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STOCHASTIC OSCILLATORY INTEGRALS WITH
QUADRATIC PHASE FUNCTION

Setsuo Taniguchi *

Abstract. The approach taking advantage of Jacobi fields to represent explicitly
stochastic oscillatory integrals with quadratic phase function, which approach was
introduced by N. Ikeda, S. Kusuoka, and S. Manabe, is completed in the general
scheme and is testified in several examples.
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1 Introduction and Statement of results

Let d € N, T > 0, W be the space of all continuous functions w : [0, 7] — R¢ with
w(0) = 0, and p the Wiener measure on V. Denote by H the Cameron-Martin
subspace of W, the space of all h € W which is absolutely continuous on [0, 7]
and has the derivative h’ square integrable with respect to the Lebesgue measure.
A Wiener functional ¢, which is smooth in the sense of the Malliavin calculus, is
said to be quadratic if it is of the form ¢ = Q4 = (V*)2A, where A : H — H
is a symmetric Hilbert-Schmidt operator and V* is the adjoint operator of the
Malliavin gradient V. Such g and A are in one to one correspondence; A = V2¢/2.
For @) 4’s, there are lots of investigations to give explicit expression of stochastic
oscillatory integral

1(Qu;¢) = / ££9/25, (m)d,

w

where ¢ € C and 6,(n) denotes Watanabe’s pull back of the Dirac measure 6,
on RY concentrated at x through the non-degenerate and smooth Wiener func-
tional m : W — RY. In [3, 4], N. Tkeda, S. Kusuoka, and S. Manabe introduced
the Jacobi field for @4 and used it to evaluate I(Q4;¢) in two cases; one is
when ()4 is the quadratic Wiener functional related to harmonic oscillator in
uniform magnetic field, and the other is when ()4 is the generalized stochastic
area for Gaussian process. In this paper, we extend their formula to more gen-
eral quadratic Wiener functionals and 1’s to complete the Jacobi field approach
to stochastic oscillatory integrals. Moreover, all exact expressions of stochastic
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oscillatory integrals under various 6, (n)du’s will be unified in terms of Grassman-
nians.

We shall state our result precisely. Let A : H — H be a symmetric Hilbert-
Schmidt operator. Throughout the paper, we assume that

(A1) there exist a Volterra operator Ay : H — H, a bounded operator Ag :
H — H, and linearly independent 7y, ...,ny € H such that

(1) A= AV + AF, and
(ii) the subspace of H spanned by n,...,ny, say R, includes the
range R(Ar) of Ap.

Let ( € Cand p = (p1,...,pm)" € CM, where we have thought of elements of
C", n € N, as column vectors, and (py,...,pa)" is the transposed vector of the

row vector (py,...,pam). Define Jo(;p) € H®C (= the standard complexification

of H) by
Ji(sp) = (1 - CAy) (mej)

where I — Ay is extended to a complex operator on H ® C in the usual manner.
Let 0 < N < M and L be the subspace of R spanned by 7y,...,ny, where

= {0} if N = 0. Denote by 7, : H — H the orthogonal projection onto
L, and set A* = (I — m;)A and A¥ = (I — 7g)A. Define the linear mapping

Jen 1 CM — CM by

T

bl
1<j<M

Toww=((Telsm) (I = C(A* = A%y hy))

where (A% — A#)* is the adjoint operator of A* — A#. Denote by n¥) the RV-
valued Wiener functional (V*n,, ..., V*ny). Note that n¥) is smooth and non-
degenerate in the sense of the Malliavin calculus.

We are ready to state our results.

Theorem 1. There exists € > 0 such that for every ( € C with |(| < €, det jC,N #*
0 and it holds that

1/2
/ eCQA/250<,,7(N))d'u _ { det C(n™) } e~ ¢/ Ar (1)
w (27T)N det C( ) det ‘]C N

where C(n™) = ((n;, nj)H)lgz‘,jgk’ and 6o(n)du = dp and C(n@) = 1.

Once the identity (1) has been obtained, it is routine to extend it holomor-
phically to much wider domain in C. Moreover, we have the following assertion

with 6,(n™) instead of do(n™)).

Theorem 2. Let N > 1 and x = (x1,...,25)" € RV,
(i) Suppose that there exists h € H ® C such that (h,n;)y = x;, 1 <i < N, and



(I = CAYh,kYyg = 0 for any k € L+ (= the orthogonal complement of L in H).
Then it holds that

/ GCQA/25x(n(N))dN:6—<(I—CA)h7h>H/2/ GCQA/Q(SO(T’(N))CZM. (2)
w w

(ii) If there exists y = (y1, ..., ym—n)" € CM=N such that

(I — CA)jC(7 ng Puy)s kY =0 for every k € L+,

where pyy = (T1,.. ., TN, Y1, -+, Ysr—n)', then h = jg(, j&bpmy} satisfies the
condition in (i). o
(11i) If N = M, then h = J¢(-; Jg]{ﬂ:) fulfills the condition in (i).

Under suitable assumptions, jc(, p) can be characterized only by A and n,’s;

Theorem 3. Suppose that
(A2) there exists m € N with md > M such that

(a) Ayh(t) is differentiable around t =0 for any h € H,

(b) Ayvk(t) is (i + 1)-times differentiable around t =0 if 1 <17 < m
and k € H 1is i-times differentiable around t = 0,

(¢) the j-th derivative (Ayg)Y(0) of Ayg at t = 0 vanishes for every
1 < j < m provided that g € H is m-times differentiable aroundt = 0,
and

(d) each n; is m-times differentiable around t =0 and the matrix

m’(0) e 0y (0)
D = : L . c RmdxM
m(0) Ny (0)

has the rank M.

Then, for each p € CM, j((‘;t) is the unique element J € H ® C which is
differentiable around t = 0 and satisfies that

JM(0)
(I —CA)J Ry =0 for any h € R+, and : = Dp. (3)
J(m)(o)

It should be mentioned that the assumption (b) guarantees the m-times dif-
ferentiability of Ay g around ¢t =0 in (c).

In [4], the case where N = M was observed for the special two types of qua-
dratic Wiener functionals as mentioned above. Remembering that the equation
(3) was called the Jacobi equation associated with Q4 in [3, 4], we call Theo-
rems 1, 2, and 3 the Jacobi field approach to stochastic oscillatory integrals.



From Theorems 1 and 2, we see that J(-;p) governs the all stochastic oscilla-
tory integrals I(Qa;(). In terms of Grassmannians, we can give another unified
interpretation for this phenomenon. Namely, let

(I)C _ ({]S,M) c CQMXM‘
¢,0

Since det j@N # 0 for any 0 < N < M, &, determines an M-frame in a 2M-
dimensional vector space V(2M) over C, and hence a point, say W¢, in the
Grassmannian GM (M, V (2M)), the set of all M-dimensional vector subspaces of
V(2M). Without loss of generality, we may and will assume that (n;,n;)y = 0 if

1 # j. Then, denoting by @g) the i-th row vector of ®., by the very definition of
jQN, we have that

J =
N (I)(M+N+1)

(20)
(I)C

Hence det jQN is the (1,..., N, M +N+1,...,2M)-th Pliicker coordinate of W.
In this manner, through the Pliicker coordinates, the point W, governs the all
stochastic oscillatory integrals I(Qa4;¢). This kind of representation using the
Pliicker coordinates was first investigated by K. Hara and N. Ikeda [1] for the
classical and generalized stochastic areas.

In Section 2, the proofs of the theorems will be given. Some examples, to
which the theorems are applicable, will be discussed in Section 3.

2 Proofs of Theorems 1, 2 and 3

In this section, we always assume that the assumption (A1) is satisfied.

We shall start this section by recalling the general expression of stochastic
oscillatory integral in terms of Ay and Ap, which was found out in [2]. Let
Aiﬂ == —7TLAV + (I - 7TL>AF-

Proposition 1. If |R(| < 1/||Al|op, where ||Allop is the operator norm of A, then
the following two identities hold.

/ 92y = {det (I — CAp(I — CAy) ")} VPem @/2mar, (4)
w
/ 6CQA/250(,7(N)) du (5)
w
1

= /)N det C(n(N)){det(l — CAL(I = CAy) )} V2 €2 Ar,



Note that (5) includes (4). Namely, if N = 0, then A% = Ap. Hence what to
do is just replacing d,(n)du by du and substituting C(n(®) = 1, as was stated in
Theorem 1.

Proof. While the original proof can be found in [2], for the sake of completeness
and preciseness, we give the proof.
If S: H— H is of trace class and T': H — H is a Hilbert-Schmidt operator,

then we have that
deto(I + S)(I +T) = det(I + S)dety(I 4 T)e 50U+, (6)
If [ R¢| < 1/||Allop, then we have that

/e<QA/2dP:{detQ(f—gA)}‘l/Q, (7)
w
1
QA28 (n(Nd,, = deto(I — CA —1/26—(4/2)1;“41’ ]
L, = e et ) )

where Ay = (I — n)A(l — ) and Ay = mpAn,. For example, see [5, 7).
Substituting (6 ) with S = —CAp(I — CAy)~' and T = —(Ay into (7), we obtain
(4). Since tr A% +tr 4, = tr Ap and detQ(I — ((I —7p)A) = deto(I — CAp),
plugging (6) Wlth S = —CAL(I — CAy) ! and T = —CAy into (8), we obtain
(5). O

Proof of Theorem 1. Let |¢| < 1/||A|lop- Define Q1(¢) : H®C — H ® C and the
matrix 42(C) = (67(0)) .z ey € C by

QL) = mr (I — CAL(I — CAv) V), Zq Qn;, 1<i< M.
Then
det q1(C) = det (I — CAL(I — CAv) ™), (9)
which, in conjunction with Proposition 1, implies that
det g1 (¢) # 0.

Since | A¥lop < | Allop, for p = (p1,...,par)" € CM | one can define

Ju(sp) = (1 — A7) (Zm>

Since n; € R and R(4%) C R, observe that
(I = CALI = CAV) i = QulQmy =1, M.
Noting that A% = Ay + A%, we have that
[ = CAL(I = CAv) ™ = (I = CAR(I = CAv)™!



Hence it holds that

M
(I = CAV) ' = (I = ¢AH) ' Qu(O)m = (I = ¢AH™! (Z Q?(Oﬁj),
which implies that B
Je(5p) = Jo(ac(Q)'p). (10)

By the very definition of A¥, for every p’ = (p),...,p},)" € C™, it holds that

(Jo(50)s e = (I = CA)IL(5p),mi)
= (I = CAYJL(50) i) + CU(AY = AR JL (), i)

M
= P + (A = AR T (s p) ), G =1, M.

=1

Hence we have that

((Tulp)oms = A = AFymy) ) = Cm™)p,

1<j<M

By (10), we obtain that

Jew = C™)ar (),
which yields that

a(Q)f = ™) .

From this, Proposition 1, and (9), the assertion of Theorem 1 follows immediately.
O

Proof of Theorem 2. Let h be as described in (i). It is easily seen that
Qa(-+h) = Qa +2V*(AR) + (Ah, Ry, 0™ (- —h) =™ — 1.

Due to the Cameron-Martin theorem, we have that

/QCQA/z(;x(n(M)dM:/ £€@a/25,(n™) _ 2)dy
w w

_ / £ (CIDQaC) =5 h=(IbI3/2) 51 (V) gy
w
_ o~ (U—CAR /2 / £(€Q/2=* [T=CAM] 5 () g,
w
Since (I — (A)h = Zjvzl ¢;m; for some ¢p,...,cy € C, V*[(I — CA)h] = 0

So(m™))dp-a.e. Thus we obtain (2).
If N = M, then A" = A% and hence

T T T
Jemp = (<JC(‘3p>> 77j>H)1§j§M'

This implies the second and the third assertions. [



Proof of Theorem 3. For any h € R+, we have that
(T = CAVe(5p), Y = (T = CAV) T (- H—ZPJ i, hym = 0.

By virtue of the assumption (A2) and the expression that
Je(p) = CAvJe(ip) + Zpﬂh,

jg(-; p) is m-times differentiable around ¢ = 0 and satisfies that

TG0 = 3 i 0) = (DD sy 1S 7S

Thus jg(gp) solves (3).
If both Ji, Jo € H ® C are m-times differentiable around ¢ = 0 and satisfy
(3), then, for any h € R*,
(I =CAV)(J1 = Ja), hym = (I = CA) (1 — o), h)m = 0.

Hence there exists ¢ = (qy,...,qu)" € CM so that

M
(I —CAy)(J, — Zq]n] and hence J; — Jo = CAy(J1 — Jo) + qun]
J=1 J=1

Since Jl(i)(O) = JQ(i)(O), 1 <4 < m, this implies that Dg = 0. By the assumption
(d), this implies that ¢ = 0, and hence (I — (Ay)(J; — J2) = 0. We then see that
J1—Jo=0. O
3 Examples

In this section, we shall give several examples to which Theorems 1, 2, and 3 are
applicable.

Example 1. In this example, we consider the quadratic Wiener functional related
with harmonic oscillator; let d = 1 and set

bhr(w) :/0 w(t)?dt, weW.

If we define the symmetric Hilbert-Schmidt operator A : H — H by

/ / u)duds, t€10,T], h € H,



then hr = Q4 + (T?%/2). See [6]. Put

(Avh)(t / / w)duds, AFh)(t):( /OTh(s)ds)t,

and n(t) =t for t € [0,7]. Then Ay is a Volterra operator, A = Ay + Ap,
R(Ar) = {em |c € R}, and D = 1. Thus the assumptions (Al) and (A2) are
fulfilled with m = M =1 and this 7.

The condition that ((I — (A)h, g)g = 0 for any g € R+ can be rewritten as

g// Wduds = B(h) x £, t€[0,7], (1)
where B(h) € C is a constant depending on only h. This is equivalent to that
h"+Ch =0, h(0)=0.
Solving this with the additional initial condition that A'(0) = p, we obtain

~ sin(y/Ct)
Je(t;p) = ———="p.
c(t;p) N
Setting b(p) = B(J¢(+;p)), we conclude from this and (11) that
b(p) = [( = CAVTe(p)](T) = cos(y /€ T)p
Furthermore we have that
J.- sin(\/ZT).
) V¢

First let N =1, ie. L =R. For z € R, set p, = (v/(/sin(v/(T))z and
hy = Je(;ps). From (11) it follows that

Va
tan(v/CT) "
Since C'(n") = T and tr Ap = T?/2, by Theorems 1 and 2,
chr2 _ ! ver (_EL z)
/We S(w(T)dn = =\ | /e P\ 2 e © )
Next let N = 0, i.e., L = {0}. Then A% = A and (A#*h,nm)y = 0 for any
h € H. Due to (11), we obtain that
(Je(5p)im = G(A* = APV m) = (I = CAJ(p)im)n
= [(1 = CAV (5 p))(T) = b(p)T = T cos(v/C T)p

<(I - (A)hx,hx>H = <b(px)7]17hx>H =

Hence _
Jeo = T cos(1/CT).
By Theorem 1, it holds that

1
¢he/2 g,
/W ¢ dp cos(vCT)



Example 2. In this example, we deal with the quadratic Wiener functional
corresponding to the classical stochastic area; let d = 2 and put

ar(w) = % /0 [ (H)dw(t) — w?(8)dw'(t)).

where w(t) = (w!(t),w?(t)) denotes the position of w at time ¢ and dw'(t) stands
for the Ito integral with respect to w'(t), i = 1,2. If we define the symmetric
Hilbert-Schmidt operator A : H — H by

Ah(t) = /t J(h(s) - %h(T))ds, te[0.T], he H, (12)
0
0 -1
where J = (1 0 ), then s = Q4/2. See [6]. Set

(Aph)(t) = /O t Th(s)ds, (AFh)(t):—%Jh(T), t e [0,7).

Define n; € H by n;(t) = te;, i = 1,2, where e; = (1,0)T, e; = (0,1)" € R% Then
Ay is a Volterra operator, A = Ay + Ap, R(Ar) = {c1m + cama | 1,2 € R}, and
D is the 2 x 2 unit matrix. Thus the assumptions (A1) and (A2) are satisfied
with m =1, M = 2, and these 7, and 7,. Moreover, we see that

2

1
trdp = > (i Apmi)a = —

i=1

N | —

2
Z(@h Jei>R2 =0.

i=1

The condition that ((I — A)h,g) = 0 for any g € R can be rewritten as

ht) — g(/ot Ths)ds — %Jh(T)t) —1B(h), teloT], (13)

where B(h) € C? is a constant vector depending only on h. This is equivalent to
that
" —¢Jh =0, h(0)=0.

Solving this with the additional condition that h’(0) = p, we obtain that

~ . sin(Ct/2) (cos(Ct/2) —sin((t/2)
Je(t;p) = C—/Q (sin((t/Q) cos((t/2) )p.

If we set b(p) = B (jc(, p)), then it follows from this expression and (13) that

b(p) = (T~ AT 0) = {p+ ST )}

cos(CT/2) —sin(CT/2)
= cos((T/2) (sm(gT/z) cos(CT/2) )p'



Furthermore we have that

7. _sin(¢T/2) (COS(CT/Q) —sin(CT/2)>.

27 72 \sin(CT/2)  cos(CT/2)

First let N =2, i.e., L =R. For x = (z1,72)" € R?, set

by — ¢/2 <COS(§T/2) sin((t/?))x
® 7 sin(CT/2) \—sin(CT/2) cos(CT/2)

and h, = jg(,px) By virtue of (13), we see that

C/Q |ZE|2

(T = CAhas ha)ia = (blpe). he(Tme = ey

Since det C'(n®) = T2, by Theorems 1 and 2,

s _ L T2 L¢/2
/Wec QTN = o T /2) eXp( 2tan(CT/2)|x|2)'
Next let N = 0, i.e., L = {0}. Since A% = A and (A#h,n;)y = 0 for any
h € H, we have that
(Je(sp).my = C(AT = A )i = (1 = CAY (), my)
= ([(I = CA)Jc (s p)I(T), ¢j)m2 = T{b(p), €j)m>-

Hence

~ cos(v/CT) —sin(\/CT)
Jowo =T cos(v/CT) (sin(\/ZT) cos(+/CT) ) '

This implies that

ST _ 1
/WeC W= os(CTT2)

Finally let N =1 and L = {cm |c € R}. Since (m1,m2)g = 0, due to the
observation made in Section 1, we have that

7o (SiH(CT/Q) cos(CT/2)/(¢/2) —Siﬂ2(CT/2)/(C/2)>
ol T'sin(¢T/2) cos(¢T/2) T cos*(CT/2) '

If we set h, = jg(';p(a,o i) for a € R, then by (13), it holds that

o a(/2 C/Q o
~ tan(cT/2) ™ = tan(cT/2)"

¢st _ 1 C/Q 2)
/ Ol (T))d = V2orT \/ sin CT 2tan(CT/2) )

10

(I = ¢A)ha (I = ¢A)ha, ha)u

Thus




Example 3. As a combination of Examples 1 and 2, we can apply our results to
the quadratic Wiener functional associated with harmonic oscillator in uniform
magnetic field; let d = 2, a, 81, f2 € R, # 0, and put

1

a(w) = asr(w) + 5 [ (Bu(t) wlt)med

where B = (601 g) Define A, Ay, Ar : H — H by
2

Aph(t) = /0 t{oz]h(s) - /0 s Bh(u)du}ds,

T
Aph(t) = {—%Jh(T) +/ Bh(u)du}t, t€[0,7],
0
A=Ay + Ap.
Due to the observations in Examples 1 and 2, we have that

(B + ﬂz)TQ.

1
(]—EQ,LH— 1

Moreover, Ay is a Volterra operator, R(Ap) = {c1m + cama | ¢1,¢c2 € R}, and D
is the 2 x 2 unit matrix, where ny,7, € H are defined as in Example 2. Thus the
assumptions (Al) and (A2) are fulfilled with m = 1, M = 2, and these 7, and
n2. Moreover, tr Ap = {81 + B2 }T7 /4.

The equation (3) to determine jc(t; p) now reads as
h" —aCJh' +(Bh =0, h(0)=0, HK(0)=p,

which is nothing but the Jacobi equation associated with the Lagrange function
for harmonic oscillator in uniform magnetic field. The Jacobi equation leads us
to the expression of J¢(¢;p) as follows. Let £A;, £As be the roots of the equation

(A2 (BN + (o) + CCa?A2 = 0.

In the sequel, we assume that ¢ satisfies that ({a*¢2+2a%(81+B2)+ (81— 52)?} #
0, which implies that £;’s are different from each other. Put

M3+ 0 Aa(M 401
aut:12—smh/\t—1—smh/\t,
<=t N T e agics, Y
a12t:—a21t:—a—<cosh)\t—|— as cosh(Aat),
g() Q() )\%_)\% (1) )\%—)\% (2)

AN +(B N+ (B
2(t) = =" _sinh(\t) — —2-—"——sinh(\at),
P R Bk

and define



Then we have that _
Je(t;p) = Ac(t)p. (14)
It should be noticed that aZ(t)’s are all symmetric functions of A? and A, and

hence neither the choice of the sign of \;’s nor the ordering of A\; and Ay matters.
From (14), we can conclude that

Jeo = AdT),
~ CaT T T
Jeo = <I — —J) A(T) — Ca]/ Ac(s)ds — CB/ sAc(s)ds.
0 0
In particular, we obtain that

sz

det j72 =
N

{1 — cosh(\T) cosh(AT) }

n CCa?(CP + (Ba) + ((f1 — (fa)”
AMA2 (AT — \g)?

Sth()\lT) Sinh(/\QT),
which brings us the expression that

/ <980 (w(T))dp = (2m) " (det Je o)~ V/2.
w

In the remaining of this section, we shall give two examples where the number
m corresponding to the differentiability in the assumptions (A2) is greater than
1.

Example 4. In this example, we consider the quadratic Wiener function obtained
as the norm of the Malliavin derivative of hp; let d = 1 and set

gr(w) = /OT (/tTw(s)ds)2dt, wE W.

It is then easily checked that

or(w) = 7IVor ()}

//Tdu/udv/Tdah(a)
Avh(t) ////dah teo,7]

Define n1,m; € H by ni(t) = t and ny(t) = ¢3 — T?*, t € [0,7]. Then q =
Qo+ (T1)6), tr Ap = T*/6, and R(AF) { am + 02n2|01,02 € R}. See [8].
Moreover, it holds that

Set

1
=10
0



Thus the assumptions (A1) and (A2) are fulfilled with m = 3, M = 2, and these

m and 7s.
The equation (3) is equivalent to the ordinary differential equation

1(0) 0
h1(0) — T2
@) _¢rp = _ | Pt D2
h3)(0) 6p2

where p = (p1,p2)’ and hY) denotes the jth derivative of h. Solving this, we
obtain that

Je(t;p) = (z¢(t), p)re,

where

N — 1 sinh(¢Y/4t) + sin(¢Y/4)
IC( ) - W _(T2 _ 6<_1/2) sinh(C1/4t) _ (T2 + 6C_1/2) sin(C1/4t) .

We first consider the case where N = 0. Setting a, = cosh(¢Y4/T), B =
cos(¢Y4/T), and defining a¢, b: € R? by

b :i/z a¢ — a :x(l)(T)—2T2b
¢ 12 _(TQ _ 6C_1/2)Oé< + (T2 + 6C_1/2)6C ) ¢ ¢ ¢s

we observe that

.Tél)(T) = CLC + 2T2b<, .1'23) (T) = 6[)4,

and hence that

(I = CA)Jc(:ip) = {a¢, p)ram + (be, P)RaTlz.

Since (n1,72)g = 0, we then have that
= [0
Jeo = :
¢ (nm@wf

det Je o = det C(n® ).

This implies that

Thus we obtain that
/ e$97/2dy = {cosh(¢Y/*T) COS(C1/4T)}71/2.
w

We next consider the case where N = 1. If we set 7. = sinh(¢/*T) and
¢ = sin(¢Y4T) and define ¢, € R? by

_ 1 Yo+ 0
T <—<T2 = 6¢7 )y = (T + 6<-1/2>6<> |

then it holds that _
(Je(5p)sm)m = (e, p)r2-

13



Since 1y and 7y are perpendicular to each other, due to the observation made in
Section 1, we have that

+ 2
(e -
J“:(umé[&) nd et o = Sy Lot A

Thus we obtain that
g1/8
/m{cosh(CVAT) sin(CY/AT) + cos(CV/AT) sinh(CHAT)}

/ 926y (w(T))dp =

We finally consider the case where N = 2. Define d; = (d, d%)T € R? by

3 . . B B

d; = 5CI7A {=2¢" Y4 Tac + 207 VAT B + (T% + 202y + (T? — 2¢7Y2)6, )
3 - — — —

d¢ = 201/t {274 1(T? — 6¢7 ) — 27T (T? + 6¢7%) B

= (T? 427 2) (1% = 67 %)y — (17 = 2¢712) (1% + 6¢71/%)6¢ .

Then we have that _
(Je(5p). ) = (de — T?ce, pYme-

7 g
< <(d< - T20<)T>

det J 2 = 18C~2/4{2¢ VA8 — Tlacde + o) }-
Thus we obtain that

/ eS91/25,(n@)dp
w

This implies that

and

CB/S
T /T2m2 {20 Vo, — T(aco, + Bev)

Example 5. In this example, we consider the generalized stochastic area inves-
tigated by K. Hara, N. Ikeda, S. Kusuoka and S. Manabe [1, 2, 3, 4]. For this
purpose, let d =2 and n € N. Define Z : W > w +— Zw € W by

Tw(t) = /Otw(s)ds, te[0,7].

Put
1

a(w) = /0 TTw(t), T w(t))dt,

where J = <(1) _01) € R*? as in Example 2, and (-, -) denotes the inner product
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in R?. If we set

Avh = (=1)"T*"Jh
1< { . (T — t)n=i-1 4 (T — t)"‘j}
(Aph)'(t) = = 7" Jh(T) ~—t— = T"Y JR(T) ~———
F 2320 ()(n—j—l)! (T) (n—j)!
(="
A=Ay + Ap,

then Ay is a Volterra operator and ¢ = Q) 4/2. Putting

t9 (1 t (0 :
w0 =5 (3) mo=5 (1) 1=i<ee,

we see that R(Ar) C {ZjnJ{Q cin; ‘ Cly...,Consa € R} and

I 0 - - 0
7 .
21
D= |: o0 | e R2@eHDx(2n42)
0 o0l
0 0
O «ov evr oo 0

where I denotes the 2 x 2 unit matrix. Hence the assumptions (A1) and (A2)
are satisfied with m = 2n + 1, M = 2n + 2, and these 7;’s. Thus our results are
applicable to the generalized stochastic area a studied in [1, 2, 3, 4].
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