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Tube domain and an orbit

of a complex triangular group

By Hideyuki IsH1 and Takaaki NOMURA

ABSTRACT. Let w be a complex symmetric matrix of order r, and
Aq(w),...,Ar(w) the principal minors of w. If w belongs to the Siegel
right half space, then it is known that Re(Ag(w)/Ag—1(w)) > 0 for
k = 1,...,r. In this paper we study this property in three directions.
First we show that this holds for general symmetric right half spaces.
Second we present a series of non-symmetric right half spaces with this
property. We note that case-by-case verifications up to dimension 10 tell
us that there is only one such irreducible non-symmetric tube domain.
The proof of the property reduces to two lemmas. One is entirely gener-
alized to non-symmetric cases as we prove in this paper. This is the third
direction. As a byproduct of our study, we show that the basic relative in-
variants associated to a homogeneous regular open convex cone €2 studied
earlier by the first author are characterized as the irreducible factors of
the determinant of right multiplication operators in the complexification
of the clan associated to (2.

§1. Introduction.

We begin this paper with an example in order to show what problem we consider.
Let V' be the real vector space Sym(r,R) of r x r real symmetric matrices. We
denote by €2 the cone of positive definite matrices in V. We have the corresponding
tube domain €2 + iV in the complexification W := V. Obviously W = Sym(r, C),
the space of r x r complex symmetric matrices. The complex general linear group
GL(r,C) acts on W in the usual way: GL(r,C)xW 3> (g,w) — gw'q. Let Ac denote
the subgroup of GL(r,C) consisting of diagonal matrices, and N¢ the subgroup of
strictly lower triangular matrices. The complex triangular group mentioned in the

title is Tt := NcAc. Let Aj(w), ..., A.(w) be the principal minors of the matrix
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w e W. Thus if w = (w;;) € W, then
w1 - Wik
Ap(w) =det | : (k=1,2,...,7).
Wg1 cc Wek
We know that Q + ¢V is contained in the Tg-orbit T¢ - I, passing through the
r x r identity matrix I,. Therefore if w € Q + iV, we have Ag(w) # 0 for any

k=1,2,...,r. The following proposition is known.

Proposition 1.1. Let w € W and suppose w € Q +iV. Then
Ag(w)
Re —————= >0 k=1,2,...,7r),
A () ( )

where we understand Ag(w) = 1.

Since Proposition 1.1 can be generalized to any symmetric cone €2 as we will show
in Proposition 2.2 of this paper, it arises a question if the validity of Proposition 1.1
is characteristic of symmetric cones (or of symmetric tube domains). As a negative
answer to this question, we will present in section 3 a series of non-symmetric homo-
geneous open convex cones for which, with a natural generalization of the principal
minors Ay, Proposition 1.1 remains true. Actually something more is done in this
paper. To give details let us return to the example that we started with. First we
would like to point out that the proof of Proposition 1.1 consists of two parts. The

first one is the following lemma that can be shown by a direct computation.

Lemma 1.2. Let w € W and suppose w € T¢ - I,. Then, writing w as w = na'n

with n € N¢ and a := diag[ay, ..., a,] € Ac, one has
a, == ————— k - 1, N ,’I“ .
= A () ( )

In section 2, we will present a proof of this Lemma in the general case where W
is the complexification of a Euclidean Jordan algebra. The idea of the proof does

not differ much from the current example. The second one is:

Lemma 1.3. Suppose na'n € Q + iV for n € N¢ and a = diag[ay,...,a,] € Ac.
Then
Rea; > 0,...,Rea, > 0.

Though Lemma 1.3 is further generalized to the case of homogeneous convex cones
in section 4, we think that it is worth giving a proof of Lemma 1.3 within symmetric

cones by using the Jordan algebra language, and we do it in section 2. Combination



of Lemmas 1.2 and 1.3 immediately yields Proposition 1.1 for symmetric cones. Also
for the non-symmetric cones presented in section 3, we do have both of the lemmas,
so that Proposition 1.1 holds.

In section 4, we generalize Lemma 1.3 as is already said. Thus it turns out that the
validity of Proposition 1.1 depends solely on the validity of Lemma 1.2 for general
homogeneous convex cones. Experiments tell us that the failure of Lemma 1.2 is
a frequent occurrence for non-symmetric cases, and our examples in section 3 are
rather exceptional. In fact we have verified that there is only one cone (i.e., our
example in dimension 8) that has the property of Lemma 1.2 among the irreducible
non-symmetric homogeneous convex cones for dimension up to 10 (see [4] for the
classification).

In section 5, we present some applications of our study. The first one is the fact
that the basic relative invariants associated to a homogeneous cone treated in [2] are
characterized as the irreducible factors of the determinant of the right multiplication
operators R(w) in the complexification of the corresponding clan. The second one
is to give another proof of the description of the cone given earlier by Rothaus [§]

and Xu [10].

§2. The case of symmetric cones.

Our reference is the book Faraut-Koranyi [1]. Let V be a simple Euclidean
Jordan algebra of rank r with unit element e. For € V| we denote by M(z) the
multiplication operator! by z. Thus M (z)y = zy for y € V. We take the trace inner
product (z|y) := tr(zy) in V as in [1], where tr denotes the trace function on the
Jordan algebra V. Let cq,...,c, be a Jordan frame, so that ¢; +---+ ¢, = e. For
k=1,...,r, the Peirce 1-space for the idempotent ¢; + - - - + ¢; will be denoted by
V®). Evidently we have V() € ... € V() = V. Let P, be the orthogonal projector
V — V®_ The space V* itself being a Euclidean Jordan algebra, we denote by
det® the determinant function of V*). Let Ay(z) := det™ (Pyz) be the k-th Jordan
minor of x € V. The Jordan frame ¢y, ..., ¢, yields an orthogonal decomposition
V =@, Vik, where Vj; =Re; (j =1,...,7), and

Vi := {xEV; M(ei)aj:%(éij‘{‘éik)x (z’zl,...,r)} (I1<j<k<r).

IThe notation in the book [1] is L(z). Since we use this for the left multiplication operator in
the clan, we have chosen a different symbol.



Let Q := Int{z? ; x € V}, the interior of squares in V. Then (2 is a symmetric
cone and every irreducible symmetric cone arises in this way. Let G(£2) be the linear
automorphism group of the cone Q2. We know that G(€2) is reductive. Let g be the
Lie algebra of G(2). Let £ be the derivation algebra Der(V) of the Jordan algebra
V. Put p := {M(x) ; z € V}. Then g = £+ p is a Cartan decomposition of g
with the corresponding Cartan involution #X = —'X. Let A be the R-linear span
of ¢1,...,¢.. Thus A:=Rc; @ --- ® Re,. Consider a:= {M(a); a € A}. Then ais
an abelian subalgebra which is maximal in p. Let aq, ..., a, be the basis of a* dual
to M(c1),..., M(c,). We know that the positive a-roots are (ay — ;) (k > j) and
the corresponding root spaces g(a,—a,)/2 =: M; are described as

ng; c={z0¢;; z € Vi },

where a b := M(ab) + [M(a), M (b)]. Summing up all of the ny; as n:= 3., ng;,
we have an Iwasawa decomposition g =€t +a+n. Let A :=expa and N :=expn,
the subgroups of G(£2) corresponding to a and n respectively.

Now let W := Vg, the complexification of V. The inner product (-|-) of V' is
extended to a complex bilinear form on W, and we denote it by the same symbol.
We have W = @, ., Wi with Wy, := (Vjg)c. The complexifications of A and N
are denoted by Ac and N, respectively. Note that Ac and N¢ are subgroups of
GL(W), and we shall put Tz := NgAc. From now on, the Jordan minors Ay (w)
(k=1,...,7) are naturally continued to holomorphic polynomial functions on W.

For any idempotent ¢ € W and an element z € W(c; %), the Peirce %-space for ¢,

we define complex Frobenius operators 7.(z) on W by the formula
7.(2) == exp(2z0c¢).

These are unipotent operators (see [1, Lemma VI.3.1]).

Lemma 2.1. Let w € W and suppose that w satisfies Ag(w) # 0 fork =1,2,...,r.
Then one can find uniquely 29 € @Z:jH Wi (1<j<r—1)anda € C*,... a, €
C* so that

w= 7o, (N7, (2P) 1 (2T (arey + -+ apey).
Here note that 29 Oe; € Yo (ngg)e-
Proof. Though the proof by induction on r is totally parallel to that of [1, Theorem

VI.3.5], we write it down for completeness. We have nothing to do for r = 1, so

supposing r > 1, we assume the truth of the lemma for » — 1. Let us decompose



w as w = wy + Wi/ + Wy, where the w; is in the Peirce j-space Wi(cy;7j) for ¢
(7 =0,1/2,1). Then w; = Acy with A = (w|e;) = Ay(w) # 0. As in [1, Lemma
VL.3.1], we have, for 2 € W (cy; 1)
Ter (2w = wy — 2M (2M)w; + wy g + wl = Aey — AW+ wy o + wyp

with some w) € W(cy;0). Therefore, there is unique 2V := A~lw;y such that
Te, (—2M)w = A¢; + wj. Since it holds that, for k =2,...,7,

Ag(w) = Ag(Aer +wp) = AAL_ (wp),
where A% (j = 1,...,r — 1) are the Jordan principal minor functions on W (es;0),

we see that A’(wy) # 0 for any j = 1,...,7 — 1. Hence induction hypothesis yields
that there are unique ) and a; # 0 (j = 2,...,r) such that
wh = 7oy (2@) 1o (2T (age + - + apey).
Since () Oe¢;)e; = 0 for j > 2, we get
w = 7o, (V) (Aey + wh)
=70, (27, 2P o1 (T (Ney + agey F - F agey).

Putting a;, := A, we obtain the lemma. 0

Lemma 2.1 immediately implies that w € W satisfies Ag(w) # 0 for any k =
L,...,rif and only if w € N¢ - A&, where

T
.AE = {a: Zajcj ; @ S (CX}
j=1

Proposition 2.2. Let w € W and suppose Ap(w) # 0 for any k =1,...,r. Writing

w=mn-(aic; + -+ a,c,.) according to the above, one has

Ag(w)
ap = ———~ k=1,...,r).
k Akfl(UJ) ( )
Proof. We put
a:alcl+"'+arcr, a(k)=a101+---+akck

for simplicity. Lemma 2.1 tells us that we have
n =7, (zN71,(z®) .. .7, (27V).

For each k, we extend P, to the projector W — W®) = (V(*)).. We shall show
that, with z,ij) = P(z9) forj=1,...,k—1,

(2.1) Py(n-a) = 7P ()P (22 r® (R0,

c2 Ck—1



where the Tc(f) (Z,ij)) (j=1,---,k—1) are Frobenius operators on the Jordan algebra
W& Then we get Ap(w) = a; - - - ag, and the proposition follows.
Now let X € ()¢ (s < t). If i < j, then we have (cf. [1, p. 109 (c)])
Wiy (s=1i<t<y),
(2.2) XWi) CIWye (s=i<j<t),
Wi (s =7]).
For the remaining case s # 14, j, we have X (W;;) = 0. Therefore, if ¢ > k or if j > k,
then X (W;;) C (I — P;)W. Hence

X((I=P)W) C (I —Py)W.

This implies ng (1 — P,)W) C (I — Py)W, so that N¢((I — )W) C (I — P,)W.
Next we look at N¢(P,W). By (2.2) again, we see that if s > k or if ¢ > k, then we
have X (W;;) € (I — P,)W for any i < j, so that (exp X)w € w+ (I — P,)W for any
w € W. Consequently

Teo (2 o1, (2" WNa € a+ (I — P)W.

Now for j =1,...,k —1, let us write 20) as 209 = z,gj) + ¢; with ; € @1 Wim.
If j <m <k < m/, then, since [n,,;,n,;] = 0, the operators ch(z,gj)) and 7, (¢;)

commute, and we have 7, (z1)) = ch(zli]))ch(Cj). Since

7o, (G)w € w+ (I — P)W (Vw e W),
and since ch(zlij))(PkW) C P,W, we arrive at (2.1). O

Proposition 2.3. Letn € N¢ anda; € C*,... a, € C*. Ifn-(ajc1 +---+a.c.) €
Q+ 1V, then one has
Rea; > 0,...,Rea, > 0.

Proof. We prove the proposition by induction on r. For r = 1, the proposition is
trivially true. Thus we assume r > 1, and suppose that the proposition is true for

r—1. Put w:=n- (aic; + - - + a,c.). The proof of Proposition 2.2 says

!
P_jw=n"(ac1+ 4+ a,_1¢_1)

with n' := 76(17«71)(27(61_)1)70(;71)(27{2_)1) . -n‘ff;)(zﬁ’"_’f)

). Clearly we have
Re(PT_lw) = PT_I(RG U)) € Qr—la

where €,._; is the symmetric cone in P._1 (V) = V=1 Induction hypothesis tells us

that Rea; > 0,...,Rea,_; > 0. To get Rea, > 0, we consider the Jordan algebra



inverse w™! of w. We know that w™! € Q + ¢V and that

1t -1 (-1 -1
w =" (a; 1+ Fa, ¢,

where 'n is taken with respect to the complex bilinear form (-|-). Let us denote by
@, the orthogonal projector V' — Re¢,, and we extend it to a complex linear operator
on W, denoted by the same symbol @Q,. Evidently we have Q,w = (w]|¢, )¢, and
thus we obtain

Q-(w ) ={({n"t (a;ter+---+ale)|)e
(23) ={a'ci+...a e, | n e e
Since (2.2) gives X¢, = 0 for any X € n¢ (and thus n7'c, = ¢, in (2.3)), we get

Q,(w™) = ate,. Since we have
ReQ,(w™) = Q,(Rew™) € Q,.(Q) = {A¢, ; A >0},
it holds that Rea, ! > 0, which obviously gives Rea, > 0. U

Note that Q+:V is contained in T¢ - E = N¢ - A{ (see [6, Proposition 2.8]). Then,

combining Propositions 2.2 and 2.3, we get

Theorem 2.4. Let w e W. Ifw € Q+iV, then

Re ————~ >0 E=1,....7).
Ak,1<w) ( )

Remark 2.5. It may be worth noting that the condition Rea; > 0 for each j does
not imply that n - (ajc; + -+ + a,¢.) € Q+ 1V for all n € N¢. In fact, consider
V = Sym(2,R) and let §2 be the cone of positive definite matrices in V. We suppose
that a;,as € C satisfy Rea; > 0 and Reay > 0. Let £ € R and assume that
€] > Jai|7*y/(Reap)(Reas). Then a direct computation shows

(1 0\ (a1 O 1 i€\ (a iy |
w = (Zg 1) (01 a2) (O 1>_(ia11§ _a1§21+a2>¢ﬂ—|—zv_

Of course we have Aj(w) = a; and Ay(w) = ajas. Therefore the converse of

Theorem 2.4 is not true.

83. Some non-symmetric cones.

One might ask if Theorem 2.4 is characteristic of symmetric cones. The purpose
of this section is to present a series of non-symmetric cones for which we have the
same statement as Theorem 2.4 with natural Aj’s generalized to the case of non-

symimetric cones.



In this section, I,, will denote the identity matrix of the n-th order. We consider
the following real vector space V', where R" is considered as the space of real column
vectors:

xlljn $21]n Yy (TRS R"’
(3.1) Vi=qw=|onl, znl, =z |; zi; €R

1, t
Y z T33

Note that V' C Sym(2n + 1,R). As an open convex cone we take
2 :={z € V; x is positive definite}.

If n =1, then Q is nothing other than the symmetric cone of positive definite real
symmetric matrices of order 3. Thus we assume n > 2 throughout this section.
Obviously we have dim ) = 2n 4+ 4. To see that {2 is homogeneous, we take the
following subgroups A and N of GL(2n + 1,R):

alln 0 0
A:=Ka= 0 asl, O a1 >0, a3 >0, a3 >0 3,
0 0 as
(3.2)
I, 0 0 n, € R",
N=<Xxn=1&, I, 0] ; EeR

n
t,nl t,n2 1 ny € R,

Consider the semidirect product group H := N x A. It is clear that H acts on 2 by
HxQ 3 (h,z) — p(h)x := hz'h € Q. To see that this H-action is simply transitive,
we solve the equation z = na'n for a given z € Q, where a € A and n € N with the
expressions as in (3.2) are to be found. To describe the unique solution, we define

polynomial functions Ay, Ag, Az on V' by
Aq(z) := 213,
A2($) = T11%22 — x%p
Az(r) := 21109933 + 2091y - 2 — L3305, — Ty — 21|z,
where y - z denotes the canonical inner product in R”, and || - || is the corresponding

Euclidean norm. Then, a straightforward computation yields

_ _ Ds(x) _ Ag(x)
3.3 = Al e Ay(z)’ “e Ag(x)’
(3:3) ¢ T21 E) Tk — Iy

= s na = -, no —
A () YTA(2) ? Ao ()
These formula together with the discussion of [2, Theorem 2.2] shows that A;(x),

As(x) and Agz(x) are the basic relative invariants associated to the cone (2.



If 0x(x) (k=1,...,2n+1) stands for the k-th principal minor of the matrix z € V

of order 2n + 1 with the expression as in (3.1), then we have

Aq(x)k (1 <k<n),
dp(x) = Al(x)zn kA (:L‘) T (n+1<k<2n),

Therefore it holds that for x € V'
r € < Ag(zx) >0 (k=1,2,3).

In what follows, we extend these A, to holomorphic polynomial functions on W :=
Ve. In order to have explicit expressions, we extend the inner product y - z to a

complex bilinear form on C". We set v(y) = y - y. With this notation we have
Ai(z) = 211,

A2($) = T11T22 — 51531,

Ag(l’) — L11X22X33 + 2I21'y cZ— .ngl’%l — .ngl/(y) — 13117/(2).

We now describe the dual cone of . Consider the vector space V' given as
Ty Ty Y
(3.4) Vii=a = oy abhy %2

! ! /
Y 2\ ahsl,

Yy er”,

r,, €R
7Z/€RTL’ 1]

We note V' C Sym(n + 2,R) this time. We identify V' with the dual vector space
of V' through

3
(3.5) (x,x") Zx”x” +2y -y +2z- 2" + 20970},

j=1
where z and 2’ are as in (3.1) and (3.4) respectively. Consider the convex cone
of positive define ones in V":

QO :={2' e V'; 2 is positive definite}.

To see that Q' is homogeneous, we introduce the following subgroups A’, N’ of
GL(n+2,R):

aq 0 0
A=Xd=10 a 0 s ap >0, a3 >0, a3 >0p,
0 0 asl,
(3.6)
1 5 tnl n, € RZ,
N:=<{n'=10 1 'my| ; , (R
0 0 I, N, € R7,
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Consider the semidirect product H' := N’ x A’. Evidently H' acts on ' by the rule
H x> (W,2") — p/(K)2 == Ka'"'W € Q. This action is simply transitive. In
fact, defining polynomial functions A}, A}, AL by

Al (a) == zy,

Ay(a') == whyalyy — ||z

Ay(a') = (a255 — 1Y 1P) (whass — [12]1%) — (e 2hs — 4" - 27)°,

we see by a straightforward computation that the unique solutions n’ € N’ and

/||27

a € A (expressed as in (3.6)) of 2/ = n’a’'n’ for a given 2’ € Q' are written down

explicitly as follows:

A4 () ()
NN = ) _A/
DR @AE) 2T A@) (@)
R A" 2

M) T N@) T M@
Thus, just as in the case of €2, it holds that A/ (2'), AL(2") and Aj(z’) are the basic
relative invariants associated to €2'.

Let 6;(2") (k=1,...,n+42) denote the k-th principal minor of the matrix 2’ € V'
of order n + 2 written as in (3.4) that is taken from the (n + 2,n + 2)-entry to the
(n+3—k, n+ 3 — k)-entry. Then we have

Ay (a") (1<k<mn),
0p(2") = ¢ Aj(2)" AN () (k=n+1),
Ay ()" Ay (a")  (k=n+2).

We just note that the expression for 0y ,(z') = det 2’ follows from the identity

A B I 0\ (A-a'BC B
C ol, - C I,) 0 al, ]’

where Ais 2 x 2, Bis2xn, C'isn x 2 and a # 0. Therefore we can conclude that
for 2’ € V'
e — A@)>0 (k=1,23).
The functions A}, are extended to holomorphic polynomial functions on W' := V{:
Al (a) = g,
Ay(2') i= whowy — v(2),
Ay(a') = (255 — v(Y) (hewlyy — v(2')) — (73 — Y- 27)%
We now settle the problem of the dual cone of €.

Proposition 3.1. ) is the dual cone of Q2 relative to the duality pairing (3.5):
Q=0 :={a' eV (z,2) >0 foranyz e Q\{0}}.
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Proof. We already know that Q = p(H)I,+1 and ' = p/'(H')I,42. On the other
hand, given a; > 0 (k = 1,2,3), n;, € R" (k = 1,2) and £ € R, we take a € A,
a € A,ne Nandn € N asin (3.2) and (3.6), and put h = na and b’ = a'n’.
Then a straightforward computation using
I, 0 0\ (L. 0 o0\ (I
n=1ler, 1, oo 1, o] 0o 1,
0 0 1 0 my, 1 ‘n, 0
n, 3
0 1
0

O = O
o O =
O = O

0 1
g 0
I, 0

S
I
o O =

I

3

gives us

(p(h)e,a') = (h'h, o) = (o, Ko W) = (z, (H)a)
for x € V and 2/ € V’. This implies that p'(H’) is just the adjoint group of p(H)
relative to the duality pairing (3.5). Definition (3.5) tells us that I, € Q*, and by
general theory we know that Q* is an orbit of the adjoint group of p(H). By these

observations we conclude that ' = Q*. OJ

We note that ' does not have the property of Theorem 2.4. In fact, consider
147 0 0
w= 0 241 0 e 4V
0 0 (14291,

Then we have
As(w)
Ay (w)
Now we return to €2 and show that €2 has the property of Theorem 2.4. Let Ac

Re = Re{(14+4)(1+2i)} = -1 <0.

and N¢ be the complexifications of A and N respectively. We know by a general
result (cf. [6, Proposition 2.8]) that Q+iV C N¢Ac - [on41. Hence the functions Ay
(k =1,2,3) never vanish on Q + V.

Theorem 3.2. Let w € Vi and suppose w € 2 +1iV. Then

Ag(w)
Re——— >0 k=1,23).
A (w) ( )
Proof. Given w € Q + iV, we solve the equation na'n = w for n € N¢ and a € Ac.

Then, just as in (3.3) we get

o (k=1,2,3).

ay
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Since 2 is contained in the symmetric cone of positive definite real symmetric ma-
trices of order 2n + 1, we can apply Proposition 2.3 (or Lemma 1.3) to the present

case. Hence we get Reay > 0, and the theorem follows. U

84. A generalization.

In this section we show that Proposition 2.3 is still true in the general case where
(2 is a homogeneous regular open convex cone €. Here, by regularity, we mean that 2
contains no entire line. Thanks to Vinberg [9], such cones are completely described
by clans with unit element, and we begin this section with a brief description of
clans.

Let V be a finite-dimensional real vector space with a bilinear product A (the
associative low is not required). The pair (V,A) is called a clan if the following
three conditions are satisfied, where L(z) : y — x/Ay, the left multiplication by x:

(C1) [L(z), L(y)] = L(zLy — yAx),

(C2) There exists s € V* such that (zAy, s) defines an inner product in V/,

(C3) Each L(z) has only real eigenvalues.

Now, let (V, A) be a clan, and we will write R(x) the right multiplication operator
y — yAz by z. We suppose that V' has a unit element E. By (C1) above, we see
that the set b of left multiplication operators L(x) (x € V') forms a Lie subalgebra
of gl(V'). By (C3), we see that b is necessarily split solvable. We denote by H the
corresponding linear Lie group exph C GL(V'). Then, by [7, Thereom 4.15], the
H-orbit Q) := H - E through FE is a regular open convex cone on which the group
H acts simply transitively. Vinberg’s theory [9] tells us that every homogeneous
regular open convex cone arises in this way.

Let V = @KjngT Vi; be the normal decomposition of the clan V' with respect to
a complete set of primitive idempotents Ey,..., E. of V. This means that we have
E=F +---+E, and

(4.1) Vij={z€eV; L(E)x = 1(0u + b;j)z, R(E)x =06z fori=1,...,r}.

Here we note Vi, = RE), for any k =1,...,r. We write A for the subspace RE; &
- ®RE, of V, and A, for the set of elements a1 F; +- - - +a,. E, € A with a; > 0 for
alli=1,...r. Put n:=[h,h] C hand N :=expn C H. Then we have Q = N - A,.

Let W be the complexification V¢ of V. We extend the bilinear product A to W
by complex bilinearity. Accordingly, the left and the right multiplication operators

are extended to W, and we use the same symbol L(x) and R(x) respectively for
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x € W. Let ng C gl(W) be the complexification of n, and N¢ C GL(W) the

corresponding complex linear Lie group exp nc. We shall show the following:

Theorem 4.1. Forn € N¢c and a = a1 F1 +---+ a,. B, € Ac, consider z:=n-a €
Nc - Ac C W. If z belongs to the tube domain Q2 + 1V, then

Rea; > 0,...,Rea, > 0.

To prove Theorem 4.1, we need more structural observations of W. Let EY,... E*
be the basis of A* dual to Ej,...,E,. We extend these E} to V* by defining to
be 0 on all of Vj; (1 < j <k <7r). For s = (s1,...,5) € R", we set B} =
s1E7 + -+ -+ s.Ef. We know that (z|y) := tr L(zAy) defines an inner product in
V. In fact we have (z|y) = (zAy, E}), where d = (dy, ..., d,) and

1 1 .
dj =1+ 2 ani + 2 anj (ngp := dim V, for ¢ > p).
i<j k>j
We note that the normal decomposition of V' is orthogonal with respect to (|- ).

Since (C1) is rewritten as
(4.2) AN(yAz) — (xDy) DNz = yAN(xDz) — (yAx) Nz (x,y,z € V),
application of E} to this formula yields
(4.3) (zlyLz) —(zly|z) = (yledz) = (yAz|z)  (z,y,z€V).

Let Wy; (1 < j < k < r) be the complexification of Vj;. We record here the
following multiplication relations for later references:

Wi AW,y; C Wy,

(4.4) if k # 1,7, then W, AW;; =0,

Wi AW C Wi, or W, according to [ > m or m > 1.
Fork=1,...,r, weset My := Wi &--- & W1 ® Wiy In view of (4.4), it holds
that if 1 < k <[ <r, then

MAM; C My, MiAM; C M.
Therefore, setting Z, := My @ --- ® M, (k=1,...,r), we have an ideal sequence
W=7,02Z,>--D>Z, DI = {0}.

Put my :=dim My (k=1,...,7). Then we have my = ngy + - -+ + ngx—1 + 1. For

1 <j <k <r, we fix an orthonormal basis {f];j}lgagnk]. of the subspace V;, and
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introduce an orthogonal basis {eék)}lgpgmk of My, by

el(ok) — { _I/Qf]oij (p=a+ 2w, 1< a<ny),
V2d,CE, (p=my).

The natural isomorphism will be written as My 3 v +— ¥ := v + Zp11 € Iy /Tpy1,

and we write M, for the quotient space T, /Zy41. We denote by Ry(x) (resp. Ly (z))

the matrix of the linear operator on M, induced by R(x) (resp. L(z)) with respect

to the basis {e},’“)}lgpgmk of My. For a = 37 a;F; € Ac, we see by (4.1) that

both Li(a) and Ry (a) are diagonal matrices:

%(al + ak>Ink1

1
b) (akfl + ak)[nk,kA
ay
al[nkl

ak_l]nk,kfl

ag

In the following the linear forms E} are extended to W by complex linearity.

Lemma 4.2. For x € W, one has
(4.7) Ry(z) = Li(z) + ‘Li(x) — (x, E{) I, (k=1,....,7).
In particular, Ry(z) is a symmetric matriz.

Proof. Since the identity (4.7) is linear in x, it is enough to treat the following four
cases separately:

(i) The case x € Zy;.

In this case, both sides of (4.7) are zero matrices.

(ii) The case x € Wi.

In this case, (4.7) follows from (4.5) and (4.6).

(ili) The case x = v € M} := @, Wi;-

Since el = \/§d;1/2Ek by definition, (4.1) yields

(4.8) L(v)e®) = v2d, *R(E)v =0, R(v)el) =v2d, *L(E)v = (2d;,) 0.
On the other hand, we note that (4.4) tells us that MYAM? C Wy, = CE},. Thus

a simple observation shows that if vy, vy € MY, then

(4.9) V1 A\vy = d,j(vl | vg ) By = (2dk)’1/2(vl | vg >e7(7’§).

k
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Now consider v € M?. Since {€)”}1<p<m,_1 is an orthonormal basis of M?, w

have v =} " vpe;k with v, = (v | e, Thus we see from (4.9) that
(4.10) L(v)el” = R(v)el? = (2d;,)" v el

forp=1,...,m; — 1. By (4.8) and (4.10) we get

(4.11) ( i1 ) Ry(v) = (O”égl g)

where £ := (1/+/2dy ) (v1, ..., Vm,—1) € C™L. Since (v, E}) = 0, we conclude that
(4.7) holds in this case.

(iv) The case z =y € ®1<J<k

We have L(y )em,)c = R(y)emk = O by (4.1), and we see from (4.4) that the operators
L(y) and R(y) preserve the space M. Thus we obtain

(1.2 n) = (M7 ). o= (0 0),

where LY (y), R)(y) are both matrices of order my — 1. Now for vy, vy € MY, we see
from (4.3) that

(4.13) (vi| L(y)vz) — (R(y)vi [v2) = (y|vilva) — (L(y)vr | va).

Since v1Avy € Wiy, we have (y|v1Avy) = 0. Hence (4.13) is rewritten as

) =
) =

(R(y)vi|ve) = (L(y)vr |va) + (v1 | L(y)va) (v1,v2 € MY).
0 ).

)
This means that R)(y) = LY(y) + ‘L(y). Since (y, E;) = 0, we arrive at (4.7) due
o (4.12). O

Since (4.2) is rewritten as
R(yAz) = L(y)R(2) + R(2)(R(y) — L(y)),
we see from Lemma 4.2 that
(4.14)  Ru(yLz) = Li(y)Ri(2) + Ry (2)'Li(y) — (y, ER) Ri(2)  (y,2 € W)

for k =1,...,r. Noting that the linear group Hc = {exp L(x); € W } preserves
the ideals Zy, of W, we denote by Ag(h) (h € H¢) the matrix of the linear operator
on /\/lk = 7j/Iyy1 induced by the action of h € Hc with respect to the basis

{e Y} i<p<m, of My. Moreover, we see from (4.1) that
C(]A(Ek +Ik+1) C <:L', EZ>EI€ +Ik+1 (CL’ € W),
so that there exists a one-dimensional representation v, : He — C* such that

(4.15) h-E,=uw(h)E,  (he He)
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with

(4.16) dvp(L(x)) = (x, E}) (x e W).

Then we have by (4.14)

(417) Rk(h . Z) = I/k(h)ilAk(h)Rk(Z)tAk(h) (h € Hc, A W)

Lemma 4.3. If x € Q, then Ry(x) is a real positive definite symmetric matriz for
k=1,...,r.

Proof. We take h € H for which x = h- E. Then we see from (4.17) that
Ri(x) = vi(h) ™ Ay(h) Ar(h)

because Ry(FE) is the identity matrix by (4.6). Since Ag(h) is a real matrix, and
since v (h) > 0, Lemma 4.3 follows. O

We are now in a position to prove Theorem 4.1.

Proof. Assume that z =n-a (n € Ng¢, a € Ac) belongs to the tube domain Q + V.
By Lemma 4.3, we see that the real part of the complex symmetric matrix Ry(z)

-1

is positive definite. Thus Ry(z) is invertible and the real part of Ry(z)~' is also

positive definite. On the other hand, we see from (4.17) that
(4.18) Ri(2)™' = vp(n)'Ap(n) *Ry(a) ' Ap(n) .

Since 14 is a one-dimensional representation, we have vi(n) = 1 for n € N¢. Hence
(4.15) shows that the my-th column of Ag(n) equals %0,...,0,1) because el =
\/édlzl/gEk. Therefore (4.18) tells us that the (my,my)-component of Ry(z)™! is
equal to the (my,my)-component of Ry(a)~!, which is seen to be a;' by (4.6).
Hence Rea;' > 0, so that we obtain Reay, > 0. O

§5. Application to relatively invariant polynomials.

For the linear form E} introduced just before Theorem 4.1, We define a one-

dimensional representation x, of H by

X, (exp L(z)) := el®Fs) (xeV).

(k)
Recalling (4.16), we have v, = x, for s = (0,..., 1,...,0). Since det Ax(n) =1 for

n € N, we see from (4.5) that

det Ag(h) = v (R)™/*x, o(h)  (h € H),
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where o, := (g1, M2, - - - s Mk k—1, 1,0, ...,0) € Z". Then it follows from (4.17) that
(5.1) det Ry(h - x) = x,, (h) det Ry(z) (he H, z€V).

Let Ag(x) (k=1,...,r) be the polynomials on V' determined by

(5.2) Ay(z):=det Ry(x), det Ri(x) = Ag(x) - Ay(z)™* Ag(x)®? -+ Agp_q(z)*+1

with the following two conditions for k£ > 2:

(a) ak1, age, - .., a1 are non-negative integers,

(b) Ag(z) is not divisible by any one of Ay(x), ..., Ap_1(z).

Then we obtain the following theorem in a way completely parallel to the proof of
[2, Theorem 2.2].

Theorem 5.1. The polynomials Aq(z),...,A.(x) are the basic relative invariants
on V under the action of H.

From the definition of Ry(x), it is evident that
det R(z) = det Ry(x) - det Ry(z) - - - det R,.(x) (xeV).

Thus we can write

(5.3) det R(x) = Ay(x)" Ag(x)*? -+ - A ()"
with positive integers aq,...,a, thanks to (5.2). Therefore, the relative invari-
ants Aj(x), ..., A.(z) are characterized as the irreducible factors of the polynomial

det R(z). We note that deg Ax(z) = deg Ag_1(x) is a possibility. Indeed this is

already the case for the Vinberg cone and its dual cone (see [2]).

Remark 5.2. Consideration of the determinant of right multiplication operators

for the study of relatively invariant polynomials appears also in [5, Corollary 2.20].
Proposition 5.3. One has
Q={zeV; Ri(x) is positive definite for k =1,...,r}.
Proof. Assume that the matrix Ry (z) is positive definite for all £ = 1,...,r. Then
we have det Ry (x) > 0, so that Ag(z) > 0 owing to (5.2). Therefore x belongs to
because
Q={zeV; A(x) >0 (k=1,....r)}

by [2, Proposition 2.3]). Hence Proposition 5.3 follows from Lemma 4.3. O

Remark 5.4. One can show that the description of €2 in Proposition 5.3 coincides
with the ones given by Rothaus [8] and Xu [10] (see [3]).
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