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1 Introduction and Statement of results

Let d ∈ N, T > 0, W be the space of all continuous functions w : [0, T ] → Rd with
w(0) = 0, and µ the Wiener measure on W . Denote by H the Cameron-Martin
subspace of W , the space of all h ∈ W which is absolutely continuous on [0, T ]
and has the derivative h′ square integrable with respect to the Lebesgue measure.
A Wiener functional q, which is smooth in the sense of the Malliavin calculus, is
said to be quadratic if it is of the form q = QA = (∇∗)2A, where A : H → H
is a symmetric Hilbert-Schmidt operator and ∇∗ is the adjoint operator of the
Malliavin gradient ∇. Such q and A are in one to one correspondence; A = ∇2q/2.
For QA’s, there are lots of investigations to give explicit expression of stochastic
oscillatory integral

I(QA; ζ) =

∫
W

eζQA/2δx(η)dµ,

where ζ ∈ C and δx(η) denotes Watanabe’s pull back of the Dirac measure δx

on RN concentrated at x through the non-degenerate and smooth Wiener func-
tional η : W → RN . In [3, 4], N. Ikeda, S. Kusuoka, and S. Manabe introduced
the Jacobi field for QA and used it to evaluate I(QA; ζ) in two cases; one is
when QA is the quadratic Wiener functional related to harmonic oscillator in
uniform magnetic field, and the other is when QA is the generalized stochastic
area for Gaussian process. In this paper, we extend their formula to more gen-
eral quadratic Wiener functionals and η’s to complete the Jacobi field approach
to stochastic oscillatory integrals. Moreover, all exact expressions of stochastic
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oscillatory integrals under various δx(η)dµ’s will be unified in terms of Grassman-
nians.

We shall state our result precisely. Let A : H → H be a symmetric Hilbert-
Schmidt operator. Throughout the paper, we assume that

(A1) there exist a Volterra operator AV : H → H, a bounded operator AF :
H → H, and linearly independent η1, . . . , ηM ∈ H such that

(i) A = AV + AF , and
(ii) the subspace of H spanned by η1, . . . , ηM , say R, includes the
range R(AF ) of AF .

Let ζ ∈ C and p = (p1, . . . , pM)† ∈ CM , where we have thought of elements of
Cn, n ∈ N, as column vectors, and (p1, . . . , pM)† is the transposed vector of the

row vector (p1, . . . , pM). Define J̃ζ(·; p) ∈ H⊗C (≡ the standard complexification
of H) by

J̃ζ(·; p) = (I − ζAV )−1

( M∑
j=1

pjηj

)
,

where I − ζAV is extended to a complex operator on H ⊗C in the usual manner.
Let 0 ≤ N ≤ M and L be the subspace of R spanned by η1, . . . , ηN , where
L = {0} if N = 0. Denote by πL : H → H the orthogonal projection onto
L, and set A\ = (I − πL)A and A# = (I − πR)A. Define the linear mapping

J̃ζ,N : CM → CM by

J̃ζ,N p =
(〈

J̃ζ(·; p), {I − ζ(A\ − A#)∗}ηj

〉
H

)†

1≤j≤M
,

where (A\ − A#)∗ is the adjoint operator of A\ − A#. Denote by η(N) the RN -
valued Wiener functional (∇∗η1, . . . ,∇∗ηN)†. Note that η(N) is smooth and non-
degenerate in the sense of the Malliavin calculus.

We are ready to state our results.

Theorem 1. There exists ε > 0 such that for every ζ ∈ C with |ζ| < ε, det J̃ζ,N 6=
0 and it holds that∫

W
eζQA/2δ0(η

(N))dµ =

{
det C(η(M))

(2π)N det C(η(N)) det J̃ζ,N

}1/2

e−(ζ/2)tr AF , (1)

where C(η(k)) =
(
〈ηi, ηj〉H

)
1≤i,j≤k

, and δ0(η
(0))dµ = dµ and C(η(0)) = 1.

Once the identity (1) has been obtained, it is routine to extend it holomor-
phically to much wider domain in C. Moreover, we have the following assertion
with δx(η

(N)) instead of δ0(η
(N)).

Theorem 2. Let N ≥ 1 and x = (x1, . . . , xN)† ∈ RN .
(i) Suppose that there exists h ∈ H ⊗ C such that 〈h, ηi〉H = xi, 1 ≤ i ≤ N , and
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〈(I − ζA)h, k〉H = 0 for any k ∈ L⊥ (≡ the orthogonal complement of L in H).
Then it holds that∫

W
eζQA/2δx(η

(N))dµ = e−〈(I−ζA)h,h〉H/2

∫
W

eζQA/2δ0(η
(N))dµ. (2)

(ii) If there exists y = (y1, . . . , yM−N)† ∈ CM−N such that

〈(I − ζA)J̃ζ(·; J̃−1
ζ,Mpx,y), k〉H = 0 for every k ∈ L⊥,

where px,y = (x1, . . . , xN , y1, . . . , yM−N)†, then h = J̃ζ(·; J̃−1
ζ,Mpx,y) satisfies the

condition in (i).

(iii) If N = M , then h = J̃ζ(·; J̃−1
ζ,Mx) fulfills the condition in (i).

Under suitable assumptions, J̃ζ(·; p) can be characterized only by A and ηj’s;

Theorem 3. Suppose that

(A2) there exists m ∈ N with md ≥ M such that

(a) AV h(t) is differentiable around t = 0 for any h ∈ H,
(b) AV k(t) is (i + 1)-times differentiable around t = 0 if 1 ≤ i < m
and k ∈ H is i-times differentiable around t = 0,
(c) the j-th derivative (AV g)(j)(0) of AV g at t = 0 vanishes for every
1 ≤ j ≤ m provided that g ∈ H is m-times differentiable around t = 0,
and
(d) each ηj is m-times differentiable around t = 0 and the matrix

D =

η
(1)
1 (0) · · · η

(1)
M (0)

...
. . .

...

η
(m)
1 (0) · · · η

(m)
M (0)

 ∈ Rmd×M

has the rank M .

Then, for each p ∈ CM , J̃ζ(·; t) is the unique element J ∈ H ⊗ C which is
differentiable around t = 0 and satisfies that

〈(I − ζA)J, h〉H = 0 for any h ∈ R⊥, and

J (1)(0)
...

J (m)(0)

 = Dp. (3)

It should be mentioned that the assumption (b) guarantees the m-times dif-
ferentiability of AV g around t = 0 in (c).

In [4], the case where N = M was observed for the special two types of qua-
dratic Wiener functionals as mentioned above. Remembering that the equation
(3) was called the Jacobi equation associated with QA in [3, 4], we call Theo-
rems 1, 2, and 3 the Jacobi field approach to stochastic oscillatory integrals.
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From Theorems 1 and 2, we see that J̃(·; p) governs the all stochastic oscilla-
tory integrals I(QA; ζ). In terms of Grassmannians, we can give another unified
interpretation for this phenomenon. Namely, let

Φζ =

(
J̃ζ,M

J̃ζ,0

)
∈ C2M×M .

Since det J̃ζ,N 6= 0 for any 0 ≤ N ≤ M , Φζ determines an M -frame in a 2M -
dimensional vector space V (2M) over C, and hence a point, say Wζ , in the
Grassmannian GM(M,V (2M)), the set of all M -dimensional vector subspaces of
V (2M). Without loss of generality, we may and will assume that 〈ηi, ηj〉H = 0 if

i 6= j. Then, denoting by Φ
(i)
ζ the i-th row vector of Φζ , by the very definition of

J̃ζ,N , we have that

J̃ζ,N =



Φ
(1)
ζ
...

Φ
(N)
ζ

Φ
(M+N+1)
ζ

...

Φ
(2M)
ζ


.

Hence det J̃ζ,N is the (1, . . . , N,M +N +1, . . . , 2M)-th Plücker coordinate of Wζ .
In this manner, through the Plücker coordinates, the point Wζ governs the all
stochastic oscillatory integrals I(QA; ζ). This kind of representation using the
Plücker coordinates was first investigated by K. Hara and N. Ikeda [1] for the
classical and generalized stochastic areas.

In Section 2, the proofs of the theorems will be given. Some examples, to
which the theorems are applicable, will be discussed in Section 3.

2 Proofs of Theorems 1, 2 and 3

In this section, we always assume that the assumption (A1) is satisfied.
We shall start this section by recalling the general expression of stochastic

oscillatory integral in terms of AV and AF , which was found out in [2]. Let
A\

F = −πLAV + (I − πL)AF .

Proposition 1. If |<ζ| < 1/‖A‖op, where ‖A‖op is the operator norm of A, then
the following two identities hold.∫

W
eζQA/2dµ =

{
det

(
I − ζAF (I − ζAV )−1

)}−1/2
e−(ζ/2)tr AF , (4)∫

W
eζQA/2δ0(η

(N)) dµ (5)

=
1√

(2π)N det C(η(N))
{det(I − ζA\

F (I − ζAV )−1)}−1/2e−(ζ/2)tr AF .
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Note that (5) includes (4). Namely, if N = 0, then A\
F = AF . Hence what to

do is just replacing δx(η)dµ by dµ and substituting C(η(0)) = 1, as was stated in
Theorem 1.

Proof. While the original proof can be found in [2], for the sake of completeness
and preciseness, we give the proof.

If S : H → H is of trace class and T : H → H is a Hilbert-Schmidt operator,
then we have that

det2(I + S)(I + T ) = det(I + S)det2(I + T )e−tr S(I+T ). (6)

If |<ζ| < 1/‖A‖op, then we have that∫
W

eζQA/2dP =
{
det2(I − ζA)

}−1/2
, (7)∫

W
eζQA/2δ0(η

(N))dµ =
1√

(2π)N det C(η(N))
{det2(I − ζA0)}−1/2e−(ζ/2)tr A1 , (8)

where A0 = (I − πL)A(I − πL) and A1 = πLAπL. For example, see [5, 7].
Substituting (6) with S = −ζAF (I − ζAV )−1 and T = −ζAV into (7), we obtain
(4). Since tr A\

F + tr A1 = tr AF and det2(I − ζ(I − πL)A) = det2(I − ζA0),
plugging (6) with S = −ζA\

F (I − ζAV )−1 and T = −ζAV into (8), we obtain
(5).

Proof of Theorem 1. Let |ζ| < 1/‖A‖op. Define QL(ζ) : H ⊗C → H ⊗C and the
matrix qL(ζ) =

(
qij
L (ζ)

)
1≤i,j≤M

∈ CM×M by

QL(ζ) = πR
(
I − ζA\

F (I − ζAV )−1
)
πR, QL(ζ)ηi =

M∑
j=1

qij
L (ζ)ηj, 1 ≤ i ≤ M.

Then
det qL(ζ) = det

(
I − ζA\

F (I − ζAV )−1
)
, (9)

which, in conjunction with Proposition 1, implies that

det qL(ζ) 6= 0.

Since ‖A\‖op ≤ ‖A‖op, for p = (p1, . . . , pM)† ∈ CM , one can define

JL(·; p) = (I − ζA\)−1

( M∑
j=1

pjηj

)
.

Since ηi ∈ R and R(A\
F ) ⊂ R, observe that

(I − ζA\
F (I − ζAV )−1)ηi = QL(ζ)ηi, i = 1, . . . ,M.

Noting that A\ = AV + A\
F , we have that

I − ζA\
F (I − ζAV )−1 = (I − ζA\)(I − ζAV )−1.
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Hence it holds that

(I − ζAV )−1ηi = (I − ζA\)−1QL(ζ)ηi = (I − ζA\)−1

( M∑
j=1

qij
L (ζ)ηj

)
,

which implies that
J̃ζ(·; p) = JL(·; qL(ζ)†p). (10)

By the very definition of A#, for every p′ = (p′1, . . . , p
′
M)† ∈ CM , it holds that

〈JL(·; p′), ηj〉H = 〈(I − ζA#)JL(·; p′), ηj〉H
= 〈(I − ζA\)JL(·; p′), ηj〉H + ζ〈(A\ − A#)JL(·; p′), ηj〉H

=
M∑
i=1

p′i〈ηi, ηj〉H + ζ〈(A\ − A#)JL(·; p′), ηj〉H , j = 1, . . . ,M.

Hence we have that(〈
JL(·; p′), ηj − ζ(A\ − A#)∗ηj

〉
H

)
1≤j≤M

= C(η(M))p′.

By (10), we obtain that

J̃ζ,N = C(η(M))qL(ζ)†,

which yields that
qL(ζ)† = C(η(M))−1J̃ζ,N .

From this, Proposition 1, and (9), the assertion of Theorem 1 follows immediately.

Proof of Theorem 2. Let h be as described in (i). It is easily seen that

QA(· + h) = QA + 2∇∗(Ah) + 〈Ah, h〉H , η(N)(· − h) = η(N) − x.

Due to the Cameron-Martin theorem, we have that∫
W

eζQA/2δx(η
(N))dµ =

∫
W

eζQA/2δ0(η
(N) − x)dµ

=

∫
W

e(ζ/2)QA(·+h)e−∇∗h−(‖h‖2
H/2)δ0(η

(N))dµ

= e−〈(I−ζA)h,h〉H/2

∫
W

e(ζQA/2)−∇∗[(I−ζA)h]δ0(η
(N))dµ.

Since (I − ζA)h =
∑N

j=1 cjηj for some c1, . . . , cN ∈ C, ∇∗[(I − ζA)h] = 0

δ0(η
(N))dµ-a.e. Thus we obtain (2).

If N = M , then A\ = A# and hence

J̃ζ,Mp =
(
〈J̃ζ(·; p), ηj〉H

)†
1≤j≤M

.

This implies the second and the third assertions.
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Proof of Theorem 3. For any h ∈ R⊥, we have that

〈(I − ζA)J̃ζ(·; p), h〉H = 〈(I − ζAV )J̃ζ(·; p), h〉H =
M∑

j=1

pj〈ηj, h〉H = 0.

By virtue of the assumption (A2) and the expression that

J̃ζ(·; p) = ζAV J̃ζ(·; p) +
M∑

j=1

pjηj,

J̃ζ(·; p) is m-times differentiable around t = 0 and satisfies that

[J̃ζ(·; p)](i)(0) =
M∑

j=1

pjη
(i)
j (0) =

(
(Dp)k

)†
di+1≤k≤di+d

, 1 ≤ i ≤ m.

Thus J̃ζ(·; p) solves (3).
If both J1, J2 ∈ H ⊗ C are m-times differentiable around t = 0 and satisfy

(3), then, for any h ∈ R⊥,

〈(I − ζAV )(J1 − J2), h〉H = 〈(I − ζA)(J1 − J2), h〉H = 0.

Hence there exists q = (q1, . . . , qM)† ∈ CM so that

(I − ζAV )(J1 − J2) =
M∑

j=1

qjηj and hence J1 − J2 = ζAV (J1 − J2) +
M∑

j=1

qjηj.

Since J
(i)
1 (0) = J

(i)
2 (0), 1 ≤ i ≤ m, this implies that Dq = 0. By the assumption

(d), this implies that q = 0, and hence (I − ζAV )(J1 − J2) = 0. We then see that
J1 − J2 = 0.

3 Examples

In this section, we shall give several examples to which Theorems 1, 2, and 3 are
applicable.

Example 1. In this example, we consider the quadratic Wiener functional related
with harmonic oscillator; let d = 1 and set

hT (w) =

∫ T

0

w(t)2dt, w ∈ W .

If we define the symmetric Hilbert-Schmidt operator A : H → H by

Ah(t) =

∫ t

0

∫ T

s

h(u)duds, t ∈ [0, T ], h ∈ H,
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then hT = QA + (T 2/2). See [6]. Put

(AV h)(t) = −
∫ t

0

∫ s

0

h(u)duds, (AF h)(t) =

(∫ T

0

h(s)ds

)
t,

and η1(t) = t for t ∈ [0, T ]. Then AV is a Volterra operator, A = AV + AF ,
R(AF ) = {cη1 | c ∈ R}, and D = 1. Thus the assumptions (A1) and (A2) are
fulfilled with m = M = 1 and this η1.

The condition that 〈(I − ζA)h, g〉H = 0 for any g ∈ R⊥ can be rewritten as

h(t) − ζ

∫ t

0

∫ T

s

h(u)duds = B(h) × t, t ∈ [0, T ], (11)

where B(h) ∈ C is a constant depending on only h. This is equivalent to that

h′′ + ζh = 0, h(0) = 0.

Solving this with the additional initial condition that h′(0) = p, we obtain

J̃ζ(t; p) =
sin(

√
ζ t)√

ζ
p.

Setting b(p) = B(J̃ζ(·; p)), we conclude from this and (11) that

b(p) = [(I − ζA)J̃ζ(·; p)]′(T ) = cos(
√

ζ T )p.

Furthermore we have that

J̃ζ,1 =
sin(

√
ζ T )√
ζ

.

First let N = 1, i.e. L = R. For x ∈ R, set px = (
√

ζ/ sin(
√

ζ T ))x and

hx = J̃ζ(·; px). From (11) it follows that

〈(I − ζA)hx, hx〉H = 〈b(px)η1, hx〉H =

√
ζ

tan(
√

ζ T )
x2.

Since C(η(1)) = T and tr AF = T 2/2, by Theorems 1 and 2,∫
W

eζhT /2δx(w(T ))dµ =
1√
2πT

√ √
ζ T

sin(
√

ζ T )
exp

(
−1

2

√
ζ

tan(
√

ζ T )
x2

)
.

Next let N = 0, i.e., L = {0}. Then A\ = A and 〈A#h, η1〉H = 0 for any
h ∈ H. Due to (11), we obtain that

〈J̃ζ(·; p), η1 − ζ(A\ − A#)∗η1〉H = 〈(I − ζA)J̃ζ(·; p), η1〉H
= [(I − ζA)J̃ζ(·; p)](T ) = b(p)T = T cos(

√
ζ T )p.

Hence
J̃ζ,0 = T cos(

√
ζT ).

By Theorem 1, it holds that∫
W

eζhT /2dµ =

√
1

cos(
√

ζ T )
.
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Example 2. In this example, we deal with the quadratic Wiener functional
corresponding to the classical stochastic area; let d = 2 and put

sT (w) =
1

2

∫ T

0

{
w1(t)dw2(t) − w2(t)dw1(t)

}
,

where w(t) = (w1(t), w2(t)) denotes the position of w at time t and dwi(t) stands
for the Itô integral with respect to wi(t), i = 1, 2. If we define the symmetric
Hilbert-Schmidt operator A : H → H by

Ah(t) =

∫ t

0

J

(
h(s) − 1

2
h(T )

)
ds, t ∈ [0, T ], h ∈ H, (12)

where J =

(
0 −1
1 0

)
, then sT = QA/2. See [6]. Set

(AV h)(t) =

∫ t

0

Jh(s)ds, (AF h)(t) = − t

2
Jh(T ), t ∈ [0, T ].

Define ηi ∈ H by ηi(t) = tei, i = 1, 2, where e1 = (1, 0)†, e2 = (0, 1)† ∈ R2. Then
AV is a Volterra operator, A = AV + AF , R(AF ) = {c1η1 + c2η2 | c1, c2 ∈ R}, and
D is the 2 × 2 unit matrix. Thus the assumptions (A1) and (A2) are satisfied
with m = 1, M = 2, and these η1 and η2. Moreover, we see that

tr AF =
1

T

2∑
i=1

〈ηi, AF ηi〉H = −1

2

2∑
i=1

〈ei, Jei〉R2 = 0.

The condition that 〈(I − ζA)h, g〉 = 0 for any g ∈ R⊥ can be rewritten as

h(t) − ζ

(∫ t

0

Jh(s)ds − 1

2
Jh(T )t

)
= t B(h), t ∈ [0, T ], (13)

where B(h) ∈ C2 is a constant vector depending only on h. This is equivalent to
that

h′′ − ζJh′ = 0, h(0) = 0.

Solving this with the additional condition that h′(0) = p, we obtain that

J̃ζ(t; p) =
sin(ζt/2)

ζ/2

(
cos(ζt/2) − sin(ζt/2)
sin(ζt/2) cos(ζt/2)

)
p.

If we set b(p) = B(J̃ζ(·; p)), then it follows from this expression and (13) that

b(p) = [(I − ζA)J̃ζ(·; p)]′(0) =
{

p +
ζ

2
JJ̃ζ(T ; p)

}
= cos(ζT/2)

(
cos(ζT/2) − sin(ζT/2)
sin(ζT/2) cos(ζT/2)

)
p.
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Furthermore we have that

J̃ζ,2 =
sin(ζT/2)

ζ/2

(
cos(ζT/2) − sin(ζT/2)
sin(ζT/2) cos(ζT/2)

)
.

First let N = 2, i.e., L = R. For x = (x1, x2)
† ∈ R2, set

px =
ζ/2

sin(ζT/2)

(
cos(ζT/2) sin(ζt/2)
− sin(ζT/2) cos(ζT/2)

)
x

and hx = J̃ζ(·; px). By virtue of (13), we see that

〈(I − ζA)hx, hx〉H = 〈b(px), hx(T )〉R2 =
ζ/2

tan(ζT/2)
|x|2.

Since det C(η(2)) = T 2, by Theorems 1 and 2,∫
W

eζsT δx(w(T ))dµ =
1

2πT

ζT/2

sin(ζT/2)
exp

(
−1

2

ζ/2

tan(ζT/2)
|x|2

)
.

Next let N = 0, i.e., L = {0}. Since A\ = A and 〈A#h, ηi〉H = 0 for any
h ∈ H, we have that

〈J̃ζ(·; p), ηj − ζ(A\ − A#)∗ηj〉H = 〈(I − ζA)J̃ζ(·; p), ηj〉H
= 〈[(I − ζA)J̃ζ(·; p)](T ), ej〉R2 = T 〈b(p), ej〉R2 .

Hence

J̃ζ,0 = T cos(
√

ζT )

(
cos(

√
ζT ) − sin(

√
ζT )

sin(
√

ζT ) cos(
√

ζT )

)
.

This implies that ∫
W

eζsT dµ =
1

cos(ζT/2)
.

Finally let N = 1 and L = {cη1 | c ∈ R}. Since 〈η1, η2〉H = 0, due to the
observation made in Section 1, we have that

J̃ζ,1 =

(
sin(ζT/2) cos(ζT/2)/(ζ/2) − sin2(ζT/2)/(ζ/2)

T sin(ζT/2) cos(ζT/2) T cos2(ζT/2)

)
.

If we set ha = J̃ζ(·; p(a,0)†) for a ∈ R, then by (13), it holds that

(I − ζA)ha =
aζ/2

tan(ζT/2)
η1, 〈(I − ζA)ha, ha〉H =

ζ/2

tan(ζT/2)
a2.

Thus ∫
W

eζsT δa(w
1(T ))dµ =

1√
2πT

√
ζT

sin(ζT )
exp

(
−1

2

ζ/2

tan(ζT/2)
a2

)
.
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Example 3. As a combination of Examples 1 and 2, we can apply our results to
the quadratic Wiener functional associated with harmonic oscillator in uniform
magnetic field; let d = 2, α, β1, β2 ∈ R, 6= 0, and put

q(w) = αsT (w) +
1

2

∫ T

0

〈Bw(t), w(t)〉R2dt,

where B =

(
β1 0
0 β2

)
. Define A,AV , AF : H → H by

AV h(t) =

∫ t

0

{
αJh(s) −

∫ s

0

Bh(u)du

}
ds,

AF h(t) =

{
−α

2
Jh(T ) +

∫ T

0

Bh(u)du

}
t, t ∈ [0, T ],

A = AV + AF .

Due to the observations in Examples 1 and 2, we have that

q =
1

2
QA +

(β1 + β2)T
2

4
.

Moreover, AV is a Volterra operator, R(AF ) = {c1η1 + c2η2 | c1, c2 ∈ R}, and D
is the 2× 2 unit matrix, where η1, η2 ∈ H are defined as in Example 2. Thus the
assumptions (A1) and (A2) are fulfilled with m = 1, M = 2, and these η1 and
η2. Moreover, tr AF = {β1 + β2}T 2/4.

The equation (3) to determine J̃ζ(t; p) now reads as

h′′ − αζJh′ + ζBh = 0, h(0) = 0, h′(0) = p,

which is nothing but the Jacobi equation associated with the Lagrange function
for harmonic oscillator in uniform magnetic field. The Jacobi equation leads us
to the expression of J̃ζ(t; p) as follows. Let ±λ1,±λ2 be the roots of the equation

(λ2 + ζβ1)(λ
2 + ζβ2) + ζ2α2λ2 = 0.

In the sequel, we assume that ζ satisfies that ζ{α4ζ2+2α2(β1+β2)ζ+(β1−β2)
2} 6=

0, which implies that ±λj’s are different from each other. Put

a11
ζ (t) =

λ1(λ
2
2 + ζβ1)

(λ2
1 − λ2

2)ζβ1

sinh(λ1t) −
λ2(λ

2
1 + ζβ1)

(λ2
1 − λ2

2)ζβ1

sinh(λ2t),

a12
ζ (t) = −a21

ζ (t) = − αζ

λ2
1 − λ2

2

cosh(λ1t) +
αζ

λ2
1 − λ2

2

cosh(λ2t),

a22
ζ (t) =

λ2
1 + ζβ1

λ1(λ2
1 − λ2

2)
sinh(λ1t) −

λ2
2 + ζβ1

λ2(λ2
1 − λ2

2)
sinh(λ2t),

and define

Aζ(t) =

(
a11

ζ (t) a12
ζ (t)

a21
ζ (t) a22

ζ (t)

)
.
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Then we have that
J̃ζ(t; p) = Aζ(t)p. (14)

It should be noticed that aij
ζ (t)’s are all symmetric functions of λ2

1 and λ2
2, and

hence neither the choice of the sign of λi’s nor the ordering of λ1 and λ2 matters.
From (14), we can conclude that

J̃ζ,2 = Aζ(T ),

J̃ζ,0 =

(
I − ζαT

2
J

)
Aζ(T ) − ζαJ

∫ T

0

Aζ(s)ds − ζB

∫ T

0

sAζ(s)ds.

In particular, we obtain that

det J̃ζ,2 =
2ζ2α2

(λ2
1 − λ2

2)
2

{
1 − cosh(λ1T ) cosh(λ2T )

}
+

ζ2α2(ζβ1 + ζβ2) + (ζβ1 − ζβ2)
2

λ1λ2(λ2
1 − λ2)2

sinh(λ1T ) sinh(λ2T ),

which brings us the expression that∫
W

eζqδ0(w(T ))dµ = (2π)−1(det J̃ζ,2)
−1/2.

In the remaining of this section, we shall give two examples where the number
m corresponding to the differentiability in the assumptions (A2) is greater than
1.

Example 4. In this example, we consider the quadratic Wiener function obtained
as the norm of the Malliavin derivative of hT ; let d = 1 and set

gT (w) =

∫ T

0

(∫ T

t

w(s)ds

)2

dt, w ∈ W .

It is then easily checked that

gT (w) =
1

4
‖∇hT (w)‖2

H .

Set

Ah(t) =

∫ t

0

ds

∫ T

s

du

∫ u

0

dv

∫ T

v

dah(a),

AV h(t) =

∫ t

0

ds

∫ s

0

du

∫ u

0

dv

∫ v

0

dah(a), t ∈ [0, T ],

AF = A − AV .

Define η1, η2 ∈ H by η1(t) = t and η2(t) = t3 − T 2t, t ∈ [0, T ]. Then q =
QA + (T 4/6), tr AF = T 4/6, and R(AF ) = {c1η1 + c2η2 | c1, c2 ∈ R}. See [8].
Moreover, it holds that

D =

1 −T 2

0 0
0 6

 .
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Thus the assumptions (A1) and (A2) are fulfilled with m = 3, M = 2, and these
η1 and η2.

The equation (3) is equivalent to the ordinary differential equation

h(4) − ζh = 0,


h(0)

h(1)(0)
h(2)(0)
h(3)(0)

 =


0

p1 − T 2p2

0
6p2

 ,

where p = (p1, p2)
† and h(j) denotes the jth derivative of h. Solving this, we

obtain that
J̃ζ(t; p) = 〈xζ(t), p〉R2 ,

where

xζ(t) =
1

2ζ1/4

(
sinh(ζ1/4t) + sin(ζ1/4t)

−(T 2 − 6ζ−1/2) sinh(ζ1/4t) − (T 2 + 6ζ−1/2) sin(ζ1/4t)

)
.

We first consider the case where N = 0. Setting αζ = cosh(ζ1/4/T ), βζ =
cos(ζ1/4/T ), and defining aζ , bζ ∈ R2 by

bζ =
ζ1/2

12

(
αζ − βζ

−(T 2 − 6ζ−1/2)αζ + (T 2 + 6ζ−1/2)βζ

)
, aζ = x

(1)
ζ (T ) − 2T 2bζ ,

we observe that
x

(1)
ζ (T ) = aζ + 2T 2bζ , x

(3)
ζ (T ) = 6bζ ,

and hence that

(I − ζA)J̃ζ(·; p) = 〈aζ , p〉R2η1 + 〈bζ , p〉R2η2.

Since 〈η1, η2〉H = 0, we then have that

J̃ζ,0 =

(
‖η1‖2

Ha†
ζ

‖η2‖2
Hb†ζ

)
.

This implies that
det J̃ζ,0 = det C(η(2))αζβζ .

Thus we obtain that∫
W

eζgT /2dµ =
{
cosh(ζ1/4T ) cos(ζ1/4T )

}−1/2
.

We next consider the case where N = 1. If we set γζ = sinh(ζ1/4T ) and
δζ = sin(ζ1/4T ) and define cζ ∈ R2 by

cζ =
1

2ζ1/4

(
γζ + δζ

−(T 2 − 6ζ−1/2)γζ − (T 2 + 6ζ−1/2)δζ

)
,

then it holds that
〈J̃ζ(·; p), η1〉H = 〈cζ , p〉R2 .
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Since η1 and η2 are perpendicular to each other, due to the observation made in
Section 1, we have that

J̃ζ,1 =

(
c†ζ

‖η2‖2
Hb†ζ

)
and det J̃ζ,1 =

‖η2‖2
H

2ζ1/4

{
αζδζ + βζγζ

}
.

Thus we obtain that∫
W

eζgT /2δ0(w(T ))dµ =
ζ1/8√

π{cosh(ζ1/4T ) sin(ζ1/4T ) + cos(ζ1/4T ) sinh(ζ1/4T )}
.

We finally consider the case where N = 2. Define dζ = (d1
ζ , d

2
ζ)

† ∈ R2 by

d1
ζ =

3

2ζ1/4

{
−2ζ−1/4Tαζ + 2ζ−1/4Tβζ + (T 2 + 2ζ−1/2)γζ + (T 2 − 2ζ−1/2)δζ

}
d2

ζ =
3

2ζ1/4

{
2ζ−1/4T (T 2 − 6ζ−1/2)αζ − 2ζ−1/4T (T 2 + 6ζ−1/2)βζ

− (T 2 + 2ζ−1/2)(T 2 − 6ζ−1/2)γζ − (T 2 − 2ζ−1/2)(T 2 + 6ζ−1/2)δζ

}
.

Then we have that
〈J̃ζ(·; p), η2〉H = 〈dζ − T 2cζ , p〉R2 .

This implies that

J̃ζ,2 =

(
c†ζ

(dζ − T 2cζ)
†

)
and

det J̃ζ,2 = 18ζ−5/4{2ζ−1/4γζδζ − T (αζδζ + βζγζ)}.

Thus we obtain that∫
W

eζgT /2δ0(η
(2))dµ =

ζ5/8√
72π2{2ζ−1/4γζδζ − T (αζδζ + βζγζ)}

.

Example 5. In this example, we consider the generalized stochastic area inves-
tigated by K. Hara, N. Ikeda, S. Kusuoka and S. Manabe [1, 2, 3, 4]. For this
purpose, let d = 2 and n ∈ N. Define I : W 3 w 7→ Iw ∈ W by

Iw(t) =

∫ t

0

w(s)ds, t ∈ [0, T ].

Put

a(w) =
1

2

∫ T

0

〈JInw(t), In−1w(t)〉dt,

where J =

(
0 −1
1 0

)
∈ R2×2 as in Example 2, and 〈·, ·〉 denotes the inner product
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in R2. If we set

AV h = (−1)nI2n+1Jh,

(AF h)′(t) =
1

2

n−1∑
j=0

(−1)j

{
In+j+1Jh(T )

(T − t)n−j−1

(n − j − 1)!
− In+jJh(T )

(T − t)n−j

(n − j)!

}
− (−1)n

2
I2nJh(T ),

A = AV + AF ,

then AV is a Volterra operator and q = QA/2. Putting

η2j−1(t) =
tj

j

(
1
0

)
, η2j(t) =

tj

j

(
0
1

)
, 1 ≤ j ≤ n + 1,

we see that R(AF ) ⊂
{∑2n+2

j=1 cjηj

∣∣ c1, . . . , c2n+2 ∈ R
}

and

D =



I 0 · · · · · · 0

0 I
. . .

...
...

. . . 2I
. . .

...
...

. . . . . . 0
0 · · · · · · 0 n!I
0 · · · · · · · · · 0
...

...
0 · · · · · · · · · 0


∈ R2(2n+1)×(2n+2),

where I denotes the 2 × 2 unit matrix. Hence the assumptions (A1) and (A2)
are satisfied with m = 2n + 1, M = 2n + 2, and these ηj’s. Thus our results are
applicable to the generalized stochastic area a studied in [1, 2, 3, 4].
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Degenerate Gauss hypergeometric functions

MHF2004-26 Ryo IKOTA
The boundedness of propagation speeds of disturbances for reaction-diffusion
systems

MHF2004-27 Ryusuke KON
Convex dominates concave: an exclusion principle in discrete-time Kolmogorov
systems



MHF2004-28 Ryusuke KON
Multiple attractors in host-parasitoid interactions: coexistence and extinction

MHF2004-29 Kentaro IHARA, Masanobu KANEKO & Don ZAGIER
Derivation and double shuffle relations for multiple zeta values

MHF2004-30 Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Generalized partitioned quantum cellular automata and quantization of clas-
sical CA

MHF2005-1 Hideki KOSAKI
Matrix trace inequalities related to uncertainty principle

MHF2005-2 Masahisa TABATA
Discrepancy between theory and real computation on the stability of some
finite element schemes

MHF2005-3 Yuko ARAKI & Sadanori KONISHI
Functional regression modeling via regularized basis expansions and model
selection

MHF2005-4 Yuko ARAKI & Sadanori KONISHI
Functional discriminant analysis via regularized basis expansions

MHF2005-5 Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Point configurations, Cremona transformations and the elliptic difference Painlevé
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