

o Iflim; . supw(j)=o00 orlim; . supw(j) > 0, then the series Z diverges.

Proof. The case p = 11is equivalent to the standard convergence criteria involving lim sup |v; REE
see [Rud74]. To prove the first statement in general, we choose a positive real number K
such that w(j) < —K for large enough j. Then log |v;| < —Kj¢ < —2 log j for large enough
j. Therefore a tail of the series Z can be majorated by >_ 772, so converges absolutely.

To prove the second statement we choose a positive real K such that w(j) > K for large
enough j. Then log |v;| > Kj2, so v; is unbounded. Hence the series Z diverges. QED.



Lemma 3.7 Let a,b,p be real numbers. Assume that a > 0 and 0 < p < 1. Consider the
sequence v; = (aj + b) p’, with j = 0,1,2,.... Then

b
if > 2 .

Vjt1 < Uj

Proof. A straightforward computation. QED.

4 Notation

We start with a hypergeometric term represented as in (1.1):

(bl)a1n+ﬁ1k (bp)a n+8p k k
u\n, ]f = P n, kj P P ne ) 41
( ) ( ) (dl)mn-i-(slk . (dr)'yq ety k k! 6 ( )

We can assume that:
o Fori=1,...,p,either 3; >0o0r 3; =0, a; > 0.
e Fori=1,...,q, either 6; >0 or d; =0, v; > 0.

e The b;’s and d;’s are not zero or negative integers. For those indices 4 for which o;; < 0
or v; < 0 we require that the respective b; or d; is not an integer.

Under these conditions, the series U(n) = >~ u(n, k) is well defined and non-terminating
for large enough n. Note that we allow P(n,k) to have linear factors in n, k, so possibly
P(n, k) =0 for infinitely many integer pairs (n, k).

We will introduce a lot of notation for the expressions we need to check in order to
determine uniformly dominant convergence for the series U(n). All of this notation is much
less complicated if the hypergeometric series is written in the canonical form

z) : (4.2)

where H(n) is a hypergeometric term dependant on n only. Written in the general form
(4.1), hypergeometric term (1.1) has the expression

a+ain, ..., a;+agn
CLtMNn, ooy Gt

Hin) F(

(c)mn = (&)yon (a)arntk = (as)agntk &
H(n) (@)arn - (@)aen (@ omir (@ )mn (4.3)
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In the other direction, the canonical form is easily achieved if the polynomial P(n, k) factors
nicely into linear factors, and all nonzero 3;’s and ¢;’s are equal to 1. If some (3; (or similarly,
7;) is greater than 1, then that single Pochhammer symbol gives (3; upper parameters in the
canonical form by the formula

= (8) () () »

Then several ;s in the canonical form may be rational numbers with the denominator 3;.
As an exercise, one may reformulate the notation and main result for the canonical form
(4.2). Eventually, typical asymptotic expressions we have to consider have the form like

~ TR T (n) 58 28 ¢ ko™ s exp (k; D (%)) . (4.5)
The variables in (4.8)—(4.9) appear in the powers of I'(k) and I'(n); the expressions in (4.10)—
(4.14), (4.18)—(4.19) and (4.24) appear in the powers of k and n; the expressions in (5.1)—(5.3)
appear with the exponents of k and n; the functions in (5.13)—(5.15) appear in the additional
exponent.
For those j with, respectively, 5; # 0 or 0, # 0 (hence positive) we introduce

N —1 N 0; —1
a; = bj + ﬁ] s Cj = dj + J . (46)
2 2
For those j with, respectively, a; # 0 or ; # 0 we set
~ i—1 - —1
a; = bj + % ) Cj = dj + REi . (47)
2 2
Let us also introduce the following notation:
p q
s=D 0, =)0 s=) B T=) 0 (4.8)
j=1 i=1 a;#0 v;#0
p q B B
S:Zajv RZZVJ? S:Zaja R:Zf}lj (49)
J=1 i=1 B0 3;70

In the last two sums, we imply the summation range of all 3;’s or 7,’s for which «; # 0,
v; # 0, respectively. In the rest of the paper, summation or product ranges are implied
by the range of definition of involved variables and by indicated conditions. For example,

10



Zajzo a; is a summation over those j for which 3; > 0 and «; = 0. With this convention

we define:

Ay = Zaj—z/c\j—l—deng(n,k),
Ay, = > a;— Y ¢ +deg, P(n,k),

Ay = ) a;— Y T+ deg, Qk),
0

aj:O Y=

Al - Zaj _Z/C\j + Zaﬂ - ZE] +deg{n,k} P(n7k>7
3=0

5;=0

J
A = DA, =Y G+ a— & +degp,y P(n, k).
73 =0

a;=0

In (4.12), we denote

Q(k) := the leading coefficient of P(n, k) with respect to n.

Thus Q(k) is a polynomial in k.
Now we define the function

o(p) = max (deg, f+pdeg,f).

f:a monomial
of P(n,k)

(4.10)
(4.11)

(4.12)
(4.13)

(4.14)

(4.15)

(4.16)

Therefore p(p) is the degree of the polynomial P(n, k) if we give the weight 1 to the variable

k and the weight p > 0 to the variable n. We have the following properties.

Lemma 4.1 (i) For a function N(k) : Z, — R such that N(k) ~ Co kP as k — oo for
some non-zero constant Cy and real p > 0, we have P(N, k) = O(k¥®). For a general
such function N(k), there is a non-zero constant Cy such that P(N,k) ~ Cy k¥®).

(ii) The function ¢(p) is a continuous piecewise linear function on the real interval [0, 00),
monotone non-decreasing. The linear slope of p(p) can only increase as p increases,

as well.

(iii) For large enough p, we have p(p) = p deg, P(n, k) + deg, Q(k).

Proof. The first part is clear; its second statement holds with general C for any fixed p.

11



Let P denote the Newton polygon of P(n, k), that is, the convex hull in R? of all half-lines
from (C, D) to (C, —oc0) and (—o0, D) for each monomial kmP of P(n, k). Let {(C;, D;)}™,
be the sequence of the vertices of P, ordered by increasing D;. Then

D1p+01, 1f0<p< Cl

Dy

o(p) = Dip+C;, forl <i<m and %Cl <p< gMCHB , (4.17)
Dpp + Cy, if p > gtz
The last two claims follow. QED.

Consequently, we introduce the two functions:

Golp) = D a—Y G+ D a-D & |pr+eb) (4.18)

8;=0 8;=0
Vaolp) = D @ — ) G+ (Zﬁj—zgj)p+w(p)- (4.19)

We will consider ¢y(p) on the interval [0, 1], and the function 1 (p) on the interval [1, c0).
We have the following properties.

Lemma 4.2 (i) The real parts of ¥o(p) and Vs (p) are continuous piecewise linear func-
tions on the real interval [0,00). Their linear slopes can only increase as p increases.

(i) On any interval [A, B] C [0,00), the real parts of ¥(p) and ¥*(p) achieve their maxi-
mum on [A, B] at an end point, A or B.

(11i) Let (A, B) be a subinterval [0,00), so possibly B = oo. If the linear slope of Re 1y(p)
or Re ¥ (p) is zero or negative as p — B from the left, then the supremum of Re 1y(p)
or Re oo (p) on (A, B) is approached as p — A.

() ¥o(0) = Ao, Yo(1) = A1, and Yoo (1) = A7.
(v) For large enough p, we have Vo (p) = p A%, + A§.

Proof. The first part follows from Lemma 4.1 (i7). Since the slopes can only increase, on
each interval [A, B] the real parts of ¢y(p) and 1 (p) are either monotone functions, or there
is one locally extremal value inside the interval and that value is a local minimum. This

12



shows the second part. In part (%ii), the function Re ¢y(p) or Re 1 (p) does not increase
on (A, B). The last two parts are straightforward. QED.

(2,01
0=17_2 A ’ 4.20
{aj aj;éOU Vi ;70 ( )

and the family of polynomials

Let us define the set

Pi(n, k) := P(A\k +n,k). (4.21)

We assume that the polynomial P}(n, k) is expanded whenever we implicitly use it for some
A. Similarly as in (4.16), we define the family of functions

Pilp) = max - (degy f+pdeg, f). (4.22)
“of P} (n,k)

We may need to consider these functions on the interval p € [0, 1].
Lemma 4.3 (i) We have 5(1) = ¢(1), and ¢x(p) < (1) for p € [0,1]. If
deg, P(Ak, k) = degy,, 1, P(n, k), (4.23)

then 5 (p) = ¢(1) for any p € [0,1].

(ii) The function ©}(p) is a continuous piecewise linear function on the real interval [0, 1],
monotone non-decreasing. The linear slope of ©(p) can only increase as p increases,
as well.

(111) Let N(k) : Z, — R denote a function such that N(k) ~ XNk + Cok? as k — oo for
some non-zero constants Cy # 0, X # 0 and p € [0,1). Then P(N,k) ~ C1k¥3®) for
some non-zero constant C.

Proof. TFor the first part, note that degy, , PX(Ak, k) = degy, ;y P(n, k). If (4.23) is
satisfied, then the coefficient of P}(n, k) to k#(") is non-zero. (Non-generically, we may have
degy, P(Ak, k) < degy, 1y P(n,k).)

The other two parts follow similarly as parts (i) and (i) of Lemma 4.1, respectively. QED.
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We introduce a variation of 1y(p) as well:

GOSN CEE RS (@+%)+ﬂ_206j— Z

Otj)\‘f’,gj?éo ’Yj)\+(5j7£0 5]':0
X Gi-a) - X (d-3) |p+ G (4.24)
Ozj)\+/6j=0 'Yj)‘+5j:0

Note that the linear coefficient to p is zero if \ & Q.
Lemma 4.4 (i) For generic A, the function ¥X(p) is a constant:

S—R s—7
Pi(p) = A1+T_A* 5 (4.25)

(ii) For any X, the real part of 3 (p) is a continuous piecewise linear function on the real
interval [0,1]. Its linear slope can only increase as p increases.

(111) On any interval [A, B] C [0, 1], the real part of ¥X(p) achieve its mazimum on [A, B]
at an end point, A or B. If the linear slope of Re ¥}(p) is zero or negative as p — B
from the left, then the supremum of Re ¥3(p) on (A, B) is approached as p — A.

Proof. In the first part, the generic A are those A ¢ € which satisfy (4.23). Other two parts
follow similarly as parts (7)-(%ii) of Lemma 4.2. QED.

5 Further notation

The notation of the previous Section adds up the the parameters o, 3;,7;,0;,b;,d;. Here
we introduce some "multiplicative” notation. Recall the convention 0° = 1.

We introduce the following constants:

i /6] ﬁj
H 66 Haﬁéo j Ha] =0 ﬁ Haj;éo Oéj
20 = 6 s 21 =0 5, Zoo :9—6]7 (51)
H 0y [T, I1,-0 53‘ IT,,207;

I1 O‘?J Hﬁ #0 ﬂ Hg =
= -, ] ] 5.2
©=¢ HV}J o= Ha #£0 ] H5 =07 52)
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Besides, we define the function

[118; + ayt]iteit
L1165+ttt

g(t) = 011¢/" (5.3)

We have the following properties of g(t).

Lemma 5.1 (i) The function g(t) is continuous on the whole real axis. It can be expressed

as follows:
| Bitegt
g(t) = |21 1Go T (5.4)
H’Yﬁéo ‘ t+ #
(i) g(t) is continuously differentiable on R\ ({0} UQ), and
y() 116, + el
= S—R) =—"7— 5.5
P €] exp( ) e (5.5)
Haﬁéo ’ t+ g_j ]
= |¢ol exp(S = R) 7 (5.6)

&
HVﬁéO ‘t—i_ #

(i4i) A point X € {0} U{—=0;/c;}a,20 U {—=0;/7j}y,+0 is a genuine point of discontinuity of
the derivative ¢'(t) if and only if Z,Bj+a]-,\:0 a; # 25#7],)\:0 v;. If this is the case, then
the tangent line to g(t) approaches the vertical line as t — .

(i) g(0) = |zol.
(v) g(t) ~ |z1] exp(38 = 7) ol t T as t — co.

Proof. Consider the function

o= { ¥ o2 o

We can write f(x) = exp(z log|z|) for non-zero x. It is a standard analysis exercise that f(z)
is a continuous function. Since f'(x)= (1+ log|z|) f(x), the function f(z) is continuously
differentiable on R \ {0}. Expressions (5.4)—(5.6) routinely follow.

15



For part (i), we compute that as t — A,

g0
P 13

Hﬂj—i—aj)\?ﬁo |5J + aj)‘|aj Hﬂj‘*'aj)‘zo ’Oéj,aj
H6j+’7j)‘?é0 ‘5j + f)/j/\hj H5j+“/j>\=0 thj
x|t — )\|E@a’+%*:° @ =28 49020 V7

Hence, as t — A,

gt)~ | Co+ Z aj — Z vi | log |t — Al'| g(\)

Bj+0; A=0 847 A=0

for a constant Cy. Part (44i) is evident.

exp(S — R)

Part (iv) is obvious. To show the asymptotic expression of part (v), we use (5.4) to derive

ajt

8;
Haj;ﬁo ‘1 + o5

ajt

g(t) = [z G| ¢S HT 7

i
H%‘#O ‘1 - v5t
Whether A > 0 or A < 0, we have (1+ %)At — exp(f) as t — oo.

For completeness, one can compute that

exp L (6 exp(§ — R) t5-9-(R)  aep 1o

~ |G| exp(S — R) t°7F as t — oo.

The first expression is a special case of (5.8).
At the last, we introduce the family of functions

2 2
s x Vi
CI))\(.T) = J — J
ajx%;éo e + oA+ 3 a0 1T T %A +9;
In particular,
EED PE L g L
o(x) = _— — —_—
o T + 53, 570 1% +9;

(5.10)

QED.

(5.11)

(5.12)

(5.13)

(5.14)



We also introduce
2
S e S
@z + a; ) 0, +

(5.15)

This is almost all notation we will need to describe the constants we have to check to
determine uniformly dominated convergence of U(n).

6 The main result

Our main result is the following.

Theorem 6.1 The series U(n) = ), u(n, k) is uniformly bounded by an absolutely conver-
gent series only if the following restrictions are satisfied:

(i) s<r+1and S <R.
(ii) If s =1+ 1 then one of the following two conditions must hold:
o |z < 1.
e |20] =1, Redy < 0 and S < R.
(111) If S = R then one of the following three conditions must hold:
Gl < 1.

o [(o] =1, ReAr, <0 ands<r.
o (=1, A =0ands<r.

These conditions are sufficient for uniformly dominated convergence if s <r+1 or S < R.
Otherwise, that is when

s=r+1 and S =R, (6.1)
the series U(n) are bounded by an absolutely convergent series if and only if:

(iv) g(t) <1 forallt > 0.
(v) For those t > 0 which satisfy g(t) = 1, we have Re¢;(0) <0,

S o= Y (6.2)

o;t+55;=0 vjt+6;=0

and one of the following two conditions holds:

17



o O;(z) =0; and Reyy(1) <0

o O)(z) = vpx™+0(x™ ) around x = 0, where m is a positive odd integer, v, < 0;

and Re ¢ (-25) < 0.

(vi) If |20| = 1 and S = R, then one of the following conditions holds:

o |C1| < 1.
o |(1| =1; Po(z) =0; and Re A; < 0.

o 1| =1; Do(x) = vyz™ + O(x™ 1) around x = 0 for some positive integer m and
negative real v,,; and Re ¢0(mi+1) < 0.

(vii) If |(o| =1 and § = T, then one of the following conditions holds:

° |2’1’ < 1.
o |z =1; Oo(2z) =0; and Re A} < 0.
o |21] =1; D (z) =0; Re A} = 0; and either Re AZ, < 0 or

degy, 1y P(n, k) > deg, P(n, k) + deg; Q(k). (6.3)

o 2] = 1; Oo(x) = v@™ + O(x™Y) around x = 0 for some positive integer m
and negative real v,,; Re @/Joo(m;lrl) < 0; and if AL, =0 then Re Aj < 0.

If these conditions are satisfied, then the limit series lim,, ... U(n) is equal to:
o IfS<R, || <1orReA: <0, then 0.
e [fS=R, (=1, A5, =0 and s <, then HyQ(0).
o [fS=R, (=1, A, =0 and s =7, then

lim U(n) = Hy ZQ M i (6.4)

n—00 (d )6jk ik

where Hy is the following constant:

10y bj— . 2sin md;
ot bj) o |%| -3 11, <0251n7rb

18



We prove this Theorem in the following Section.

Here we make a few comments. We reformulate some conditions, or indicate some possible
or typically effective simplifications. We keep some redundancy in notation or formulation to
make the proof more smooth, or to make non-typical complications better understandable.

e Condition (6.3) means that among the monomials of P(n, k) of the highest degree in
n, k there are no monomials of the highest degree in n. Recall that Q(k) is defined in
(4.15).

e Equality (6.2) is trivially satisfied if ¢ & Q. Recall that the set € is defined in (4.20).

e Let B denote the constant implied in (4.25). If ¢t & Q, then the function ¢} (p) in
condition (v) is rather simple:

Vi(p) = Br — (1) + ¢i(p). (6.6)

From part (i) of Lemma 4.3 it follows that ¢} (p) < By for p € [0, 1], and ¥ (1) = By.
For generic p we have ¢f(p) = By for p € [0,1].

Ift ¢ Q, g(t) =1and &(x) = 0, the condition (v) can be replaced by the following
restriction: either Re By < 0, or Re By = 0 and degy, P(tk, k) < degy, ;y P(n, k). If we
can apply this simpler restriction to at least one ¢ ¢ (), then the points t &€ 2 with
g(t) =1, ®,(z) # 0 can only strengthen Re B; = 0 to Re B; < 0 and add conditions
on ¢,(z).

e In definition (4.24) of ¥;(p), we can replace the summations of b; — 1, d; — 5 by
respective summations of a@;, ¢;, because these summations are relevant only when
(6.2) holds. We can also replace these summations by respective summations of @;, ¢;,
because condition (6.2) is equivalent to >5, 5 05 = 2., 145095

e All conditions of Theorem 6.1 can be checked algorithmically. The only less straight-
forward part is checking the condition g(t) < 1 for ¢ > 0, and identifying the points
with g(¢) = 1. We consider this issue in Section 8.

e Suppose that the polynomial P(n, k) has a linear factor &n—l—gkjtf with a, 5 € Z. The
linear factor can be expressed as € (¢ + 1);, 5 /(0), g Notice that all conditions,
in particular (v), are stable if we rewrite expression (4.1) of u(n, k) by replacing in
P(n, k) the linear factor by the constant ¢, and appending the two Pochhammer terms
to the products of p and ¢ Pochhammer symbols.
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e The polynomial Q(k) occurs only in (6.3) and in the expressions for lim,, . U(n). The
constant z., occurs only in (6.4). The constants Aj occurs in the last case of condition
(vii). The set Q2 does not explicitly appear in the formulater Theorem.

e Notice that Hy =[], ., I'(d;)/ I 1., 20 L(b;) is all nonzero a’s, 7;’s are equal to 1.

7 Proof of the main theorem

Here we prove Theorem 6.1. The strategy is outlined by Lemma 2.2.

With our notation and summation/product conventions, we may split the hypergeometric
summand wu(n, k) in the following ways. Firstly, we can switch to variables in (4.6)—(4.7) as
follows:

~ 1—ay ~ 1-0;
Hﬂjzo (a] _I_ 2 J) H <a] + Tj)ﬁ] k+o¢jn ek

G enP(n, k —. 7.1
[0 (& +5%) s )n(@#;‘” e

Alternatively, we can split the Pochhammer symbols in other wa and obtain the following
expression for u(n, k):

~  l-qy ~ 1= ~ | 15
H(a]+ 2 )a-n Haj?éo <aj+ 2 +a]n>ﬁk Haj:o <GJ+T>51€ Hk
0 {"Pk) — : — o (79
I1 <Cj + J) H7j¢o (Cj + =+ %’”) Hyj:o (Cj + ]>M ’

Note that here the first two terms do not depend on k, and the last two terms do not depend
on n. We will use these expressions in different cases of Lemma 2.2.

u(n, k) =

Vin )5]- k4vyin

vin S5k

Condition (a) of Lemma 2.2 is satisfied under the following necessary and sufficient
restrictions:

(al) s <r+1.
(a2) If s =r+ 1, then |z| < 1.
(a8) If s=r+1, |z| =1, then S < R and Re 4, < 0.

because for fixed general n we have

. . H 5@]’ k ok

w(n, k) ~ C(n)kdesr PR+ @ 4am) =3 @E+m) — (k)= P20 o (7.3)
[16; k!

~ O(n) K(SR) ntAo—1 bk p(gys=r=1, (7.4)
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Recall that k! = kI'(k). These conditions are general convergence conditions for hypergeo-
metric series; see [AAR99, Theorems 2.1.1-2].
For condition (b) of Lemma 2.2, we fix general k and use (7.2), Corollary 2.5:
u(n, k) ~  ndoen POLRIFL(a+55k) =2 (E+0k) HL?Y% [(n)= =2 gn
H ’Yj]
II a* Tla;=0 (aj + %) ok
o A0 75 7 ;i k

x Ho Q(k) =22 - k%ﬁ i (7.5)

H’Yj?éo 75 Hyjzo <Cj + = )5 v

J

Here Hy and Q(k) are the same as in (6.5), (4.15). The first line of the right-hand side can be
rewritten as n(®~")*¥+4% (2 T(n)S~E. The second line is independent of n. For the existence
of the termwise limit we first check whether u(n, k) is bounded as k — oo, and whether the
limit lim,, . u(n,0) exists:

(b1) S < R.

(b2) If S = R, then |{| < 1.

(b3) If S =R, |(o| =1, then s <7 and Re A%, < 0.

(b4) It S =R, |(o| =1, Re A%, =0, then ¢, = 1 and A% = 0.

Under these conditions the termwise limit lim,, . U (n) is the zero series if S < R, |(o| < 1
or Re A%, < 0. Otherwise condition (b4) applies. Then (recalling Lemma 2.5) the termwise
limit is Hy Q(0) if s < 7, and it is equal to (6.4) if s = 7. In these cases, asymptotics (7.5)
can be rewritten, up to a constant factor, as k4! 2F I'(k)*~"=—"~1 Additional conditions
for the convergence of the limit series are the following:

(b5) U S=R, (s =1,5s=7, A%, =0, then s <r+1.
(b6) It S=R,(=1,5=7, AL, =0, s =71+ 1, then |z| < 1.
(b7) It S=R,({=1,5=7, A%, =0,s=r+1, || =1, then Re A} < 0.

Now we check condition (¢) of Lemma 2.2. We assume that N = N (k) is an integer-
valued function such that N(k) ~ Cy kP as k — oo, with p > 1 and Cy > 0 real constants.
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Using formula (7.2), Corollaries 2.4 and 3.4 we get the following asymptotic expression as
k — oo:

[ey”
v; N
H'Yj]
Bk

6; k
H’YHAO %’] N

B G ik 5 s, O
Xl{jZaj:O J Z”/J:O J —H =0 ], P(k)zajZOB] Z’YJ:O(S] IR (76)
H (Séjk k"
1 =0"J

u(N, k) ~ Oy N=G—26 D(N)==2% ¢N P(N, k)

for some C; € R and
~ ﬁ] xXr (S].I'
Oo(z) = > 30 o > 60 ) (7.7)
;70 V70

We rearrange as

) . N 1
XP(N k‘) k(zaj_zEj)P'i'Zaj:oaj_Zyj:oEj_l. (78)

We compute that, as k — oo,

log [u(N, k)|
i

Nlog N — N
k

+(3-7) (log%Jrl) +log|z1| + o(1). (7.9)

= (S—R) +% log|Co| + (s—r—1) (logk — 1)

Note that log(N/k) ~ (p — 1) logk + O(1).

To investigate absolute convergence of > 7 s(N, k), we first look at formula (7.9) and
use Lemma 3.6 with o = 1. The series must converge absolutely for all relevant N = N (k).
The most subtle case is when the expression in (7.9) is o(1). Eventually we get the following
list of conditions:

(c1) S < R.
(¢2) It S = R, then [(y] < 1.
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(¢c3) It S =R, |(o| =1, then § <7 and s <r+ 1.
(64) IfS:R7 |C0|:1a 3:7"“1,5/:’7:, then |Zl| <1.

(c5) U S=R, || =1, s=r+1,5s=7,|z| =1, then Re A%, <0 and one of the following
conditions holds:

(c5A) ®oo(z) =0, and Re A7 < 0.

(c5B) ®oo(z) =0, Re A7 = 0, and either degy,, 1y P(n, k) > deg, P(n, k) + deg;, Q(k) or
Re A*, < 0.

(c5C) Do) = U™+ O(z™ 1) around z = 0 for some positive integer m and negative
real v,,, and Re woo(mTH) < 0.

Here we comment the case when the expression in (7.9) is o(1) as k — oo. Formula (7.8)
becomes then, for general N (k) by the first two parts of Lemma 4.1,

w(N, k) ~ Cy exp (k D (%)) o Yo @) =1 (7.10)

for some C; € R. To have convergence for large p, we must have Re A% < 0. If <T>oo =0
we must have Re . (p) < 0 for all p € (1,00). By part (ii) of Lemma 4.2, the real part
of ¥ (p) approaches its supremum with p — 1. The condition Re 1 (p) < 0 is ensured in
Case (c5A). The Case (¢5B) occurs when the supremum is not achieved inside the interval
(1,00). If D # 0, then the exponential factor in (7.10) is asymptotic to

exp (% kl_(p_l)m> . (7.11)
0

For p > mT“ then the exponential factor is asymptotically a constant. Then we must have
Rev(p) < 0 for all p € [mTH, oo); by part (iii) of Lemma 4.2 we have to check the value
Re ¥oo (mTH) If p < mT“ then the exponential factor determines convergence; the condition
on v,, follows from Lemma 3.6 with p =1— (p — 1) m.

Now we check condition (d) of Lemma 2.2. We assume that N(k) ~ CykP, where
p € (0,1) and Cy > 0 are real constants. Using formula (7.1), Corollary 2.4 and Lemma 3.3,
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we get the following asymptotic expression as k — oo:

N

Hﬂg:o a?J
N

Ha -0 7]

a;N B; k
Hﬁﬂéoﬁ 115 (Zﬁﬂéoo‘j_z%#o”)]v exp (N @ a

YN 9; k b ' k
00 11

u(]\]'7 k;) ~ Cl NZBjZOaj_ZéjZO Ej F(N)Eﬁj:o Oéj—z(;jzo vj SN

k
P(N, k) k> %=28 D (k)= Pim2 % (7.12)
where C; € R and
VT
- Lo () -Tve (%), (713
B;#0 870

We rearrange as

BN\ SR ~ (N
u(N, k) ~ Co (k)1 25 T(N)5—# (W) Y eXp(Nq)o(?))
< P(n, k) kA (208,08 )L (7.14)

We compute that

w = (s—r—1) (logk—1)+log|zo|+(S—R)%(p logk—1)
+ <§— é) %((1 —p)loghk +1) + % log |G| + o (K~'7) . (7.15)

The last two expressions can be conveniently compared with (7.8)—(7.9). Currently, & > N.
Like in the previous case, first we consider formula (7.15) and use Lemma 3.6 with ¢ = p.
We get a similiar set of conditions:

(d1) s <r+1.
(d2) If s =1+ 1 then |z| < 1.
(d3) If s =r +1, |z| =1, then S < R and S < R.

(df) fs=7r+1,|%|=1,S=R,S =R, then || < 1.
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(d5) f s=r+1, |z%|=1,S =R, S=R,|¢| =1, then Re 4y < 0 and one of the following
conditions holds:

(d5A) ®o(z) =0 and Re A; < 0.

(d5B) ®y(x) = vyz™ + O(z™ ) around z = 0 for some positive integer m and negative
real v,,, and Re ?ﬁo(mlﬂ) < 0.

In condition (d5), we may consider possibilities for Re Ay = 0, but this is unnecessary
because of condition (a8). In condition (d5A), the case Re A} = 0 ought to be supplemented
by conditions that Rey(p) # 0 for all p < 1; but this is obsolete, since if the linear slope
of Rey(p) immediately to the left of p = 1 is zero, then the supremum is approached with
p — 0 by part (i77) of Lemma 4.2.

The case when the expression in (7.15) is o(k~'*?) is similar to the consideration of o(1)
in (7.9). Formula (7.14) becomes then, for general N (k),

w(N, k) ~ Cy exp (N d, (%)) fro@)-1, (7.16)

for some C; € R. If &y = 0 we must have Retio(p) < 0 for all p € (0,1). By part (i) of
Lemma 4.2, we have to check the behavior of 1y (p) near the end-points p =0 and p = 1. If
Oo(x) # 0, then the exponential factor in (7.16) is asymptotic to

exp (v, Cy k‘p_(l_p)m) : (7.17)

For p < %5 then the exponential factor is asymptotically a constant. Then we must have
Re tho(p) < 0 for all p € (0, miﬂ}, by part (4ii) of Lemma 4.2 we have to check the values
wo(mlﬂ) and 10(0). If p > —=7 then the exponential factor determines convergence; the
condition on v, follows from Lemma 3.6 with o =p — (1 — p) m.

It remains to check condition (e) of Lemma 2.2. Let us define the family of functions:
~ a;x v T
Ba= Y a @(—> Y @(_> | (7.18)
;A +5;70 A+ s VjA+0;7#0 %A+ 0;
We split condition (e) into two cases:

(%) N(k) =tk + w(k) with real positive t € €2, and either w(k) = O(1) or w(k) ~ CokP? for
some real p € (0,1) and C.
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(xx) N(k) =tk + w(k) with real positive t € Q, and either w(k) = O(1) or w(k) ~ Cok? for
some real p € (0,1) and C.
Recall that € is defined in (4.20).

For case (x) we use formula (4.1) and Lemma 3.3 to derive the following asymptotic
expression as k — 00:

ek
u(N,k) ~ C F(k)Z(ﬁﬁa.ﬂ)—Z(forw t) I N P(N, k)

[1(3; + ajt)fittes —Y 5. (“F)
(5 05— ) (k) 2%
X L1620 exp|w(k) ; A

y kZ(aﬁL%aﬂ)—E(Eﬁ%% t)+2ﬁj:o(%‘ﬁL%%)—Esj:o(Eﬁ%w)‘ (7.19)

for some C; € C. We arrange as follows:

[u(N, )|~ CyT (k)32 R A3, \P_(];f!’ B exp (w(k) &St(#))

j t]fitest\ * ) flaj\ wk)
X |Q||§|tH 18; + ayt| o €| kST M
L1160 + e[+t [116; +;t[
XkRe<Eaj_zEj‘i‘Zﬁj:OaJ’_Zéj:oEj)‘f‘%(z Oéj_Z’Yj)‘f‘%(Eﬁﬂso Oéj_zfsj#)’Yj). (720)

for some C; € R. Using (4.24), (5.3), (5.5), we rewrite:

w(k)+52 SR /
[u(N, k)|~ D(k)S =t (—k ) g(t)" exp (w(/@g(t) )

exp(1) g(t)

X exp <w(k) d, (%)) fRevi)—1, (7.21)

Here we set p = 0 if w(k) = O(1). Recall that ¢ (p) is a monotone non-decreasing function
by part (ii) of Lemma 4.3.

Notice that we have s < r + 1 and S < R by conditions (af) and (b1). Case (x) gives
additional conditions if S = R and s = r + 1. Firstly, we must have g(t) < 1 for all positive
t € R\ Q. If this is the case, and g(ty) = 1 for some positive t5 € R\ ©, then ¢'(tg) = 0.
Indeed, ¢g(ty) # 0 would imply g(t;) > 1 for some ¢; € R\ € in a neighborhood of t.
Therefore we may ignore the exponential factor with ¢'(¢). At these points ¢, we have to
consider the last two terms in (7.21). Eventually we get the following conditions for the case

(%):
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(el) It S = R, s =r+ 1, then g(t) < 1 for all positive t € R\ Q.

(e2) f S=R, s=r+1, and g(t) = 1 for some positive t € R\ €2, then for any ¢, € R\ Q
where g(to) = 1, we must have Re; (0) < 0 and one of the following two conditions
satisfied:

(e2A) &, (z) =0, and Rey (1) <0.

(e2B) ¥y () = vpa™ 4+ O(z™H) around x = 0, where m is a positive odd integer,

U, < 0, and Rewto(mH) < 0.

Here we comment the situations when condition (e2) applies. We have Re; (0) < 0 be-
cause the power of k in (7.21) determines the convergence when w(k) = O(1). If &y(z) =
0, we must have Re¢}(p) < 0 for all p € [0,1). By part (ii) of Lemma 4.4, it is
enough to have Rewy (1) <0. If ®,(r) # 0, then the exponential factor is asymptotic
to exp (vm cott l{:”_(l_p)m); it is relevant when p € ( T ) If m is even, the exponential
factor is unbounded either when Cy > 0 or when Cy < 0. Hence m must be odd. Then
Lemma 3.6 with ¢ = p— (1 —p) m gives the restriction v,, < 0. The power of k factor must be
restricted for p € [m+17 1] . By part (iii) of Lemma 4.4, it is enough to have Re ¢}, (m+1) <0.

Now we consider the case (%), with ¢t € 2. Formula (7.19) should be modified as follows:

e The sums and products should be supplemented by the conditions 3; + ot # 0 or
d; +7;t # 0. This is unnecessary for the sums in the power of I'(k), and eventually
in some products (since 0° = 1). Note that these conditions are already indicated in
definition (7.18) of ®,(x).

e By Lemma 3.5, we have to append

(k)= (=4) - (4-4) W—W («/ ) T(|jw(k ) (Z*arz*”), (7.22)

where the range of the summations ¥* and the product II* are those j with 3;+a; t = 0,
and the range of the summations ¥, and the product II, are those j with d; +,¢ = 0.

With these modifications, asymptotic expression (7.21) can be written eventually as

W(V.B) ~ D) (T () ) g e et

% g(t)" <\s! otz Vs + st [T ‘”%>W(k) exp (“’(m B, (#))

[ 15,4100 105 + 35t T1L 1)
« ERevi(p) +(S—R)'H —1 (7.23)
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Here we set p = 0 if w(k) = O(1).
As in the case (), we have additional conditions if s =+ 1 and S = R. Then we have:

log [u(N. k)| = (32" a; — 32, %) (log|w(k)| — logk — 1)w(k)
+klogg(t) + O(w(k) + logk). (7.24)

In general, the dominant term is klog ¢(t¢); hence we must have g(t) < 1.

Suppose that g(tg) = 1 for some ¢, € Q. If ¥*«a; # X.v; (where the range conditions
* apply to the point ty), then the first term approaches oo for those w(k) ~ Cok? with p
close to 1 and Cy > 0 or Cy < 0 correspondingly. Hence X*a; = X,v; if g(ty) = 1 for some
to € €.

If ¥*a; = X,v;, then g(¢) is actually differentiable at t, by part (iii) of Lemma 5.1. The
value of the derivative can be derived from (5.6) or (5.8). If s=7r+1, S =R, g(to) =1 and
Y*a; = X,7v;, we can rewrite (7.23) as follows:

lu(N, k)| ~ exp (w(k) WO)) exp (w(k) D, (@)) JRevi®) —1, (7.25)

9(to)

If ¢'(tp) # 0, then condition (el) is contradicted for some point ¢ € R\ © in a neighborhood
of to. Hence we may assume ¢'(ty) = 0. Eventually we get the following conditions:

(e3) If S=R, s=r+1, then g(t) < 1 for all positive t € Q.

(e4) H S=R, s=r-+1, g(ty) = 1 for some positive ty € €2, then for any ¢t € R\ Q where
g(to) = 1 we must have >."a; = >, v;, Ret} (0) < 0, and one of the following two
conditions satisfied:

(e4A) By (x) =0, and Rey (1) < 0.

(e4B) ¥y (z) = vpma™ + O(z™1) around z = 0, where m is a positive odd integer,

Um < 0, and Re ¢ (+25) < 0.

The subcases of (e4) are derived similarly as the subcases of (e2). Compared with conditions
(e1)—(e2), we additionally have the condition Y " a; =Y, v; in (ef). An implicit difference
between cases (x) and () is that the functions 17 (p) and ®,(z) can be defined simpler in
case (x).

Before summarizing up the derived conditions, we remark that the nonzero Taylor co-
efficients (3.5) of ©(x) have the same signs as the Taylor coefficients of the rational func-
tion z/(1 4+ 2) = 222, (=1)"'a/. The corresponding coefficients differ the positive factor
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J (j+1). If we replace each occurrence of O(z) by x/(1+z) in definitions (7.7), (7.13), (7.18)
of (), Bo(z), Da(z), respectively, we get the rational functions ®u(z), Po(z), Pr(z)
defined in (5.15), (5.14), (5.13), respectively. The Taylor coefficients around = = 0 of the
rational functions differ by the positive factor j (7 +1) from the respective coefficients of the
corresponding ®-functions. Therefore we may replace in conditions (¢5), (d5), (e2), (e4) the
functions ®uo (), Po(z), ®x(x) by the rational functions P (z), Po(z), Pr(z), respectively.

Now we summarize the conditions (al)-(a3), (b1)-(b7), (c1)-(c5), (d1)-(d5), (el)—-(e4).
Note that

(al) = (b5) & (A1), (a2) = (d2),  (b1)= (c1),  (b2)= (c2),
(c))= (b6),  (al) & (b3)= (c3),  (a3) & (b1)= (d3).

Therefore we may discard the conditions (b5)-(b6), (c1)-(c3), (d1)-(d3). Because of (a3),
we can drop the restriction Re Ay < 0 in (d5). Because of (b3), we can drop the restriction
Re Af, < 01in (¢5). Besides, in cases (¢54) and (¢5B) we can drop condition (b7), because
Re (A; + Af) < Re Aj.

We have the following correspondence between the conditions:

(al) & (b1)= (i),  (a2)-(a3) < (@),  (b2)- (b4) <= (iii),
(e1) & (e3) = (iv),  (e2) & (ef) = (v),  (d4)-(d5) <= (w),
(ch)-(c5) & (b7) & (vii).

The limit lim,, ., U(n) is discussed right after the conditions (b1)-(b4) here above. QED.

8 The properties of ¢(t)

As we already mentioned, all conditions of Theorem 6.1 can be determined algorithmically.
The only less straightforward part is dealing with the function ¢(t) in parts (iv)-(v). This
is fitting when s = r + 1 and S = R. Key properties of g(t) are presented in Lemma 5.1.

Lemma 8.1 In the context of Sections 4 and 5, suppose that s =r+ 1, S = R, and that
conditions (ii)-(iii), (vii) of Theorem 6.1 hold. Then g(t) <1 for allt > 0 if and only if the
following conditions hold:
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o Forallt & Q such that

Gl I e+ 2 =T e 2] 81)
Q; Vi
;70 7370
we have
5 | o |”
t+ — < t+ = 8.2
il o <] e (8.2)
a;7#0 7570

o For allt € Q such that equality (6.2) holds, we have g(t) < 1.

If these conditions are satisfied, then g(t) = 1 are those points t ¢ Q where equalities in (8.1)
and (8.2) hold, and possibly some points t € Q2 where equality (6.2) holds.

Proof. By parts (i)-(ii) of Lemma 5.1, the function ¢(t) is continuous on R, and it is con-
tinuously differentiable on R\ €2. We need to investigate the behavior of ¢(t) as t approaches
+00, 0 or singularities of ¢'(¢), and find local extremuma of g(t).

As t — 0, then g(t) — |zo| by part (iv) of Lemma 5.1. But |2| < 1 by part (ii) of
Theorem 6.1. As t — oo, then g(t) ~ |z1|exp(5 — 7) |(o|*#*" by part (iv) of Lemma 5.1.
The chain of possible restrictions |(o| < 1, § < 7, |21| < 1 is implied by parts (%ii), (vii) of
Theorem 6.1. By part (iv) of Lemma 5.1, genuine points of discontinuity of ¢’(t) are not
local extremuma.

It remains to check the local extremuma at those t > 0 where ¢/(¢) is actually contin-
uous. For these points, either ¢ ¢ Q, or t € € and equality (6.2) holds. Condition (8.1) is
just reformulation of ¢'(¢) = 0, following expression (5.6). Recall that we assume S = R.
Inequality (8.2) is equivalent to g(¢) < 1 if condition (8.1) is satisfied.

If g(t) <1 for all ¢ > 0, then the points with ¢g(¢) = 1 are local extremuma. If ¢t € Q
and ¢'(t) = 0, then the quotient of the left and right hand sides of (8.2) is equal to g(t). QED.

Here are a few general remarks.

e If all o;’s and «;’s are even, then condition (8.1) is actually a polynomial equation
for ¢. If there are some odd «;’s or ;’s, we can square both sides of (8.1) and get
a polynomial equation for ¢ as well. We have to find real positive roots of these
equations. The numeric or algebraic roots of the polynomial equations can be found
algorithmically. On the other hand, the equations might have inappropriately high
degree. It might be useful to have some estimates of the number and location of
relevant solutions.
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e The two conditions for ¢g(t) < 1 can be formulated in a single statement, if we add
conditions a;t 4+ §; # 0 or v;t 4+ &; # 0 to the products in (8.1) and (8.2), or make
the convention that the both-side factors |t — A| with A = ¢ in these formulas cancel
out if ¢t € Q and equality (6.2) holds. The unified statement is: For all ¢ > 0 such
that equalities (6.2) and (8.1) hold, we must have (8.2). Identification of the points
g(t) = 1 can be similarly unified. From algorithmic point of view, the single equation
(8.1) with simplified or cancelled-out powers of |t — A| determines all local extremuma.

e Let us denote h(t) = ¢'(t)/g(t). Using formula (5.5) we derive

h/(t)zza—ﬂz_zv_ﬂz (8.3)
a;t + 03 vt + 05 '

If we compute the zeroes and poles of this rational function, and (signs of) values of
h(t) there, we can determine intervals where zeroes of h(t) lie. Since ¢'(¢) has the same
sign as h(t) for any t & €2, those are also intervals for the zeroes of ¢/(t), or extremuma

of g(t).

e Lemma 8.1 formally holds in the case when g¢(¢) is a constant function as well. Of
course, in that case condition (iv) of Theorem 6.1 is straightforward.

In the rest of this Section, we explicitly consider a simple case of the g(t)-function:

ot 1] [yt
ot [yt 4 1t

g(1)

This case naturally occurs with sequences of hypergeometric functions of the form

z) . (8.5)

There may be more upper and lower parameters dependant on n, if they cancel each other

P (al—i—an,ag,...,as
S+ T
c1+yn, cey ..., Cp

out in the expression of g(¢). Knowledge of the function g(¢) may help to arrive at effective
estimates for more complicated functions ¢(t), by splitting them into a product of g(t)’s.

In the following Lemma, we present basic properties of g(t). We assume here that v > 0,
but allow ¢ to be both positive and negative. If 7 < 0 in (8.4), then Lemma 8.2 can be
applied by considering v +— —v, t — —t, a — —a, so that v > 0 and ¢ < 0.

Lemma 8.2 Assume that o, vy are integers, o # v and v > 0.

31



(i) The function g(t) is continuous on the whole real azis, and is differentiable everywhere
except the points © € {0, —1/a, —1/7v}. These three points are not local extremuma.

(ii) G(0) = 1, and lim, o0 (1) = [a/].
(iii) supysq §(t) = max(1, a/~]).

(iv) The global supremum of g(t) is achieved for a negative t, and it is the only local extrema
which satisfies g(t) > 1 and g(t) > |a/7].

Proof. The first part follows from parts (i)-(%ii) of Lemma 5.1. The value g(0) is trivial.

We have . ot
t+1 1] 1
lim () = tim 19 L /1+_ — ¢
and similarly for lim; .., g(t).
Let us consider
_9't)
h(t) := O alog|l+ at] —a loglat| + v log|yt| — v log |1+ v ¢|. (8.6)
The local extremuma of g(t) are determined by A(t) = 0. We have:
B (t) = Ta (8.7)

t(1+at)(1+qt)

We conclude that h(t) and g'(t) are monotone on the intervals separated by points 0, —1/«
and —1/~. Here are some relevant limits:

lim A(t) = oo, lim A(t) =0,

t——1/v t—=oo
. | —oo, ifa>0, ) B oo, if a> 7,
tlilxll/a ht) = { oo, if a<O. %1—{% ht) = { —o0, ifvy>a.

We distinguish the following cases:

e If0 < o < 7, then g(¢) has a local maximum on the interval (—1/+,0), which is greater
than g(0) = 1 > a/v. There is a local minimum on (—1/a, —1/7v), which is less than
g(—o0) = a/y < 1. For positive t the function g(t) decreases from 1 to /7. See the
first graph in Figure 1.

32



1 V
T T T
0 0 0 0

Figure 1: The function g(t)

e If 0 < v < «, then g(t) has a local maximum on the interval (—1/v, —1/«), which is
greater than g(—oo) = a/v > 1. There is a local minimum on (—1/«,0), which is less
than g(0) = 1 < a/~. For positive ¢ function g(t) increases from 1 to /7. See the
second graph in Figure 1.

e If « < 0, then g(¢) has a local maximum on the interval (—1/v,0), which is greater
than g(—o0) = |a/7| and g(0) = 1. There is a local minimum on (0, —1/«), which is
less than 1 and |a/7|. The supremum of g(¢) over positive ¢ is achieved as ¢ — 0 or
t — o0. See the third graph in Figure 1.

o If @ = 0, then ¢(¢) has a local maximum on the interval (—1/v,0), which is greater
than g(0) = 1. There are no other extremuma in this case. For positive ¢ the function
g(t) decreases from 1 to 0. See the last graph in Figure 1.

This analysis proves parts (7ii)—(iv) of the Lemma. QED.

Corollary 8.3 Suppose that « # ~y. If v > 0, then the supremum of g(t) over t > 0 is
achieved either ast — 0 ort — oo. If v < 0, then the supremum of g(t) over t > 0 is

achieved for some t € (O, ﬁ)

Proof. If v > 0, we use parts (ii)-(iii) of Lemma 8.2. If v < 0 then we apply Lemma 8.2
after changing the signs v +— —v, t — —t, a — —a. QED.

To estimate how high is the maximum of g(t) over those ¢ with v¢ < 0, we need this Lemma.
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Lemma 8.4 Suppose that x > 1. The equation

v (y+ 1)t

LA 8.8
x®  (z—1)=1 (88)
has a unique root y such that y > 1.
Let y(x) denote the unique root as a function of x. Asymptotically,
T+1 (r4+1)(r1—-2)1
y(x) ~ 1T — 5~ Y 54—..., as r — 00, (8.9)
where T is the real solution of log(t) =1+ 1/7:
T~ 3.59112147666862213664922292574163484210 . . .. (8.10)
For x > 1 we have .
7'(1:—1)—0—1<y(x)<7(:c—1)+7—; . (8.11)
Proof. Let us consider the logarithm of the ratio of both sides of (8.8):
U(x,y) =z logy — x logx — (x—1) log(y+1) + (z—1) log(z—1). (8.12)
For fixed > 1, we have to find solutions of W(z,y) = 0 with y > 1. We have:
ov
(z.y) _ y+w (8.13)

oy yly+1)

Hence, as a function of y, ¥(z,y) is continuous increasing function on the interval (1, 00).
There can be at most one root y > 1. We may check

-1
U(zr,1) = (z—1)log ‘ —zlogx, (8.14)

U(x,y) ~ logy+0O(l) asy— oo. (8.15)

Since ¥(xz,1) < 0, and ¥(z,y) — oo as t — 0o, there exists a root y > 1 indeed.
A straightforward attempt to solve W(z,y) = 0 asymptotically gives (8.9).
To prove the inequalities in (8.11), we show

U(z,7(x—1)+1) <0, \IJ($,7‘(ZE—1)+TT—1) > 0. (8.16)
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Then the monotonicity of y(z) will imply (8.11).
First we show the second inequality. We substitute y = 7o — (7 4+ 1)/2 into ¥(z,y):

T+1 T T—1
v =1 log (1 — —(z—1)1 1—
(@9 og<7>+xog( D) e (5 (1- 55 )
e 1\’ 42 —1\’\ 1
= Z j(7+ ) _DIEIRAT (T ) — . (8.17)
— ] j—i—l 2T 2T 2T a7

J

The power series converges for > 1, since a tail of it can be majorated by > . P70 +1) x77.

The series terms are positive for large enough j. The first terms of (8.17) are

0.03017... 0.03017... 0.02564...
+ + +

2 3 i

After applying Lemma 3.7 twice with p = (7 £1)/27, we conclude that all terms in the series
are positive. Hence the second inequality in (8.16) follows.
Ify=7x—7+1, then

U(x,y) = log(T)+ z log (1_ TT_xl) ~(z—1) log (% (1_ TT—x2>)
- i] G+1) ( j(7;1>j+1_2j:7 <T;2)j> % (8.18)

The power series converges for = > 1, just as (8.17). The series terms are positive for large
enough j. The first terms of (8.18) are

0.10522... 0.02770... 0.00378... 0.00466...
B - 2 - 3 + 4 +
T T T T

Applying lemma 3.7 twice with p = (7 — 1)/7 and p = (7 — 2)/7 we conclude that starting
with the power x™* the coefficients are positive. Hence the first three terms in (8.18) are
negative, and all remaining terms in (8.18) are positive. Let us consider the function

Uy (2) =2 V(x, —Tx+7+1). (8.19)

The Laurent series of the derivative of this function at x = oo is:

M = —0.21044 ...x2 — 0.02770... — % +
dx 2
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The information about the signs of the coefficients in (8.18) implies that all non-zero terms
in the Laurent series are negative. Therefore W, (z) is a decreasing function on the interval
(1,00). Further, lim, ,;+ ¥ (z) = 0, since ¥(z,y) is continuous and W(1,1) = 0. Therefore
Uy (z) <0 for € (1,00). Consequently, the first inequality in (8.16) follows as well. QED.

The main result about the function g(¢) defined in (8.4) is the following.

Theorem 8.5 Suppose that o,y are integers. Then

( L ifa=n,
0, Zf’Y =0, 7é 0,
max([5[, 1), ifv >0,
sup g(t) = y(5), if a <y <O, (8.20)
£>0 1+1/y(7%a), if v <a<0,
2, ify<0, a=0,
[ 1+y(57), ifv<0<o
where the function y(x) is defined in Lemma 8.4.
Proof. If a =+, then g(t) = 1. If v # 0, then
1 at
gty =11+ — t+1
30 =1+ 25| ot

and g(t) ~ exp(1) |a|t as t — oco. If v > 0, we apply part (4ii) of Lemma 8.2.

From now on we assume v < 0, a # . We use Lemma 8.2 with the flipped signs of 7, ¢
and a. By part (iv), the supremum is a local extremum, so it is achieved for some t = tgy,
(dependent on « and 7) satisfying g’ (¢sup) = 0. Expression (8.6) gives the following equation

for tgup:
| toup + 1| [V tsup|”

— 8.21
[0 Taupl® 11 g 17 (8.21)
Hence,
N | toup + 1]
I(tsyp) = —————. (8.22)
P |7tsur> + 1|
Let us define the function F 4
~ A lgup
a,y) = —————, 8.23
Flon) = S (323
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Figure 2: The supremum of g(¢) for vt < 0, as a function of iy
v

so that g(tsup) = |y(c,y)|. We have:

|g(aa '7)|a _ |atsup + 1|a |tsup|77a
[y(a,y) — 1|e= |V toup + 17 oo — y|o—
- lof” (8.24)
VY o = y|o= '

where the second equality holds because of (8.21). Formula (8.24) implies that y(«, ) is a

real solution of

gl® _ lg—1 a
BE = P = where z = ;, ¥ =1yla,v) (8.25)

Conversely, if (8.25) holds, then expression (8.23) is also true provided that tg,, is well-
defined, which is not the case only when y(«,y) = a//v. It follows that all solutions of (8.25)
except y = z correspond to local extremuma of g(t). We need a solution of (8.25) whose
absolute value is greater than max(1, |z|).

The cases x = 1 and x = 0 can be proved by solving the equation (8.25) directly.

If x > 1, we have two possibilities: either y > 1 or y < —1 for the relevant solution of
(8.25). But if ¥ > 0 and y > x, then the left-hand side of (8.25) is always bigger than the
right-hand side. Hence the relevant solution has y < —1. Then y = |y| satisfies (8.8), so the
supremum for o < v < 0 is equal to y (o/7).
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If < 0 then the transformation  — 1 —x, y — 1 — ¥ transforms equation (8.25) to the
same equation with > 1. Since y = —y (/) for x > 1, we get the result for v < 0 < a.

Similarly, if z € (0, 1) then the transformation z — 1/(1 — z), y +— 1/(1 — y) transforms
equation (8.25) to the same equation with x > 1. The inverse transformation on y for x > 1
is 1 —1/y, with ¥y = —y (a/) again. Hence the remaining case v < a < 0 follows.  QED.

Figure 2 gives the graph of sup,.,g(t) for A < 0 as a function of a/~, as specified by
Theorem 8.5. The continuous graph is piecewise defined on the intervals (—oo,0), (0,1)
and (1,00). On the interval (1, 00), the function is identical to the function y(z) of Lemma
8.4. The blue lines are the bounding lines in (8.11). As we see, the function approaches
the asymptotic straight line very fast. The function can be transformed between the three
intervals by the fractional-linear transformations implied in Theorem 8.5. The tangent slopes
at a/y = 1 (from the right) and at a/y = 0 (from both sides) are actually vertical. To see
this at a/y = 1, compute dy/dx from VU (z,y) = 0 as in (8.12). The tangent slope at a/y =1
from the left is equal to —1/7.

As we see, the graph in Figure 2 grows rather fast with |a/~|. If one tries to estimate
the supremum of g(t) by expressing it as a product of g(t)’s, the negative ~,’s should be
preferably paired with negative a;’s of similar magnitude, so that the respective quotients
a/~ would be close to 1.
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