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Wiener integrals for centered powers of Bessel
processes, |

Tadahisa Funaki* Yuu Hariya'and Marc Yor!

Abstract

The stochastic integrals of Wiener’s type may be constructed relatively to the cen-
tered d-dimensional Bessel processes (BES(d)-processes in short) and their vari-
ants based on two different approaches. One approach, developed in [3], is via the
Brascamp-Lieb inequality which works especially well for the BES(¢)-processes,
BES(0)-bridges with § > 3 or for the Brownian meander. The other approach,
which is the subject of the present paper, goes via Hardy’s L? inequality which is
effective for general BES(J)-processes and their powers. We shall also discuss an
interplay of these two methods.

1 Introduction and main results

Consider, on a filtered probability space (2, F, (F;,t > 0), P), a continuous semimartin-

gale (Xy,t > 0), with canonical decomposition:
Xy = My + V4,

where (M;) denotes an (F;)-local martingale, and (V;) an (F;)-adapted, continuous

process of bounded variation.

The theory of stochastic integration with respect to X consists in defining;:
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for (F;)-predictable processes (¢;) which satisfy:

(1.1) /O¢§d<M>S<oo and /0]¢8Hdl/5]<oo

a.s. for every t. However, in a number of situations, one would like to be able to define
( fot ¢sdX,t > 0) for predictable processes (¢;) which only satisfy:

t
(1.1) /0 P2 d{M), < 0o a.s. for every t.

This question arose very naturally in some discussions of enlargements of the Brownian
filtration. More precisely, consider a Brownian motion (5, ¢ > 0) (and its filtration),
and assume that, in a larger filtration (%), (f;) remains a semimartingale, which then

decomposes as:
(1.2) Be=B+Vi, t=>0,

where (B;) is an (F;)-Brownian motion. In [9], examples were given for which, al-

though (1.2) holds, nonetheless, there exist even deterministic functions f in L2 (ds),

loc
ie., [) f(s)?ds =[] f(s)?d(B)s < oo such that

/0 F(8)][dVi] = oc.

To be precise, starting from a Brownian motion (B;), consider the “second” Brownian

motion:
t
By
(13) ﬁt = Bt — / —dS,
0 S

whose proper filtration is strictly smaller than that of B, but trivially (1.2) holds with:

t
B
Vt:—/ =2 ds.
o S

It then follows from Jeulin’s lemma [7, p.44] (see also [8]) that, if f € L2 (ds), then
(f(f f(s)dBs,t > 0) is an F; = 0{Bs, s < t}-semimartingale if and only if

/0+ |f\(/§)| ds < o0.

(For several applications of Jeulin’s lemma, we also refer to [12, 18].) Nonetheless, for

every f € L2 (ds),
! B, . ! B,
/0 f(s) (;) ds := 16%1 i f(s) <?> ds

loc



exists both a.s. and in L?, as follows easily from (1.3). Thus the identity:

(1.4) [ = [ san- [ 56 (%) a

is meaningful for every f € L% (ds).

loc
In the present paper, we intend to make a similar discussion when instead of (1.2),

we consider the semimartingale:
Xt:R(s(t), tZO,

where (Rs(t),t > 0) is a 0-dimensional Bessel process (BES(d)-process in short), 6 > 1,

starting from 0. We recall the canonical decomposition:

(1.5) Rs(t) = By + Vs(t), t>0,
where

Ly, t 0=1,
1.6 Vi(t) = -1
(1.6) s(t) 52 ORZZESS)’ 0> 1.

(For § = 1, we may consider: Ry(t) = |5|; B, = f(f sgn(fs) dfs, and (L;) the local
time at 0 of 3.) Then, again as a consequence of Jeulin’s lemma, we can show that, for
f € L% (ds), there is the equivalence:

/Olf(s)||d%(s)!<oo — /Oﬁjg”ds@o.

Despite this, we shall show the following analogue of (1.4): define the centered Bessel

process
Ry(t) = Rs(t) — E[Rs(t)] = B, + Vi(t), t>0.

Then the integral fot f(s) d]/%;(s) makes sense for every f € L2 (ds). In fact, we have

loc

obtained the much more precise results. For simplicity, we restrict our argument to the

time interval [0, 1]: For a bounded, measurable function f : [0,1] — R, we set

1(f;Ry) = / £(u) dRy ().

Theorem 1.1. For every 6 > 1, it holds that, for all bounded, measurable functions
f:00,1] = R,

(1.7) E[I(f; R;)?) < |IfII2.

Moreover, the constant 1 implicit in (1.7) is the optimal constant K such that E[I(f; _73\5)2] <
KJl£13.



Note that, for each f* € L*([0,1]), we may find a sequence (f,)nen of bounded,
measurable functions on [0, 1], such that || f, — f*|[s — 0 as n — co. From (1.7), we see
that {I(fn; ]/%;)}neN forms a Cauchy sequence in L*(P). So we may define the Wiener

integral I(f*; .7%\5) as its limit. Thus we obtain, as a corollary to Theorem 1.1:

Corollary 1.2. For all f € L*([0,1]), the Wiener integral I(f; j?:;) is well-defined rela-
tive to BES(0), § > 1, starting from 0. Moreover, it enjoys the property (1.7).

We may extend the above results by replacing (Rs(t),t > 0) by (Rs(t))®, for every

a such that (Rs(t))* is a semimartingale; that is,
a>(2-0)4.

Here, for a € R, (a); = max{a,0}. In this case, we may modify the above as follows:
for 0 € R satisfying 0 + 3 > 0, set
()
k= E[R)] =202~ 22
r'(3)
Theorem 1.3. Ford > 0 and a € (0,2), suppose that « > (2—0). Then it holds that,

for all bounded, measurable functions f on [0,1],
(18) EI(f: R3)?) < 0 atamy | fall:
where fo(u) = f(u)ul®=Y/2,
Remark 1.1. The constant &*koq—1) in (1.8) is also optimal (see Remark 3.1).
We denote by L2([0,1]) the weighted L? space defined by
Li([0,1)) = {f; fa € L*([0,1])}.
As a consequence of Theorem 1.3, we also have the following:

Corollary 1.4. Suppose that § and « satisfy the assumption of Theorem 1.3. Then, for
all f € L2([0,1]), the Wiener integral I(f; ]/%\?) is well-defined.

The rest of the paper is organized as follows: in Section 2, after developing some
Hardy-like inequalities, we prove Theorem 1.1; Section 3 is devoted to the proof of
Theorem 1.3; in Section 4, we show that as a consequence of the previous results,
Wiener integral may be defined relatively to the centered BES(6)-bridges, for § > 1;
finally, in Section 5, which we consider as an Appendix, we have gathered several topics

we refer to in our discussions.



2 An approach via Hardy’s L? inequality

2.1 Some Hardy-like inequalities

Proposition 2.1. For a non-negative, integrable function ®(t),0 <t <1, the operator

To:f— {/0 dt F(ut)d(),u < 1)

which is well-defined on bounded Borel measurable functions f, extends as a bounded

linear operator on L*([0,1]) if and only if

(2.1) K¢ = /Oldt&\/?<oo

Moreover,

| Ts fll2 < Kallfll2 for all f € L*([0,1]),

and the constant Kg is the optimal constant K such that: ||Te flla < K||fll2; that is,

the operator norm ||Ts| of Te is equal to Kg.

For @ satisfying (2.1), we define the quadratic form Jg on L2([0,1]) x L?([0,1]) by:

1
(22) I(f.9) = [ duf@Tagtu). 1.9 € 0.1,
0
Proof of Proposition 2.1. As is well known, it holds that:

7]l = sup{|Ja(f, 9)I; £, g € L*([0,1]), I fll2 < 1, [lgll2 < 1}.

By Fubini’s theorem and the Cauchy-Schwarz inequality, we have:

a(fog)| < / at (1) (/Oldugwt)?)
< [ @2 spalo

which shows || T3] < K. On the other hand, if we assume that |Jo(f, 9)| < K||fll2]l9]l2,
then, by taking f = g = 1., where ¢, (u) = u® for a > —1/2, we get Jo(Va, Vo) <
K(1+2a)™!, but

1/2

1
14+ 2a°

1
J@(wa7'¢)a) :/0 dtq)(t)ta X

Therefore, fol dt ®(t)t* < K for every @ > —1/2, and thus letting o | —1/2, we get
K¢ < K, which ends the proof. O



The next two propositions were proven and kindly proposed to us by F. Hirsh [6].

Proposition 2.2. Suppose ® > 0 and satisfies (2.1). Moreover, suppose that there
exists « > —1/2 such that ® is expanded as:

(e}

(2.3) O(t) =t ant", a, > 0.

n=0

Then the quadratic form Jg is non-negative definite; i.e., Jo(f, f) > 0 for all f €
L*([0,1]).

Proof. 1f we denote ¢5(t) = t°, we have:

O(t) =Y andniall),
n=1
and, in order to prove the assertion, it suffices to show: for any 5 > —1/2,

(2.4) Jos (f, f) 2 0.

Moreover, by approximating each f € L?([0,1]) by functions in C([0,1]), we only have
to prove (2.4) for f € C(]0,1]). By change of variables, and by integration by parts,

To5. 1) = [t ) [ ave s

0 0

= Fs(1)+(26+1) /0 duu=P2 Fy(u).

Here we set

Fatw = [ ds(s)s” [ o flon? = ( I dsf(s)sﬁ>2,

which is non-negative. So the assertion is proved. (|

In fact, the functions ® such that Jg is non-negative definite may be characterized
as follows: for f :[0,1] — R, we denote f: R, — R defined by f(:ﬁ) = e 2 f(e7™).
The mapping f — [ is an onto isometry from L2([0,1]) on L2(R.). Let ¢ : [0,1] — R
such that |¢| satisfies (2.1). Then [;° |6(x)| dz < oo. Let

H(x) = (|z]) = e "2g(e )



Proposition 2.3. The operator T}, is positive if and only if H is positive definite in the
sense that, for every h € L*(R),

(2.5) / /R h(e)h(y) (e — y) dedy > 0.

Proof. Note that

T¢f / ft—i—s

// dsdt f(s) F(t + 5)a(t)
= [ asio / at Ft)3(t - s)
:/OOOdsﬂs) /:odtf(t)H(t—s).

Hence, from the symmetry of H,

_ % / /R  dst Fo)F(OHE—s).

Thus, it holds that

Thus, Jy > 0 if and only if
// dsdt g(s)g(t)H(t —s) >0 for all g € L*(R,).
R}

It follows immediately that, if H is positive definite, then J, is positive. Conversely, if
Jy > 0 and if h € L?(R), then, for every a <0,

/ OO/ " dsdt h(s)h(t)H (1 — s)
= //R2 dsdt h(a+ s)h(a+t)H(t — s) > 0.
2
Letting a go to —oo, we have:
//R2 dsdt h(s)h(t)H(t — s) > 0.
So the proof is complete. O

As a corollary, we have the following (from Bochner’s theorem):



Corollary 2.4. If ¢ is continuous on (0,1], J, > 0 if and only if there exists a finite

positive symmetric measure on R such that

(2.6 o) = == [ e auta)

Example 2.1. (i) When ¢ is given in the form (2.3), the measure p in the above

corollary 1s given by:

> n+a+ i
2.7 d = " .
(2.7) u(x) Z Grar o™

(ii) An interesting class of functions ¢ which satisfy (2.6) are those ¢’s given by:

e~lel/2g(elely — ¢ / V2 g (y)
0

for some constant ¢ > 0, and for a probability measure m on R, ; the measure pu in the
above corollary then appears as the law of Ba, where B is a Brownian motion, and A

18 a random variable independent of B and distributed as m.

2.2 Proof of Theorem 1.1

We first look for some rahter explicit expression for E[I(f; R;)Q]:

Proposition 2.5. Let f:[0,1] — R be a bounded measurable function. Then

(2.8) EU(f; Ry = |If112 = Jas (£, ),

where

%{%(1—m)+ Vi } 6=1,

(5 ) SR Ry

Ds(t) =

Rs(0)), 6> 1,

and Jg; is defined through (2.2).

Example 2.2. In the case § = 3, @5 is given by

By(t) = %%(1 _ Vi),

For some connection between ®1 and ®3, which may be deduced from Pitman’s repre-

sentation theorem for BES(3), see Lemma 5.3 in the appendiz.

8



Suppose that (X, ¢ > 0) is an (F;)-semimartingale with decomposition
(29) Xt = Mt + V;g, t 2 O,

where (M;) is an L*integrable (F;)-martingale and (V;) is an (F;)-adapted process of
bounded variation satisfying E|( f(f |dV,])?] < oo for every t. For a bounded, measurable

function f on [0, 1], we set
th:/tf(u)qu, 0<t<1.
0
Clearly, (X/) is a semimartingale which decomposes as:
th:/tf(u)dMqu/tf(u)qu, 0<t<l.
0 0
Lemma 2.6. [t holds that

— e[ s aona o[ s ([

Proof. By Itd’s formula,
1
(X712 = 2/ XHax! +(x7),.
0

Taking the expectation on both sides, and noting (X7/); = fol f(u)?d{M),, we obtain

the lemma. ]
By using Lemma 2.6, we prove Proposition 2.5. We begin with the case 6 = 1.

Proof of Proposition 2.5 for 6 = 1. Noting (1.5), we take X; = Rs(t) = |6, My = B;
and V; = Vs(t) = L; in (2.9). Then by Lemma 2.6,

20wl [ s d|ﬁu|)2] =1+ 281 stwyan ([ seran )

Recall that dL, is carried by the set of zeros of 5. So, if we denote by (b"(s),0 < s < u)
a Brownian bridge of length u, the expectation on the RHS of (2.10) may be written as:

(2.11) /f )dE[L /f ) d|b"(s)

Note that E[L,] = E[|f.|] = \/2u/7, hence dE[L,| = du/v/2mu. Moreover, since b*(s)

is Gaussian w1th mean 0 and variance s(u — s)/u,

=



hence

AE(b"(s)]] = jQ_W 8(11_8 — (1_25) 2s.

Combining these, we see that (2.11) is equal to:

:—/ du f(u /dtf(m)\/%.

Here, for the equality, we changed variables with s = ut,0 < t < 1. From this and
(2.10),

212 Bl [ @A) 1= 1B+ (1), )= =

On the other hand, F| fo w)d|Bu|] = fl du f(u)/v/2mu, hence

<E[/Olf(U)d\ﬁuH)2=1 j—&) j‘?():J@Q(f,f),

where Wy(t) := 1/(7y/t). Combining this with (2.12), we see that
1
Bl = var ([ F)dad) = 171 = Jvaoan (1),
Noting the identity: ®; = Wy — Uy, we obtain (2.8) for 6 = 1. ]
Next, we turn to the case § > 1.

Proof of Proposition 2. 5f0r d > 1. By the decomposition (1.5), we t take X; = R/g(\)
M, = By and V;, = VC;( ) in (2.9). Then, noting dV,, = 27(6 — 1)R5( )~1du, we see from
Lemma 2.6 that

B((X{)) = E[I(f: R,

= 1718+ 6~ VB[ 1du(/f rze))
= 1518+ 6= 1) [ st [ ds ) TR RGO

Now (2.8) follows from this and the change of variables with s = ut. O

10



Lemma 2.7. (i) For every 6 > 1, ®s is non-negative and satisfies:

Ldt
/0 75(135(25) < 0.

(ii) Js, extends as a quadratic form on L*([0,1]) x L*([0,1]). Moreover, it is positive-
definite.

Proof. (i) This assertion for 6 = 1 is obvious by definition. For § > 1, we denote

L ——

ws(t) = E[Rs(1)"'Rs(t)],0 < t < 1, and use the fact that s admits the following
representation:
5.

7§7t)_]-}7 05:

LEHI ()

{r(3)}?

Here 5 F7 denotes Gauss’ hypergeometric function; see Proposition 5.1 in the appendix.

Y

| —
N —

ws(t) = C6t1/2{2F1<_

Recalling the series expansion (in fact, the definition) of o F} (e.g., [10, (9.1.1)]), we see
that:

1
< 0- I <0)- .. oo,
(8) 5 < 0; (b) ¢ < 0; (€) i inf ——s(1) > —oc
Indeed,
119 . (_l)n(l)n
2.1 VLR (= sisit) — 1 =) bt/ _ \T3)n3
( 3) t {2 1( 2’272715) } n:lbnt ’ bn (g)nn' <O’

from which the properties (a)—(c) of s follow. Here, for v € R, (v), :=y(v+1)--- (v+
n —1). (In fact, for (c), the limit itself exists: lim;jot~3/%ps(t) = —Cs/(26).) So, by (b)
and by definition, ®5(t) = —(6 — 1)¢j5(t) > 0. Moreover, by (c), we may use integration
by parts to see:

1 dt . ! dt ’
/0 sl :_(5—1)/0 Zi75(0)
=0 -1 {905(1) + % i %%“)} < oo

(ii) The former assertion now follows from (i) and Proposition 2.1. To show the latter,

we shall show that &5 can be developed as:

(2.14) Os(t) =2 "ant", a, > 0.
n=0

11



Then the positivity of Jg, follows immediately from Proposition 2.2. For the case § =1,
note that the function 1 — /1 —¢,0 <t < 1, can be developed as:

o~ . B (2n)!
(2.15) I=vi-t= ;C"t T R0 — 1)

from which it also follows that, by differentiating both sides,

1 oo
2.16 =) ne,t" L
(216) NS

Combining these, we see that ®; is expanded as (2.14) with
1
ap =—{14+2(n+1D}cpy1 >0, n=0,1,2,---.
7T

On the other hand, for § > 1, we see from (2.13) that

©5(t) = Cs i (n + %) bt Y2,

Since @s(t) = —(0 — 1)¢5(t) by definition, @5, 0 > 1, is also expanded as (2.14) with
a, = Cs(6 — 1) (n+g) X (=bpy1) >0, n=0,1,2,---.

So the proof is complete. O

Now we are ready to prove Theorem 1.1:

Proof of Theorem 1.1. The former assertion (1.7) is immediate from Proposition 2.5 and
Lemma 2.7. By Proposition 2.5, in order to prove the latter, it suffices to find a sequence
(fn) of functions such that

Jos (fos fu) < enll faull2

with €, — 0 as n — oo. This is satisfied by the choice: f,(u) = f,, (u) = u* for

Jo;(far fa) = </01 duu%‘) /01 dtta_1/2<1>5(t)

1
17l / a2y (1),
0

o, — 00. Indeed,

in which the integral relative to ¢ decreases to 0 as & — oo by the dominated convergence
theorem since it is bounded from above by [ dtt~/2®4(t) < oo. O

12



3 Proof of Theorem 1.3

In this section, we denote by the pair (R = {R;,t > 0}, ngé)) a BES(d)-process starting
from x: ngé)(Ro = x) = 1. We denote by EY the expectation with respect to pPY.
When z = 0, we often write £ for Eé‘s) and P for Po(é).

3.1 Proof for the case § > 1 and a > (2 —0),

In this subsection, we prove the assertion of Theorem 1.3 in the case 6 > 1 and a >
(2—=109)4. Set 6y = (0 + a —2).

Proposition 3.1. Suppose § > 1 and o > (2 — 6),. Then we have, for every bounded,

measurable function f on [0, 1],
(3.1) E[I(f: R*)’] = a®kiaamn| fall3 = Jo, . (for fo).
where
Bs0(t) = —0at~ V200 (1) with psal(t) = E[RYRS], 0 <t < 1.

Proof. Recall that, for § > 1, BES(d) admits a semimartingale decomposition of the

following form:

§—1 ["du
3.2 Ri=Bi+—— | —
(3.2) t t T+ > ), R,
where B = (By,t > 0) is a Brownian motion. By It6’s formula,
t 6@ t
(3.3) RY =« / R dB, + = / R*? du.
0 2 Jo
We take the expectation on both sides to get
0o [*
(3.4) E[RY] = = / E[R*?] du.
0

From these, we have
— t ) b
Ry = a/ R dB, + —“/ Ro=2 du.
0 2 0

Now we take, in (2.9), X, = B¢, M, = [' Re=1dB, and V; = (6,/2) [} Re—2du. Then
by Lemma 2.6, it holds that, for a bounded, measurable function f on [0, 1],

(35) BI(X])] (= BU(f: 7))
=il ([ s00aR) s R + o [ 0B an
= [ st [ s ) { BRI 0?1 [ e

13



Now the assertion of the proposition is immediate by the change of variables. ]

Lemma 3.2. Jg,, extends as a quadratic form on L*([0,1]) x L*([0,1]). Moreover, it

18 positive-definite.

Once this lemma is shown, then, combining this with Proposition 3.1, we may prove
the assertion of Theorem 1.3 for § > 1 and a > (2 — ¢):

Proof of Theorem 1.3 for 6 > 1 and o > (2 — §),. By Proposition 3.1 and Lemma 3.2,

we have:
EPI(f; R2)?) < 0Pkogacy | fall3,
which is (1.8). O

Remark 3.1. Similarly to the proof of Theorem 1.1, we may see that the constant

a? K2(a—1) 18 optimal.

The proof of Lemma 3.2 may be given along the lines of that of Theorem 1.1 for
0 > 1, &5 and 5 being replaced by ®5, and @5, respectively. Instead of giving details
(and in order to avoid duplications), we present here a different way, other than relying
on series expansions, to show that the function ¢s, has similar properties to those

(a)—(c) of ¢s, which we shall present in the next proposition:

Proposition 3.3. Suppose that § > 0 and o € (0,2) satisfy o > 2 — . Then the
function s has the following properties:
(&) w50 < 0; (b") gog,a <0; (/) lim inft_%_lgp(;,a(t) > —00.

£10

Remark 3.2. By using the series expansion of ps., we may see that, for the property

(c'), the limit itself exists; see Remark 5.1 in the appendiz.

For x > 0 and t > 0, set

To prove Proposition 3.3, we begin with the following lemma:

14



Lemma 3.4. Under the same assumption as in Proposition 3.3, the following assertions
hold for every fized t > 0:

(i) pa(x,t) is increasing in x.

(i) ou(x,t) is decreasing in x.

(iii) The following lower bound for o,(z,t) holds:

22
oa(z,t) > e 20,(0,t) forallz > 0.

Proof. The assertions (i) and (ii) follow from the additive property of Bessel processes;
that is, if R (t),t > 0, denotes BES(9) starting from z, then it holds that:

(3.6) (RO (1))* 2 (RO (1) + (RY (1)),

x x

where, on the RHS, the two processes are independent. Moreover, considering two SDE’s

with common Brownian motion B:

t t
(RO(1))? = + / 2RO (u)dB,,  (RY(1) =y + / 2R, (u) dB,,
0 0
we see that

RY(t) < RP(t) if z <y,

by comparison. The assertion (iii) also follows from (3.6) since we deduce from there
that

ooz, 1) > BRI PO(Ty(R) < 1),

where Tj(R) is the time at which R reaches to 0. It is well-known (e.g., [16, Chapter XI])
that, under P, To(R) is identical in law with z?/2e, e being a standard exponential
variable, hence P” (Ty(R) < t) = e=**/*. Combining these yields the assertion (iii). [

Remark 3.3. The assertions (i) and (ii) may be seen from the FKG inequality; an appli-
cation of a generalized FKG inequality due to Preston [14], to the laws of BES(6), 6 > 0,
asserts that, for increasing functions F on C([0,1];R,), it holds that EY [F(R)] <
E@Sé) [F(R)] if 0 <2 <wy. Here we say that a function F defined on C([0,1];R,) is in-
creasing if F(wy) < F(wq) for all wy,wy € C([0,1];Ry) satisfying wy(t) < wo(t) for all
0<t<1. So, if wetake F(R) = R® (resp. F(R) = —R?), we recover the assertion
(i) (resp. the assertion (ii)). For the applicability of this inequality to Bessel processes,

see Proposition 5.6 in the appendix.
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Set
Vsalt) = E[RYT2RYT?].
The two functions ¢s, and 15, are related via:

Lemma 3.5. The following identity holds:

0o o
(3.7) Phalt) = —§¢5,a(t) + ?905,(1(75)-
Proof. By definition, ¢j ,(t) is written as:
d a—2 pa a—2 d lo'
(3.5) @ plry=2Ry) - BlEY? S BAy)

To work on the first term, we use the time-inversion and the Markov property to see
that:

(3.9) B[R R}] = t*E[R{*R}),]
1
= t"B[R{ 7 pa(Ry1, 7 — 1)}

Noting (3.4) with changing the starting point to > 0, we deduce that

t
palz,t) = 2% + %a/ ooz, u) du,
0

hence

0 O
(3.10) Epa(x,t) = ?Ja(x,t).

Therefore, by (3.9) and (3.10),
d a—2 pa a—1 a—2 pa a a=2 _ a 1 1
(3.11) %E[Rl R}] = ot E[RYR{,] + t"E[RY™" X ?aa(Rl, T 1) x (_t_2>]
= LB Ry) - B[R R )
Here, for the second equality, we used the Markov property and the time-inversion. On

the other hand, for the second term of (3.8), the factor (d/dt)E[R{] may be expressed

in two ways:

d ol 5C¥ a—2
SEIRS] = S B[Ry
o lo'
= S EIR]].
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The first expression is nothing but (3.10) with = = 0, while the second one is a conse-
quence of the scaling property: E[R%] = (vt)*E[R$]. Thus, we may write (3.8) as:

511 o— o— a o— Lo ox— 506 o— a o
- SRR 4 B R - Bl (< Bl SEIR))

504 o— a— o— o— a o— o o— le}
— — S {BIRY 2R - BIRSIBIR )} + 5 { IR 2R - EIRY B[R]}
which is the RHS of (3.7). O

To prove Proposition 3.3, we also use the following:

Lemma 3.6. The function s, is non-negative.

—

Proof. Note that RY2,¢ > 0, admits the following representation (Itd’s representation):

== (' 00,

12 ¢ — By,
(3.12) R; . ou — (Ry,t —u)d

where B is the Brownian motion appearing in (3.2). Therefore, by definition,

t do do
a— 2 o— 2 E [ 1 _ [ _ )
Usolt) (= ERTR) = [ du B2 (Rl = 0) 2Rt = )
Note that, by Lemma 3.4 (ii), (0/0x)o, < 0, which implies 15, > 0. Il

Remark 3.4. This lemma may also be seen from the FKG inequality; from the (classi-
cal) formulation of the FKG inequality, we may also see that, for each fized x > 0,
and for increasing functions F,G on C([0,1];R,), it holds that EY [F(R)G(R)] >
EY [F(R)]E;‘S) [G(R)]. So we may recover this lemma by taking F(R) = —R$™? and
G(R) = —R} 2.

Now we are prepared to prove Proposition 3.3:

Proof of Proposition 3.3. Property (a'): By Itd’s representation:

" Opa
o Ox

we have, together with (3.12) for t =1,

Re = | ZP%(R,,t —u)dB,,

oalt) = [ duB(GE (Rl =0 P2 (Rurt )]

By Lemma 3.4 (i) and (ii), we see that the inside of the expectation is negative. This

shows (a').
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Property (b'): This property is now immediate from Lemmas 3.5 and 3.6, and (a’).
Property (¢’): To prove this property, note that, by definition,

ps.alt) = BIRY*RY] — E[RY ] E[RY].
For the second term, we easily see that, by scaling,
(3.13) E[RS7?|E[R?] = t*?ky_ska.
On the other hand, to estimate the first term, we rewrite it as, by using the Markov
property,
(3.14) E[R2R?] = E[RY0o (R, 1 — 1))

By Lemma 3.4 (iii), and by scaling, (3.14) is bounded from below by
2
t
21— 1)
= Ka_ot™?*(1 — 1)@ D2 B[RS exp{—

B[R} exp{-

}10a(0,1 = 1)]

2(1 _t)Rf}].

By using the fact that R?/2 @ 7s/2, & gamma, variable of index 0/2, the expectation on
the RHS is computed explicitly as rq(1 —)@+%/2. So (3.14) is bounded from below by

(3.15) Fa_gkal®?(1 — t)0F2e=2/2,
Combining (3.13) and (3.15) yields
P5a(l) > —haakal {1 — (1 — )FFe1},
from which the property (¢’) follows. O

Remark 3.5. We may also see the property (a’) directly from the FKG inequality.

3.2 Proof for thecase0<d<2and a=2—-9

For 0 < § < 2, define € (0,1) via: 6 = 2(1 — p). Then « and p are related as a = 2pu.

Proposition 3.7. For every bounded, measurable function f on [0,1], it holds that

a2

5 (8a)2T W (fa, fa),

E[I(f; R = & kgl fall} — 5

where J@ = Sy with

W) = (1 Y
w()(t)_ﬂ{l (1 t)}+(1_t)1—u'

18



Remark 3.6. Tuking a = 1( <= p =1/2) above, we recover (2.8) for § = 1.
The key fact to Proposition 3.7 is that R?“ may be decomposed as:
(3.16) R¥ = M"™ + L,

where (M ¢ > 0) is a martingale with (M®), = 452 fot R qu, and (L) is a

possible choice of the local time at 0 of (R;) as a diffusion.

Proof of Proposition 3.7. We take X, = R, M, = Mt(“) and V; = L, in (2.6). Then by

Lemma 2.6, we have, for a bounded, measurable function f on [0, 1],
1 2 1 1 u
Bl( [ sware) 1= 5[ s e+l [ s, ([ i)
0 0 0 0
= 1] 4 21].
Since (d/du) E[(MW),] = 4> E[RZ™ V] = 4p2kg(,_1yu2" 1, we have
I = 41 ko) || foull3-

On the other hand, for [{ , recall that dL, is carried by the set of zeros of R. So, denoting
by (r¥,0 < s < u) a Bessel bridge of length u, we have:

i = [ fwdBLEL [ ) ar| R, =0
= [ i) [ )i
— /0 f(u)dE[L,] /0 fut)ut dE[(r; )],

where we changed variables with s = ut,0 < ¢ < 1, for the third line. Note that E[L,] =

E[R?] = kguu, hence dE[L,| = pro,u’~ du. Moreover, noting r} @ (1 —t)Reya-v),

we see E[(r})?] = kg,t*(1 — ¢)*. Combining these yields:
1 1 d
=l [ flay [ ) (e - 0}
0 0
1 1
= / du oy, (u) / dt fo, (ut) U (),
0 0
where W (2) := pu(rg, )2t~ #T2(d/dt) {t*(1 — t)*}. Besides these, setting

= B[ 5 R = sy [ e
0 0
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we easily see that

(]2 = / " () / () UP D), TP () = 2 5P
0 0
Consequently, we obtain
BII(f; B)) = I + 21f — (1))
= (200) a1 fonll3 = Ty _y0 (fouss fou)
with the identity
() — 201 (1) = 244 (2) "0 (1)

Recalling o = 2u, we obtain the proposition. O
Lemma 3.8. J extends as a quadratic form on L?([0,1]) x L*([0,1]). Moreover, it is

positive-definite.

Proof. Clearly ¥® is non-negative and satisfies fol dt =12 (1) < co. So the first
assertion follows from Proposition 2.1. So, by Proposition 2.2, it suffices to show that
¥# is expanded as (2.3). To this end, first note that

[e.9]

1 1 T(n+1-p),
(3.17) (1—t)« - I(1—p) ; n! r

Indeed, using the elementary formula: a™ = I'(y)~! fooo dr 27 te™ for a,y > 0, we

have:

n=0
1 o0 n e
= — drx" He™®,
(1 —p) RX; n! Jo

t

(3.18) I — (= iF<"+1_’“‘>tn+l.

Combining (3.17) and (3.18), we see that 1)* is expanded as (2.3) with a = 1/2 and

F'n+1—p) (1 1
n=—7——— | — > 0, =0,1,2,---.
¢ T(1— p) <n!+ (n—l—l)!) "
This concludes the assertion. O
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The proof of Theorem 1.3 for the present case is now immediate from Proposition 3.7

and Lemma 3.8:

Proof of Theorem 1.3 for 0 < § <2 and a = 2 — ¢§. By Proposition 3.7 and Lemma 3.8,
E[I(f; R*)*] < o®faa-y|l fall2-

So the assertion for the present case is proved. O

3.3 Proof forthecase0<d<land a>2-9

For 0 < § < 1, let u be as given in the previous subsection: 6 = 2(1 — p). By the
decomposition (3.16), and by Itd’s formula, it is not hard to see that, for a > 2u, (RY)

is a semimartingale which decomposes as
Ry = (R = M + V[,

where (M) is a martingale with quadratic variation (M(®), = a2 IN R2*™Y qu, and
V;(a) = (0a/2) fot R%2du. Now the proof in the present case can be done in the same
way as that of the proof in the case 6 > 1 and o > (2 — 9); (Subsection 3.1). So we

omit the proof.

4 Defining Wiener integrals relative to the centered
BES(9)-bridges for § > 1

In this section, we denote by (75(¢),0 < t < 1) a BES(9)-bridge, 6 > 1, with length 1
such that r5(0) = rs(1) = 0. With the help of the results obtained in Section 2, we may
also prove that the Wiener integral I(f;7;) is well-defined for all f € L*([0,1]); in fact,

we obtain the following a priori estimate:

Proposition 4.1. Let § > 1. Then, for all f € C([0,1]), it holds that

(4.1) BlI(f;75)"] < |IfII5-

Remark 4.1. As we see in the proof below, we have, more precisely that
1 2

(42) Bl < 118 - ([ aust))

This estimate coincides with that obtained by the approach via the Brascamp-Lieb in-
equality for & > 3; in fact, if we denote by (b(u),0 < u < 1) a Brownian bridge of length
1 such that b(0) = b(1) = 0, then the RHS of (4.2) is nothing but E[I(f;b)?].
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Proof of Proposition 4.1. Tt is well-known that (rs(t),0 < ¢ < 1) is identical in law with
the process (X;(t),0 <t < 1) defined by

X;(t) = (L=t)Rs(;—), 0<t<1,

07 tzl,

where Rs is a BES(J)-process starting from 0. Therefore

1557 @ [ s %)

/f S du+/f (1~ u) d Ty ).

We use integration by parts to see that the first term on the RHS is equal to:

—)

_/Ol(levf(v))duﬁ’;(lu

Thus, setting G(u) = f(u) — (1 — u) f dv f(v), we have

— u

(43) 1555 @ [ 1= w6 R
:/0°° () Ry (s)

1+s "1+s

)

So, denoting G(s) = (1 + s)"'G(s/(1 + s)) and using the similar argument to that in
the proof of Proposition 2.5, we deduce that

(44) Bl = Bl [ G af )]
- ||G||L2(R+) - J<1>5<G, G)7
where, for F' € L*(R,),
Jos(F, F) = /OO du F'(u) /1 dt F(ut)®s(t)

and P4 is as given in Proposition 2.5. With the help of the argument used in the proof

of Lemma 2.7, we may also deduce that Jo s 1s non-negative definite. So, by (4.4),

E[1(f;7)"] < IGI[3 2
= HGH%Q([OJ])

1 2
1 ooy — ( / duf<u>) |

which implies (4.1). O
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5 Appendix

5.1 An explicit representation for ¢;, in terms of hypergeo-
metric functions

Following [17], for complex numbers a, b, ¢, we denote by oF}(a, b; c;w), |w| < 1, Gauss’s
hypergeometric functions. Recall that, when Rec > Reb > 0, they admit the following

integral representation:

(5.1) o Fi(a, by c;w) = m/{) dz 22711 = 2)77 N1 —we) e

See, e.g, [10, (9.1.4)].
In this subsection, we discuss an explicit representation for the function ¢s,(t) =
E [RT‘_QJ/%?‘] in terms of 9F;. We do this in a slightly general situation: For dimension
0 > 0, and for two exponents a; € R,7 = 1, 2, satisfying 6 + «; > 0, set
Garan () = E[RFRY], 0<t<1.

Proposition 5.1. Suppose a € R and § > 0 satisfy 6 +a > 0 and 6 > (3, respectively.
Then the function ¢a.—s(t) admits the following representation:

btayp(d=B
252 TGN {2F1(_%, g; 1) — 1} .

Pas—p(t) =22 =
- _ - _ 4 [ dx x
Ry? = 2792 (R2j2) 7% = 27071 (8/2) 1/ —aexp (-57)-
0

| s

Proof. Since ¢ > 0, we may rewrite Rfﬁ into:

Then by Fubini’s theorem,
_ _ _ * dx N T
(5.2) E[ROR;?) = 2-721(3/2)! /0 S0 BlRy exp (~2R2))

By the Markov property, we have, conditionally on FF,
(5:3)  Elexp (<58 17 = BRlexp (<5 R3]

2
= {1+a(1 - )} exp {_2(1 + ;@ - t))Rf} '

Here the second equality follows from the well-known fact that: for a > 0,

E® [exp (—gRi)] = (1+xs)"exp (—1 _fo“Q) :
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See, e.g., [16, p.441]. By (5.3), we then have:

B[R exp (—%R%)] = {1+2(1— 1)} B[R exp {—2(1 " ;El - t))Rf}]

1 T a/2
= (26)*°T'(6/2)"'T((0 + a)/Q)W (1 — H—xt) :

where, for the second line, we used the fact that Rt \/2t7s/2. Plugging this into (5.2),

and changing variables with z/(1 + z) = z, we arrive at

L - a
E[RYR; "] :2(0‘—@/ ; ta/Q/ dz 27" 1—z) 2 11 —t2)2.

5.
r(orL )
) § ), n-2 20
F(§> 222
Now we see
(5 4) E[RQR—ﬁ] _ 2(&*5)/21—‘(%)1—‘(%)2504/2 F (_g éét)
. t 1 == {F(%)Q 2471 272727 .

On the other hand, by scaling,
E[R|E[R"] = t*/E[R})E[R;] = t°/? x 2lo=0)/2

Therefore, combining this with (5.4), and noting ¢a._s(t) = E[R*R; "] — E[R¥E[R;"],

we have the lemma. O

Remark 5.1. By Proposition 5.1, and by recalling the definition (series expansion) of
hypergeometric functions (cf. [10, (9.1.1)]), we may easily see that

e ey DT af3
lifélt 5 o, g(t) = 2 ﬁ)/WX( >

We may compare this with the assertion (¢') of Proposition 3.3.

20

5.2 On a connection between ®; and ®; via perturbations

In this part, we shall consider the family of processes (Xt(w), 0<t<1),v€R, defined
by

(5.5) X0 =\ + vLa,
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—

and discuss the Wiener integrals ( f; )?(7)) relative to the centered processes X ). Here,
as in the proof of Proposition 2.5 for § = 1, () is a Brownian motion and (L;) the local

time of # at 0. Note that, in particular,

v=-1 : XY is a Brownian motion (Tanaka’s formula);
(5.6) v=0 : X©is a reflecting Brownian motion;
v=+4+1 : X& is BES(3) (Pitman’s theorem).

We shall prove that, for every v € R, I(f; )?(7)) is well-defined for all f € L?([0,1]).

In fact, we obtain the following a priori estimate:

Proposition 5.2. There exists a positive constant K., such that, for all bounded, mea-

surable functions f on [0, 1],
(5.7) BII(f; X0)?] < K, || f]I3-
In particular, if || <1, then (5.7) holds with K., = 1.

To prove this proposition, we prepare the following:

Lemma 5.3. For every bounded, measurable function f on [0,1], it holds that

E[I(f; XY = [fI3 = Jaeo (f, 1),

where
1+47)2 1—~2 Vit
a0y = LF1)° 1—V1I-1t)+
(t)=— 7 ( N
Note that, in the three particular cases v = —1,0,41, we recover the previous

results; indeed,

dD () = 0 (since X is the Brownian motion);

3O (¢) = % {\/%(1 —V1I—t)+ \/%} = &u(1);

4 N
=0 VI—1) = Oy(t).

The proof of this lemma is given in the same manner as that of Proposition 2.5 for
0=1:

(I)(+1) (t)
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Proof of Lemma 5.3. Since | ;| decomposes as |G| = By + Ly, X admits the following

decomposition:
(5.8) X =B, + (y+ 1)L,

We take X; = Xtm, M; = B, and V; = (v + 1)L; in (2.9). Then by Lemma 2.6,

#i( [ dXé”)Q] = 1718+ 26+ 1)L )L ( [ saxe)
—HfH2+2’V+1/f ) dB(L /f X0, = 0],

We have already seen that dE[L,] = du/v/2mu just below (2.11). Moreover, by the
definition of X

d

" d _ 4 _
EE[X lﬁu_ ] _EEHﬁsHﬁu—O]+7dSE[Ls‘6u—O]

1 1 2s 1 1
V21 /s(1 = s/u) (1 B ;) +7\/§\/3(1— s/u)

We thus obtain

(r+ DAL= 20) +9}

T/t(1 —1t)

On the other hand, since E| fo dX ] (v+1) fol du f(u) /v 2mu,

<E[A f(u) qu(])]) = J¢év)<f7 f)7 Spgf) (t) = (77:\_/})

BI [ raxt? ) 1= 118+ 2015 o700 =

Combining these, we obtain
BII(f; X0 = I3 = J 0 _ o0 (f: )
with the identity 4,09) - gp@ = &, So the proposition is proved. O
With Lemma 5.3 at disposal, we prove Proposition 5.2:

Proof of Proposition 5.2. The case || > 1: Since it is clear that Kg¢) = fol dtt=1/2|@0) (1]

is finite, we may use Proposition 2.1 to have that

| Joen (f ) < Ko I £13-

Therefore, by Lemma 5.3, (5.7) holds with K, =1+ Kg).

The case |y| < 1: Using the same argument as in the proof of Lemma 2.7 for 6 = 1, we
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easily see that Jg(,) extends as a positive-definite quadratic form on L?([0,1]) x L2(]0, 1])
if |y| < 1; indeed, @ is expanded as (2.14) with

an = {497 + 24 D1 =)} e,

which is positive for every n = 0,1,2,---, as long as |y| < 1. Here (¢,) is the positive
sequence given in (2.15). Thus, if |7| < 1, then by Lemma 5.3, the a priori estimate
(5.7) holds with K., = 1. [

The latter assertion of this proposition may also be explained by the following
perturbation argument: Let X be a semimartingale which decomposes as X; = B; + V;
with V' of finite variation satisfying E[(fo1 |dV,|)?] < oo. As we have seen in Lemma 2.6,

it holds that, for every bounded, measurable function f on [0, 1],

B XV = 2 = 3x(f), 3x(f) = —2E] /0 f(w) v, /Ouﬂs)dxs]-

Now we suppose Jx(f) > 0. As we have already seen, there are a number of such

situations. For n € R, define
X/ =B, + 1V,
Then it is easily seen that E[I(f; X")?] = || f||3 — Ix»(f) with
1 2
(5.9 o) = i) =t - D[ [ fw)ava ) )
Indeed, by Lemma 2.6,
1 U
Yxo(f) = —2F v, X"
dxilf) = <281 sy dv [ (s)axy
1 U
= -2nk dVv, dX, —1)dV,
L[ SV [ ) (@X,+ = Davi)
1 u
— 3x(f) = 20(n — 1)E dv, vy,
Wx(f) =20l = VEL[ f)dvi [ fs) v
hence (5.9) follows. From this, it is clear that,
(5.10) if 0 <7< 1, then Jxa(f) > 0.

Now we turn to the case that we have just discussed above; we may recover the

latter assertion of Proposition 5.2 by using (5.10):
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Alternative proof of the latter assertion of Proposition 5.2. We rewrite the decomposi-

tion (5.8) above as

1
Xt(w =B, +nx(2L;), withn= %

Inthe case n =1 ( <= v = 1), it is already seen that J 5 (f) > 0 since XW is BES(3).
So, by the above perturbation result (5.10), we may conclude that J 7 (f) > 0 when

1
O<¥<1( — —1<y<1),

which is nothing but the latter assertion of Proposition 5.2. O

5.3 On the applicability of the FKG inequality to BES(4), > 0

In this part, we prove that the FKG inequality is applicable to the laws of BES(d),d > 0,
(or, more precisely, to their finite-dimensional marginals). For the formulation of the
FKG inequality, we refer to [14, 15].

For t > 0 and 21,25 > 0, let p°(t; 21, 72) denote the transition density function of
BES(6):

2 2
Pt 21, m2) = 7 aly exp(— T2 (T2,
2t t
Here v = §/2 — 1 (> —1), the index of BES(J). Set
JV =T 7N 0.
(x) T, () T >

Lemma 5.4. If v > —1, then J, is non-decreasing.

Proof. We compute the derivative:

d d ', (x)
dx x”] (x)
{x”] I {a" L (2)2" 1, (x) — 2" L1 (2) 2" 1 (2) }
21/+

= o ) = @)l @)}

where we used the recurrence relation: {z*I,(x)} = x#1,_1(x). By [11, (9.t5)], the last

quantity is non-negative for v > —1. This shows the lemma. U
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Remark 5.2. [t is known (e.g., [20, (11.27)]) that, for v > —1,

1 - 1
R

where (j,.n,) s the simple, positive zeros of .J,, the Bessel function of the first kind of

order v. From here, we may also deduce Lemma 5.4.

Lemma 5.5. For each fized t > 0, it holds that
(5.11) P (a1 Voyr, eV y)p (b Ay, xa Aya) = p° (6 a1, 22)p° (8 1, 42)

for all (x1,x2), (y1,y2) € (0,00) X (0,00). Here zVy =max{z,y}, © Ay = min{z,y}.

Proof. We divide the case into four cases: (i) x1 > y1, x2 > yo; (i) 1 < y1, 22 < yo;
(iil) 1 > y1, 2 < yo; (iv) 1 < y1, 2 > yo. In both cases (i) and (ii), (5.11) holds as
an equality. So, by symmetry, we only need to consider either (iii) or (iv). Here we give
a proof in the case (iii). By the definition of p°(¢; z,y), the proof is reduced to showing
the following: for z; > y; and o < s,

T1Y2 T2l T1X2 Y1Y2

Rewriting (5.12) as

Y

]y(z,;_le) > L(%Zh)
L,(%x1) — L(%y)
we see that it suffices to prove, for § > a > 0,

1, (fz)
I, (ax)

(5.13)

is non-decreasing in x > 0.

To this end, we compute:
d [I,(Bx)\ BV _ d [(Bx) " (Bx)
dx {L,(a:c)} % a v dx {(a:c)—l’[y(ax)}

__ (apz?)™
 A{lax) I, (ax)}?

where, for the equality, we used the recurrence relation: {x#1,(z)} = 27"1,41(x). We

{8l (Bz) () = al,(Bx) L4 (ax)}

rewrite the last factor as:

Bl (Fx) ], (o) — ol (Br) Ly (ax) =

to see that this is non-negative by Lemma 5.4. Hence

LY,

which shows (5.13). So the lemma is proved. O

M{jy(ﬁx) — 9, (ax)}
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Let A = {0 < #; < --- < t,} be an increasing sequence in [0,00). For a > 0,
we denote by ® (7;a) (v = (7;)1<i<n) the finite-dimensional distribution function of

BES(0) starting from a taken at the time sequence (¢;)1<i<n:
(5.14) ) (z;0) = p’(t1; a,21)p (t2 — tr; 21, 22) - P — a1} T, )
The next proposition shows ®4 (+;a) fulfills the assumption of [14, Theorem 3]:

Proposition 5.6. For a > a’ > 0, it holds that
O (z Vy;a)Ph(z Aysa) > O (z;0) DA (y; d)

for all x = (%;)1<i<n € (0,00)" and y = (yi)1<i<n € (0,00)". Here xVy = (z; V yi)i<i<n
and x Ny = (T; N\ Yi)1<i<n-

Proof. The assertion is immediate from Lemma 5.5 and (5.14). O

Remark 5.3. [t is easily checked that the assertion of this lemma still holds even if a’
is equal to 0; in that case, ®(x;a’) should be replaced by

O (2;0) = pO(t1; 01)p° (ts — t1; 1, 22) -+ PP (tn — tn1; Tn1, ),

where
N 2

T
P(tx) =27 WD (4 1)Lt exp(—Q—t).

Remark 5.4. There is a probabilistic understanding of (5.13): For x > 0, we denote
T.(R) = inf{t > 0;R; = z}. It is well-known (e.g., [20, (11.31)]) that, for every
dimension 6 > 0, and for v > 0,

0a _ ()"
E(()é) [exp(_?Tx(R))] - zyr(l + I/)Iy(i[")/)

Therefore, for 0 <y < z, we get, from the strong Markov property,

2 2 2

ES fexp(= 5 Tu(R))] = B [exp(— 51, (R B fexp(— - Tu(R))]

hence

L) _ (VY e 2
o(z7) (E) B lexp(—5To(R))),

~

which indicates that, for 0 <y < z, the function v+ I,(yvy)/1,(x7) is strictly decreas-

mng.
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