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1 Introduction

When the three exponents of the hypergeometri differential equation are purely
imaginary, it s mono lromy group is a classical S hottky group of genus 2; such
groups form a real 3-dimen.'Sional family. Since, under a small deformation, a Schot­
tky group remain'S to be a S hottky group, by deforming the parameters of the hy­
pergeometric equation, we have a complex 3-dimensional family of Schot tky groups,
' Ve intro luce (in § ) a complex 3-dimensional family S of classical S hot tky groups,
containing the ab ove ones coming from purc-imaginary-exponts cases, equipped with
some additional struc ture, ' Ve study a structure of S~ and construct loops (real 1­
dimensional families of classical Schot tky groups) in S generating the fundamental
group of S. T hese loops correspon I to continous interger-shifts of the parameters
of the hypergeometric equation,

2 The hyp ergeometric equation

We consider the hypergeometric differential equation

( ) ( )
(PU {( ) } du.E a, b, c : ;1; 1 - ;1; -, ., + c - a. + b + 1 ;1; -, - alni = O.
( x- ex

For (any) two linearly independent solu tions 'lJ.1 and '11.2 the (mult i-valued) map

s :)( := C - { O 1} 3;1; r---+ z = '11.1(;1;) : U2(X) E p i := C U { }

1'S called a Schwarz map (or Schwarz's . -map). If we choose as solu tions '11.1 an I U2 ~

near :1; = O~ a holomorphi one an I :1;1- .:: times a holomorphic one, resp tively, then
the circuit matrices around x = 0 and 1 are given by

~/I = ( ~ c?~i~I -'::) ) and 2 = p - I ( ~ c?~i(~-(l-b) ) p~

respectively where P 1'S a connection matrix given 1y

(

r (c)r (c - a. - b)
p = F(c - a.)r(c - b)

r (c)r(a. + b - c)
r (a.)r (b)

r (2 - c)r(c - a. - b) )
r (l - a.)r (l - b) .

r (2 - c)r(a. + b - c)
r (a. - c+ l )r (b - c+ 1)

here T denotes the Gamma function, Note that the matrices act the row v - tor
CUI~ 'U2) from the ligh t. T hese generate the monodromy group JU (a.~ b, c) of the
equation E (n, b,c).

3 H yp ergeometric eq ations with purely imagi­
nary exponent-d ifferences ( [SY], [IY] )

If the exponent-differences

,,\ = 1 - c, p_= c - a. - b ~ 1/ = b - a.
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(a t the singidar points :I; = 0: 1 and
of the upper-half part

respectively) are purely imaginary the image

X := {:1; E X I ~h > O}

is bonn led by the three circles (in the s-plane) which are images ofthe three intervals
(- : 0): (0 1) and (1: + ). put

'I = 8((- :0)):

Note that if we continue analytically 8 through the interval say (0 1): to the lower­
half part X - := {:I; E .X I ~b; < O} then the image of X - is the mirror image of
that of X + under the refle tion with center C3 •

T he reflection with center (min or) Gj will 1e denot 1 by Pi (j = 1: 2: 3). T he
mono lromy group lU (a.: b, c) is the group consisting of even words of Pi (j = 1: 2: 3) .
T his group is a S hottky group of genus 2. T he domain of discontinuity modulo
lU (a.:b, c) is a curve of genus 2 defined over reals,

lhoosing the solutions 'lJ.1 and 'lJ.2 suitably: we can assume that the centers of the
three circles are on the real axis, and that the circles C2 and '3 are inside the circle
C 1 (see Figure 1). Let C~ and C~ be the mirror images with respe t to '3 of the

o

Figure 1: T he circles and the disks

D;

circles C 1 an 1 C2 : resp tively, T hen 1 := P3PI maps inside of 'I onto inside of
C~ · and ~/2 := P3P2 maps inside of '2 onto the outside of q . Note that one of the
two fixed points of ~/I is inside ~ : and the other one is outside C 1; one of the two
fixed points of ~/2 is inside C~ : and the other one is inside '2 . T he transformations

1 and ~/2 are conjugate to those given in §2.

\ Ve thus have four disjoint disks D1: D~ : D2: and D;: whose centers are on the
real axis, and two 10.."'\:0 humic transformations 1 and 2 t aking D 1 and D2 to t he
complementary disks of ~ and D;: respectively. Note that one of the two fixed
points of ~/I is in D~ and the other one in D 1• one of the two fixed points of ~/2 is in
D; an 1 the other one in D2 •
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4 The moduli space S

Two loxo lromic transformations I and ",2 generate a ( lassical) S hot tky group if
and only if there are four disjoint closed disks D I ~ D~ ~ D2 ~ ando;~ such that "/ 1 and ",2
take D I and D2 to the complementary disks of D~ ando; ~ respectively. Throughout
the paper, disks are always assumed to be closed; we simply can them disks. The
closure of the complement of a disk in P I will simply be can .1 the complemeniaru
disk of the disk.

D efinit ion Let S be the space of tu 0 loxodromic transformations I and " /2 equipped
urdh. four disjoint disks D I ~ D~ ~ D2 ~ and D; ~ such that "/1 and "/2 take D I and D2 to
the complementaru disks of~ and 0;.. Te.<Jpecti'vely.

The space has a natural structure of complex 3- limensional manifold, \\:e are in­
terested in its homotopic property.

Note that if a loxodromi transformation "/ t akes a disk D onto the complemen­
tary lisk of a disk IY (D n 1Y = 0) ~ then has a fix 1 point in D and the other
fixed point in 1Y.

\ loxodromic transformation is de termined by the two fixed points and the mul ti­
plier,

Lemma 1 FOT gi7 en tu 0 disjoint disks D and IY .. there is a unique point F ED
(resp, F' E D') such that by a(ny) linear fractional trtmsjormation. taking F (re. p,
F' ) to .. the tu 0 circles aD and aIY are transformed 'int o coceniric circles.

Proof. Let the two lisks be given as

D: Iz- al < r, D': I"" - a'i < '1" .

By the transformation z -+ 'll defined by

1
Z = - +e

'll

taking to ~ the circles '= aD and C' = aD' are transform ed into circles with
centers

, aT'}. - 0.''1'2
+ an. + _ , = O.

a -a

resp

e - -,- a, , . - a
C :=.) Ie I') c := n Ie 'I') ~'1'- - - a. - '1'- - - a. -

tively, Equating C an 1 r! ~ we have the quadri equation

2 ( , '1'2 _1"2)+ - a- a. + --=-. n-:« .

P ut = (0. -0.')17+0.' . Note that . = a' and a. correspond to 17 = 0 and 1~ respectively.
Then the equation above for reduces to

') ( '1'2 _'1"2 ) '1"2
'lr + - 1 + I _ '12 '17+ I _ '12 = O.a. a a. a

It is a high school ma thematics to see that each of the two roo ts of this equation is
in each of the two intervals



Since eoccntrie circles arc mapped to CCX'Cl1tIie circles under linear tra nsformations,
this completes the proof. 0
Remark 1 The circles DD anti DIY are Apollonius circles with respect. to the two
renters F and P.

Lemma 2 For given two disjoin: dish D and IY anti a point J' in the interior o]
IY .. there is a l -parameier family (parametrizal lJy a circle) c] lorodromic trtmsfor­
mations v 'which take D onto the romplenumtary disk. ef IY , and fir 1'. Absolute
va,{ue Iml ef the multiplier m c] is dd crmmcd by the git'en data.
(1) 1f J' =p P , tlum. the other fired point J E D c] must. be on the Apollonius
circle A = A(j' ) in D determined by the two renters c] the circles DD anti DIY , anti
propotion Iml . arg rn E R / 2rrZ determines r.and vice versa.
(2) 1f l' = P ,. then the other fired point is F ED. m-p; m E R / 2;rZ remains free.

Proof. We can 1l.§1 1111e that J = 0 and J' = 00, so that the transformation in
question can be presented by z -t mz , Let c and r be the center and the radius
of the disk D, and d and r' those of the complementary disk of [Y . Then we have
d = me and r' = Imlr.
(1) If c =P d, J(= 0) 1'5 on the Apollonius circle

A : IJ- dl = ImllJ- cl

with centers c and d , and proportion m. It 1'5 easy to sec that. this circle 1'5 in D .
(Sec Figure 2.)

Apollonins circle-e-l-l ,~-- IY 1'= 00

Figure 2: Apollonius circle in D

(2) If c = d = 0, then t.he Apollonins circle reduces to a point.. 0
In the case (2), we blow up the point. F t.o be tho circle R / 2;rZ, and call this circle
also the Apollonins circle A. Under this convention, two disjoint disks D and IY , an
interior point. l' E IY , and a point. J on the Apollonh IS circle A determines uniquely
a loxodromic transformation,
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TIm<;; an clement of S can be determined Ly four disjoint disks D I , Di,D2 , lY.:J , two
interior points 1; E Di,I~ E lY.:J , and two points I, on thc Apollonius circle AI
(determined Ly D I , Di'!;) III D" and h on thc Apollonins circlo A, (determined
Ly D2 , lY.:J ,I~) in D2 • Since disks are cont ractible, we have

Proposition 1 The fundamental group c] S can be !]Cncratal uy the mov('.,~ o] the
four disjoin; disks D I , Di ,D2 , lY.:J , and the 1IlOves (,f I , in A ." and 12 in .th .

In thc next section we explicitly construct loops (real t -dimensional families of cb s­
sical Schottky groups) III S.

5 Loops in S

Let ~i. and ~/2 be as III §2. TIICfixed points of I " are {O,oo}, and those of 12 are

h = 1(c)1(o - c + l )1(u - c + 1)
- 1(2 - c)1(o.)1(u)

and h. = ~(c)1( l - o.)r (l - b) .
1(2 - c)1(c - o)1(c - b)

" 'c chango thc coord inate z by rrmltiplying 1/ h . T hen thc fixed points of '. remain
to be {O, oo}, and those of ~t2 become 1 and

Indeed we have

(l = g(o.)g(u), where (
.) _ sin (..c - ..,")

g ,l, - . ( ) .
Slll IT.r

I~ 1(1 - 0)1(1 - u) 1(0)1(u)
h - 1(c -o.)r (c -u) . 1(o - c + l )1(u - c + 1)

IT
and 1(:1:)1(1 - .r ) = . ( ) .

SlIl 1i .t'

D efinition When the thme ('.,lpollcnJ-difJerenc('.,~ arc purely imaginary:

the generators b., 12} o] the monodromsj group (,f E (o, b, c) given in §2 (take the
four disks given in §5) form a simply cormcctnl real S-dimcmional submanijold c]
S; this submmnfold is called So.

In this section, " 'C construct loops III S , with base III So, which generate thc fnn­
damental group of S . " l ien thc cxponent-difforcnccs are as above, notc that thc
parameters can be expressed as

1 i
0= - --(00 + 01 + 0.).2 2 - .

1 i
u = - - - (00 + 0, - 0. ).2 2 - . c = 1 -iOo.

For clarity, we denote thc four disks D" Di,D2 , lY.:J by

G



5.1 TI e disk Da trave s around the d isk Do

' Ve construct a loop in S (with base in So): which is represented by a travel of t he
lisk Do around t he disk Do with a change of argument (by 2ir) of the multiplier of

72. ' \:c fix c and the real part of a. (as 1/2): and let the real part of b move from
1/2 to 3/2; the imaginary parts of a. and b are so chosen that the monodromy group
JH (a.:b, c) remains to be a S hottky group along the move. P ut ting c = 1 - ';00 : we
have

where e = e- mJo < 1.

Set

R = g (~ - ~ (00 +1)) .
Then we have

~rr + c- I eTr + c-I
O< c < T = c < R = c < 1.

e2rr + e eTr + e
Let Do be the lisk with center at 0 and with radius er, an I D the complementary
lisk of the disk with center at 0 an I with ra lins c-I T. Note that we have

0 < er < en < R < 1 < c-I r:

and that "/1 maps Do onto the outside disk of D .
Define real continuous functions (t ) and 'l/J (t; ) for 0 < t < 1 by

Since

2ir-i (~ + (t) - ~ (Oo +'l/J (t ))) = 10g(R _21l'iJ, - c- I
) - log(Re2Tril

, - c):

the function (t ) is monotone increasing with (0) = 0: (1) = 1: and " (t:) sa tisfies
'l/J (O) = 'l/J (1) = 1. Jhoose 01 so big that

• 01 > ma.x{, (t ) 10 < t: < 1}: and that

• for any _ in the ling {cR < Izl < R }, there are two disjoint disks D I (3 1)
and D ::: (3 z), and a fractional linear transform ation with mul tiplier e- 211"O .

mapping D I onto the complementary disk of D:::.

Now set 02 (t) = 01 - 'l/J (t ) > 0 and deform the parameters a. and b as

a.(t ) = ~ - ~ (Oo + 01 + 02(t,)):

b(t ) = ~ + (t) - ~ (Oo + 01 - 02(t )).

Then we have e < g(a.(t) ) < 1 Ig(b(t ))1 = R and so a (t,) = g(a.(t ))g(b(t )) satisfies

en < 100(t )1 = g(a.(t ))lg(b(t ))1< R.

Thus O'(t,) travels around the disk Do in the ling {cR < I_I < R }: and there
are two disjoint lisks D I (3 1) an I DoC/.) (3 0') in the ling { cT < I_I < c-I T}:
and a transform ation " /2(t) wit h multiplier ~1l'iJ£ = .- 211"0 , which maps D I onto t he
complementary disk of DoC/.).
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D

o er ER R 1 r/E

Figure 3: The disk Da t ravels around the disk Do

5.2 TI e disk DCI' t r ave s ar ound t he disk D1

'\Ve construct a loop in S (with base in So): which is represented by a travel of the
disk Da around the disk D 1 with a change of argument (by 2/L) of the mul tiplier of
/ 2 . \Vc fLX C a. and the imaginary prot of b and let the real part of b move from 1/ 2
to 3/ 2. Take 00 > 0 and 0' < 0 satisfying

7rO' ( 7rO')e 1 + _ _')
1

7rO' <E -:. - e'
E = e --7rOo . (1)

Set
E- 1 - E

r = E+ 1 7rO' :
+ -

Since we have

and

1 - 6'1' 1 - E
2

( 1 )
-- = 1 - -'I' > 0

'1' '1' 1 + e="

( - ') )_ I ') E - 1
E '1' - ER = (1 - c ) 1 + 7rO' - 7rO' > 0:

l + e 1 - e

where the last inequality holds thanks to (1): there is c positive number 8 satisfying

{

1 - E'1' E- 1'1' - ER }o< 8 < min cr, : 1 R :
'1' E- +

that implies

Take 01 so big that
E- 1 - E

E + 1 + e1l"(Oo 0. ) < E + 8 .

Now set O2 := 00 + 01 - 0': and

1 'i
a. = - - - (00 + 01 + 0') ).2 2 - .

8
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and deform (the real part of) b as

() 1 i ( ) 1 s:b L = - + t - - 00 + 01 - O2 = - +L - - 0 .
2 2 2 2

Note that

e- I - e
e < g(a) = e + 1+ c" (Oo+o,+o,) < e + 8, here we 1L0'0l (3),

and that.

e- I - e
g(b(t)) = e + 1 ,,-0' 0 "1 satisflcs r < Ig(b(t))1 < R.+" 1:" ""

T hese inequalities together with (2) implies tha t net ) = g(a)g(b(t)) is in t.he ring
{sr < Izl < (s+8)R) ami tha t

n CO) = n (l ) < (e + 8) 1" < 1 < eR < n (1/2).

111is shows that n (t) tra vels aro und 1. Let Do be the disk with center at 0 and with

)
e(r - 8) 1

Figure 4: 111e disk D" travels OOU1U1d the disk D 1

radius e(r - 8), Doo t.he complementary disk of the disk with center at 0 and with
radius c l (r - 8) . T hen -( I maps Do onto the complementary disk of Doo , and by
right (2), Do U Doo is disjoint from the ring

11 l\1s by taking 01 > 0 sufficiently big. for any 0 < t < 1, there OO"C two disjoint disks
D 1 (3 1), D ,,(/) (3 net )) in the complement of Do U Doo and a troot'>fon nn tion -f2(t)
with mul tiplier 2 "'1/1 = ,,- 2,,-0 , " - 2 ,,,,"1 which maps D. onto t.he complementary disk of

t.he D ,,(/ ).

5.3 The multiplier of 12 t ravels around 0

"cconstruct a loop in S (wi th base in So), which is represented by the change of
argument (by 2..) of the mul tiplier of -/2. " C [ LX band 1:, and the imaginary pOO1; of
a, and let the 1=1 part of a move from 1/2 to 3/2. Set

e- I - e
r :=,,-o .

c - 1



lhooso and fL"X: 00 : 0, and O2 so that 0, = O2 and

. { 1 }T < nun 1 - e, , .
l + c:-

Then since
1 i 1 i

b = - - - (00 + 0, - 0') ) = - - - 00 ,
2 2 - 2 2 .

we have f? ;;ib = - c:-' : and so g(b) = 1.

Now we lefonn the parameter a, as

( )
1 .j,

a, t = - + t - - 0. 0 < t < 1.2 2 .

Since we have
c:-, - c:

o:(t.) = g(a,(t ))g(b) = g(a(t. )) = e + TrO '). "I:
1 + e e- 'l"I .

the point 0: is in the disk with center at e and with ra lins T . We tlms have

c:2 (1 + T ) < e - r < Io:(t;) 1< e + r < 1 < 1 + T.

Let Do be the disk with center at 0 and with ra lins c:2(1+rt D the complementary

1 1 +1'

808
· . .· . .· . .· . .

D

o C: - 1' C: + 1'

Figure .5: The fixed point 0' of ..../2 travels along the \ pollonills circle

disk of the disk with center at 0 and with radius 1 + T : DoC/.) (s o:(t)) the disk with
center at e and with ra lius 1'. Then , maps Do onto the complementary disk of
D -: and o:(t) belongs to the disk { lz- c: l < 1'} which is lisjoint from DoUD U{l}.
Thus by taking 0, = O2 > 0 sufficiently big: for any 0 < t < I , there are two disjoint
disks D , (s I) , DoCL) (~ o-(t)) in the complement of DoU D and a transformation
....'2(t ) with mul tiplier f?rrilt = ~-2TrO l e-2rril which maps D, onto the complementary
lisk of DoCt).

5.4 The m ult iplier of 1 t r avels aro nd 0

\Ve construct a loop in S (with base in So) which is represented by the change
of argument (by 21i") of the mul tiplier of ..../, . Note that by the change of variable
:1; -+ 1 - :1; : the equation E (a:b, c) hanges into E (a:b, a, + b + 1 - c) . So we have
only to literally follow §.5.3 exchanging c an I a, + b+ 1 - c, and 00 an I 0,. We thus
fL"X: b and the imaginary parts of a, and c, and let the real part of c move from 1 to
2: and let the real part of a. move from ] /2 to 3/2 keeping a. + b+ 1 - c constant .
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6 M iscellanea

For a S hottky group T of germs 2~ the quot ient of the domain of discontinuity
modulo T is a curve of genus 2. \ curve of genus 2 is a double cover of P I branching
at six points, which are uniquely de termined mo lnlo automorphisms of p i by the
curve. Thus a Schottky group determines a point of the configuration space X{6}
of six-point sets on p l . (The fundamental group of X {6} is the Braid group with
five strings.) When all the exponent-differences of the hypergeomctric equation are
real , its mono lromy group is a S hottky group, which determines six points on a
line. Thus they de termines a point of the configurat ion space X (6) of colored six
point on p l . (The fundamental group of X (6) is the colored Braid group with five
strings.) The space X (6) is well-studied ,

Remark 2 Ii hen all/he exponent-differences are real, there is a SchoUky automor­
phic [unction. defined by an absolutely com ergent infinite product.. '11 hich. 'induces a
holomorpluc map o] the genus 2 CUrl e onto p i ([IY]). This infinite product remain'}
to be conuerqeni f or groups represented by loops above.. 'if '11 e take the multipliers a]
~/I and ~f2 s'1JjJiC'iently small. This 'is because there is a circle sepamting til 0 disks
among the f our ( [13BEE\{~ lhapter .5]) .

P r ob lems: The four loops constructed in §5 induces those in X {6}. Do they
generate the fundamental group of X{6}? Same problem for X (6).
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