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Abstract

A numerical methodology is proposed for a singular limit of certain reaction-diffusion
systems. The limit problem arises in competition-diffusion systems and chemical reaction
equations. Convergence of the semi-discrete-in-time solutions obtained by the methodology
is proved. In a particular case, a convergence rate is also shown.
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1 Introduction

In ecological and chemical problems, we encounter nonlinear equations of the form

wy =V - (d(w)Vw) + h(w) z e, t>0, (1.1)
Z—Z) =0 x e o), t>0, (1.2)
w(0,z) = wo(x) € L=(NQ) x €, (1.3)

where d(s) is a step function:

. d1 (8 Z 0),
He) = dy (s <0). (14)

The function w = w(t, z) is real-valued, d; and dy are positive constants, €2 is a bounded region
in RV with a smooth boundary 99, and v is the unit outer normal to Q. The aim of this
paper is to propose a numerical methodology for (1.1)—(1.3).

One origin of (1.1)—(1.3) is in theoretical ecology. A reaction-diffusion system, specifically
called a competition-diffusion system, has been studied as a model of spatially distributed
competing species (see Cantrell (1996), Cosner & Lazer (1984), Dancer, Hilhorst, Mimura &
Peletier (1999), Ei, Ikota & Mimura (1999), Iida, Muramatsu, Ninomiya & Yanagida (1998),
Mimura & Fife (1986) for examples). Let u;(t, ) be the population density of an ith competing



species U; (i = 1,2,...,n) at the time ¢ > 0 and the position € Q. Then the competition-
diffusion system is written as

n
C(;:; =d;Au; + (r; — Z:laijuj)ui (t=1,2,...,n), z€Q, t>0, (1.5)
=
where d; is the diffusion rate, r; the intrinsic growth rate, a;; the intraspecific competition rate,
and a;; (¢ # j) the interspecific competition rate between U; and U;. These parameters are
all positive constants. We impose the homogeneous Neumann boundary condition and suppose
the initial functions are non-negative.
One of our interests in (1.5) is spatially segregating patterns of the solutions, which appear
when the interspecific competition rates a;; (¢ # j) are large. Let k be a positive parameter
and put a;; = kb;; (i # j). Then from (1.5) we have

8’U,i
ot

=d;Au; + (’I“i — aiiui)ui — kz bijuiuj (Z =1,2,... ,n) reQ, t>0. (16)
J#i
What we have to observe is behavior of the solutions as k is large.
On the asymptotic behavior, an analytical result is known in the case n = 2. By putting
u=wuy and v = bjaus the equations (1.6) lead to the following form:
up = diAu + f(u)u — kuv xeQ, t>0, (1.7)
vy = doAv + g(v)v — akuv z€Q, t>0, (1.8)

where a = bo1. The boundary and initial conditions are

ou ov
u(0,z) = uo(z), ©v(0,z)=vo(z) x € Q. (1.10)

The functions f and g are written as f(s) = ay (R, —$) and g(s) = a, (R, — ), where a,, = a11,

R, =ri/a11, ay = a22/b12 and R, = rab12/aze. Thus they satisfy

fs) >0 (0<s<Ry), f(s) <0 (s> Ry), (1.11)
g(s) >0 (0<s<R,), g(s) <0 (s> Ry). (1.12)

Let (u® v(*) be a solution to (1.7)-(1.10). Dancer et al. (1999) have shown that as k — oo
the function w® = u®) —v(*) /o converges to a weak solution w to (1.1)(1.3) with a function
h such that

wo - {70 (520, )

g(—as)s (s <0).

Furthermore they proved that u(®) — [w]* and v*) — afw]™ respectively, where [a]* is

max{+a,0}. See Proposition 2.1 in Dancer et al. (1999) for the detail. Thus (1.1)—(1.3)
describe the asymptotic behavior of (1.7)—(1.10).

Another origin of (1.1)—(1.3) is chemical reaction equations, which we obtain by dropping
the nonlinear terms f and g from (1.7)—(1.10). The singular limits of the chemical reaction
equations have been studied by Evans and Tonegawa earlier on. Evans (1980) gave convergence
proof for restrictive initial data. Tonegawa (1998) proved regularity properties of solutions to

the limiting problem.



To solve (1.1)—(1.3) numerically, for example, we can apply finite volume methos
(FVM) (Eymard, Gallouét, Hilhorst & Slimane 1998). FVM is capable of dealing with wide
range of nonlinear diffusion equations.

Although the target of our numerical methodology, named Threshold Competition Dynamics
(TCD), is rather restricted, it has flexibility in implementations; TCD includes a process to solve
reaction-diffusion equations, to which we can apply finite difference methods, finite element
methods or others. Hence, even if the shape of € is complicated we can use TCD without
numerical difficulties. In addition, TCD has possibility to solve the singular limits of (1.6)
in the case n > 3. In fact we have applied TCD to a three-component competition-diffusion
system (Ikota, Mimura & Nakaki 2001).

We should note that TCD is similar to the so-called diffusion-generated approach for mean
curvature flow (see Merriman, Bence & Osher (1994) and Ruuth (1998)). Its convergence
has been proved by Barles & Georgelin (1995), Evans (1993), and for more general geometric
motions of hypersurfaces by Ishii, Pires & Souganidis (1999).

Throughout the rest of this paper we assume h satisfies (1.13) with (1.11) and (1.12). It
should be noticed that all the statements are still valid for the case h = 0.

This paper is organized as follows. In the next section we present TCD and state our results.
The results are composed of two theorems. One refers to the convergence of TCD in a general
situation. The other gives a convergence rate in a restricted situation. The former theorem is
proved in section 3 and the latter in section 4. In order to demonstrate practical usefulness of

TCD, we perform numerical experiments in section 5. In the appendix we see notation index.

2 Results

A scheme is shown and results on it are stated in this section.
Put

F(s):= f(s)s, G(s):=g(s)s. (2.1)
Then the scheme that we propose is written as follows.

Threshold Competition Dynamics (TCD)

Let M be a positive integer. The approximate solution (u,,(t,z),v,,(t,z)) by TCD to the
limiting problem of (1.7)—(1.10) as k — oo is defined by

Uy, (0,2) = up(x), vy,(0,2) =wvo(x) for z e, (2.2)
uy (ta) =T, (L a), vyt a) =7t x), fort€ (tj,tjn], « €, (2.3)

where
T:=T/M, t;:=j7 (j=0,1,...,M). (2.4)

The functions ﬂgw(t, x) and 55\/1 (t,z) are constructed by the following steps:

Step 1. Put ug/l(x) = ug(x), vg/l(x) =vp(z) (x € Q).

Step 2. For given ugw(m) and vﬂ/l(x),



(i) Find ﬂgw (t,z) and U{VI(t, x) such that

o , ,
gé\/[ = dlAﬂg\/I + F(EJM) z€Q, t;<t<tjy,
o, (2.5)
81? =0 r e, t;<t<tjy,
ﬂg\d(tj,x) = ujM(x) x €,
0Ty, - =i
ot :dQAUM+G(1)M) l‘EQ, tj<t<tj+1,
o (2.6)
811/\/[ =0 x € 09, t; <t <tjyq,
ﬁg\d(tj, x) = vfw(m) x e Q.
(i) Define v’/ (z) and v} (2) by
- PV 1N v =5 im
uwyy (z) = alln;o w05 2), vy (x) = 911:210 v}, (0; ), (2.7)
where ﬂg\/[ and i}\%/[ solve
d’\j
Y —ﬂg\ﬁgw z€Q, 0<0<Ekr,
de
v’ A 2.8
%:—aiva z€eQ, 0<0<Ekr, (28)
W (0x) = (2,tj11), 04 (0x) =T) (2, t541), o€ Q.

We note that an operator-splitting method is used in Step 2, that is, (1.7) and (1.8) are
splitted into

ur = diAu+ F(u), v = daAv+ G(v), (2.9)
and
du dv
p7i —kuw, pri —kauv. (2.10)

The main idea of TCD is Step 2 (ii). Let 6 = kt; then (2.10) are rewritten to (2.8). Instead of
passing to the limit & — oo in (2.10), we use the asymptotic limit # — oo in a solution to (2.8).
The limit is easily obtained. In fact, by using the fact that d(u — v/a)/df = 0, it follows that

Tim @,(0:2) = [ (111, 2) ~ Ty (t511,2)/0] (2.11)
Jim 3,(0:2) = [@y (141, 2) = Ty (41, 2) /] (2.12)

We now define a weak solution to (1.1)—(1.3).

Definition 2.1. We call w a weak solution if it satisfies:

w e L®(Q x (0,7)) N L*0,T; HY()) n C([0, T); L*(Q)), (2.13)

/ // {wo — d(w)VwVeo + h(w)op} = / wo@(0), (2.14)
Qr Q
for all € CH(Q7), where Qr = Q x (0,T).



Remark 2.1. There ezists a unique solution to (2.13)—(2.14) if wo € L>®(Q) (Dancer et al.
1999).

We are ready to state our results.

Theorem 2.1. Suppose wy € L>™(Q). Set ug = [wo]t and vo = alwy]™. Let w be a weak
solution for the initial data wo and (u,;,v,,) an approzimate solution by Threshold Competition
Dynamics for the initial data (ug,vo). Then uy,, vy, and wy, = uy, — vy, /o converge to [w]™,
afw]™ and w in L?(0,T; L*(Q)) respectively as M tends to oc.

Moreover, if d; = d2 we have information about the convergence rate.

Theorem 2.2. Functions wo, ug, Vo, w,,; and w are the same as those in Theorem 2.1. Assume
that

ug, vo € H*(Q) N L>(), (2.15)
and
8UO 8’00
— =—=0 on 09,
ov ov (2.16)
/ UpVy — 0.
Q
In addition if di = da, then
(g (T) = vy (T) /@) = w(T)|| 120y < C(1/M)Y2, (2.17)
[[(upg (T) = vy (T) /@) = w(T)| 1) < C'(1/M), (2.18)

where C and C' are positive constants independent of M.

3 Proof of Theorem 2.1

We use the evolution triple H*(Q) — L2?(Q2) — (H(2))* (see chapter 23 in Zeidler (1990) or

chapter 3 in Temam (1984)) and prove the following four lemmas.

Lemma 3.1. Functions u,,; and v,, are uniformly bounded with respect to M in L>(Q2). More
precisely, for anyt (0 <t <T) u,, andv,, satisfy
0 <uy,(t,z) <max{Ry,||uollLe@)} a.e. in (3.1)

0 <wvy(t,z) <max{R,, |lvollr~()} a.e. in ). (3.2)

IN

Proof. We establish only (3.1) because the same argument yields (3.2).
Recall that

. . . + .
—j—1 —j—1 _j—1
wy(@) = [@ 5, 2) =0 (2)fa] - < w40,
Thus it suffices to show that
0 <@, (t,x) < max{Ry, |u),llp~}  ae inQ (t; <t <tj). (3.3)

By regularizing the function ug\/[(x), we have only to show (3.3) for smooth solutions to (2.5).

For smooth solutions, (3.3) is easily deducible from the comparison theorem. [l



Lemma 3.2. Functionsu,,, v,, andw,, are uniformly bounded in L*(0,T; H*(Q)) with respect
to M.

Proof. We see in the scalar distribution sense on (t;,t;41) that

;jt/ (uJM)2:—dl/ﬂ‘v%\2+/QF(a;4)a;4

Thus we have

tit+1 21 5 5 ti+1
d / / \WJM - [nm / (uy)? — lim [ (uy) ] + / / Fluy)uy,.  (3.4)
t; Q 2 [t Jo titi+1 Jo t; Q

Therefore we obtain

M-1

1 . 2 . 2
d// Vu,, > == {hm/u — lim u ]—i—// Fu,,)u
] g Tt =5 X i )= fim, [ ) sy

1 12

2 .
= - + = E -1 24
Z/QUO 2 4 { tT}fﬁl/S; ugill // UM ]

1
— =i 2 F

<3 /Q w® + / /  Flnguy (3.5)

Combining this and (3.1) we get the stated result for u,,. The boundedness for v,, is obtained

in the same way. Since w,, = u,; — v,,/«, it is also uniformly bounded. O

Lemma 3.3.

// Uy Uy — 0 as M — co. (3.6)
Qr

Proof. From the equation (25) in section 23.6 (Zeidler 1990), in each interval [¢;,¢;41] (j =
0,1,...,M — 1) we have

[ttt = [ weme = [ 0o
—(d1+d2)/t. ds/QVuM(s,-)-VUM(s,-)
[ s [ PG5 (529 + Glug (5. ()}

<hrd / s [ (V507 + Vo (5. )P + Cale =), (1)

where

C1 = [Qsup{F(p)g + G(q)p |
0 <p <max{Ry, |luollL=()}, 0 < q < max{R,, |[vollLe()}}-



Here notice that u},v}, = 0 in Q. Now we observe

tjt1 t
/ dt/ s / (Vupg (5, ) + Vg (5, )[2)
t; tj Q

ti+1 ti+1
< / dt / s / (Vg (s, + Yoy, (5.))
tj tj Q

<7 / s / (Vtgs (5, ) + [Voyg (5, ) 2).

tj

Thus we have

di+dy [T C
JI e < 2520 [ ] (Va0 + W0y (5.9 + ST =0
Qr 0o Ja

as M — oo. O

Lemma 3.4. The generalized derivative Oyw,, exists and it is wrilten as

Oww,, = diAuy, — (do/a)Avy, + Fuy,) — G(vy,)/a. (3.8)

Proof. Although u,, and v,, are generally discontinuous as functions from [0, 7] to L*(Q), w,,
belongs to C([0,7]; L*(2)). In addition dyu,, and d;v,, exist in each interval [t;,¢;41]. Hence,
for z € H'(Q) and v € C§°(0,T), we have

/OT/QU;MZ% = ]\ji;: [/Q wy (41, )2()Y(Ej41) — /QwM(tjv')z(')w(tj)

T
= —/ / {diAuy, + F(uy,) — (deAvy, + G(uy,))/a} 2.
0 Ja
Thus the statement follows. O

Now we are in a position to prove Theorem 2.1.

Proof of Theorem 2.1. From Lemmas 3.2 and 3.4, we observe that

lwasll 20,81 (0)) and ||Ovw | 20, 7; 11 (0)+) are uniformly bounded with respect to M. Hence
thanks to the compactness property (Theorem 2.1, chapter 3 in Temam (1984)) we obtain a
subsequence from {w,,}, which is denoted by {w,,} again, converging in L?(0,T;L?*(2)). We

write the limit as weo:

Wy — Weo in L*(0,T;L*(Q)) as M — oo. (3.9)

Note that
lu — [u—v/a]ﬂ2 < %, (3.10)
|v/a — [u—v/oz]_|2 < %. (3.11)

Thus u,, — [w,,]" and v,,;/a — [w,,]” converge to 0 in L?(0,T; L*()) from Lemma 3.3. On
the other hand we see that

[wy]F = [wee]®  in L?(0,T; L*(Q)), (3.12)



because |[w,,]* — [weo]T| < |w,; — Woo|- Therefore we have

uy, — [weo]t in L2(0,T; L(2)), (3.13)
vy /o — [we]”  in L*(0,T5 L*(2)). (3.14)

Extracting a subsequence again if necessary we see u,, and v, /a converge weakly in L?(0,7; H*(12))
and dyw,, does in L*(0,T; H'()*) from Lemmas 3.2 and 3.4. The limits are identical with
Orw s [Weo] T and [weo] ™ respectively owing to (3.13), (3.14) and Lemma 3.4:

Oyw,; — Oreo weakly in L%(0,T; H*(Q)*),
Uy — [Woo] ™ weakly in L2(0,T; H'(Q)),
U/ — [Woeo] ™ weakly in L%(0,T; H'(Q)).

In addition, from the Lebesgue’s bounded integral lemma we have

Flupy)p — [ Flwss] "),
Qr Qr

Guy) Glafws]™)
T
Now we observe for ¢ € C*(Q) that

/OT/Q(athM:—/OT/Qd1VuMV<p+/OT/Qd2vZMV@
+/OT/QF<uM)so—/OT/Q@¢.

Thus we get

/oT /Q(atwOO)(p - /OT /Q d(woo) Vtss Vip + h(wee ) p. (3.15)

On the other hand, for ¢ € C1(Q7) satisfying 3(T,-) = 0 we see

[ [@uie=- [wtrz0- [ e (3.16)

Passing to the limit along a subsequence, we have

/0 ' /Q (Orwoc)? = — /Q w130, - [[ s (3.17)

This implies weo(0, ) = wp(+). Consequently ws is a weak solution to (1.1)—(1.3). Since the

limit is unique, the original whole sequence {w,,} converges to woo. O

4 Proof of Theorem 2.2

Throughout this section we assume that the conditions for Theorem 2.2 are satisfied. Set

eg-p) = Jlwy (t5,-) — w(ty, )l L) (r=1,2). (4.1)

Our strategy is to deduce a recursive inequality for e§p ),



In this section we choose a positive constant R; so that

Ry > max{||uo|| (). [[voll L~ (), Bus Bo} (4.2)
In addition we set
R2=max{ sup |F(p)], sup |G<p>|}, (43)
0<p<R; 0<p<R:
Ry =max{ swp (PG, s |60} (4.4
0<p< R 0<p<Ri

Here we state the convergence theorem obtained by Dancer et al. (1999).

Proposition 4.1 (Dancer et al. (1999)). Suppose

ul, o e c@), (4.5)
0<ul? <Ry, 0<oP <Ry, (4.6)
u(()k) — U, v(()k) — v, weakly in L*(Q) as k — oc. (4.7)

Denote solutions to (1.7)—(1.9) with initial conditions u(0,-) = u(()k) and v(0,-) = (()k) by u®)
and v®) . Set w*®) = u*) — ) Jo. Then there exists a weak solution w to (2.13)~(2.14) such
that it satisfies

u® — [w]t, v® = afw]”  weakly in L?(0,T; H'(Q)), (4.8)
u® = [w]t, o™ = afw]”  in LYQ7), (4.9)
uFo®) — 0 in LY(Qr), (4.10)
w® —w in L3(Qr). (4.11)

In order to prove Theorem 2.2 we work within the framework of the following spaces:
)« {v e C*(Q); % =0 on 89}, (4.12)

A3y def sy, U OAu _

C°(Q) = {uEC (Q); By =0, £ =0 on 89}. (4.13)

The next proposition is obtained by putting N =2, N =0, m=1,¢q=1,7r=0, k = 2 and
I =0 in Theorem 4.1 of Mora (1983).

Proposition 4.2. The equations (1.7)~(1.9) determines a semiflow of class C° on the space
C3(Q).
Here we prove several lemmas.

Lemma 4.1. Suppose u(()k) e C*(Q) and v(()k) e C3(Q). Then solutions u® and v*) to (1.7)-
(1.9), with initial conditions u® (0, ) = u(()k) and v#)(0,-) = v(()k), satisfy

i, (s [0 el

< efT / (1120l + 220l fa] + | F ()] +1G() /ol + 2kufo) . (414)
Q



Proof. An argument similar to that in Evans (1980) provides the following inequality:
[ Q@)+ (7. )
< [ 0,91+ 1o0(0.)/al) + R [l + sl
Q Qr

Whence we get (4.14) from the Gronwall’s inequality. O

Lemma 4.2. If the nonnegative functions ug and vo satisfy (2.15) and (2.16), then there exist
{ki}e2, C Ry, {ul}2, c C3@) and {v{"}2, c C3(Q) such that

ki — o0 as i — o0, (4.15)
0<ul! <Ry, 0<ol) <Ry (i=1,2,...), (4.16)
u(()i) — g, v(()i) — o in HY(Q) as i — oo, (4.17)
/ |dy Aul)| +/ oA Jal < Cy (i=1,2,...), (4.18)
Q Q
k:z/ Wl <oy (i=1,2,...), (4.19)
Q

where Co, Cs are independent of i.

Proof. We use the heat equation with the homogeneous Neumann boundary condition as a
mollifier. From the standard regularity argument (see Brezis (1983) for example), we observe
that

ePug, ey € C3(Q) for t > 0,
ePuy — ug, ey — v in H%(Q) as t | 0.

Moreover we have 0 < e"®ug < [[ug| = (0), 0 < vy < |Jvg|| (). Then we set

uéi) = emuo , v(()i) = etAvo .
t=1/i t=1/i
Since
/u(()i)v(()i) — / ugvo = 0,
Q Q
we have
def 1 .
ki = W — o0 as 1 — OQ.
1/i+ [oug v
Hence we prove the statement. ([l

Lemma 4.3. If the conditions (4.15)~(4.19) hold, then solutions u*) and v*9) to (1.7)-(1.9)
for k = k;, u(k)(0,.) = u(()l) and v¥)(0, ) = v(()z) satisfy

sup / (|u§k) + |vt(k"')/a\) < Cy, (4.20)
0<i<T Jo
sup ki [ uF)o®) < Oy, (4.21)
o<t<t  Ja
sup <d1 / |Vuk) |2 4 dy / |Vv(k"’)/a|2) < Cs, (4.22)
0<t<T Q Q
sup (dl/ | Ay o) —|—d2/ |Av(k"')/a|> < Cf, (4.23)
0<t<T Q Q

where Cs, Cg and C7 are positive constants independent of k;.

10



Proof. From Lemmas 4.1 and 4.2 we obtain (4.20) by putting Cy = efT (Co+(1+a~1) Ry +2C3).

Thus we have
ki/ w0k :—/uﬁ’“"’)wt/ Fu™) < G5,
Q Q Q

where C5 = Cy + Ro|Q).
Next, multiplying the both hand sides of (1.7) by u(*) and integrating them over , we

dq / |V ko)
Q

Note that |[lu(*) L~ < R from the comparison theorem. A similar estimate holds for
da [o, |V ]2 Setting Cg = (1 + 1) R1Cy + (1 + o 2) Ry Ro|Q| provides (4.22).

Finally we see
dl/ |Au(k’)
Q

We obtain the estimate for dp [, [Av(*)| likewise. Putting C7 = 2Cy + (1 + o) Ro|Q| 4 2C5
we prove (4.23). O

observe

2:_/u(k1)u§kh)+/ F(U(k7))u(k7)—kz/(u(kJ)Q’U(kJ
Q Q Q
< RCy+ R1R2|Q|

:/ W) — P 4 otk
Q

< Cy +R2|Q| + Cs.

Proposition 4.3. Suppose the same conditions as those in Lemma 4.3 hold. Let w be the weak
solution to (1.1)~(1.3). Then w satisfies the followings:

u®) = [wt in C([0,T); L2(Q)), (4.24)
o) fo = [w]™ in C([0,T]; L)), (4.25)
wk) = u®) —F) jo s in C([0,T); LA(RQ)). (4.26)

Proof. We see for t > s
/ \u(’“”@w)—u(’“”(s,-)
Q
t
- {<u<kf><t,x> ) (s.2) [ (o) da} "
Q

con (] s

S 2R104(t — S) (427)

‘ 2

uﬁki) (o, a:)‘ dx) do

Hence u*) is uniformly bounded in C'/2([0,T]; L?()) and so is v*). Therefore u(*:) and
v are equicontinuous in C([0,T]; L?(2)). Moreover from (4.22) u*9)(¢,-) and v (t,-) are
contained in a compact subset of L?(Q). By Ascoli-Arzela’s theorem we obtain a subsequence
converging in C([0,T]; L*(Q)). In view of Proposition 4.1 the limit of w(*+) along the subse-
quence is the weak solution. Uniqueness of the limit assures the convergence of the original

sequence. O

From this proposition we immediately have the next lemma.

11



Lemma 4.4. For any positive ¢, there exist k = k(¢) > 0 and ués), v(()s) e C3(Q) such that
solutions u*(=) k() 1o (1.7)~(1.9) with the initial conditions u*)(0, ) = u((f) and v*() =
v(()s) satisfy the following:

1™ —wlle oy < e (4.28)
[u*E) — [w] ™l oo,y Lr0)) < € (4.29)
0™ Jar — [w]™ [l eqo,m)Lr @) < € (4.30)

where w*() = k) _ @) /oy and p = 1,2. Moreover k(e), u*) and v*) satisfy the
inequalities (4.20)—(4.23).

Lemma 4.5. Consider the following equations in each interval [t;,tj11]:

817,j’€

8—§4 = AT+ P(@F),  t<t<tj, T€Q, (4.31)
ovle . e
e d2 AT + G (070, ti <t<tj+1, T€EQ, (4.32)
owe vt
%6 (tj7 x) = U'(k(E)) (tj7 x)7 (4'34)
7o (ty, 1) = v (1, z). (4.35)
Set

If dy = ds, the following inequality holds:
g (b1, ) = D5ty Money < (€7 + )1+ Er),  (p=1,2), (4.37)

where E is independent of M, j and €.

Proof. Throughout this proof we assume p = 1,2. Using the Duhamel formula we have

wy Ejsr, ) — @y Egrs )l e(a)

< ||e(tj+1ftj)d1A(wM(tj, ) _ Ujg\;(tj, ')HLP(Q)

it , .
+ / L= BA (P (s, ) = (@) (s,-))ds
tj LP(R)
1 tjt1 . .
b A G, () - G s s
“ Al Lr(0)
— I+ 11+ 111

Let w be the weak solution to (1.1)—(1.3). Recall that [|e'¥22||1n(q) < ||2|| L) for z € LP(Q)
(p=1,2). Then we observe

I < lwy, (t5.) = wy; (5, )| e o)

< Nwpy () = w(ty, e + lwlty, ) = @37 (G, )llLee)

gegp)—ks.
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Next we estimate I1. For t; <t <t;41 by means of the Duhamel formula we obtain
[@y (t, ) —uy, (& )l e
< |[@y, (t5, ) — wly (s )l ze o) +/ |1 F(@)(s,-)) = F (@) (s,°)| Loy ds
tj

< s () = [ty O ooy + oy, ) = @ Mooy
@R (5,) = G s, vy

t .
<l wet R | (s = @7 (s ) leeyds.
J

Recall that ﬂgw and 63\/1 are defined by (2.5)-(2.6). Hence we obtain by Gronwall’s inequality

||ﬂ3\/[(t7 ) - ﬁg\/[’s(tv )HLP(Q) < (e;p) + E)GRS(t_tj)'

Therefore

tit1 . »
I71 < R3/ [T (s5) = (s, )le) < R3(6§-p) +e)elaTr,

tj

In a similar fashion we have
11 < (Rs/a)(el” +e)ef=Tr.

Setting £ = (1+ 1/a)Rze®T we complete the proof. O

Lemma 4.6. Suppose @' is given by (4.36). If d1 = da, zﬁg\j satisfies

M
||17Jﬁ(tj+1, ) = w D (0, )20 < Cs7/2, (4.38)
137 (1) = w1, 2y < Cor?, (4.39)

where Cg and Cy are independent of M, j and €.

Proof. Recall the inequalities (4.21)—(4.23). Then from an argument similar to that in Lemma

4.1 we obtain

sup </ ‘&ﬁﬁ(t,-)‘—k/ ‘at@;j(t,.)/a‘) < Cho,
tj<t<tji1 Q Q

where C1g is independent of ¢, j, M. Noting that u(k(e))(tj, )= ﬁg\j(tj, -) we have
(k&) (g ) — 795(5. .)|2
[ )~ s,

= /Q {(u(k(s)(s,x) - ﬁj\f(s,x)) /S(atu(k(s))(a, x) — 8t17£(0, x)) da} dx

t.
S ’ .
< 2R, / / (|atu<k<f>>(a, )| + |0,u % (o, x)|) dzdo
t; JQ
< 2R1(C4 + Clo)(s — tj).
Thus we get

(N (s, ) = 175\4’6(37 Nz < V2R1(Cs + Cro)(s — ;)2

13



Likewise we observe
[N (s, ) = @ (s, )l L1 () < (Ca+ Cro)(s — 1),

[ (s,-) =507 (s, ) /el| L20) < V2(Ra/a)(Ca+ Cro)(s — 15)"/?,

[0 *E (s, = 57 (s, ) Jalli ) < (Ca + Cro)(s — t;).

Here we use the Duhamel formula again. The condition d; = do makes the term kuv vanish

so that we have

Hw(k(s))(tj"'l’ ) - Jjg\lﬁ(tj+1’ )‘ L2(Q)

ti+1 )
< [ IF@RO s, ) — F@ 5, Dl ds
t

J

1 [ti+r e
o [ 6 5,) = G ) 2oy

tjt1 .
gm/ a5, = @ (s, | 2(er d
tj
R tit1 s
+ 8 ||v(k(5))(s, ) - ’UJI\’;(S, M2y ds

a Jy,

< 2(1+ a7V Ry(\/2R1(Cy + Cro)) 72,

[SVRN )

Analogously we get
[w N (t41,) = B8 (41, )21 @) < Ra(Ca + Cro)7?,

which completes the proof. O

Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. From (4.28), (4.37) and (4.38) we observe
2
e = s (t1,) = w(tin )2
< Nwar(tjen, ) — @03 (1, )l 2
+ ||171§\4£(tj+17 ) = w2
+ [l (t550, ) = wtipn, )z

< (P + &)1+ Er) + Cs7/% + <.
Recall that we can choose arbitrary small € > 0 for the above inequality. Whence we have
eﬁ)l <1+ ET)€§»2) + Cs73/2.

Consequently we are led to

el < 08;1/2((1 +EM 1) (4.40)
< %(T/M)W(eET —1)=C(1/M)Y2 (4.41)

In a similar way we arrive at
el < C'(1/M),

thereby completing the proof. [l
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5 Numerical Experiments

In this section we perform numerical experiments to observe how TCD converges. This section
is composed of two parts. First, we pose a test problem we used in this section. After describing

the numerical scheme to TCD, we report numerical results.

5.1 A Test Problem

We consider the singular limit of the following system

up = d1Au+ (r1 — aru)u — kbyuw,

,Y) €EQ=[0,X]x[0,Y],0<t<T. 5.1
vy = daAv + (rg — agv)v — kbyuw, (z,9) [ Ix[0,Y] (5.1)

We impose the Neumann boundary condition on u and v. The initial functions u|,_, and v|,_,,

are shown in Fig. 1. In this test problem, the parameters in (5.1) are fixed as

Figure 1: Initial functions ul,_, (left) and v|,_ (right) used in our computations.

d1 = 07, r = 25, a; = ]., b1 =1.2
d2 = 1.5, ro = 1, as = 1, b2 = 3.5,
k=10 X=2 Y=2 T=0.1.

Since no exact solutions of (5.1) are available, the numerical solution on the uniform 256 x 256
mesh and the time increment 2 x 10~7 will be referred as an “exact” solution. By our careful
numerical computations we conclude that the value k& = 10'° is large enough to regard the
numerical result as the singular limit solution of (5.1). The “exact” solution, which is shown in
Fig. 2, is computed by the standard finite difference scheme. The zero-level sets of w = u— v/«

Figure 2: “Exact” solutions u|,_,, (left) and v|,_,, (right).

is displayed in Fig. 3.
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Figure 3: The zero-level sets of w = u — v/« at t = 0 (left) and ¢t = 0.1 (right).

5.2 Numerical Scheme and Results

Let My, My and Mr be positive integers. We denote the spatial mesh sizes by dz = X/Mx
and dy = Y/My, the time increment by dt = T/Myp. Let uf; (0<i< Mx,0<j< My and
0 < n < Mr) be an approximation to u(z,y,t) at the location (z,y) = (idx, jdy) and the time
t = §t. We define operators L by
L. = YLy~ 2 U N i1 = 25 F Ui
“J dx? dy?
We introduce an implementation of TCD. For Step 1 of TCD, we use the following semi-

(5.2)

implicit scheme:
un+1/2 _on

i,J i, n+1/2 n+1/2\ n
— 5~ hlu; T+ (r1 = arw, " )uiy, -
n+1/2 on ( ’ )
i,j Y n+1/2 n+1/2\ n
= da2 Ly + (ro — asv; )Ui’j
for 0 <i< Mx,0<1i< My. Here we define
n+1/2 _  n+1/2 n+1/2  _  n+1/2 n+1/2 _  n+1/2
U_1j T U5 > Unre bl = U —1,50 Wi—1 = U1 " s
n+1/2 _  n+1/2 n+1/2 n+1/2 n+1/2 _  n+1/2
YiMy+1 = Wimy—10 V-1 =V UMx+1,j = YMx—1,5° (5.4)
n+1/2 _ nt1/2 n+1/2 _ n+1/2
Vi—1 VY1 Vi My+1 = Vi, My —1>

which are led by the Neumann boundary condition.
Step 2 of TCD can be written by

1/2 1/2
pal [l T2 T2 )+

u i,j ij

1 +1/2 +1/2 (5.5)
i =alul T = e o]

v
where a = by /b;.

Now we report the results of numerical simulations by the above implementation of TCD.
We choose Mx = My = 128 and My = 1600, 3200, 6400, ... ,51200. Fig. 4 shows the relative
errors F, and F, at t = 0.1 defined by

E, = max |[uM7 — u(idz, jdy,0.1 max |u(idx, joy, 0.1)],
w (meAl i (idz, joy,0.1)| (meAl (idx, joy,0.1)| 656

E, = max |[vMT —v 10x, joy,0.1 / max |v(idx, joy,0.1)],
(mgAl iy — v(idx, joy,0.1)] (m,)gAl (idz, jdy,0.1)]
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where (u(x,y,t), v(x,y,t)) is the “exact” solution and A = {(i,j) € Z*> |0 <i < Mx, 0 < j <
My }. One can observe that E, and E, tends to zero as 6t — 0.

0.01
Relative error of v~
§ ....
B _____ ol
£ 0001} 7 ]
ke
] .
4 Relative error of u
0.0001
le-06 le-05 le-04
dt
Figure 4: The relative errors versus the time increment.
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A Notation Index

T : a time interval.

M : a time step.

T : a time mesh size; 7 =T /M.

Eg\/[, ng : auxiliary functions associated with Step 1 of TCD; defined by (2.5), (2.6).
ﬂg\/[, i}\%/[ : auxiliary functions associated with Step 2 of TCD; see (2.8).

Upys Uy ¢ approximate functions to the singular limit via TCD; see (2.3).

w,, : an approximate function to (1.1)—(1.3) via TCD; w,, = u,, — v,,/a.

J

w)ysy vy, ¢ approximate functions to the singular limit via TCD at the time ¢ = t;; see (2.7),
(2.11) and (2.12).
ﬁg\’j, 1:)?\/[’8 : auxiliary functions; see (4.31)—(4.35)
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