SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Cyclic cubic field with explicit Artin symbols

Komatsu, Toru
Faculty of Mathematics, Kyushu University

https://hdl.handle. net/2324/3374

HERISER - MHF Preprint Series. 2005-28, 2005-07-28. FULM K%K Feii IR 22 R
N—=2 3

HEFIBAMR

KYUSHU UNIVERSITY




MHF Preprint Series

Kyushu University
21st Century COE Program
Development of Dynamic Mathematics with
High Functionality

Cyclic cubic field
with explicit Artin symbols

T. Komatsu
10

HEN
0 O

MHF 2005-28

( Received July 28, 2005 )

Faculty of Mathematics

Kyushu University
Fukuoka, JAPAN



Cyclic cubic field with explicit Artin symbols

Toru KOMATSU

ABSTRACT. In this paper we present a set 7}+ of rational numbers s € Q such
that the minimal splitting fields Ly of X3 —3sX? — (35+3)X — 1 are cyclic cubic
fields with a given conductor f. The set ’Tf+ has exactly one s for each field L

of conductor f. The Weil’s height of every number s € ’7}+ is minimal among
all of the rational numbers s € (Q such that Ly, = L. If a cyclic cubic field L of
conductor f is given, then we can choose the number s € S corresponding to L
by sequencing the explicit Artin symbols.

§ 0. Introduction

Recently many mathematicians construct generic polynomials and expect to
apply the polynomials to the case of algebraic number fields. In this paper we
make use of a generic cyclic cubic polynomial F'(¢, X) = X® -3t X?— (3t +3)X —1,
which is well-known as the simplest cubic polynomial of Shanks type (cf. Shanks
[14], Serre [13]). Hashimoto-Miyake [4] and Rikuna [12] generalize the polynomial
F(t,X) to the cases of general degree, and the author [6] studies the arithmetic
properties of the general degree cases. For a rational number s € Q let L, be
the minimal splitting field of F(s, X) over Q. We give a method for making a
rational number s € QQ such that L, is equal to a given cyclic cubic field L. Let
[ = fr be the conductor of L and P; the set of prime divisors of f. For a prime
number p with p =1 (mod 3) we denote a rational number a,/b, € Q by ¢, where
(a,,by) is a unique pair in the set {(a,b) € Z x Z|a* + ab+ b* = p, b =0 (mod 3),
b > 0and a/b > —1/2}. Put ¢ = 0. In a previous paper [6] we defined an
algebraic torus T(Q) = QU {oo} of dimension 1 with composition 47 such that
s1+7s2 = (8182 — 1)/(s1 + s2 + 1). Note that the identity 07 on 7' is oo, and the
inverse —rs of s is equal to —s — 1. Let T; be the subset of T'(Q) consisting of
elements of the form ¥7[m,]c, where p runs through all of the prime divisors of f
and m, € {£1}. Now define a subset T;" of T such that 7;" = {s € T;|s > —1/2}.
Let £ be the family of cyclic cubic fields with conductor f.

Theorem 0.1. There exists a one-lo-one correspondence Rpgq : 7? — Ly,
s L.

Let c¢;, denote the rational number s € 7}+ such that Rpo(s) = L.

Proposition 0.2. The Weil’s height of the number cy, is minimal among all of
the rational numbers s € Q satisfying Ly = L.



REMARK 0.3. The composition 47 is essentially given by Morton [9] and Chap-
man [1] for the cubic case. The author [6] extends the composition for the cases
of general degree by using the Rikuna’s cyclic polynomial.

Theorem 0.1 implies that there exists exactly one s € Q in 7?' for the given
cyclic cubic field L. To determine the number s in 7}+ corresponding [, we calculate
the Artin symbols. Now assume that L;/Q is cubic for a rational number s € Q.
Let o be a generator of Gal(Ls/Q) such that o(z) = (—z — 1)/z for z € Ly with
F(s,z) = 0. Let (L;/p) be the Artin symbol of a prime number p in L;/Q. We

define p,(s) = Up(82 + s+ 1) where v, is the normalized p-adic additive valuation.

Theorem 0.4. Assume that p # 3. If u,(s) < 0, then (Ls/p) = id, that is, p
splits completely in Ls/Q. For the case p,(s) = 0, we have (L;/p) = o' where i € Z
is an integer such that [1](—1) = [(£p —1)/3]s in T(F,) provided p = £1 (mod 3),
respectively. When p,(s) > 0 and p,(s) 0 (mod 3), Ls/Q is totally ramified at p.

REMARK 0.5. The Artin symbol of p = 3 is also calculated (see Proposition
3.3). By using Theorem 0.4 we can calculate (L,/p) for s € Ty and p # 3. One can
extend Theorem 0.4 for the general degree cases.

In §1 we recall the descent Kummer theory described in [6]. In §2 we construct
a set of rational numbers which correspond to cyclic cubic fields with a given
conductor. In §3 we present a method for calculating the explicit Artin symbols.
In §4 we have a remark on generators for the ring of integers of the cyclic cubic
field L, as Z-module. In §5 we exhibit some numerical examples.

§ 1. Preparation

We recall some results in the paper [6]. Let T(Q) = Q U {cc} be an algebraic
torus of dimension 1 with composition +7 such that si+7s; = (s152—1)/(s1+s2+
1). In fact, there exists a group isomorphism ¢ : T' = Gy, t = (t — () /(t = (1)
over Q(¢) where ( is a primitive 3rd root of unity. The composition +r is defined
as s1+r1s2 = ¢ ' (p(s1)p(sz2)). The identity Or on T is equal to co = ¢~*(1). For a
positive integer m € Z let [m] be the multiplication map by m with respect to +7,
that is, [m]t = t+7 - - - +7t with m terms. We denote [m]T(Q) = {[m]s|s € T(Q)}
and T[m] = T(Q)[m] = {z € T(Q)|[m]z = o}. Note that T'[3] = (=1)r =
{00, —1,0} C T(Q). Let T'g be the absolute Galois group Gal(Q/Q) of Q. Then

we have a descent Kummer theory (see [6] and [11] for a general case).

Proposition 1.1 (Morton [9], Chapman [1], Ogawa [11], K [6]). There exists
a group isomorphism
§:T(Q)/3]T(Q) — Homeont(I'q, Z/3Z).

In particular, for an s € Q the field L is equal to @K‘”S(s).

Corollary 1.2. For rational numbers s; and sy € Q the equation Lg, = L
holds if and only if (s1)r = (s2)7 in T(Q)/[3]T(Q).

Corollary 1.3. Assume that Ls, and Ls, are distinct cyclic cubic fields for
ralional numbers s; and sy € Q. Then two fields Ly, 4.5, and Ly, _ ., are all of the
cyclic cubic fields contained in the composite field Ls, Ls, other than Ls, and Ls,.
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By using a result in [6] one can calculate the ramifications in Ls/Q. We define
Us by
Us ={s € Qus(s +1/2) < —1orwvs(s+1/2) > 2}.
For a prime number p # 3, the set U, is defined to be

U,={s¢€ Q|vp(52 +s+1)<0or vp(32 +s+1)=0 (mod 3)}.

Lemma 1.4 (K [6]). For a rational number s € Q the conductor fr,, of the
extension Ls/Q is equal to [, pr where

1 ifp#3 and s g U,
Ap=1 2 ifp=3ands ¢ Us,

0 otherwise.

§ 2. Minimal element realizing a cyclic cubic field
Let us note that Og¢) = Z[(]is a principal ideal domain and (’)6(0 = (—()g,, ~

Z6Z. Then it is easy to see

Lemma 2.1. For a prime number p with p =1 (mod 3) there exists a unique
pair (a,b) of rational integers a,b € Z such that a* + ab+ b* = p, b = 0 (mod 3),
b>0anda/b>—1/2.

For a prime number p = 1 (mod 3) let a, and b, be the integers a and b
satisfying all of the conditions in Lemma 2.1, respectively. For p = 3 we define
az =0 and b3 = 1. Now put ¢, = a,/b, € Q.

Lemma 2.2. The cyclic cubic field of prime conductor p =1 (mod 3) is equal
to L.,. The cyclic cubic field of conductor 9 is equal to L., .

Proof. For a prime number p = 1 (mod 3) we have ¢} + ¢, + 1 = p/b2. Then
vp(cz +¢,+1) =1 and UI(CZ + ¢, + 1) <0 for a prime number [ with [ # p. It
follows from v3(b,) > 1 that vs(c,+1/2) = —v3(b,) < —1. Thus Lemma 1.4 implies
that L., is a cyclic cubic field of conductor p. By class field theory there exists
only one cyclic cubic field of conductor p. Thus the cyclic cubic field of conductor
p is equal to L.,. In the same way we see that there exists only one cyclic cubic
field of conductor 9, which is equal to L.,. O

Let N3 be the set of all conductors of cyclic cubic fields. Then N3 is equal to
the set of positive integers f € Z, f > 1 such that

Oor2 if p=3,
vp(f)=< 0orl ifp=1 (mod3),
0 otherwise,

for every prime number p. Now fix an integer f € N;5. Let 7; be the subset of
T(Q) consisting of elements of the form Y[m,]c, where p runs through all of the
prime divisors of f and m, € {+1}. Let L be the family of cyclic cubic fields with
conductor f.

Proposition 2.3. There exist a surjective map Rrpg : Ty — Ly, s — Lg. In
particular, Ls, = Ly, for si,s2 € Ty if and only if s1 = s or sy = —7s;.

By using Corollary 1.3 we see



Lemma 2.4. Lel 51,82 € Q with s1+782 # oo. Assume that L, /Q is unram-
ified at a prime number p. Then p ramifies in L, 4,5, /Q if and only if so does in

L,/ Q.

Proof of Proposition 2.3. Lemma 2.4 implies that for every s € T; the field L; is
cyclic cubic of conductor f. Thus the map Rpgq is well-defined. Corollary 1.2 and
Lemma 2.2 show that ¢, are linearly independent in 7'(Q)/[3]T(Q). Thus §7; = 2"
where r is the number of prime divisors of f. It follows from Corollary 1.2 and the
linearly independency of ¢, that Ly, = L, for s1,s, € Ty if and only if s; = s9
or s; = —rsy. By class field theory we have f£; = 2"~'. Hence the map Rp is
surjective. O

Let us define two subsets T;* and 7~ of Tf such that 7,7 = {s € Tsls > —1/2}
and 77 = {s € Ty|s < —1/2}. Then s € 7}:& holds if and only if so does —rs € 7,7,
respectively. Indeed, s + (—7s) = —1. Thus Proposition 2.3 verifies Theorem 0.1.

Let L be a cyclic cubic field of conductor f = f; and ¢; a unique rational
number s € 7}+ such that Rpg(s) = L. Let aj, and by, be rational integers such
that ar,/b;, = ¢z, ged(ar,br) = 1 and by, > 1. Note that a;, = a,, by, = b, and
cr, = ¢, if f is equal to a prime number p. We define g7, = f1,/9 if 3 | fr, and
gr, = f1, otherwise. One calls g = g7, the tame conductor of L.

Lemma 2.5. We have g;, = a3 + apbr + b3.
By the direct calculation one sees the following equation.

Lemma 2.6. For s; = a;/(3; and sy = a3/ we have

(af + a1 B+ B7) (0] + asfs + 37)
(a1 By + a3y + 5132)? '

Proof of Lemma 2.5. Tt follows from the definition that c% 4 +1 = (a% +
arbr, + b3)/b3. Note that ged(a? + arbr, + b3,br) = 1. Lemma 2.6 implies that
(a3 +arbr+b3) | gr. Indeed, g1, = Hp|f(a]2)—|—apbp—|—b§). Let p be a prime divisor of gr,.
Then p # 3 and L/Q is ramified at p. Lemma 1.4 means that v,(a? +arbr+0%) > 1.
Since gy, is square-free, one has v,(a? + arbr + b7) = v,(gr,) = 1. Thus we have
CL%—I—CELZ)L—I-b%:gL. O

Let H(s) be the Weil height of a rational number s € Q, that is, H(s) =
max{|al, ||} where s = a/F and a,3 € Z with ged(a,3) = 1. We note that
3H(s)*/4 < a*+afB+p* <3H(s)?. Let us define H;, = min{H(s)|s € T(Q), L, =
L}. The genericity of F(s, X) guarantees that {s € T(Q)|Ls = L} # 0, and thus
Hy € Z, Hr, > 1. Let us denote {s € T(Q)|Ls = L, H(s) = Hy} by Sr.

Proposition 2.7. If ¢, > 0, then S, = {c.}. If ¢, <0, then S;, = {cr,, —rcr}-
When ¢;, = 0, we have L. = L., and S;, ={0,1,—1}.

Corollary 2.8. We have Hy, = H(cp), that is, ¢g, has the minimal Weil height
among rational numbers s € Q such that L, = L.

(51‘|‘T32)2 + (s147s2) +1 =

Proof of Proposition 2.7. Let s = a/3 € Q be an element in S;, where a and (3 are
rational integers with gcd(a, 3) = 1. Lemma 1.4 means that g1, | (a® + a8 + 3?).
Let us denote by n; the ratio (a®+af+3%)/gr, € Z. 1t follows from the assumption
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H(s) < H(cg) that mgr, < 3H(s)* < 4(3H(cr)*/4) < 4gr. Thus we have n; < 4.
Since ged(a, 3) = 1, it holds that ve(n;) = 0. In fact, 2 remains prime in Q(¢)/Q.
Thus n; =1 or 3. Corollary 1.2 shows that c¢z+r7s € [3]T(Q) or ¢ —7s € [3]T(Q).
We first assume ¢ = ¢z +r7s € [3]T(Q) with ¢ # co. Then Lemma 2.6 means that
24+ 141 =mgi/(arB + bra + br,3)*. Since t € [3]T(Q), we have L, = Q, that
is, L; is unramified at all primes. Thus one sees that gz, | (ar8 + bra + br03).
Now put 7y = (arB + bra + br.8)/g9r, € Z. Then t* +¢ +1 = n/n;. Tt follows
from ¢ € Q that (¢ + 1/2)*> = n/n3 —3/4 > 0. Since g, € {1,3} and 1, € Z,
we have n,/n5 = 1, 3 or 3/4. Then one sees that ¢ € Tiow(Q) = (=2)1 ~ Z/6Z.
Here, Tiors(Q) N [3]T(Q) = {—1/2,00}. Thus we have ¢t = —1/2 and n,/n; = 3/4.
This implies that s = (=1/2)—7cr, = (—ar + b1)/(2ar, + br). Then one sees
that H(s) = —ar + by, if —=1/2 < ¢, < 0, and 2ay, + by, if ¢, > 0. In fact,
ged(—ar, + br,2ar, + b)) = 1 for ar, # by, (mod 3). Then H(s) < H(cr) holds
if and only if a;, = 0. When a;, = 0, we have ¢;, = 0 and s = 1. For the case
t = cp+71s = 00, one sees that H(s) < H(ey) implies ¢, < 0. Conversely, if ¢, < 0,
then H(—rcr) = H(cr). In the same way as above we can show the assertion for

the case ¢, —7s € [3]T(Q). O

Lemma 2.9. We have 1 < Hp,/\/g1/3 < 2. The lower (resp. the upper) bounds
are the best possible, that is, for arbitrary positive real number ¢ € R, e > 0, there
exist infinitely many cyclic cubic fields L such that Hp/\/gr,/3 < 1 + & (resp.

HL/\/gL/?) > 2—6).

Proof. Tt follows from Lemma 2.5 and Corollary 2.7 that 3H?/4 < g, < 3H},
which shows the inequatilies in the first assertion. Let us consider a cyclic cubic
field L = Lg, where s; = (m + 1)/m for a positive integer m € Z, m > 1. Then
24581 +1 =(m)/m* where v(Y) = 3Y?+3Y 41 € Z[Y]. Now assume that v(m)
is square-free. Then Lemma 1.4 implies that g, = y(m). Since 3H} > g1, = v(m),
we have Hy, > m. Thus H, = H(a/B) = m+ 1 and ¢, = (m+1)/m € Tf"'
where f = v(m) if 3 | m and f = 9v(m) otherwise. Then we have 3H} /g, =
3(m + 1)?/4(m), which converges to 1 if m goes to +o0o. It follows from a result
[10] of Nagell (cf. [3]) that there exist infinitely many positive integers m € Z such
that y(m) are square-free. Thus the lower bound is the best possible. Let us next
consider a cyclic cubic field L' = Ly, where s; = —m/(2m+1) = s1+70 and v(m) is
square-free. Then one can see that s, € 7}T where f' = ~v(m)ifm =1 (mod 3) and
' = 9y(m) otherwise. In fact, ¢c3 = 0 € T[3]. Thus we have Hy, = H(s3) =2m+1
and 3HZ,/gr, = 3(2m 4 1)?/~(m), which converges to 4 if m goes to +o0c. Hence
the upper bound is also the best possible. O

§ 3. Artin symbols of prime ideals for a cyclic polynomial

Let us assume that L, is a cyclic cubic field for a rational number s € Q.
Let  be a solution of F(s,X) = 0. Then L, = Q(z) and Gal(Ls;/Q) = (o)
where o(z) = z+7(—1) = (—z — 1)/z. Let p be a prime number with p # 3 and
vp(s* +s+1) < 0. Lemma 1.4 implies that p is unramified in L;/Q. Let p be a
prime ideal of L; above p. The Artin symbol (Ls/p) is defined to be an element
7 € Gal(L,/Q) such that vy(a? — 7(er)) > 1 for every o € Op,. Since L,/Q is
abelian, (L,/p) depends not on the prime ideal p but only on the prime number p.
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We can define an algebraic torus T'(k) for a field k& with positive characteristic p # 3
in the same way as the case of Q (cf. [6]). Note that T'(k) = kU {oc} — {¢(, (7'}

where ( is a primitive 3rd root of unity in k.

Proposition 3.1. If p = 1 (mod 3), then (Ls/p) = o' where i € Z is an
integer satisfying [i](—1) = [(p — 1)/3]s in T(F,). When p = 2 (mod 3), we have
(L/p) = o' for an integer i € Z such that [i|(—1) = [(—p — 1)/3]s in T(F,).

Lemma 3.2. Ifp= £1 (mod 3), then [plx = £ra? in T(F,), respectively.
Proof. 1t follows from the definition that

(e =P =z =)
o= S0P = tla =y
(z =P —(z =717
If vy(z) < 0, then vp([plz) < vp(z) < 0. Thus [p]r = £7r2? = oo in T'(F,). Now
assume vp(z) > 0. Then we have [p]z = B,(z) (mod p) where
(= QX+ (¢ — g
o € Q[X].
It is easy to see that B,(X) = +7X? for p = +1 (mod 3), respectively. O
Proof of Proposition 3.1. Let 1 € Z be an integer such that (L,/p) = o'. Then we
have 2? = o'(z) in T(F,) since vy(2? — o'(z)) > 1. Lemma 3.2 means that o'(z) =
[+p]z in T(F,) for p = +1 (mod 3), respectively. Note that o'(z) = z+7[i](—1)
and [3]z = s. Thus we have [i](—1) = [tplz—rz = [£p — 1]z = [(£p — 1)/3]s
in T(F,). Here i,(+p—1)/3 € Z and —1,s € T(F,). Thus we have an equation
[{](=1) = [(£p — 1)/3]s in T(F,), which uniquely determines ¢* in Gal(L,/Q). In
fact, the order of —1 in T'(F,) and that of ¢ in Gal(L,;/Q) are both equal to 3. O

BP(X> =

Proposition 3.3. For an s € Q the decomposition of 3 in the extension Ls/Q
is as follows:
(i) 3 ramifies in Ls/Q if and only if 0 < vs(s +1/2) < 1.
(i) 3 splits completely in Ls/Q if and only if vs(s) < —2 or vs(s +1/2) > 3.
(iii) 3 remains prime in Ls/Q if and only if vs(s) = —1 or vs(s + 1/2) = 2. When
v3(s) = —1 and 3s = F1 (mod 3), we have (L,/3) = o', respectively. For the
case v3(s + 1/2) = 2 and (s + 1/2)/9 = £1 (mod 3), il satisfies (Ls/3) = o*!,

respectively.

Proof. Lemma 1.4 implies the assertion (i). If vs(s) = —(v + 1) < =2 for a
positive integer v € Z with v > 1, then F,(u,Y) = F(u/3"t',Y/3")3% = Y —
uY? (mod 3) where u = 3"*'s € Q and v3(u) = 0. Note that F,(u,u) = 0
(mod 3) and 9F,(u,Y)/0Y |y=, = u? £ 0 (mod 3). Hensel’s lemma implies that
there exists a solution Y = @ € Z, of F,(u,Y) = 0. Then 2, = 3”0 € Q, is
a solution of F(s,X) = 0. Let us put 3 = z1+7(—1) and z3 = 2;+70. Then
T, 23 € Q, are solutions of F(s, X) = 0 such that vs(z2) = —v and vs(z3) = 0.
This means that F(s,X) = (X — 21)(X — 22)(X — z3) in Q,, that is, p splits
completely in L;/Q. Now assume vs(s) = —1. Then F(s, X) is defined over Zs,
and F(s,X) = X3>F(X*+ X)—1 (mod 3) if 3s = £1 (mod 3), respectively. Here
X?F(X?+ X) —1 are irreducible over F3. Thus 3 remains prime in L,/Q. By the
direct calculation one sees that X2 — (- X-1)/X=(X- 1)(X3 + X2+ X — 1)/X
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(mod 3). For a solution z € Q, of F(s,X) = 0 with 3s = —1 (mod 3), we have
vp(2® — o (z)) > 1 where p = (3) is the prime ideal of L, above 3. Indeed, vy(z) = 0.
In the same way as above, one has (L;/3) = ¢ when 3s = 1 (mod 3). Now put
s1=s+7(—1/2) = (—=s—2)/(2s+1). It follows from Proposition 1.1 that Ly = L,
since —1/2 is a 2-torsion element. If v3(s + 1/2) > 3, then vs(s;) < —2. Thus 3
splits completely in Ly, = Ls,. When vs(s + 1/2) = 2, we have v3(s;) = —1. Now
set € = (s+1/2)/9 € Z. Then 3s; +¢e = (4e*—6e—1)/(4¢) = 0 (mod 3). By using
the assertion of the case v3(s) = —1 one can have that ¢ = £1 (mod 3) implies
(L,/3) = o', respectively. O

§ 4. Ring of integers of a cyclic cubic field
Let L be a cyclic cubic field of conductor f7, and Oy, the ring of integers of L.
Let z be a solution of F(cg, X) = 0.

Lemma 4.1. If 3 { fr, then Oy, is generated by 1, brx/3 and bro(z)/3 as
Z-module. When 3| fr,, we have O, = Z + Zbrx + Zbro(z).

Proof. Let us assume 3 1 f,. We first show that brz/3 and bro(x)/3 are algebraic
integers in L. The minimal polynomial of y = brx/3 over Q is equal to Y? —
arY? — (ar, 4 br)(br,/3)Y — (br,/3). Tt follows from the construction of T; that
vs(br) > 1 and b;,/3 € Z. Thus y € Op, holds and so does o(y) = bro(z)/3 €
Or. Let R be a submodule of Oy, generated by {1,br2/3,br,0(x)/3} as Z-module.
Since bro(z)/3 = —brz*/3 + arx + ar, + 2br,/3, the module R is generated by
{1,br2/3,br,2%/3 — arx} as Z-module. Here the discriminant of the element z is
equal to 3*(c? + ¢z, + 1)* = g7 (br,/3)™*. Thus the discriminant of R is equal to g3.
It follows from 3 1 fr, that the discriminant of Oy, is equal to g7. This shows that
R = Oy, In the same way as above one can see that Oy, = Z+Zbrx+Z(brz*—3arx)
for the case 3| fr. O

Corollary 4.2. If31 f;, and by, = 3, then O, = Z[z], that is, Op, has a power
basis. When 3| fr, and by, = 1, we have O, = Z[z].

By the direct calculation we have
F(er, (X +ar)/bp)b, = X* — 391X — (2az + br)gz,

which is the same polynomial described in [2]. In §6.4.2 of [2] one can see the same
statement as that of Lemma 4.1

§ 5. Numerical examples for cyclic cubic fields

For prime numbers p = 3 and p = 1 (mod 3) with p < 1000 we calculate
the numbers ¢, = a,/b, where a, and b, satisfy all of the conditions in Lemma
2.1. The data is contained in Table 5.1 below. For an integer f = 482391 =
3?2 x7x13x19x31 we compute the set T;. There exist 2°~ = 16 cyclic cubic fields
of conductor f. For all such fields L. we denote the numbers ¢, in the ¢z-column
of Table 5.2. At the coordinates (cr,, p) of the left part in Table 5.2 we denote the
signs £ of the numbers m,, € {£1} such that ¢, = Y7, ;[m,]c,, respectively. The
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number at (cz,, p) of the right part in Table 5.2 is equal to

0 if p splits completely in L/Q,
1 and 2 if p remains prime in L/Q with (L;/p) = ¢ and o2, respectively,
3 if p ramifies in L/Q.

For example, there exists a number 1 at (cz,p) = (3/230,17). This means that 17
remains prime in L = Lgjy39 and (L/17) = ¢ where o(z) = (-2 — 1)/z for x € L
with F(3/230,2) = 0. From the data of the numbers m, we have already known
that all of the 16 fields in Table 5.2 are distinct from each other. The data of the
Artin symbols is useful to find s € Q corresponding to a field L whose definition
polynomial is not of the type F'(¢, X). The data at the right part of Table 5.2 itself
enables us to distinguish the 16 fields completely. Let M be the minimal splitting
field of A(Z) = Z* — 1607977 — 24709139 over Q. Since the discriminant of the
polynomial A(Z) is equal to a square 145438173050625 = 3572132192312, the field
M is cyclic cubic over Q or is equal to Q. It follows from some method (cf. [8]) that
the set of prime numbers ramifying in M/Q are {3,7,13,19,31}. Thus M is a cyclic
cubic field of conductor f = 482391. One can calculate a generator 7 € Gal(M/Q)
such that 7(z) = (—218z — 53599)/(z + 243) for z € M with A(z) = 0. One can
check that

(M/2) = 7%, (M/5) = id, (M/11) = 7,(M/17) = 7%, (M/23) = 7,(M/29) = 7°.

By comparing the data in Table 5.2 and above at the primes p = 2,5, 11 and 17, we
have M = Ljig/55. Note that the Artin symbols are determined uniquely up to the
choice of the generator of Gal(M/Q). In fact, A(Z) is equal to F(cr, (Z+ar)/br)b}
for ¢f, = 218/25.



p Cp P Cp p Cp p Cp

3 0 199 | —2/15 439 5/18 727 13/18
7T | —-1/3 211 —1/15 457 | —=T7/24 733 19/12
13 1/3 2231 11/6 463 1/21 739 | —7/30
19 2/3 229 5/12 487 2 /21 751 10 /21
31| —1/6 21| 1/15 499 | 7/18 757|127
37 4/3 2711 10/9 523 | 17/9 769 | 17/15
43 1/6 277 7/12 541 4/21 787 2 /27
61 | —4/9 283 | 13/6 547 | =13 /27 811 | 25/6
67 | —2/9 307 | —1/18 571 5 /21 823 | —14/33
73 1-1/9 313 | 16/3 577 | —8/27 829 | —13/33
79 7/3 331 | —10/21 601 1/24 853 4 /27
97 8/3 337 —8/21 607 | 23/3 859 | —10/33
103 2/9 349 | 17/3 613 | 19/9 877 | 28/3
109 | =5 /12 367 13/9 619 | —5/27 883 | 13/21
127 7/6 373 | —4/21 631 | 14/15 907 | —7/33
139 | 10/3 379 7/15 643 | 11/18 919 | 17/18
51 5/9 397 | 11/12 661 | 20/9 937 | 29/3
157 1/12 409 8 /15 673 8 /21 967 7 /27
163 | 11/3 421 —1/21 691 | —11 /30 991 26 /9
181 | —4 /15 433 | —11 /24 709 | 25/3 997 | —13 /36
193 7/9

Table 5.1 (¢, for p < 1000)

3 7 13 19 31 cr, 2 3 5 7 11 13 17 19 23 29
+ - + - + 3/230(0 3 0 3 0 3 1 3 0 1
- — — — —| —43/25000 3 0 3 1 3 1 3 1 1
- — 4+ 4+ 4| 197/58 {0 3 1 3 1 3 0 3 0 0
- - - - 4 145/12240 3 2 3 0 3 2 3 1 1
- 4+ — 4+ 4| -8/262|{0 3 2 3 2 3 0 3 0 2
- - + + - 25/21810 3 2 3 2 3 2 3 0 O
+ — — 4+ —|—-102/265|1 3 0 3 0 3 0 3 0 1
- 4+ 4+ + - 122/14511 3 0 3 1 3 1 3 1 0
- 4+ - - + 218/25 |1 3 0 3 2 3 1 3 2 1
-+ - - - 58/197(1 3 1 3 0 3 0 3 2 1
+ + 4+ — 4+ 102/163|1 3 1 3 2 3 0 3 1 1
+ + + — —| =90/263|1 3 2 3 0 3 2 3 1 1
+ - - + + 90/173 |1 3 2 3 2 3 1 3 0 1
+ + - 4+ 4+ 177/8 |2 3 0 3 1 3 0 3 1 1
+ - - — —| 207/43 |2 3 1 3 0 3 1 3 2 0
+ + - + - -3/23312 3 1 3 2 3 2 3 1 1

Table 5.2 (16 cyclic cubic fields of conductor 482391)
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