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Abstract

Investigations are focused on partial differential operators which com-
mute with certain integral operators analogous to those arising from
the communication engineering. An explicit self-adjoint operator is
derived for the case of disks in the plane.

1 Introduction

Suppose Q and P are bounded open subsets in R". Define an operator K :

L*(Q) — L*(@Q):

Ku(z) = (2717)" /P ¢im ( /Q =i () dx’) dy.

IC is an integral operator:

ICu(a:):/Q Ko p(z,2") u(z") da’

where the kernel is given by

1 : /
Ko p(z,2') = W/P =Y gy oz 2 e Q.

*MSC: 35M99, 35P99, 35Rxx; 45B05.
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Problem 1  Determine the entire spectral property of the operator IKC.

This problem is related to Shannon’s sampling theorem, or to the Uncer-
tainty Principle. In fact, in the 1-dimensional case n = 1, consider a signal
u(t) with finite energy, i.e., square summable on the real line. By a practical
reason, discard outside a certain interval Q = [—T,T], or replace u(t) by
ur(t) which vanishes for |t| > T. Compute its Fourier image a7 (7). In an
essay of recovering the original signal from w7, however, frequencies outside
a certain range P = [—(, Q)] being truncated, and thus get the mapping

wt) — ur(t) — @(r) — {g’?(ﬂ’ “TT)EQTSQ} e Ku(t)

from L2([—T,T]) into itself. In this case,

1sin Q(t — s)
Kop(t,s) = ——7—=, -T<t T.
Q»P< 7S> T t — s ? < 9 S <
A complete solution to Problem 1 for n = 1 was given by Slepian ([5], [6].
See also Daubechies [1].). Slepian’s idea is based on the identity:

R O e B (e e B

sin Q (t — s)

— Q02 (2 _ &2
(=) ——

He was thus able to reduce the spectral problem of K to that of the Mathieu-
like ordinary differential operator

%((T2 — tQ)% : > — Q% (5)

which commutes with the integral operator K on the interval [-7,7T]. The
eigenfunctions of K are fully described with the prolate spheroidal wave func-
tions (Consult, e.g., [3]). He applied this result to provide a rigorous inter-
pretation of the Nyquist condition of the sampling theory (the WT theorem).

In the present note, we derive partial differential operators as analogues
to the operator (5) which ensure the commutation relations corresponding
to (4). In particular, we specify one in the case when @) and P are disks in
the plane. We also show that the thus obtained operator is self-adjoint in
the space L?(Q).



2 Basics

Now we are back to the case n > 2. Here are some of the basic properties of
the integral operator IC in the context of Functional Analysis.

Lemma 1 K is a bounded self-adjoint strictly positive operator in L?(D).
The maximum eigenvalue of K is smaller than 1.

In fact, for u(z) € L?(D), we have

/lCu da:—/ )3 cQu (v) dy:/Qu(:E)lCu(x)dx. (6)

Here § denotes the Fourier transform
Boly) = 2m) [ e pl)dr, pln) € TARY),

and cg(x) is the charactersitic function of the set (). The quadratic form (6)
vanishes only when cg(z)u(z) = 0 in L*(R"), i.e., when u(z) = 0 in L*(Q).

On the other hand, let p is the maximum eigenvalue of K. Then

Jo Kutya@mde — Jp [3(cu) )] dy

o = sup IE = sup 5 < 1.
Jo lu(x)? dz I (CQU) y)‘ iy

For, otherwise, we would have a contradiction that § <0Qu> (y) = 0 outside
P for some cq(x)u(z) # 0.

Lemma 2  The operator K : L?(Q) — L*(Q) is compact.

In fact, the kernel Kg p(x, ') is of class C* in z, 2’ (actually in x — )
as is obvious from (3). We have!

1
9y Kop(x,2') = (=1)*1095 Ko p(e,2) = / lol o gi@=2)y gy
(2m)™ Jp

whence

P
0% K p(z,2")| = |0% Ko p(x,2')| < (éﬁlndiameter(P)o‘L

a=(ay, - ,0,) € N*is a multi-index. |a] = a1 + - - + a, is the length of «, and

1

(63 (e} 8 (e} a1 (6]
8“:811~-~8n" (8j—8m), Yo=Y oY
J

for 9= (01, ,0,) and y = (y1,* - , Yn)-



(3) shows more. We have an entire analytic function

F(() = /P Cvdy, Cecn, (7)

(2m)"

such that K¢ p(z,2") = Fp(z —2'), x, ' € Q. Therefore, for any u € L*(Q),
Ku(z) is bounded in @ and of class C* in Q.

Corollary 1 The kernel is skew-symmetric: Kg p(z,2') = Kg p(2/,x).
Kg p(z,2') takes real values if P is symmetric with respect to the origin :
—P=P.

Example 1  Let n =2 and P the disk {y7 + y3 < 0} (0 > 0). Then

11 e _ o Aald)
FP(C)—W%/O Jo(T')T’d?“— o |<‘

for real ¢ € R?, ( # 0. Hence, in this case,

o Ji(o|lz —2'))

, o e — 2l x#£a
Kop(z,a) =3 2 le—7 (8)
—0?, r =21
27

for = (z1,22), ' = (2}, 7)) € Q and |z — /| = /(21 — )% + (z2 — 25)2.

Example 2  Let n =3 and P the ball {y} + y3 + y3 < 0°} (¢ > 0). Then

Fp(¢) = (2%)2/; r2dr{/07r Jo (7‘\/(12%—(22 sin¢) @irés cosy sin@/;dv,U}

for ¢ € R*\ {0}, as seen by the introduction of the spherical coordinates.
The interior integral turns out to be

2_7T Sln r|C|

7"|C| 1/2( ‘CD 7"|C|
whence

Fp(g) _ J3/2( |C|)

\/27TO”C’

(See [2], formula (4), p.46). Actually, this argument is extended for n =
4,5,---. Thus, for any n =1,2,---, we have

FP =" "/2( |C|T)“ R™ 0’ 9
=" S22 (RN (0) )

when P is the ball of radius ¢ in R™ centered at the origin.
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Lemmas 1 and 2 imply that the spectrum o (K) of K consists of discrete
positive eigenvalues py, k = 0,1,2,--- (of finite multiplicity) with 1 > py >
py > -+ — 0 (See, e.g., 8], Chapter X).

Remark 2.1  The function Fp(¢) of (7) is of course an analogy to Whit-
taker’s sinc function. Note

|C/€FP( )’<|8P‘ exp(sup \SC y) kzla"'vna

yeIP
by Stokes’ theorem.

Note also that the equation u—Ku = f for a given f € L?*(Q) is uniquely
solved by u = >>°_ K™ f € L*(Q). Here each K™ turns out an integral
operator with the kernel

K (z,2) = / RO / a2 K p(e,20) - K p(@™ D, 2')}
Q Q

form=2,3,.-- (KC(;,)P(L 2') = Kg p(x,2')). We can just rewrite

KSp(aa) = o = [av [y e k) (10)
with .
k Ap. I I _ im”»(y/—y)d " 11
2(y,¥") = Fo(y' — y) (27r)"/Qe T (11)
and
km+1 v, y 27r /dl‘”/dy” iz’ - (y1—y) k‘m(y",y')
= / " —y) kn(y",y) dy".
P
Hence,

km(y,y) = / dy® - / dy™ D Fo(y —y®) - Foly™ ™V —y) (12
P P
form=3.,4,---.

Remark 2.2  Note Kg r(z,2) = Fp(0) = (2m)~™ |P|. Thus,

o= [ Kastooyis _\Pll

bt



Also we have

Kg(x,x dy’ O B (y,y),
whence
/ Km) (r,x d:p—/dy/dy Foly —v) kn(y.y)
P P
> FQ(y(l) _ y(Q)) . FQ(y(m_l) _ y(m)) FQ(y(m) _
form=2,3,---.

To discuss the spectral property of the operator I in somewhat general

context, a computation of the Fredholm determinant might be useful.

Let

A (x® . 20M) be the determinant of the m x m-matrix with the (j, k)-

entry Ko p(zW, 2*)). Thus, for instance, A(z(V) = Kg p(z® 20

Ko p(xW,2M) Ko p(zh,2®) Kqpa®,z®)
p(z®,2®) Ko p(a® 2®)
Ko p(a®,2W) Kop(®,2®) Kqp®, )

Ag(2W, 2@ 2®) = | Kg p(z®,20) Kq

Let
A, = (=)™ / dx(l).../ a2 A, (2D, 2
Q Q

form=1,2,---. Then

2 3
Al = —Kkj, A2 = K1 — R, Ag = —R + 3%1:‘%2 - 2:‘%3,

Ay = ni‘ — 65%/@'2 + 8k1ks + 3Kk — 6Ky, - - -

Now put

(13)

A(z) is an entire analytic function of z € C. In fact, it is well-known that
the series on the right-hand side uniformly converges in z on any bounded

set in C (Consult, e.g., [7], Chapter XI).

Let ®,,(z,2"; 20, .- 2(m=1) be the determinant of the m x m-matrix
with the (j,k)-entry Ko p(xU=D x*+=1) for j, k > 2 while Kgp(z,2"),



Ko p(x, 2% V) and Kg p(x*=V, 2"), repectively, the (1,1)-, (1, k)- and (k, 1)-
entries, (k > 2). Thus, e.g.,

Kg.p(z,z") Kg.p(r, M) Ko.p(x,2®)

¢3<x,x~;x(1),x(2)): KQP(Q,;(l),xN) KQ,P(JE(I),QJ(”) KQp(x(l),x(Q))
KQ,P(JJ(Q), ) KQyP(Z'@), ng(1)) KQ,p(:r;(Q), x@))
Let then
W (, 2)

x, 7’
= — / dx’// dz ... / drm=1 Kopla" ') Oz, 2", M . ’x(mfl))

and finally put

Az, 2';2) = 2 A(2) Kg p(z,2") + Z(—l)mw 2 (14)

A(x,2'; 2) is again an entire analytic function of z € C as is the case of A(z).
We have

Az, a';2) = 2z A(z) Kg p(x,2') + 2 / Az, 2" 2) Ko p(a”, 2') da”
Q
for x, ' € Q and z € C.

Lemma 3  Let f(z) € L3(Q). If A(z) #0, then

) = g+ [ S ) i € T2 (15

and u(zx) solves the equation u — z Ku = f in L*(Q).

Those z € C with A(z) = 0 are called characteristic values of the kernel
Kg.p(x,2') of K. Characteristic values are reciprocals of eigenvalues men-
tioned in Lemma 1. If pu,, is the m-th eigenvalue of the operator I, then
Zm = 1/ is the m-th characteristic value of the kernel.

Note (15) can be expressed in the operator form as

u=(I—-2K)"'f, A(z)#0.
Recall A\ —K)™' = 5 (I — K)~! for A € o(K). For each eigenvalue 4, of
K, consider the operator
1
En=— | A —K)"dxr

211 .



Here 7,, is a small circle in C centered at ., which contains no other points in
the spectrum o(KC). &, is in fact the projection operator onto the eigenspace
corresponding to the eigenvalue p,,. Thus, let

1 Az, 2’5 2) dz

E(x,x’;zm) :—2—7” y —?
m

where «/ is a small circle centered at z,, = 1/p,,, which contains no other
zeroes than z,, of A(z). Then &,, is represented as an integral operator:

Em ¢ f(2) >—>/Q E(z, 2 zy) f(2') do'.

Thus, Problem 1 is reduced to explicit investigations of A(x,x'; z)/A(z).

3 Analogy

Now we try to follow Slepian’s approach ([5]) and establish an analogy to the
identity (4). Thus, we check when the integral operator K commute with a
self-adjoint operator A realized by a second order partial differential operator
a(x, D). Tt turns out these premises impose quite a restrictive relation among
the domains ), P and the operator a(z, D) (See Proposition 1 below).

To begin with, consider a second order partial differential operator:

n

a(e.D)- = " D,(ap(@)Dy-) +elx)-. D, = %aj, (16)

7y k=1

and its symbol

n

a(w,y) = Y amlx) yyye + c(). (17)

j k=1

Here ajx(x), j, k = 1,--- ,n, and c¢(x) are real-valued bounded and contin-
uous functions on the closure @, sufficiently smooth in Q. Assume further
ajr(x) = agj(x). The homogeneous term of the highest, i.e., second, degree
is denoted

as(w,y) = Y (@) yyye-

j k=1

Lemma 4  The operator a(x, D) is symmetric, that is,

/Qa(x,D)v(:v)w(x)dx—/Qv(x)a(x,D)w(m)dm



holds for v(x), w(x) € C2(Q). In particular,

/Qa(x,D)v(x)v(x)dx:/Q@(:B,@U(J:))d:E%—/ c(x) v(z)? dx

Q
for a real-valued v(x) € CZ(D).

Proof.  Suppose v(x) and w(x) are smooth in ) and vanish on the boundary
0@). Then

/Qa(w,D)v(w)w(x)dx—/QU(x)a(x,D)w(x)dx
B2

the right-hand side vanishes because of Stokes’ theorem and assumtions on
v(x) and w(x). Q.E.D.

We wish to extend the operator a(z, D) as a self-adjoint operator A in
L?(Q) by supplying an appropriate boundary condition on 9Q.

However, self-adjoint extensions are not necessarily unique. We also wish
to have one which commutes with the operator K, that is, for which AK —
K A =0 holds on the domain of A.

Actually, to achieve an analogy to (4), we here will specify that a;(x)
and c(x) are polynomials in z of degree 2. However, the requirement that
the involved polynomials be of degree 2may be too restrictive in the general
context as Proposition 4 below suggests.

Thus, we assume

n

1 /Q Dj(ajk(x) Dyv(x) - w(x) + v(x) - ajk<$)m> dr.

ajr(z) = ZZ UjkpgTpTq + bjk,  Jy K =1,---,m, (18)
p=1 g=1
and o
c(z) = Z Z Cpg TpLyq- (19)
p=1 q=1

Here ajipg = Qjrgp = Qijpgs bjr = b and cpq = cqp. In particular, if we put

n n

A(l‘, y) - Z Z Z Z Ajkpg LpTqliYk (20)

j=1 k=1 p=1 ¢=1

and
n n

b(y) = D> bikyive, (21)

j=1 k=1

9



then the symbol a(x,y) turns out

a(z,y) = Az, y) + b(y) + c(x). (22)

Proposition 1 Assume that the symbol a(x,y) is given by (22) with (20)
(21) and (19). Suppose the boundaries Q) of Q and OP of P are sufficiently
reqular, e.g., of class C*. Let v(x) = (v1(x), -+ ,vn(z)) be the unit outer
normal at x € 0Q and dS(x) the surface area. Let p(x) = (ui(x), -+, pn(x))
be the unit outer normal at y € OP and dX(y) the surface area. If

Z{Zzajkpq%wﬁbm}v]( )=0, k=1,---,n, (23)

= p=1 ¢q=1

on 0Q and

n

Z{ZZ Jkpqyjyk"‘cpq}ﬂp(y) =0, g=1,---,n (24)
p=1 1 k=

on OP, then the operators a(x, D) and K commute, that is,

a(z, D) (/cu) (z) = IC(a(-, D)u) (z), ueL*Q)NCHRY)
holds.

Therefore, in order to ensure an analogy to (4), we need a rather stringent
looking requirements (23) (24) on the partial differential operator a(z, D) of
(16) and the domains () and P.

Remark 3.1  The condition (23) implies
det (Z Z QjkpgTpTq + bjk> =0 (25)
p=1 ¢g=1

and ag(z,v(x)) = 0 on the boundary 0Q). On the other hand, (24) implies
a(p(y),y) = bly) and

det ( Z Z Qikpq¥i Yk + cpq> =0 (26)

j=1 k=1

on OP.

10



To verify Proposition 1, we discuss in a slightly more general hypothesis
than that made in the proposition. Note

a(z, D) Kq,p(z, ml) = (27T)" /P a(z,y) el dy

i ( / ( ZZ 9; ajk )ei(x_x')'y dy

=1 k=1

by a straight forward computation.
On the other hand, for u(z) € L*(Q) N C*(R™), consider?

/Q Kq.p(z,2") a(2’, D' )u(z) d'

_ji /Q D; <§ Kqp(x,2") aji(z)) ;Cu@/)) da’
- Z / D?f(ji D} K p(.2") - (e u(s)) da’
+/Q <a(x’,D’) KQ,P(OC,iU’)) u(z') de.

(27)

The first two sums on the right-hand side will be reduced to integrals on the
boundary 9Q by Stokes’ theorem provided 0Q) enjoys an adequate regularity.

Lemma 5  Suppose 0Q is reqular enough. Then the first two sums on the
right-hand side of (27) turn out

In particular, if (23) holds, then all these integrals vanish.
The third term on the right-hand side of (27) has the kernel

1 o
_W/ a(z’, —y) eV dy

/(-% ShY Daz(x ) )Y gy,

1=1 k=1

a(z', D"YKpa(z,2')

Thus, D’ 8 .

, 0
*Here ' = (8},--- ,0;,), where 8} = o

11



Therefore,

(28)
_ —2')y 4
where
T’([E, x/7y) :ZGQ(x y) - a2( y) + C( ) C(ZL’I)
4o ZZ {a aji(x) + A az(x )}yk.
k=1 j=1
Note
; Z a a]k yk - 5 aé(])g) (l’, y)
k=1 j=1 k=1
where aé’?)(x y) = (%%y as(x,y). Hence, then
r(z, ', y)
i — (29)
—ax(,y) — ax(@',y) = 5 3 (asih(@.9) + alfly (@' )) + () = (@)
k=1
Now use (20) (22) and (19). We have
(l’ y) Z Z Z Z ajkpq Tp + )( x;)yjyk
7=1 k=1 p=1 g=1
1 n
=az(z',y) + 5 D s (x+ 2l y) (g — ),
q=1
c(x) =c(z') + 5 Cpq(Tp + ) (g — 7))
p=1 g=1
1 n
=c(2’) + 2 Z e+ ') (zg — )
q=1
It follows
/ i(z—2')y 15 (z—2')y
r(z, 2’ y)e % ap{< o (r+x y)—l—C()(a:—l—x))e }
p=1

12



where 5p = 0/0y,. Hence, when the boundary 0P is regular enough,

/P r(z, 2, y) @)Y dy
n 30)
1 o (
2 /aP 2_ 1) (a%’)(z + ' y) + ez + l“')> =Y 453 (y)
p=1

where u(y) = (u1(y), -+, n(y)) is the unit outer normal and d¥(y) the
surface area at y € JP. The right-hand side of (30) vanishes when (24) is
satisfied.

Hence, we have the following

Lemma 6  Suppose the boundary OP of P is reqular enough, e.qg., of class
Cl. Let u(y) = (u(y), -+, un(y)) be the unit outer normal and d3(y) the
surface area at y € OP. Assume (22) with (20) and (19). If (24) holds, then

a(z,D) Ko p(z,2") —a(z',D") Ko p(z,2") = 0.

Proposition 1 is now proved.

4 An analysis of the 2 dimensional case

Let us analyze the conditions (23) and (24) for the planar case. Observe (25)
and (26) take the following forms:

2 4 3
{(a1111a2211 - agln)a?l + 2(a1111a2221 + @1121Q2211 — 2a2111a2121)x1x2

2 2.2
+(a1111G2222 + A1122G9211 — 2a2111A2122 + 4112102001 — 405191 )TTTS

3 2 4
+2(a11210l2222 + @1122Q2921 — 2a2121a2122)x1m2 + (a1122a2222 - azlgg)%

} (31)
+{(G1111522 — 2a2111021 + a2211511)$%
+(a1122b22 — 2a9122b91 + a2222bn)$§

+2(ar121b22 — 2a2121b21 + a2221511)96’1332} + (b11bgg — bél) =0

13



and
2 4 2 2 3
(@1111G1122 — G7191)Y7 + 2(@1111G2122 + Q211101122 — 2A112102121)Y; Y2
_9 4 _ 42 2 2
+(a1111a2222 + @1122Q2211 a112102221 + 40211102122 a2121)y1y2

3 2 4
—1—2(&2111&2222 + a921102122 — 2a2121a2221)y1y2 + (a2211a2222 - a2221)y2}

(32)
+{(CL1111022 — 201121021 + Q1122011)Y;
+(ag211C22 — 2a209121 + 612222011)?45
+2(agi11622 — 2a2121¢01 + Cl2122011)y1y2} + (c11622 — ¢31) =0
respectively on 0Q) and on OP. Then (23), for instance, implies
<a2111x% + 20912171 %2 + A212075 + b21)dI1
a111127 + 2011912182 + ar12275 + byy Jdwy = 0, (33)

2 2
<a2211x1 + 2022217172 + Q22075 + 522)dx1
2 2
— <a2111$1 + 2a212171T2 + 212275 + 521)d$2 =0

on each smooth portion of 0Q. Similar equations are derived from (24).
Namely,

a1121y% + 2a212191Y2 + a2221y§ + c21 | dip

dy:

— (alllly% + 2a2111%1Y2 + a22113/% + Cll)dyz
<a1122?/f + 2a2122Y1Y2 + Cl2222y§ + C22)

0,
0

— <a1121yf + 2a2121Y1Y2 + a2221y§ + co1 ) dys

on each smooth portion of OP.

When the forms (33) (34) are exact, then 0Q) and 0P reduce to (arcs on)
circles.

Proposition 2 Suppose

a1l = —a2121 = A2222, A2111 = —A2221, Q1121 = —A2122, (35)
and
az111 = ari21 = 0,  aii2 = age11 = 3a1111, (36)
2 2
by = co1 = 0, bi1 = bey = —p Aa1111, Ci11 = C2 = —0 Q1111 (37)

14



where p > 0 and o > 0. Then, we have

i 4+a5=p> and yi+ys=o0" (38)
respectively on 0Q) and on OP.
Proof. (35) reduce (33) and (34) to the following equations:

3 3
T T
d(amngl - Cl1122§2 - Clnnl‘%xz - CL1121$1I§ + boyy — b11I2> =0
95:1% :c% 2 2
d<a2211§ + allQl? + 21112772 + a11117175 + by — 521332> =0
and
Z/% S’ 2 2
d<a1121§ - a2211§ — a1111Y1Y2 — a2111Y1Y5 + €211 — 011y2> =0
i Y
d<a1122§ + a2111§ + a1121y%y2 + Gnnylyg + Cooy1 — 021y2) =0
respectively on 9@ and on 0P. It follows then
x% 2 95% 2
(@1115 — Q11215 + bm) T — (%1223 + ap111r7 + b11) T9 = const
x% 2 2 5”%
(@2113 + a111175 + b22> T+ <a2111x1 + C111213 — b21> To = consty

on 0@ and similar equations involving vy, y» on dP. This observation sug-
gests that const; = consty = 0. In fact, (36) and (37) then yield to (38) as
we have expected. Q.E.D.

Corollary 2 (35) (36) (37) imply

A(z,y) = — xly; — 3xiys — 3x3y; — w5y5 + 41329170,

(39)
b(y) = sz% + ng%, c(x) = 0233% + 02333

when ay111 = —1. Hence, the operator a(x, D) turns out
a(z,D)- = — D ((a:f + 323 — p?) Dy ) — D2<(x§ + 322 — p?) Dy )
—|—2D1 (xlxz Dg) —|—2D2(l’11’2 Dl) (40)

+ 0% (2] + 23) -
The left-hand sides of (31) and (32) become
(27 + x5 — p*) (327 + 323 — p*) and  (yi +y5 — %) 3yl + 3o — %),

respectively.

15



Example 3  Recall (8) in Example 1. By an explicit computation, it is
easy to verify the identity:

a(z,D) Ko p(z,2") —a(2',D") Kg p(z,2') =0, z, 2" €Q,
which constitutes the analogue to (4) in the present case.

Let us check the self-adjointness of the operator a(x, D).

Proposition 3 Let Q = { (z1,22); 23+23 < p* }. a(zx, D) is a self-adjoint
operator in L2(Q) with the domain H?(Q), the Sobolev space of order 2 on
Q.

Before proceeding to the proof of the above proposition, we recall that
the Sobolev space of order 2 on ) consisits of those functions u(xy, z3), for
which

u, dju, ;0ku € L'(Q), j=1,2,k=1,2,
where derivatives are taken in the weak sense. Since () is a disk, it is conve-

nient to give its representation in terms of the polar coordinates.

Lemma 7  Suppose u € L?(Q). Let U(r,0) = u(rcosf,rsinf), where
0<r<pand0<0<2r. uecHQ) if and only if

0 10 02 1 02 10 10 1 9?2
U 5:v Uizae! T7a7Y 2oV ~ v arae

o v o0 o v

are all in L2((0, p) x [0, 27), rdrdf).
In fact, we have
0

= U @)+ (0 = (50) + 5 (550)

and
(0Fu)? + 2(010ou)? + (O3u)?
0% N2 2 0? d N2 1
= (52Y) + (500 ~5Y) +
at (x1,x9) = (rcosf,rsin).

Now we proceed to the proof of Proposition 3. (40) in the polar coordi-
nates turns out

Azlg(r(ﬁ _p2)2.)

r Or

T3
I O S N U S RSN 2,2 o
_{7‘87’<T(r _”)ar'>+r2 ae<<"’ _p)ae')+" T e



Following® Reed and Simon ([4], p.160), we rewrite L%*(Q) as the tensor-
product:

L*(Q) = L?((0, p), rdr) @ L*((0, 27], df) = ®&°_, Ly,

where L,, = L2((0, p), rdr) ® [e*™?]. Actually, we see that this sum is an
orthogonal direct sum. Therefore, for U = &2_, U, € &_,L,,, U € H?(Q)
if and only if, for each m, U,,(r,0) = U, (r) e™ € L, satisfies

Usin(r), Vs (1), U (r), U (1), Ul(r) € L0, gl rdr) (42

by (41), and their sums over m converge in L?((0, p|,rdr). Call H?, the
corresponding subspace of such U,,(r,6) in L,,. Then on HZ , the operator
A reduces to

Am:{%%(r(ﬁ—,&)%)w%?}—(3—%)m2-. (43)

It is clear that A,, with domain H?, is a closed symmetric operator and
bounded from below by —2m?. Thus, each A,, has a self-adjoint extension
A,, in L,, with domain D,, D H?2,. Then a self-adjoint extension of a(x, D)
is defined with the dmain D, where

Dou <= u=®, um, Un€Dy,

and Au = ®°_, A, u,, converges in L?(Q). The proof of Proposition 3 is
now complete by the following.

Lemma 8  For each m =0,1,2,---, Ay, is essentially self-adjoint in L,
and thus, D, = H2,, A, = A,.

Proof.  Consider f(r,0) € L,, such that

/0 ’ /0 - {(Am + i )u(r, 9)%} 6 rdr =0 (44)

for any v € H2,. We will show f(r,#) = 0. It is then enough to take
f(r,0) = Fin(r)er™ and u(r,0) = Uyy(r)er™ for any Us,,(r) which
satisfies (42). Since the operator A,, is elliptic inside the interval (0, p), we

3Suggested by Takashi Ichinose.
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then immediately see FL,,(r) is C*°-smooth inside (0, p). Thus, we consider
the functional

FimUspm) = /OP Usp(r )Fim( )rdr

+ [ {0 = U FoT 4 (20 0)) (Z ) | rar

for smooth Ul,,(r) which vanish near » = 0 and r = p. By (44), the func-
tional Fi,,(Uy,,) turns out

P
/ (3m? — 0212 F i+ 1) Usn (1) Fap(r) rdr,
0

which is extended to a bounded linear functional on H! | where ]ﬁl}n is the

m?

Hilbert space consisting of U(r) € L2((0, p, rdr) such that

%U(T‘) e L*((0,p,rdr), +/p?—r2U'(r) € L*((0, p|, rdr).

Here the derivative U’(r) is in the weak sense. We take as the scalar product
of H, denoted by (U, V), the following integral:

[{w = o7 2 (o) (Fre) + veve

for U,V € ]ﬁll Hence, by Riesz’s representation theorem, Fi,, (Usy) =
<Uim, Fim> for some Fim S ]HI . It is then not difficult to see that the above
Fim and Fl,, coincide, whence Fl,, € H , and we take Uy, = F,,. It then
follows F,, =0 in LZ((O pl, rdr). Q.E.D.

Remark 4.1  The ordinary differential operator A, has three regular sin-
gularities at r = 0, r = +p and an irregular singularity of Poincaré rank 1 at
r = oo. In fact, A,, corresponds to the operator

L (E) L (D)
dr2 P1 o) dr D2 P 5

where e ) 9.4
t° — prot
pl(t>: 21 ) pQ(t): 21 _mzpl(t)
For |t| > 1, note
)=1+2> t (45)
k=0

po(t) = 2 {p o + (pPo? —m*)t? 4 (p*c?® — 2m?) Z t_%} : (46)
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An eigenfunction u(r), which satisfies A,,u = Awu in @, can be written as
u(r) = U(Z) Here U(t) is a solution of the equation
p

P %U(t) + P t%U(t) + (Pu) - t;\—i1>U(t) —0 (47

for 0 <t < 1. We will discuss the solution of (47) elsewhere.

5 Some comments on the 3-dimensional case
Let n = 3. (23) in Proposition 1 implies that
ai(z) dxe A dxs + agg(x) dxs A dry + agp(x) doy A dzg =0 (48)

for k = 1,2,3 at points on a smooth part of Q). Here a;,(x) are those of
(18). Similarly, (24) then reads as

14(y) dya A dys + g (y) dys A dyr + asg(y) dys A dys =0 (49)

for ¢ = 1,2, 3 at points where P is smooth. Here

3 3

apg(y) = Z Z UjkpgYiYk + Cpq (50)

(See (22)).

In this situation, we have no chance to encounter with the case when both
the surfaces 0@Q) and 0P are the spheres.

Proposition 4  Suppose 9Q and OP are the spheres centered at the origin,
respectively of radius p > 0 and o > 0. If (48) and (49) hold respectively on
0Q and on OP, then all the ajipq, bjr and cpy vanish.

Proof. Substitute x1 = psint cos @, x5 = psinysinf, x3 = pcostp into (48)
and y; = osiny’ cost, y, = osiny'sinf’, y3 = ocos?y)’ into (49). Rewrite
the results into the forms of trigonometric polynomials. Since

cosmap cosnb, cosmi) sinnf, - - -

are linearly independent, their coefficients all vanish. Thus, we get 60 linear
equations for 36 unknowns a;i,q, b and c,, being taken as parameters. These
linear equations are of rank 30. Soving them, we get aji,, = 0 together with
bjr = 0 and ¢, = 0 as the compatibility requirements. We omit the details of
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computation, which can be verified with a use of any mathematics software.
We, in fact, used the software Maple (of Waterloo, Inc.) Q.E.D.

We add some still further comments, alas rather of the nagative nature.
All the forms (48) are closed if

0 0 0
8_a:1a1k($) + a—@azk(a:) + a—%agk(x) =0, k=123

This is the case if the coefficients a;;,, satisfy the relations:

ajinn + a2 + a1313 = 0, a1112 + @122 + @323 = 0,

a1113 + @1223 + a1333 = 0, ajo11 + ag12 + ag313 = 0,

1212 + G222 + a2323 = 0,  @1213 + a2023 + a2333 = 0, (51)
ai311 + ag312 + azzz3 = 0, a1312 + G232 + azzes = 0,

1313 + (2323 + a3z = 0.

Actually, (51) also implies

0 0 0

a—leqq(y) + 6_y2a2q<y) + a—yga:zq(y) =0

for ¢ = 1,2,3. Hence, all the forms (49) are then closed.

Lemma 9  Suppose (51). Then all the forms (48) are exact.

In fact, let
1 1
_ 2 2 2 2
911(351, T2, -753) =a1293 ToX3 — Q1323 ToX3 + 501213 T3X1 — §a1312 T1Tq
1 3 1 3
— —Q1322 T + Q1233 T3 + bi2 T3,
3 3
_ 2 2 1 2 1 2
921(551, T2, 353) =@01313 T3T] — G1113 T321 + 5611312 T1T2 — 5611123 Loy
| 1 (52)
3 3 b
— —G1133 T3 + - Q1311 X7 + 013 T1,
3 3
2 2 1 2 1 2
931($1, T2, 133) =01112 T1T5 — G1212 T]T2 + §a1123 Tol3 — §a1213 3Ty
1 1
3 3
— —Q1911 T] + Q1122 T5 + b1y To.
3 3
Then

d(gn(x) d]?l + ga1 (x) dIQ + ggl(l’) d$3>
=ay1(z) dxe A drs + ag (x) des A dey + azi(x) dey A dxs.
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Other a;,(z)’s, k = 2,3, j = 1,2,3, go similarly, and we obtain the corre-
sponding g;x(z)’s by cyclic permutations of indices, for which

d(glg(x) dxy + goo(x) dzo + g32() dxg)
=a19(x) dxe A dxs + age(x) drs A dry + azs(x) doy A dxg
and
d<913($) dzy + gos3(x) dxe + gs33(2) dx;;)
=ay3(x) dxe A\ drs + ags(x) drs A dry + asgs(x) dry A dxs
hold. The lemma is thus proved.
Lemma 10  Suppose (51). Then all the forms (49) are exact.

In fact, this is verified in the same way as the previous lemma. Let

hi1(y) =azs12 y2y§ — (2313 y;yz’, + %&1312 yz)z,yl - 301213 yly;
- éa2213 Y + %%313 Y3+ Crays

ha1(y) =a1s13 ysy; — aasi1 Ysr + %am:s Yiye — %@311 Y2y (53)
- %03311 Y3 + %anm yi + i3

h31(y) =a12n1 y1y§ — a1212 y%yg + %%311 yé’ys - %Cllzm ySQ%

1 3, 1 3
— —a1112 Y] + S Q2211 Y5 + C11 Y2.

3 3
Then

A () dy + har(y) dye + haa () dys
=a11(y) dya A dys + a1 (y) dys A dys + asi(y) dys A dys.
Other combinations of indices go similarly.
Remark 5.1 If
Qjkpq = Q11pg, Ojr = b1, 7, k=1,2,3, (54)
for all p, ¢ = 1,2, 3, then

ajr(x) =a11(x)
=a1111 ZE% + a1122 a:% + a1133 fB%

+ 2a1112 T1T2 + 2a1123 Toxs + 2a1113 123 + b1y
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for all j, k = 1,2,3. Together with (48), we thus have

@11(96’) = —a1112 ($1 - 552)2 — 1123 ($2 - $3)2 — Q1113 (953 - $1)2 + b1 (55)

since then

a1111 + a1z +ainz = 0, ajiig + aqies + ajgs = 0,

a1112 + a1122 + a3 = 0.

Unfortunately we also have

apq(y) = Q11pq (yl + Y2 + 93)2 + Cpq (56)

for p, ¢ = 1,2,3. Although 0Q) could nicely be defined, e.g., as an ellipsoid,

by a11(z) = 0, ape(y) = 0 would not define any reasonable closed surface as
OP.
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