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Geometry of polysymbols

Masanori MORISHITA and Yuji TERASHIMA

Abstract. We introduce a multiple generalization of the tame symbol, called polysymbols, as-
sociated to meromorphic functions on a Riemann surface as the Massey products in the Deligne
cohomology, and also give a geometric construction of polysymbols using Chen’s iterated integrals.
We then show some basic properties of polysymbols, and show that trivializations of polysymbols

give variations of mixed Hodge structure.

Introduction

Let f and g be two meromorphic functions on a closed Riemann surface X. The
tame symbol at x € X defined by

N o fordz(g)
(0.1) {f.9}s = (-1)rD dz(g)gOrdzm (%),

where ord,(f) stands for the order of f at x, is a function-theoretic analog of the
Hilbert symbol and plays important roles in class field theory and algebraic K-
theory. Among many works on the subject, there is a geometric interpretation of
{f,9}s, due to S. Bloch ([Bl]) and P. Deligne ([Dl]), as the holonomy of a line
bundle with holomorphic connection (f, g) over X = X \ (supp(f)Usupp(g)) which
is given by the cup product f U g in the Deligne cohomology H(X,Z(2)). We
note that this construction may be regarded as a complex analytic analogue of the
linking number of two knots (cf. [Mo]).

The purpose of this paper is to generalize the construction of Bloch and Deligne
and introduce a multiple generalization {f1,..., f,}. of the tame symbol associ-
ated to meromorphic functions fi,..., f, on X, following after Milnor-Massey’s
construction of higher order linking numbers of a link ([Ms],[T]). In fact, associ-
ated to meromorphic functions fi,..., f, on X, we introduce the set of isomor-
phism classes of line bundles with holomorphic connection (fi,..., f,), called a
polysymbol, over X = X \ U ;supp(fi) as the Massey product in the Deligne co-

homology H%(X,Z(n)), and then define {fi, ..., fn}s, polysymbol at x, by the map
(fi,-.., fn) — C sending each cohomology class in (f1,..., f,) to the holonomy of
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the associated line bundle with connection along a loop encircling x. Our theorem
(cf. Theorem 2.5 below) then gives an explicit formula for this holonomy in terms
of Chen’s iterated integrals ([C2]). We also give a geometric construction of the
polysymbol (f1,..., f,) which may be regarded as a natural extension of Bloch-
Ramakrishnan’s ([Bl],[R]) and Hain’s ([H]). Namely, using the iterated integrals,
we define a map associated to fi,..., f, and a defining system A for (fi,..., fu)

T(f1;-- -5 fa)a: X — N(Z)\N(C)/C,

where N(R) for a commutative ring R denotes the group of R-valued points of the
Heisenberg group of degree n+ 1 and C' is the center of N(C). The manifold P :=
N(Z)\N(C) has a natural structure of a principal C*-bundle over N(Z)\N(C)/C
and carries a standard connection form 6. By comparing the holonomies, the
polysymbol (fi, ..., fn)a relative to A is interpreted as the isomorphism class of the
pull-back of the bundle with connection (P, ) under T'(f1,. .., fn)a. We then show,
using our holonomy formula, some basic properties of polysymbols which generalize
those of the tame symbol. Finally, we show that trivializations of polysymbols give
variations of mixed Hodge structure.
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1. Deligne cohomology and tame symbols

In this section, for the convenience of readers, we recall the basic materials on
the Deligne cohomology which will be used in the sequel. References are [Br] and
[EV].

Let X be a complex manifold. The Deligne cohomology, denoted by H (X, Z(p))
for an integer p > 1, is by definition the hypercohomology of the Deligne complex
Z(p)p defined by the complex of sheaves on X

Z(p) == (2nV—1)PPZ — Ox S QL & ... & qr!

where Z(p) is in degree 0 and Ox and Q% (1 < k < p — 1) denote the sheaf of
holomorphic functions and of holomorphic k-forms on X respectively. The map
Ox — O% defined by z — exp(mx) and the multiplication on Q% by

W induce a quasi-isomorphism
Z(p)p ~ (05 TF QL — - = Q-]
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and hence we have the isomorphisms
HH (X, Z(p) =~ HI(X, 03 ¥ Qk — - = O ), ¢ > 1.
For low values of p and ¢, the isomorphisms above are given as follows.

1.1. p=¢=1: An element of H}(X,Z(1)) is repsesented by a Cech 1-cocycle o
for a suitable open cover {U,} of X

a = (qu, F,) € CYZ(1)) @ CO(OX), Gap = OF,

where ¢ stands for the boundary map for Cech cocycles with respect to open covers.
Then we associate to « the function f € H(X,O%) so that F, is a single branch
of log f restricted on U,. This yields the isomorphism

HEL(X,7Z(1)) ~ H*(X,0%).

In the following, for f € H(X,0%), we denote by log, , (f) for a single branch
of log f restricted on Uy, 4, :=U,, N---NU,,.

1.2. p=¢q=2: An element of H3(X,Z(2)) is represented by a Cech 2-cocycle
B = (dabe: 10gq £, ) € C*(Z(2)) ® CH(Ox) & C°(Q)

which is subject to the relations qup. = 0 log,, f, dlog,, f = 0£2,. We then associate
to 3 the Cech 1-cocycle with value in the complex Ox Ao QL

1

1
(511177 wa) S CI(O;() @ CO(QI ) gab eXp(m logab f)?wa = W_—lga

with 66, = 1, dlog&., = dw,. This gives the isomorphism

H2(X,7(2)) ~ H'(X, 0% ¥ Q).

1.3. The hypercohomology H'(X, O% o QL) is interpreted as the group of iso-
morphism classes of line bundles over X with holomorphic connection, where the
group structure of the latter is induced by the tensor product of bundles with con-
nection. Suppose we are given such a pair (L, V). As usual, we identify L with
the associated principal C*-bundle L*. Take a suitable open cover {U,} of X such
that LT has a section s, over U,. Then the pair (£4,w,) defined by fab = S—Z and

We = v( a) gives a Cech 1-cocycle with value in the complex (’)X Ql by the

relation d log &4y = dw,. Conversely, we easily see that any such cocycle comes from
the pair (L, V). This association preserves the group structures.
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1.4. A crucial property of the Deligne cohomology for our purpose is that it is
equipped with a cup product on the Deligne complexes

Zp)p @Z(p)p — Z(p+1)p

given by
z-y  deg(r) =0,
xUy=1< xzAdy deg(x) >0, deg(y) =7p,
0, otherwise.

The cup product is anti-commutative up to homotopy and so we have a U § =
(—DT"BUa for a € HL(X,Z(p)), 8 € HR (X, Z(p')).

1.5. As an application of the cup product, one can describe the tame symbol
{f, g}+ in terms of the Deligne cohomology. Suppose that f and g are meromorphic
functions on a closed Riemann surface X. Set X = X \ (supp(f) Usupp(g)) so that
f,g € H'(X,0%). By 1.1, f and g are represented by the 1-cocycles

(qaba IOga f) and (qz,zlﬂ IOga g)

respectively with ¢, = dlog, f, ¢, = dlog,g. By 1.4, the cup product f U g is
represented by the 2-cocycle

dg
(GabGpes Gab l0gy g, log, f ;)

which corresponds to the 1-cocycle with value in the complex O% dlog QY via (1.2)

dg
g

9ab

(gQTr\/j

f=).

1
—log,
o1 °
We write (f,g) for the corresponding isomorphism class of line bundles with holo-
morphic connection on X by 1.3. Noting that %q\‘;”j = —(log, f — log, f), the
holonomy of (f,g) along a loop [ with base point z( in X is given by

! Y e [4
“Parv </llogfg o5 0>/zf)

which is precisely the tame symbol {f, g}, at z € X in (0.1) by Cauchy’s theorem
when [ is a small loop encircling z.

2. Massey products and polysymbols
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In this section, generalizing the construction in 1.5, we introduce polysymbols
as the Massey products in the Deligne cohomology, and compute their holonomies
explicitly in terms of Chen’s iterated integrals. For Massey products and iterated
integrals in general contexts, we refer to [My| and [C2].

Let X bea closed Riemann surface and let fi,- -, f, be meromorphic functions
on X. Set X = X \ U™ ;supp(f;) so that f; € H*(X,0%) = HL(X,Z(1)) by 1.1.
In the following, we omit the subscripts a, ab, - - - in the Cech cochains, which stand
for open subsets U,, Uy, - - -, for the sake of simplicity.

Deﬁnitionv2.1. The Massey product (f1, ..., f,) is said to be defined if there is an
array A of Cech 1-cochains

A= {ai iy = (G0, 108 firi) € CHZ(K))BC(Ox) |1 < k < n—1,ip41 = ip+1(Vp)}

such that

(2.1.1) oy = (g, 1log f;) is a 1-cocycle representing f; for 1 <1i < n,

(212) Dail"ik = Q.4 —1 U (077 + Oy gy —2 U QG —14y, + -+ (079 U Oy, for 1 S k S
n — 1,741 = i, + 1 where D stands for the boundary operator of the Deligne
cohomology.

An array A is called a defining system for (f1,..., fn). The value of the Massey
product relative to a defining system A, denoted by (fi,..., fn)a, is then defined
to be the cohomology class of H3(X,Z(n)) represented by the 2-cocycle

C(A) = Ja, a0 Uap_ 1, + - Fag Uag.,.

The Massey product (f1, ..., f,) itself is usually taken to be the subset of H% (X, Z(n))

consisting of (fi,..., fn)a for some defining system A.

Since dim X = 1, the multiplication by W induces the isomorphism

(2:2) HA(X, Z(n) ~ H3(X,Z(2))

and hence each (fi,..., fu)4 is identified with an isomorphism class of line bundles

over X with holomorphic connection by 1.3 via (2.2). We also note that a line
bundle over X with holomorphic connection is flat, namely its curvature is zero,
since dim X = 1.

Definition 2.3. We call (f1,..., fu)4 and the associated isomorphism class of line

bundles over X with holomorphic connection a polysymbol relative to A, and call
(f1, ..., fa) simply the polysymbol for meromorphic functions fi,..., f,.
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Forz € X, let Hy, ({f1,..., fn)a) denote the holonomy of (fi, ..., f.) along a small
loop I, encircling x and we define the polysymbol at x, denoted by { f1,..., fu}z, by
the map

{fio i fnde = (e fu) = G (fre fada= Hig (- ) a)

It is easily seen by Stokes’ theorem and the flatness of (f1,..., fu,)a that the map
{f1,. .., fu}s is well-defined, namely depends only on fi,..., f, and x.

Remark 2.4. For n = 2, (fi, f») consists of a single class f; U fy and so the map
{f1, f2}+ in Definition 2.3 is identified with the classical tame symbol by 1.5.

Now, we compute the holonomy of a polysymbol (f1,..., fu)a relative to a
defining system A in terms of Chen’s iterated integrals ([C2]). Recall that for 1-
forms wy, ..., w, on X and a path 7 :[0,1] — X with v*w; = F;(t)dt (1 <i < n),

the iterated integral / wy - - - wy, is defined by
Y

¥ 0<t1<--<tn<1

Theorem 2.5. For a loop | with base point xy in X, the holonomy of the polysymbol
(fi,.., fa)a relative to a defining system A (Definition 2.1) along I, denoted by
H({f1,..., [n)a), is given by

Hi({fur- - fa)a) = exp (

where M., (1) is given by

o d, dy  di
1
T, Tlesileo) [T

+ Z Z (—1)plog flz(éEo) dfiv1 o dfi—i—j

LiHjtk=n kitetkp=k v fim fiti

ZYUJ Z v

WMH...”(Z))

dfn

- +1og fi.n—1(70) f

X 10g fitjy1itjrr (0)108 figjirit1-itirhirhs(T0) 108 fitjiritthy i +1.n(T0).

For example, we have

Mo (1) /%% + log f1(wo) % — log fa(xo) Oj}fl
2 1
Mias(1) /df—J?df—J?% + log fi (o) Cj{Q Cj{j + log fi2(o) Ci{j Ci{;llogfzz%(xo)
Cj{} ijlogfs(xo) log f1(zo /—10gf3 o) /—logf2 wo)log f3(wo).
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Proof. First, note that the condition (2.1.2) is expressed in terms of cocycles by

(2.6) <5Qi1--ik> —Giy i, + 0108 fi ips i k)

fi1"ik
iy iy, —195, T Qiy iy, —2Gip— 14, T+ + iy Qig-viy, » ;
Qiy-ip—110g fi, + Qiyoip—2l0g fi, —1i, + -+ + ¢,108 fiyiy, 108 fiy i1 fi:

In particular, we have

(2.7) q1x = 010g fi.x — (qrk—110g fi, + qr.k—210g fro—1x + - - + qulog fo.r) -
The cocycle ¢(A) is expressed by

(2.8) c¢(A) = <*, Q1-n—110g fr + qr.n—2l0g fr_1n + - + qilog fo.,, log fl..n_l%) .
By (2.7) and (2.8), we have

c(A)

*,

> >, (= 1)p_1510g J1-1108 fii1.148,108 fiiky 4110k ks - - - 1O fl+k:1+~~+k:p_1+1--m

= I+k=n_ki++kp=k
1>1,k>1

lOg f1~~n—1 f_:
Using the relation f_” e = log f; . 17t f”ﬂ from (2.6), the contribution of the term
g fz g 1tk —

log fl..ncj[—: to the holonomy is exp of

fn dfn dfl~~n—l%
/logf1 " fn logfl..n_l(x()) K—i_ lfl~~n—l fn

n dfpn—1\ df,
i 52
n dn—dn d--n— dn— dn

= log f1.m_1(z0) % + log fi..n—2(x0) l‘j{::l% +

d dfy d dfn
+10gf1(]30) ]{;2 fi + l% ce fi

The contribution of the term

(—0log f1.1)10g fi1-118,108 fiihy11-10kythy - - - 1OE fl+k1+~~+k’p_1+1--n
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to the holonomy is exp of

dfy..
< fll ll) 108 fii 114k (20)10g fisky 41148482 (T0) - - - log fl+k1+~~+kp71+1--n($0)
l .

d
= </log fl--l—lj) 10g fig 114k, (20)10g fiiy+1-i4k1+k2 (T0) - - 108 fipry+otiy 1 +1.n(T0)
I

fi
— <log flnl—l(ll?O)/ldTJ:l +log f1.1-2(x0) l‘Zl_—lldTJZl + o log ful@o) df2  df

2
d d
+ % e %) 108 fii 114 k1 (20)10g fisky 114084142 (T0) - - - log fl+k1+~~+kp_1+1~-n(5f0)
A

= 3" log frilo) J{“... J{*?
Pt 1 Ji+1 i+]
i>0,5>1

X log fz'+j+1~z‘+j+k1 (xo)log fz’+j+k1+1--z‘+j+k1+k2 (960) ... log fz'+j+k1+~~+kp,1+1~n($o)-

Since (f1,. .., fu)a corresponds to the class [WC(A)] € H*(X,Z(2)), getting

all these together, we obtain the desired formula. O

3. Geometirc construction of polysymbols

In this section, we give a geometric construction of the isomorphism class of line
bundles with holomorphic connection represented by the polysymbol (fi,- -, fu)a
relative to a defining system A introduced in Section 2. Our method may be
regarded as a natural generalization of Bloch-Ramakrishnan ([Bl],[R]) and Hain’s
([H]). We keep the same notations as in Section 2.

Let N = N,,11 be the Heisenberg group of degree n+1 so that the set of R-valued
points of N for any commutative ring R is given by

1 o 22 ... Ti2.n-1 Ti2om
0 1 @y @93 - T93..m
NR) ={|* — — = : : | 2.4, € R}.
1 Tp—1 Tp—1n
1 T,
0 ... 0 1



We set

1 0 0 =z
0 1 0 0
C:={ o | z € C} = the center of N(C) ~ C,
: 1 0
0 ... ... 0 1

B := N(Z)\N(C)/C.

We fix base points 2y € X and N(Z)AC € B where the matrix

I ar ap ... ai2.na 0

1 ay aos a23..n
A=

]_ an—l an—ln

1 Qy,

1

For simplicity, we set
L df;

Wy = —.
2V —1 fi

We then define a holomorphic map

T(fi,.-.sfu)a : X — B

by
1 f,ym w1 f,ym Wi1Wo NN f . W1 ...Wp—1 0
1 f%cug f% Wals fzwg...wn
T(fi,- ... fa)alz) = N(Z)A |
' 1 f’yz Wn—1 f,ym Wn—1Wn
1 fz W
1

where v, is a path from z( to x in X.

For a loop [ based at xq, we define m; , (I) and m;_; (I) € C inductively as




follows:

B i) = [ = mil), a0 [

My iy, (l) = mzl Jdg (l) +a;m i9...0g (l) + a'iliZm;g...ik (l) +ot ail---ik—lm;k (l)

- (mil---ik—l (l)alk + My iy (l)a'ikflik +oe At my (l)alzlk)

For example, we have

maa(l) = miy (1) + army(l

/wlwz + aq /WQ /w102>

mias(l) = mips(1) + armiz(l) + arams(l) — (ma(l)ass + mia(l)as)
= /w1w2w3 + a /w2w3 + a2 /wg — </w1a23 + /w1w2a3 + aq /w2a3 — /wlagag) ,
l l l l l l l

miz.n(l) =miy (1) +amy (D) + -+ ay ,1m, (1)
— (mim_1(Dan +my po(l)an_1n + -+ mi(l)as. )

:/wl...wn+a1/w2...wn+-~-+a1..n_1/wn
l l l

- > > (_1)p—1a1,,i/lwi+1...wi+j

itjtk=n kit-+kp=Fk
120,j>1,k>1

X it - 1itjtky Qi jth+1-i4j+hi+kz - - - Qikj+kitt+kp141-n-

Lemma 3.2. Under the assumption that
mzlzk(l) & Z (1 S ]{5 S n — 1,ip+1 = ip -+ 1, [l] € 7T1(X, 1’0)),
the map T(f1,--+ , fu)a does not depend on the choice of a path ~,.

Proof. Take another path 7/, and set [ = . V v;'. By the formula (1.6.1) of [C2],

we have
/wil"'wik:/ Wiy« Wiy,
Vh vz

T

0<p<k

o /

- E mzl in p(l)/ Wiy, pt1 Wiy,
0<p<k Yz



Writing simply m;, _;,, m;

i, i1
1 f% w1 f,yl wiws f“/é W1 .. Wp—1 0
1 w2 f% wows f% w9 ... wn
A g . :
1 f"/’z Wn—1 f’YlL Wn—1Wn
1 f% Wn,
1
Lomy+ [, w1 mip+my [ wo Y o<p<n—1 M. nep1Jfy, Wn—p wn-1 0
1 ml -i-f,YI w2 > 0<p<n—1 méﬂ{n_p f% Whept1  Wn
—A : ;
1 my,_q f% Wn—1 My 1y + Mg f% Wn
1 m!, L, Wn
1
Lomy miy o miy 0 N [wrewna 0
1 ml  mh, .. mhs . 1 ey W2 f% waws f% w2 ... wWn
= A ' ' : . . :
1 my,_q M1 1 f% wn—1 f% Wn—1Wn,
1 m1 mi2 ... mi2.a-1 0 v [ er [, wiw " [y wiewona 0
1 mg  ma23 ma3..n f% w2 f% waws f% w2...Wn
- ' ' : A ' ' - :
1 Mn—1 Mn—1n 1 f,\/z Wn—1 f,\/z Wn—1Wn
1 Mn, 1 s Wn
]_ x
where the third equality follows from (3.1). By definition of T'(fi,..., fu)a, the
assumption then implies the conclusion. O
Proposition 3.3. If the matriz A is given by a defining system for (f1,..., fn) in

Definition 2.1, namely
1

(2ry/— 1)

Q.. 4, =

then we have

!/

for my, 4, (1),m (1) respectively, we have

Proof. A defining system A for (fy,..
A again, for (fi,..

forl1 <k<n-—

iy (1) € Z ([l] € m(X, 20)).

1,4p41 = i, + 1. Since the holonomy of (f;,,..

., fi,) in an obvious manner and its value (f;,,..

., [n) also provides a defining system, say

Hfi)a =10

.y Jiya along [ is

exp(2my/—1my, 4, (1)) by Theorem 2.5 and (3.1), we have m;, ,, (1) € Z. O

Next, we let P := N(Z)\N(C) and consider a line bundle

T : P—B

11



induced by the natural projection. As usual, we identify P with the associated
principal C*-bundle where exp(2m/—1X) € C* acts on a fiber z € C ~ C by z+ A.
Let 0 be the 1-form on N(C) defined by

-1
—1ery - xs . . - dr
( ) xl...zlle—l-l...m o xzk_l—l—l...zk xzk—i-l...n
k=0 1<i1 <2< <ip<n—1
the (1,n + 1)-component of z~'dx.

3

0 =

Proposition 3.4. The 1-form 0 gives a connection form on the bundle P.

Proof. Since (yz)~'d(yx) = v~ dx for y € N(Z), 0 is left N(Z)-invariant and hence
boils down to a 1-form on P. To show that 6 is a connection form on P, we need
to check that (i) € is a right C*-invariant and (ii) ¢ is a Maurer-Cartan form along
fibers ([KN, Ch.II,1]). (i) is, as above, obvious by the definition of § and (ii) also
follows from that 6 is of the form

0 = dxy. 1 + (terms without 1, 1). O

Definition 3.5. Under the assumption that
m“%(l) - Z (1 S k’ S n — 1,ip+1 = ip + 1, [l] € 7T1(X, xo)),

we define ((f1,..., fu)) 4 by the isomorphism class of the pull-back of (P, ) under
T(fis---s fu)a:

((fis-- oy fa)) 4 = isom. class of T'(fy,..., fn)4(P,0).

In the following, we shall compute the holonomy H;(((f1, ..., fa)) ) of ({f1, .-, fu)) 4
along [ € m(X) and show that it coincides with H;((f1,..., fa)4)-

For this, let us consider the map for a path v : I — X
sy : 1:=[0,1] — P

defined by
S’Y(t) = AZ(t)v
1 f% w1 f% Wiwsy . f% Wi .. Who1 f% Wi . ..Wy
1 S, W2 f% Was3 W2 W
2(t) = -
1 Wn—1 Wn—1Wn
vt Yt
1 f’Yt Wn
1

12



where a path v, : [ — X is defined by (') == ~(tt'), and we let

Sy o I —({f1,--, fa))a
be the map defined by 3, () := (’y( ), 54(1)) :

(e f)
>

Theorem 3.6. The map 3., is a parallel displacement of v in ((f1,..., fa))a-

Proof. Let PX be the space of all paths in X. We regard / Wi, ... w;, as a function

on PX by
</wi1...wik) (7) ::/wil...wik.
v

For v € PX, we define p, : | — PX by

(pﬂ//w“...wik) (t):/%wil...wik.

By Proposition 1.5.2 of [C2], we have

k k—1
dpx/wil...wik:— E /wil...dxwip...wik— E /wil...(wz-p/\wipﬂ)...wik
p:l :1

* *
- evowil/\/u}i2 Ce Wiy /w“ co Wi Neviw;,

where ev; : PX — X is defined by ev,(y) := 7(t). Hence we have

*
d[/ wil...wik:dlpw/wil...wik
Yt

*
:pvdpx/wil C Wi

* * *
= p,y (—evowil/\/wiQ cee Wi + /wil e wikl/\evlwik)

* *
= —’Yowil/\/ Wiy - - - Wi, T / Wiy v v Wiy ANV Wi,

Yt Yt
*
= / Wiy - Wi NY Wiy
Yt

13
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+ 1)-component of x~'dx (z € N(C)) and
Z(t)7'd; Z(t), it suffices to show that the
0. In fact, we have

Since the connection form 6 is the (1,n
5y(1) " drsy(t) = (AZ(1))"'di(AZ(1)) =
t

)
(1,n + 1)-component of Z(t)~'d;Z(t) =

(1,n 4+ 1)-entry of Z(t)d;Z(t)
n—1
:Z Z (—1)k/w1...wil/wi1+1...wi2...
Vt gt

k=0 1<i1 <2< <ip<n—1
X / Wijp_1+1 - - - wlkdf/ Wip+1 -+ - Wn
Yt Yt
n—

:Z Z (_1)k/wl'-'wil/wil+1...wi2...
t gt

k=0 1<i1 <@ <<t <n—1
d AY*
X Wip_1+1 - - Wy Ag Wip+1 -+ - Wp—1/\Y Wy
vt vt

[y

and here the term

k *
(—1) / Wi ... Wy / Wii41 -+ Wiy - - / Wi 141+ wikd[/ Wip+1 - - - wn_l/\'y Wn
Yt gt Yt Yt

is cancelled out by the term

k+1
(-1) / Wy ... Wi / Wii41 -+ - Wiy - - / Wi 141 - - .wz‘kd[/ Wip+1 - - .wn_ld[/ W,
Tt gt Tt Tt Tt

and therefore the above sum = 0. O
By Theorem 3.6, we can compute the holonomy of ((fi,..., fn))a as follows.
Theorem 3.7. Assume that

miy () €Z (1<k<n—1p =1, + L[] € m(X,z0)).
Then the holonomy Hi({{f1,..., fa))a) of {{fi,..., fu))a alongl is given by

Hi({(fro-s fa))a) = exp (27V=1maa_ (1)) -

Proof. The initial point of 5; of [ based at z is
(.CE(), Sl(O) = N(Z)AC)

14



The terminal point of §; is (o, s;(1)), where

1 flwl flwlwg flwl oW1
1 I wo lw2w3 .
si(l) =N@Z)A s s
1 fl Wn—1
1
! ! ! !
1 my my, M1z .n—1 Mi2.n
! ! !
1 Mg Mag mMa3..n
=N(Z)A /' ,
1 77(Ln—l nln—ln
!
mn
1
1 mi mi2 ... Mi2.n-1 Mi2.m
1 ma ma3 ma3..n
= N(Z) ' A
1 Mp—1 Mp—1n
1 My,
1
1 mq mio e mi2.n—1 0 1
1 mo ma3 ma3..n
= N(Z) '
1 mp—1 Mp—1n
1 My,
1
1 a1 a2 a12..n—1 @12..n +M12..n
1 az a3 as3..n
= N(Z) -
1 anp—1 Ap—1n
1 Ay,
1

/
i1

where we write simply m;, ;,,m !

Hence the holonomy H;({{f1, .

fOI’ mlllk (l), m

Theorem 3.8. If the matriz A is given by a defining system for {(fi,..

Definition 2.1, namely
1

Uiy.iyy = == 108 fi, .

- = Gy o8 Sl

then we have

o) 1<k<n

<f1>‘”7fn>A: <<f1,

..y fa))) is given by exp(2myv/—1ma_ ).

fl W1 ...Wp
fl W ...Wnp
fl Wn—1Wn
Jwn
1
(by (3.1))
a1 aiz a12..n—1 Q12
I az as
1 Gn—1
1
(by assumption)
i (1) respectively.
O
i) fn)

— Liprr =ip+ 1),

) fn>>A

T Mi2.n
a23..n

Gp—1n
(429

m

Proof. By Proposition 3.3, the assumption of Theorem 3.7 is satisfied and hence
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Hi(({f1,., fa))a) = exp (2mv/—=1maa_»(1)) . Since My (1) = (27v/—=1)"maa. (1)
by Theorem 2.5 and (3.1), we have H;({f1,..., fu)a) = H/({{f1,..., fnu))a) for all
1] € m(X,x). Since the isomorphism class of a flat line bundle is determined by
its holonomy representation, (fi,- -, fu)a coincides with ((fi,---, fu))a. O

4. Properties of polysymbols

In this section, using our holonomy formula, Theorem 2.5, we show some basic
properties of polysymbols which generalize those of the classical tame symbol. We
keep the same notations as in Sections 2 and 3.

Proposition 4.1 (multiplicativity). Assume that f; = fj-f] for meromorphic func-
tions f}, f} on X. Suppose that A' = {(q;, ., log fi, )} and A" = {(a}, ;. fii_s)}

i1 dg

are defining systems for (fi,..., fj,..., fu) and (f1,..., f{,... fu) respectively as
in Definition 2.1 such that fj, , = fii . ifj & {i1,...,ix}. Then an array

A= {(qil...ika log fuzk)} defined by

o Qiy..i,* Qiy.iy J € {it, ..o i} T ivoin " Jivig JE {i, - oy}
gives a defining system for (f1,..., fif’, ..., fa) and we have

Jjlio

oo fifis - da= (o S fadar+ (o s fa)an

Proof. Tt is easy to see that A is a defining system for (fy,..., fif{,..., fn) under
the assumption. By Theorem 2.5 and by the general formulas

difg) _df  dg

log(fg)(l’o):logf(xo)Jrlogg(xo),W ey

we have

Hl((fla"'af]/'f],'la"'>fn>A) = Hl((fl?"'af]/'a"wfn)A’) 'Hl((fl?'"af]/',>"'afn>A")

for any [l] € m (X, zo). This proves the assertion. O

Proposition 4.2 (symmetric relation). Let &,, be the symmetric group on {1,...,n}.
Foro € 6n, let O'(A) = {(qa(il)...o(ik)u f(r(il)...a(ik)>} be a deﬁmng SyStemeT <f0(1)7 R fa(n))

Then we have
D {foy s fatm)ora) = 0.

UEGTL
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Proof. By Theorem 2.5 and cancellation in pairs, we have

B dfg o dfa(n)
I st i) = (Gt 5 [9502)

ce6y,
for any [I] € m (X, xg). Using the general formula (1.5.1) of [C1]

/ /wr+1 *Wrys = Z /wa(l Wo (r+s)
l l

ceSH

where SH denotes the the set of all (r, s)-shuffles, i.e. permutations o with o~1(1) <
<o Hr),c7 (r+1)<--- <ol (r+s), we have

Z/dfa mcj{:(:): dh /df" N

oG,

Hence we have

H Hl(<f‘7(1)7‘“>fcr(n)>cr(A)) =1

0'6677,
for any [I] € m (X, xp). This proves the assertion. O

The following theorem is regarded as a generalization of the classical reciprocity
law of Tate and Weil (Ch.II1,4 of [Se]).

Theorem 4.3 (reciprocity law). Assume that (f1,..., fn) is defined. Then we have
the following product formula

[T¢r  fda=1.

z€EX

Proof. Let Y be the surface obtained by removing from X small open disks centered
at points in U?_;supp(f;) and let 9Y = [, U- - -Uly (disjoint union) be the boundary
of Y. Then for any defining system A for (f1,..., f»), we have

I B ((frr o fada) = HHli(<f17 -5 fu)a)

zeX
= exp (/ —curv. of (f,..., fn>A) ([Br, Prop.2.4.6, 6.1.1})
Int(Y)
= 17
since the curvature of (fi,..., fu)a is zero. By Definition 2.3, the assertion is
proved. 0O
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5. Variation of mixed Hodge structure

In this section, we show that trivializations of polysymbols give variations of
mixed Hodge structure (cf. Section 7 of [H]).

First, recall that a variation of mized Hodge structure on a complex manifold X
consists of a triple (Vz, W, F'*)
(i) a local system V7 of finitely generated Z-modules on X;
(i) an increasing filtration W, of V7 by local systems of finitely generated
Z-modules;
(iii) a decreasing filtration F'* of V ® Ox by holomorphic subbundles
which are required to satisfy
(1) (Griffiths’ transversality) VF® C Q! @ Fi=!
where V is the canonical flat connection on Vz ® Ox;
(2) for each point in X, W, and F* define a mixed Hodge structure on each fiber.

Now, let us go back to our previous setting and keep the same notations as in
Section 2,3. So, fi,..., f, are meromorphic functions on a closed Riemann surface
X and X = X \ U ;supp(fi).

Definition 5.1. A trivialization of a polysymbol (fi, ..., f,)a relative to a defining

system A = {a;, i, } = {(¢i,..ip, 108 fiy..i, ) } 18 @ 1-cochain aq_, = (q1..n;10g f1..n)
satisfying the relation

dOélmn = 1. . n-1 U Qp + -+ o U a9 n-.

Assume in the following that we have a trivialization of (f1, ..., f.) 4 as in Definition
5.1, which yields (fi,..., fn)a = 0. We set

1 log f (o) 1 dfiy ..,
Qigy..i, = 72 /7. 108 Jiy..i,\ L0 ), Wig..ij, = .
02k (271’ /__1)k € Ji1..i (L0 01k (271’ /_1)k lelk
For the standard basis {eg, ..., e,} of C"1 we consider the vectors vy, ..., v, de-
fined by
Vo 1 ap ... a1, 1 f%c wp ... f . Wi...Wn €o
U1 . : (2mv—1)ey

: 1 an 1 f _Wn :
Up, 1 1 (2myv/—1)"ep.
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The proof of Lemma 3.2 shows that the map F': X — N(C) defined by
1 a ... Qi.n 1 f’Yz wp ... f’Yz Wi...Wnp
1 1

modulo N(Z) does not depend on the choice of a path 7,. Therefore, the Z-span
Vz(z) of the vectors vy, ..., v, is well-defined. These vectors induce an increasing
filtration of Vz(x) defined by

Wy = spang{vo, ..., v}, W_1 = spang{vy, ..., v, },..., W_, = spang{v, }.
In addition, we have a decreasing filtration on C**! defined by

F° = spanc{eo}, F~' = spanc{eg, e1}, ..., F~" = spanc{eq, ... e, }.

Theorem 5.2. The triple (Vz, W,, F'*) defined as above is a variation of mized
Hodge structure on X with V5@ Ox = X x C"*! whose graded quotients of W, are
7(0),Z(1),...,Z(n).

Proof. First, we consider a connection V on X x C""! — X defined by

Vv = dv —vw
for a section v : X — C"*!, where
0 w1 0
w =21/ —1 ‘ :
0 wy,
0

The connection V is flat because
dw =0 and wAw =10

by the fact that each component of w is a closed and holomorphic 1-form on a
1-dimensional complex manifold X. By the definition of the (multi-valued) map
F : X — N(C), we find that the vectors vy,...,v, as sections satisfy Vv, =
0. Therefore, Wy, W_q,...,W_,, are local systems on X because the monodromy
representation has values in N(Z). The Griffiths’ transversality follows from the
fact that the connection matrix w is a strictly upper triangular matrix. O

This theorem means that polysymbols are obstructions to getting variations of
mixed Hodge structure.
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