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Tube domain and an orbit

of a complex triangular group

By Hideyuki Ishi and Takaaki Nomura

Abstract. Let w be a complex symmetric matrix of order r, and
∆1(w), . . . ,∆r(w) the principal minors of w. If w belongs to the Siegel
right half space, then it is known that Re

°
∆k(w)/∆k−1(w)

¢
> 0 for

k = 1, . . . , r. In this paper we study this property in three directions.
First we show that this holds for general symmetric right half spaces.
Second we present a series of non-symmetric right half spaces with this
property. We note that case-by-case verifications up to dimension 10 tell
us that there is only one such irreducible non-symmetric tube domain.
The proof of the property reduces to two lemmas. One is entirely gener-
alized to non-symmetric cases as we prove in this paper. This is the third
direction. As a byproduct of our study, we show that the basic relative in-
variants associated to a homogeneous regular open convex cone ≠ studied
earlier by the first author are characterized as the irreducible factors of
the determinant of right multiplication operators in the complexification
of the clan associated to ≠.

§1. Introduction.

We begin this paper with an example in order to show what problem we consider.

Let V be the real vector space Sym(r, R) of r × r real symmetric matrices. We

denote by ≠ the cone of positive definite matrices in V . We have the corresponding

tube domain ≠ + iV in the complexification W := VC. Obviously W = Sym(r, C),

the space of r × r complex symmetric matrices. The complex general linear group

GL(r, C) acts on W in the usual way: GL(r, C)×W 3 (g, w) 7→ gw tg. Let AC denote

the subgroup of GL(r, C) consisting of diagonal matrices, and NC the subgroup of

strictly lower triangular matrices. The complex triangular group mentioned in the

title is TC := NCAC. Let ∆1(w), . . . , ∆r(w) be the principal minors of the matrix
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w ∈ W . Thus if w = (wij) ∈ W , then

∆k(w) = det

0@w11 · · · w1k
...

...
wk1 · · · wkk

1A (k = 1, 2, . . . , r).

We know that ≠ + iV is contained in the TC-orbit TC · Ir passing through the

r × r identity matrix Ir. Therefore if w ∈ ≠ + iV , we have ∆k(w) 6= 0 for any

k = 1, 2, . . . , r. The following proposition is known.

Proposition 1.1. Let w ∈ W and suppose w ∈ ≠ + iV . Then

Re
∆k(w)

∆k−1(w)
> 0 (k = 1, 2, . . . , r),

where we understand ∆0(w) ≡ 1.

Since Proposition 1.1 can be generalized to any symmetric cone ≠ as we will show

in Proposition 2.2 of this paper, it arises a question if the validity of Proposition 1.1

is characteristic of symmetric cones (or of symmetric tube domains). As a negative

answer to this question, we will present in section 3 a series of non-symmetric homo-

geneous open convex cones for which, with a natural generalization of the principal

minors ∆k, Proposition 1.1 remains true. Actually something more is done in this

paper. To give details let us return to the example that we started with. First we

would like to point out that the proof of Proposition 1.1 consists of two parts. The

first one is the following lemma that can be shown by a direct computation.

Lemma 1.2. Let w ∈ W and suppose w ∈ TC · Ir. Then, writing w as w = na tn

with n ∈ NC and a := diag[a1, . . . , ar] ∈ AC, one has

ak =
∆k(w)

∆k−1(w)
(k = 1, . . . , r).

In section 2, we will present a proof of this Lemma in the general case where W

is the complexification of a Euclidean Jordan algebra. The idea of the proof does

not differ much from the current example. The second one is:

Lemma 1.3. Suppose na tn ∈ ≠ + iV for n ∈ NC and a = diag[a1, . . . , ar] ∈ AC.

Then

Re a1 > 0, . . . , Re ar > 0.

Though Lemma 1.3 is further generalized to the case of homogeneous convex cones

in section 4, we think that it is worth giving a proof of Lemma 1.3 within symmetric

cones by using the Jordan algebra language, and we do it in section 2. Combination
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of Lemmas 1.2 and 1.3 immediately yields Proposition 1.1 for symmetric cones. Also

for the non-symmetric cones presented in section 3, we do have both of the lemmas,

so that Proposition 1.1 holds.

In section 4, we generalize Lemma 1.3 as is already said. Thus it turns out that the

validity of Proposition 1.1 depends solely on the validity of Lemma 1.2 for general

homogeneous convex cones. Experiments tell us that the failure of Lemma 1.2 is

a frequent occurrence for non-symmetric cases, and our examples in section 3 are

rather exceptional. In fact we have verified that there is only one cone (i.e., our

example in dimension 8) that has the property of Lemma 1.2 among the irreducible

non-symmetric homogeneous convex cones for dimension up to 10 (see [4] for the

classification).

In section 5, we present some applications of our study. The first one is the fact

that the basic relative invariants associated to a homogeneous cone treated in [2] are

characterized as the irreducible factors of the determinant of the right multiplication

operators R(w) in the complexification of the corresponding clan. The second one

is to give another proof of the description of the cone given earlier by Rothaus [8]

and Xu [10].

§2. The case of symmetric cones.

Our reference is the book Faraut–Korányi [1]. Let V be a simple Euclidean

Jordan algebra of rank r with unit element e. For x ∈ V , we denote by M(x) the

multiplication operator1 by x. Thus M(x)y = xy for y ∈ V . We take the trace inner

product hx | y i := tr(xy) in V as in [1], where tr denotes the trace function on the

Jordan algebra V . Let c1, . . . , cr be a Jordan frame, so that c1 + · · · + cr = e. For

k = 1, . . . , r, the Peirce 1-space for the idempotent c1 + · · ·+ ck will be denoted by

V (k). Evidently we have V (1) Ω · · · Ω V (r) = V . Let Pk be the orthogonal projector

V → V (k). The space V (k) itself being a Euclidean Jordan algebra, we denote by

det(k) the determinant function of V (k). Let ∆k(x) := det(k)(Pkx) be the k-th Jordan

minor of x ∈ V . The Jordan frame c1, . . . , cr yields an orthogonal decomposition

V =
L

j∑k Vjk, where Vjj = Rcj (j = 1, . . . , r), and

Vjk :=
©
x ∈ V ; M(ei)x = 1

2(δij + δik)x (i = 1, . . . , r)
™

(1 ∑ j < k ∑ r).

1The notation in the book [1] is L(x). Since we use this for the left multiplication operator in
the clan, we have chosen a different symbol.
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Let ≠ := Int{x2 ; x ∈ V }, the interior of squares in V . Then ≠ is a symmetric

cone and every irreducible symmetric cone arises in this way. Let G(≠) be the linear

automorphism group of the cone ≠. We know that G(≠) is reductive. Let g be the

Lie algebra of G(≠). Let k be the derivation algebra Der(V ) of the Jordan algebra

V . Put p := {M(x) ; x ∈ V }. Then g = k + p is a Cartan decomposition of g

with the corresponding Cartan involution θX = − tX. Let A be the R-linear span

of c1, . . . , cr. Thus A := Rc1 © · · · ©Rcr. Consider a := {M(a) ; a ∈ A}. Then a is

an abelian subalgebra which is maximal in p. Let α1, . . . , αr be the basis of a§ dual

to M(c1), . . . , M(cr). We know that the positive a-roots are 1
2(αk −αj) (k > j) and

the corresponding root spaces g(αk−αj)/2 =: nkj are described as

nkj := {z § cj ; z ∈ Vjk},
where a § b := M(ab) + [M(a), M(b)]. Summing up all of the nkj as n :=

P
j<k nkj,

we have an Iwasawa decomposition g = k + a + n. Let A := exp a and N := exp n,

the subgroups of G(≠) corresponding to a and n respectively.

Now let W := VC, the complexification of V . The inner product h · | · i of V is

extended to a complex bilinear form on W , and we denote it by the same symbol.

We have W =
L

j∑k Wjk with Wjk := (Vjk)C. The complexifications of A and N

are denoted by AC and NC, respectively. Note that AC and NC are subgroups of

GL(W ), and we shall put TC := NCAC. From now on, the Jordan minors ∆k(w)

(k = 1, . . . , r) are naturally continued to holomorphic polynomial functions on W .

For any idempotent c ∈ W and an element z ∈ W (c; 1
2), the Peirce 1

2 -space for c,

we define complex Frobenius operators τc(z) on W by the formula

τc(z) := exp(2z § c).

These are unipotent operators (see [1, Lemma VI.3.1]).

Lemma 2.1. Let w ∈ W and suppose that w satisfies ∆k(w) 6= 0 for k = 1, 2, . . . , r.

Then one can find uniquely z(j) ∈ Lr
k=j+1 Wjk (1 ∑ j ∑ r−1) and a1 ∈ C×, . . . , ar ∈

C× so that

w = τc1(z
(1))τc2(z

(2)) . . . τcr−1(z
(r−1))(a1c1 + · · ·+ arcr).

Here note that z(j) § cj ∈
Pr

k=j+1(nkj)C.

Proof. Though the proof by induction on r is totally parallel to that of [1, Theorem

VI.3.5], we write it down for completeness. We have nothing to do for r = 1, so

supposing r > 1, we assume the truth of the lemma for r − 1. Let us decompose
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w as w = w1 + w1/2 + w0, where the wj is in the Peirce j-space W (c1; j) for c1

(j = 0, 1/2, 1). Then w1 = ∏c1 with ∏ = hw | c1 i = ∆1(w) 6= 0. As in [1, Lemma

VI.3.1], we have, for z(1) ∈ W (c1;
1
2)

τc1(−z(1))w = w1 − 2M(z(1))w1 + w1/2 + w0
0 = ∏c1 − ∏z(1) + w1/2 + w0

0

with some w0
0 ∈ W (c1; 0). Therefore, there is unique z(1) := ∏−1w1/2 such that

τc1(−z(1))w = ∏c1 + w0
0. Since it holds that, for k = 2, . . . , r,

∆k(w) = ∆k(∏c1 + w0
0) = ∏∆0

k−1(w
0
0),

where ∆0
j (j = 1, . . . , r − 1) are the Jordan principal minor functions on W (c1; 0),

we see that ∆0
j(w

0
0) 6= 0 for any j = 1, . . . , r − 1. Hence induction hypothesis yields

that there are unique z(j) and aj 6= 0 (j = 2, . . . , r) such that

w0
0 = τc2(z

(2)) · · · τcr−1(z
(r−1))(a2c2 + · · ·+ arcr).

Since (z(j) § cj)c1 = 0 for j ≥ 2, we get

w = τc1(z
(1))(∏c1 + w0

0)

= τc1(z
(1))τc2(z

(2)) · · · τcr−1(z
(r−1))(∏c1 + a2c2 + · · ·+ arcr).

Putting a1 := ∏, we obtain the lemma. §

Lemma 2.1 immediately implies that w ∈ W satisfies ∆k(w) 6= 0 for any k =

1, . . . , r if and only if w ∈ NC · A×
C , where

A×
C :=

n
a =

rX
j=1

ajcj ; aj ∈ C×
o

.

Proposition 2.2. Let w ∈ W and suppose ∆k(w) 6= 0 for any k = 1, . . . , r. Writing

w = n · (a1c1 + · · ·+ arcr) according to the above, one has

ak =
∆k(w)

∆k−1(w)
(k = 1, . . . , r).

Proof. We put

a = a1c1 + · · ·+ arcr, a(k) = a1c1 + · · ·+ akck

for simplicity. Lemma 2.1 tells us that we have

n = τc1(z
(1))τc2(z

(2)) . . . τcr−1(z
(r−1)).

For each k, we extend Pk to the projector W → W (k) := (V (k))C. We shall show

that, with z(j)
k := Pk(z(j)) for j = 1, . . . , k − 1,

(2.1) Pk(n · a) = τ (k)
c1 (z(1)

k )τ (k)
c2 (z(2)

k ) · · · τ (k)
ck−1

(z(k−1)
k )a(k),
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where the τ (k)
cj (z(j)

k ) (j = 1, · · · , k−1) are Frobenius operators on the Jordan algebra

W (k). Then we get ∆k(w) = a1 · · · ak, and the proposition follows.

Now let X ∈ (nts)C (s < t). If i ∑ j, then we have (cf. [1, p. 109 (c)])

(2.2) X(Wij) Ω

8><>:
Wtj (s = i < t < j),

Wjt (s = i < j < t),

Wit (s = j).

For the remaining case s 6= i, j, we have X(Wij) = 0. Therefore, if i > k or if j > k,

then X(Wij) Ω (I − Pk)W . Hence

X
°
(I − Pk)W

¢ Ω (I − Pk)W.

This implies nC
°
(I − Pk)W

¢ Ω (I − Pk)W , so that NC
°
(I − Pk)W

¢ Ω (I − Pk)W .

Next we look at NC(PkW ). By (2.2) again, we see that if s > k or if t > k, then we

have X(Wij) ∈ (I −Pk)W for any i ∑ j, so that (exp X)w ∈ w + (I −Pk)W for any

w ∈ W . Consequently

τck
(z(k)) · · · τcr−1(z

(r−1))a ∈ a + (I − Pk)W.

Now for j = 1, . . . , k− 1, let us write z(j) as z(j) = z(j)
k + ≥j with ≥j ∈

Lr
m=k+1 Wjm.

If j < m ∑ k < m0, then, since [nmj, nm0j] = 0, the operators τcj(z
(j)
k ) and τcj(≥j)

commute, and we have τcj(z
(j)) = τcj(z

(j)
k )τcj(≥j). Since

τcj(≥j)w ∈ w + (I − Pk)W (8w ∈ W ),

and since τcj(z
(j)
k )(PkW ) Ω PkW , we arrive at (2.1). §

Proposition 2.3. Let n ∈ NC and a1 ∈ C×, . . . , ar ∈ C×. If n · (a1c1 + · · ·+ arcr) ∈
≠ + iV , then one has

Re a1 > 0, . . . , Re ar > 0.

Proof. We prove the proposition by induction on r. For r = 1, the proposition is

trivially true. Thus we assume r > 1, and suppose that the proposition is true for

r − 1. Put w := n · (a1c1 + · · ·+ arcr). The proof of Proposition 2.2 says

Pr−1w = n0 · (a1c1 + · · ·+ ar−1cr−1)

with n0 := τ (r−1)
c1 (z(1)

r−1)τ
(r−1)
c2 (z(2)

r−1) · · · τ (r−1)
cr−2 (z(r−2)

r−1 ). Clearly we have

Re(Pr−1w) = Pr−1(Re w) ∈ ≠r−1,

where ≠r−1 is the symmetric cone in Pr−1(V ) = V (r−1). Induction hypothesis tells us

that Re a1 > 0, . . . , Re ar−1 > 0. To get Re ar > 0, we consider the Jordan algebra
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inverse w−1 of w. We know that w−1 ∈ ≠ + iV and that

w−1 = tn−1 · (a−1
1 c1 + · · ·+ a−1

r cr),

where tn is taken with respect to the complex bilinear form h · | · i. Let us denote by

Qr the orthogonal projector V → Rcr, and we extend it to a complex linear operator

on W , denoted by the same symbol Qr. Evidently we have Qrw = hw | cr icr, and

thus we obtain

(2.3)
Qr(w

−1) = h tn−1 · (a−1
1 c1 + · · ·+ a−1

r cr) | cr icr

= h a−1
1 c1 + . . . a−1

r cr |n−1cr icr.

Since (2.2) gives Xcr = 0 for any X ∈ nC (and thus n−1cr = cr in (2.3)), we get

Qr(w−1) = a−1
r cr. Since we have

Re Qr(w
−1) = Qr(Re w−1) ∈ Qr(≠) = {∏cr ; ∏ > 0},

it holds that Re a−1
r > 0, which obviously gives Re ar > 0. §

Note that ≠+ iV is contained in TC ·E = NC ·A×
C (see [6, Proposition 2.8]). Then,

combining Propositions 2.2 and 2.3, we get

Theorem 2.4. Let w ∈ W . If w ∈ ≠ + iV , then

Re
∆k(w)

∆k−1(w)
> 0 (k = 1, . . . , r).

Remark 2.5. It may be worth noting that the condition Re aj > 0 for each j does

not imply that n · (a1c1 + · · · + arcr) ∈ ≠ + iV for all n ∈ NC. In fact, consider

V = Sym(2, R) and let ≠ be the cone of positive definite matrices in V . We suppose

that a1, a2 ∈ C satisfy Re a1 > 0 and Re a2 > 0. Let ξ ∈ R and assume that

|ξ| > |a1|−1
p

(Re a1)(Re a2). Then a direct computation shows

w :=

µ
1 0
iξ 1

∂ µ
a1 0
0 a2

∂ µ
1 iξ
0 1

∂
=

µ
a1 ia1ξ

ia1ξ −a1ξ2 + a2

∂
/∈ ≠ + iV.

Of course we have ∆1(w) = a1 and ∆2(w) = a1a2. Therefore the converse of

Theorem 2.4 is not true.

§3. Some non-symmetric cones.

One might ask if Theorem 2.4 is characteristic of symmetric cones. The purpose

of this section is to present a series of non-symmetric cones for which we have the

same statement as Theorem 2.4 with natural ∆k’s generalized to the case of non-

symmetric cones.
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In this section, In will denote the identity matrix of the n-th order. We consider

the following real vector space V , where Rn is considered as the space of real column

vectors:

(3.1) V :=

8<:x =

0@x11In x21In y
x21In x22In z

ty tz x33

1A ;
y ∈ Rn,

z ∈ Rn,
xij ∈ R

9=; .

Note that V Ω Sym(2n + 1, R). As an open convex cone we take

≠ := {x ∈ V ; x is positive definite}.
If n = 1, then ≠ is nothing other than the symmetric cone of positive definite real

symmetric matrices of order 3. Thus we assume n ≥ 2 throughout this section.

Obviously we have dim ≠ = 2n + 4. To see that ≠ is homogeneous, we take the

following subgroups A and N of GL(2n + 1, R):

(3.2)

A :=

8<:a =

0@a1In 0 0
0 a2In 0
0 0 a3

1A ; a1 > 0, a2 > 0, a3 > 0

9=; ,

N :=

8<:n =

0@ In 0 0
ξIn In 0
tn1

tn2 1

1A ;
n1 ∈ Rn,

n2 ∈ Rn,
ξ ∈ R

9=; .

Consider the semidirect product group H := N o A. It is clear that H acts on ≠ by

H×≠ 3 (h, x) 7→ ρ(h)x := hx th ∈ ≠. To see that this H-action is simply transitive,

we solve the equation x = na tn for a given x ∈ ≠, where a ∈ A and n ∈ N with the

expressions as in (3.2) are to be found. To describe the unique solution, we define

polynomial functions ∆1, ∆2, ∆3 on V by8><>:
∆1(x) := x11,

∆2(x) := x11x22 − x2
21,

∆3(x) := x11x22x33 + 2x21y · z − x33x2
21 − x22kyk2 − x11kzk2,

where y ·z denotes the canonical inner product in Rn, and k · k is the corresponding

Euclidean norm. Then, a straightforward computation yields

(3.3)
a1 = ∆1(x), a2 =

∆2(x)

∆1(x)
, a3 =

∆3(x)

∆2(x)
,

ξ =
x21

∆1(x)
, n1 =

y

∆1(x)
, n2 =

x11z − x21y

∆2(x)
.

These formula together with the discussion of [2, Theorem 2.2] shows that ∆1(x),

∆2(x) and ∆3(x) are the basic relative invariants associated to the cone ≠.
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If δk(x) (k = 1, . . . , 2n+1) stands for the k-th principal minor of the matrix x ∈ V

of order 2n + 1 with the expression as in (3.1), then we have

δk(x) =

8><>:
∆1(x)k (1 ∑ k ∑ n),

∆1(x)2n−k∆2(x)k−n (n + 1 ∑ k ∑ 2n),

∆2(x)n−1∆3(x) (k = 2n + 1).

Therefore it holds that for x ∈ V

x ∈ ≠ () ∆k(x) > 0 (k = 1, 2, 3).

In what follows, we extend these ∆k to holomorphic polynomial functions on W :=

VC. In order to have explicit expressions, we extend the inner product y · z to a

complex bilinear form on Cn. We set ∫(y) = y · y. With this notation we have8><>:
∆1(x) = x11,

∆2(x) = x11x22 − x2
21,

∆3(x) = x11x22x33 + 2x21y · z − x33x2
21 − x22∫(y)− x11∫(z).

We now describe the dual cone of ≠. Consider the vector space V 0 given as

(3.4) V 0 :=

8<:x0 =

0@x011 x021
ty0

x021 x022
tz0

y0 z0 x033In

1A ;
y0 ∈ Rn,
z0 ∈ Rn,

x0ij ∈ R

9=; .

We note V 0 Ω Sym(n + 2, R) this time. We identify V 0 with the dual vector space

of V through

(3.5) hx, x0i =
3X

j=1

xjjx
0
jj + 2 y · y0 + 2 z · z0 + 2x21x

0
21,

where x and x0 are as in (3.1) and (3.4) respectively. Consider the convex cone ≠0

of positive define ones in V 0:

≠0 := {x0 ∈ V 0 ; x0 is positive definite}.
To see that ≠0 is homogeneous, we introduce the following subgroups A0, N 0 of

GL(n + 2, R):

(3.6)

A0 :=

8<:a0 =

0@a1 0 0
0 a2 0
0 0 a3In

1A ; a1 > 0, a2 > 0, a3 > 0

9=; ,

N 0 :=

8<:n0 =

0@ 1 ξ tn1

0 1 tn2

0 0 In

1A ;
n1 ∈ R2,

n2 ∈ R2,
ξ ∈ R

9=; .
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Consider the semidirect product H 0 := N 0 oA0. Evidently H 0 acts on ≠0 by the rule

H 0 × ≠0 3 (h0, x0) 7→ ρ0(h0)x0 := h0x0 th0 ∈ ≠0. This action is simply transitive. In

fact, defining polynomial functions ∆0
1, ∆

0
2, ∆

0
3 by8><>:

∆0
1(x

0) := x033,

∆0
2(x

0) := x022x
0
33 − kz0k2,

∆0
3(x

0) := (x011x
0
33 − ky0k2)(x022x

0
33 − kz0k2)− (x021x

0
33 − y0 · z0)2,

we see by a straightforward computation that the unique solutions n0 ∈ N 0 and

a0 ∈ A0 (expressed as in (3.6)) of x0 = n0a0 tn0 for a given x0 ∈ ≠0 are written down

explicitly as follows:

a1 =
∆0

3(x
0)

∆0
1(x

0)∆0
2(x

0)
, a2 =

∆0
2(x

0)
∆0

1(x
0)

, a3 = ∆0
1(x

0),

ξ =
x021x

0
33 − y0 · z0

∆0
2(x

0)
, n1 =

y0

∆0
1(x

0)
, n2 =

z0

∆0
1(x

0)
.

Thus, just as in the case of ≠, it holds that ∆0
1(x

0), ∆0
2(x

0) and ∆0
3(x

0) are the basic

relative invariants associated to ≠0.

Let δ§k(x
0) (k = 1, . . . , n+2) denote the k-th principal minor of the matrix x0 ∈ V 0

of order n + 2 written as in (3.4) that is taken from the (n + 2, n + 2)-entry to the

(n + 3− k, n + 3− k)-entry. Then we have

δ§k(x
0) =

8><>:
∆0

1(x
0)k (1 ∑ k ∑ n),

∆0
1(x)n−1∆0

2(x
0) (k = n + 1),

∆0
1(x

0)n−2∆0
3(x

0) (k = n + 2).

We just note that the expression for δ§n+2(x
0) = det x0 follows from the identityµ

A B
C αIn

∂ µ
I2 0

−α−1C In

∂
=

µ
A− α−1BC B

0 αIn

∂
,

where A is 2× 2, B is 2× n, C is n× 2 and α 6= 0. Therefore we can conclude that

for x0 ∈ V 0

x0 ∈ ≠0 () ∆0
k(x

0) > 0 (k = 1, 2, 3).

The functions ∆0
k are extended to holomorphic polynomial functions on W 0 := V 0

C:8><>:
∆0

1(x
0) := x033,

∆0
2(x

0) := x022x
0
33 − ∫(z0),

∆0
3(x

0) := (x011x
0
33 − ∫(y0))(x022x

0
33 − ∫(z0))− (x021x

0
33 − y0 · z0)2.

We now settle the problem of the dual cone of ≠.

Proposition 3.1. ≠0 is the dual cone of ≠ relative to the duality pairing (3.5):

≠0 = ≠§ :=
©
x0 ∈ V 0 ; hx, x0i > 0 for any x ∈ ≠ \ {0}™.
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Proof. We already know that ≠ = ρ(H)I2n+1 and ≠0 = ρ0(H 0)In+2. On the other

hand, given ak > 0 (k = 1, 2, 3), nk ∈ Rn (k = 1, 2) and ξ ∈ R, we take a ∈ A,

a0 ∈ A0, n ∈ N and n0 ∈ N 0 as in (3.2) and (3.6), and put h = na and h0 = a0n0.

Then a straightforward computation using

n =

0@ In 0 0
ξIn In 0
0 0 1

1A 0@In 0 0
0 In 0
0 tn2 1

1A 0@ In 0 0
0 In 0

tn1 0 1

1A ,

n0 =

0@1 0 tn1

0 1 0
0 0 In

1A 0@1 0 0
0 1 tn2

0 0 In

1A 0@1 ξ 0
0 1 0
0 0 In

1A
gives us

hρ(h)x, x0i = hhx th, x0i = hx, h0x0 th0i = hx, ρ0(h0)x0i
for x ∈ V and x0 ∈ V 0. This implies that ρ0(H 0) is just the adjoint group of ρ(H)

relative to the duality pairing (3.5). Definition (3.5) tells us that In+2 ∈ ≠§, and by

general theory we know that ≠§ is an orbit of the adjoint group of ρ(H). By these

observations we conclude that ≠0 = ≠§. §

We note that ≠0 does not have the property of Theorem 2.4. In fact, consider

w =

0@1 + i 0 0
0 2 + i 0
0 0 (1 + 2i)In

1A ∈ ≠0 + iV 0.

Then we have

Re
∆0

3(w)

∆0
2(w)

= Re{(1 + i)(1 + 2i)} = −1 < 0.

Now we return to ≠ and show that ≠ has the property of Theorem 2.4. Let AC

and NC be the complexifications of A and N respectively. We know by a general

result (cf. [6, Proposition 2.8]) that ≠+ iV Ω NCAC · I2n+1. Hence the functions ∆k

(k = 1, 2, 3) never vanish on ≠ + iV .

Theorem 3.2. Let w ∈ VC and suppose w ∈ ≠ + iV . Then

Re
∆k(w)

∆k−1(w)
> 0 (k = 1, 2, 3).

Proof. Given w ∈ ≠ + iV , we solve the equation na tn = w for n ∈ NC and a ∈ AC.

Then, just as in (3.3) we get

ak =
∆k(w)

∆k−1(w)
(k = 1, 2, 3).
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Since ≠ is contained in the symmetric cone of positive definite real symmetric ma-

trices of order 2n + 1, we can apply Proposition 2.3 (or Lemma 1.3) to the present

case. Hence we get Re ak > 0, and the theorem follows. §

§4. A generalization.

In this section we show that Proposition 2.3 is still true in the general case where

≠ is a homogeneous regular open convex cone ≠. Here, by regularity, we mean that ≠

contains no entire line. Thanks to Vinberg [9], such cones are completely described

by clans with unit element, and we begin this section with a brief description of

clans.

Let V be a finite-dimensional real vector space with a bilinear product 4 (the

associative low is not required). The pair (V,4) is called a clan if the following

three conditions are satisfied, where L(x) : y 7→ x4y, the left multiplication by x:

(C1) [L(x), L(y)] = L(x4y − y4x),

(C2) There exists s ∈ V § such that hx4y, si defines an inner product in V ,

(C3) Each L(x) has only real eigenvalues.

Now, let (V,4) be a clan, and we will write R(x) the right multiplication operator

y 7→ y4x by x. We suppose that V has a unit element E. By (C1) above, we see

that the set h of left multiplication operators L(x) (x ∈ V ) forms a Lie subalgebra

of gl(V ). By (C3), we see that h is necessarily split solvable. We denote by H the

corresponding linear Lie group exp h Ω GL(V ). Then, by [7, Thereom 4.15], the

H-orbit ≠ := H · E through E is a regular open convex cone on which the group

H acts simply transitively. Vinberg’s theory [9] tells us that every homogeneous

regular open convex cone arises in this way.

Let V =
L

1∑j∑k∑r Vkj be the normal decomposition of the clan V with respect to

a complete set of primitive idempotents E1, . . . , Er of V . This means that we have

E = E1 + · · ·+ Er and

(4.1) Vkj =
©

x ∈ V ; L(Ei)x = 1
2(δik + δij)x, R(Ei)x = δijx for i = 1, . . . , r

™
.

Here we note Vkk = REk for any k = 1, . . . , r. We write A for the subspace RE1 ©
· · ·©REr of V , and A+ for the set of elements a1E1 + · · ·+arEr ∈ A with ai > 0 for

all i = 1, . . . r. Put n := [h, h] Ω h and N := exp n Ω H. Then we have ≠ = N · A+.

Let W be the complexification VC of V . We extend the bilinear product 4 to W

by complex bilinearity. Accordingly, the left and the right multiplication operators

are extended to W , and we use the same symbol L(x) and R(x) respectively for



13

x ∈ W . Let nC Ω gl(W ) be the complexification of n, and NC Ω GL(W ) the

corresponding complex linear Lie group exp nC. We shall show the following:

Theorem 4.1. For n ∈ NC and a = a1E1 + · · ·+ arEr ∈ AC, consider z := n · a ∈
NC · AC Ω W . If z belongs to the tube domain ≠ + iV , then

Re a1 > 0, . . . , Re ar > 0.

To prove Theorem 4.1, we need more structural observations of W . Let E§
1 , . . . , E

§
r

be the basis of A§ dual to E1, . . . , Er. We extend these E§
k to V § by defining to

be 0 on all of Vkj (1 ∑ j < k ∑ r). For s = (s1, . . . , sr) ∈ Rr, we set E§
s =

s1E§
1 + · · · + srE§

r . We know that hx | y i := tr L(x4y) defines an inner product in

V . In fact we have hx | y i = hx4y, E§
di, where d = (d1, . . . , dr) and

dj := 1 +
1

2

X
i<j

nji +
1

2

X
k>j

nkj (nqp := dim Vqp for q > p).

We note that the normal decomposition of V is orthogonal with respect to h · | · i.
Since (C1) is rewritten as

(4.2) x4(y4z)− (x4y)4z = y4(x4z)− (y4x)4z (x, y, z ∈ V ),

application of E§
d to this formula yields

(4.3) hx | y4z i − hx4y | z i = h y |x4z i − h y4x | z i (x, y, z ∈ V ).

Let Wkj (1 ∑ j ∑ k ∑ r) be the complexification of Vkj. We record here the

following multiplication relations for later references:

(4.4)

Wlk4Wkj Ω Wlj,

if k 6= i, j, then Wlk4Wij = 0,

Wlk4Wmk Ω Wlm or Wml, according to l ≥ m or m ≥ l.

For k = 1, . . . , r, we set Mk := Wk1 © · · · ©Wk,k−1 ©Wkk. In view of (4.4), it holds

that if 1 ∑ k ∑ l ∑ r, then

Mk4Ml ΩMl, Ml4Mk ΩMl.

Therefore, setting Ik := Mk © · · · ©Mr (k = 1, . . . , r), we have an ideal sequence

W = I1 æ I2 æ · · · æ Ir æ Ir+1 := {0}.
Put mk := dimMk (k = 1, . . . , r). Then we have mk = nk1 + · · · + nk,k−1 + 1. For

1 ∑ j < k ∑ r, we fix an orthonormal basis {fkj
α }1∑α∑nkj

of the subspace Vkj, and
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introduce an orthogonal basis {e(k)
p }1∑p∑mk

of Mk by

e(k)
p :=

(
fkj

α (p = α +
P

i<j nki, 1 ∑ α ∑ nkj),√
2 d−1/2

k Ek (p = mk).

The natural isomorphism will be written as Mk 3 v 7→ v̇ := v + Ik+1 ∈ Ik/Ik+1,

and we write Ṁk for the quotient space Ik/Ik+1. We denote by Rk(x) (resp. Lk(x))

the matrix of the linear operator on Ṁk induced by R(x) (resp. L(x)) with respect

to the basis {e(k)
p }1∑p∑mk

of Ṁk. For a =
Pr

i=1 aiEi ∈ AC, we see by (4.1) that

both Lk(a) and Rk(a) are diagonal matrices:

Lk(a) =

0BB@
1
2(a1 + ak)Ink1

. . .
1
2(ak−1 + ak)Ink,k−1

ak

1CCA ,(4.5)

Rk(a) =

0BB@
a1Ink1

. . .
ak−1Ink,k−1

ak

1CCA .(4.6)

In the following the linear forms E§
k are extended to W by complex linearity.

Lemma 4.2. For x ∈ W , one has

(4.7) Rk(x) = Lk(x) + tLk(x)− hx, E§
kiImk

(k = 1, . . . , r).

In particular, Rk(x) is a symmetric matrix.

Proof. Since the identity (4.7) is linear in x, it is enough to treat the following four

cases separately:

(i) The case x ∈ Ik+1.

In this case, both sides of (4.7) are zero matrices.

(ii) The case x ∈ Wkk.

In this case, (4.7) follows from (4.5) and (4.6).

(iii) The case x = v ∈M0
k :=

L
j<k Wkj.

Since e(k)
mk =

√
2 d−1/2

k Ek by definition, (4.1) yields

(4.8) L(v)e(k)
mk

=
√

2 d−1/2
k R(Ek)v = 0, R(v)e(k)

mk
=
√

2 d−1/2
k L(Ek)v = (2dk)

−1/2v.

On the other hand, we note that (4.4) tells us that M0
k4M0

k Ω Wkk = CEk. Thus

a simple observation shows that if v1, v2 ∈M0
k, then

(4.9) v14v2 = d−1
k h v1 | v2 iEk = (2dk)

−1/2h v1 | v2 ie(k)
mk

.
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Now consider v ∈ M0
k. Since {e(k)

p }1∑p∑mk−1 is an orthonormal basis of M0
k, we

have v =
Pmk−1

p=1 vpe
(k)
p with vp = h v | e(k)

p i. Thus we see from (4.9) that

(4.10) L(v)e(k)
p = R(v)e(k)

p = (2dk)
−1/2vpe

(k)
mk

for p = 1, . . . , mk − 1. By (4.8) and (4.10) we get

(4.11) Lk(v) =

µ
Omk−1 0

tξ 0

∂
, Rk(v) =

µ
Omk−1 ξ

tξ 0

∂
,

where ξ := (1/
√

2dk ) t(v1, . . . , vmk−1) ∈ Cmk−1. Since hv, E§
ki = 0, we conclude that

(4.7) holds in this case.

(iv) The case x = y ∈ L
i∑j<k Wji.

We have L(y)e(k)
mk = R(y)e(k)

mk = 0 by (4.1), and we see from (4.4) that the operators

L(y) and R(y) preserve the space M0
k. Thus we obtain

(4.12) Lk(y) =

µ
L0

k(y) 0
0 0

∂
, Rk(y) =

µ
R0

k(y) 0
0 0

∂
,

where L0
k(y), R0

k(y) are both matrices of order mk − 1. Now for v1, v2 ∈M0
k, we see

from (4.3) that

(4.13) h v1 |L(y)v2 i − hR(y)v1 | v2 i = h y | v14v2 i − hL(y)v1 | v2 i.
Since v14v2 ∈ Wkk, we have h y | v14v2 i = 0. Hence (4.13) is rewritten as

hR(y)v1 | v2 i = hL(y)v1 | v2 i+ h v1 |L(y)v2 i (v1, v2 ∈M0
k).

This means that R0
k(y) = L0

k(y) + tL0
k(y). Since hy, E§

ki = 0, we arrive at (4.7) due

to (4.12). §

Since (4.2) is rewritten as

R(y4z) = L(y)R(z) + R(z)(R(y)− L(y)),

we see from Lemma 4.2 that

(4.14) Rk(y4z) = Lk(y)Rk(z) + Rk(z) tLk(y)− hy, E§
kiRk(z) (y, z ∈ W )

for k = 1, . . . , r. Noting that the linear group HC = { exp L(x) ; x ∈ W } preserves

the ideals Ik of W , we denote by Λk(h) (h ∈ HC) the matrix of the linear operator

on Ṁk = Ik/Ik+1 induced by the action of h ∈ HC with respect to the basis

{ė(k)
p }1∑p∑mk

of Ṁk. Moreover, we see from (4.1) that

x4(Ek + Ik+1) Ω hx, E§
kiEk + Ik+1 (x ∈ W ),

so that there exists a one-dimensional representation ∫k : HC → C× such that

(4.15) h · Ėk = ∫k(h)Ėk (h ∈ HC)
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with

(4.16) d∫k(L(x)) = hx, E§
ki (x ∈ W ).

Then we have by (4.14)

(4.17) Rk(h · z) = ∫k(h)−1Λk(h)Rk(z) tΛk(h) (h ∈ HC, z ∈ W ).

Lemma 4.3. If x ∈ ≠, then Rk(x) is a real positive definite symmetric matrix for

k = 1, . . . , r.

Proof. We take h ∈ H for which x = h · E. Then we see from (4.17) that

Rk(x) = ∫k(h)−1Λk(h) tΛk(h)

because Rk(E) is the identity matrix by (4.6). Since Λk(h) is a real matrix, and

since ∫k(h) > 0, Lemma 4.3 follows. §

We are now in a position to prove Theorem 4.1.

Proof. Assume that z = n · a (n ∈ NC, a ∈ AC) belongs to the tube domain ≠ + iV .

By Lemma 4.3, we see that the real part of the complex symmetric matrix Rk(z)

is positive definite. Thus Rk(z) is invertible and the real part of Rk(z)−1 is also

positive definite. On the other hand, we see from (4.17) that

(4.18) Rk(z)−1 = ∫k(n) tΛk(n)−1Rk(a)−1Λk(n)−1.

Since ∫k is a one-dimensional representation, we have ∫k(n) = 1 for n ∈ NC. Hence

(4.15) shows that the mk-th column of Λk(n) equals t(0, . . . , 0, 1) because e(k)
mk =√

2 d−1/2
k Ek. Therefore (4.18) tells us that the (mk, mk)-component of Rk(z)−1 is

equal to the (mk, mk)-component of Rk(a)−1, which is seen to be a−1
k by (4.6).

Hence Re a−1
k > 0, so that we obtain Re ak > 0. §

§5. Application to relatively invariant polynomials.

For the linear form E§
s introduced just before Theorem 4.1, We define a one-

dimensional representation χs of H by

χs(exp L(x)) := ehx,E§
s i (x ∈ V ).

Recalling (4.16), we have ∫k = χs for s = (0, . . . ,
(k)

1 , . . . , 0). Since det Λk(n) = 1 for

n ∈ N , we see from (4.5) that

det Λk(h) = ∫k(h)mk/2χσk/2(h) (h ∈ H),
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where σk := (nk1, nk2, . . . , nk,k−1, 1, 0, . . . , 0) ∈ Zr. Then it follows from (4.17) that

(5.1) det Rk(h · x) = χσk
(h) det Rk(x) (h ∈ H, x ∈ V ).

Let ∆k(x) (k = 1, . . . , r) be the polynomials on V determined by

(5.2) ∆1(x) := det R1(x), det Rk(x) = ∆k(x) ·∆1(x)ak1∆2(x)ak2 · · ·∆k−1(x)ak,k−1

with the following two conditions for k ≥ 2:

(a) ak1, ak2, . . . , ak,k−1 are non-negative integers,

(b) ∆k(x) is not divisible by any one of ∆1(x), . . . , ∆k−1(x).

Then we obtain the following theorem in a way completely parallel to the proof of

[2, Theorem 2.2].

Theorem 5.1. The polynomials ∆1(x), . . . , ∆r(x) are the basic relative invariants

on V under the action of H.

From the definition of Rk(x), it is evident that

det R(x) = det R1(x) · det R2(x) · · · det Rr(x) (x ∈ V ).

Thus we can write

(5.3) det R(x) = ∆1(x)a1∆2(x)a2 · · ·∆r(x)ar

with positive integers a1, . . . , ar thanks to (5.2). Therefore, the relative invari-

ants ∆1(x), . . . , ∆r(x) are characterized as the irreducible factors of the polynomial

det R(x). We note that deg ∆k(x) = deg ∆k−1(x) is a possibility. Indeed this is

already the case for the Vinberg cone and its dual cone (see [2]).

Remark 5.2. Consideration of the determinant of right multiplication operators

for the study of relatively invariant polynomials appears also in [5, Corollary 2.20].

Proposition 5.3. One has

≠ = {x ∈ V ; Rk(x) is positive definite for k = 1, . . . , r } .

Proof. Assume that the matrix Rk(x) is positive definite for all k = 1, . . . , r. Then

we have det Rk(x) > 0, so that ∆k(x) > 0 owing to (5.2). Therefore x belongs to ≠

because

≠ = {x ∈ V ; ∆k(x) > 0 (k = 1, . . . , r) }
by [2, Proposition 2.3]). Hence Proposition 5.3 follows from Lemma 4.3. §

Remark 5.4. One can show that the description of ≠ in Proposition 5.3 coincides

with the ones given by Rothaus [8] and Xu [10] (see [3]).
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