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ON ZETA FUNCTIONS OF MODULAR REPRESENTATIONS OF
A DISCRETE GROUP

SHINYA HARADA AND HYUNSUK MOON

AsstrAcT. It is proved that the generating function defined by the num-
bers of isomorphism classes of absolutely irreducible representations of
a finitely generated grou into GLy(Fq) for variousn > 1 is a ratio-

nal function. It is also proved that the generating function defined by
weighted sums over isomorphism classes of representatio@siratio
GLy(Eq) for variousn > 1 is meromorphic over both the complex num-
bers and thg-adic complex numbers.

0. INTRODUCTION

Let G be a finitely generated groufy the finite field ofq elements of
characteristiqp, andFq the finite extension field af, of degreen. In this
paper we study theeta functions

Z(G,T) = exp[i %T”J,

n=1

where the rational numbé\, is the “mass” of the set of a certain class of
representations : G — GLq4(Fq). By definition,Z(G, T) is a formal power
series with cofficients inQ. We are interested in their rationality and mero-
morphy. If N, is the number of all representations G — GLy(Fqn) (for
fixedG, d andq), then it is easy to prove the rationality 8(G, T) by reduc-

ing to the Weil conjecture (Theorem 1.1). The next and most natural case
to consider will be the case whelg is the number of isomorphism classes

of all representations @ into GL4(Fqn), but this seems ratherféicult. In-
stead, we first look at the absolutely irreducible representations. Here, we
say that a representatipn: G — GLy(Fq) is absolutely irreduciblef the

composite homomorphisf@ 4 GL4(Fq) — GLd(E) is irreducible, where
Fq is an algebraic closure @,. Our first main result is the following:
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2 SHINYA HARADA AND HYUNSUK MOON

Theorem 1(Theorem 2.1)LetN& be the number of isomorphism classes of
absolutely irreducible representatiops: G — GLy(Fy). Then the power
series

o Nai
(G, T) = —aTn
Z4(G,T) exp(; . )
is a rational function inT.

This is proved in Section 2 by employing the theory of Procesi ([P]) con-
cerning absolutely irreducible representations of a (non-commutative) ring
into Azumaya algebras.

Another main result is on the zeta functions defined by the weighted sums
of isomorphism classes of representations (Section 3). In this case we can-
not expect in general that they are rational (for example, see Section 5).
However, by considering them as functionsTiron the complex plane or
the p-adic complex plane, we prove the following result.

Theorem 2(Theorem 3.1, Corollary 3.4Put
1

NPt o= _—
peHom G,GLg(Fqn))/~ IAut ()|
where

Aut(p) = {M € GL4(Fq) | MpM™* = p}.
Then the power series

Z(G,T) = exp[i NWT”)
t s - n
is p-adically meromorphic on th@-adic complex plan€, in the sense of
Subsectior8.1 Also, as a complex valued function, it converges in some
neighborhood off = 0, and is continued meromorphically to the whole
complex plan&.

In the p-adic case, this is proved by showing that @u(G, T) is in
fact an infinite product of rational functions which are essentially the zeta
function in Theorem 1.1. In the complex case, we employ Behrend'’s trace
formula ([Be]) for algebraic stacks to show the meromorphy.

Dwork proved the rationality of the congruence zeta functions ([D, The-
orem 2]) by using a criterion for a formal power series to be a rational func-
tion when it is known to be meromorphic both ov@andC,. It would be
interesting to find a dticient condition forG which implies the rationality
of Zw(G, T).

In Section 4, we prove the rationality of another type of zeta function
Zi4(G, T) (Proposition 4.1), which is the generating function defined by the
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numbersN/? of representations @ into the general linear group with co-
efficients inZ/p"Z in place of the finite fieldFy.

Although we do not treat the case, there is one more type of zeta function
of representations @. Thatis, in place of varying the degreef the finite
field Fq, we vary the degred of the general linear group G(Fg). In this
direction, Chigira, Takegahara and Yoshida studied in [CTY] the generating
function 1+ (23":1 [Hom G, GLd(Fq))le/lGLd(Fq)|) of a finite groupG and
obtained interesting results on it.

Now we explain the motivation of this paper. In [M1], [MT1] and [MT2],
the finiteness was investigated for the number of isomorphism classes of
semisimple representations of the absolute Galois g&uepf an algebraic
number fieldK into GLd(Fp). Also, in [H], the first author studied the
finiteness of modp Galois representations of a local field. In [M2], an
effective upper bound was given for the number of isomorphism classes of
monomial modp Galois representations with given Artin conductor. Thus
we hope next to know more precise behavior of such numbers. However, it
seems dficult to do that in general for profinite groups such as the absolute
Galois groupGk. In this paper we attempt, as a first approximation, to do
the same for a discrete group instead of a profinite group.

Our zeta functions may be used to define some invariants of certain geo-
metric objects such as topological manifolds, knots (or links) and proper
algebraic varieties over an algebraically closed field of characteristic zero
as follows. For these objecks their fundamental groups, = m,(X) (or
m1(S3\ X) if Xis a knot or a link in the 3-sphe®?®) are defined, which are
either finitely generated discrete groups or their profinite completions. Thus
we may define a zeta function &fto beZ(r1, T) (or Z(G, T) if n; is the
profinite completion of a discrete gro). In the case of knots, Sink ([S])
has studied such zeta functions but of representations in(Fg).instead
of GL4(Fq).

NoTtaTION

Throughout this pape is an arbitrary finitely generated group. Denote
by Fq the finite field ofq elements, wherg is a power of a prime number
p. For a finite ses, its order is denoted bis| or #S.

1. RATIONALITY OF Znom(G, T)

Here we review the case whelkg = N'°" is the number of representa-
tionsp : G — GL4(Fy). SinceG is finitely generated, there exists affirae
schemeXy(G) of finite type overZ such that Hom@, GL4(R)) ~ X4(G)(R)
for any commutative rin®R (cf. [P, §1]). Then we can interpretif°™ as
the number off-rational points ofXy(G), and hence our zeta function
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Znom(G. T) = exp( L4 NI™"/n) is nothing but the congruence zeta func-

tion Z(X4(G). T) = exp( iy #Xa(G)(Fer) T"/n) of X4(G). By the work [D]
of Dwork, this is known to be a rational function h Thus we have the
following.

Theorem 1.1. Let N'°™ be the cardinality oHom (G, GL4(F)). Then the
power series

o0 Nhom
Zhon(G, T) = exp(z ”TT”J
n=1
is a rational function inT.

2. RaTiONALITY OF Zgi(G, T)

In this section we prove Theorem 2.1. Before that, we recall some notions
in algebra. LetA be a commutative ring. We say that AralgebraS is an
Azumaya algebra of degre&f the following conditions are satisfied:

(1) Sis a finitely generated projectiv&-module of rankd?,
(2) the natural homomorphisBi®a S° — Enda(S) given bys® s’ +—
(t — sts™1), is an isomorphism,

whereS° is the opposite ring 08. For example, the total matrix algebra
Mgy(A) is an Azumaya algebra of degréeverA. If Ais afield, an Azumaya
algebra oveA is just a central simple algebra ov&r

Let R be a (non-commutative) ring. L& be an Azumaya algebra of
degreed over A. A ring homomorphisnp : R — S is calledabsolutely
irreducible of degreed overA, if S is generated by Ima) as anA-module.
Two absolutely irreducible representatigns: R —» S; andp, : R —» S,
over A areequivalentf there exists ad-algebra isomorphismh : S; — S,
such thap, = f o p;.

Theorem 2.1. Let N&' be the number of isomorphism classes of absolutely
irreducible representations : G — GLq4(Fg). Then the power series

Zai(G,T) = exp[z NT”T”)

n=1

is a rational function inT.
Proof. PutR = Fy[G]. Let

Alrg(G) : (Com. Rings) — (Sets)
B — Alryg(G)(B)

be the covariant functor from the category of commutative rings into the cat-
egory of sets, which maps a commutative riBigp the set of isomorphism
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classes of absolutely irreducible representationR afto Azumaya alge-
bras of degred overB. By the theory of Procesi ([P]), there exists a scheme
Uq(G) of finite type overZ which represents A{{G). Thus, for any com-
mutative ringB, we have Alg(G)(B) = Uq4(G)(B), whereU4(G)(B) is the
B-rational points olU4(G). Now we takeF;» asB. Since the Brauer group
Br(Fq) = 0 (cf. [W, Chapter 1, Theorem 1]), every Azumaya algebra of de-
greed overFq is isomorphic to M(Fy) asFyp-algebras. A representation

p . G = GLy(Fy) of G induces a representatidiy[p] : Fq[G] — My(Fq)

of the group ringFy[G]. It is known thatp is absolutely irreducible in the
sense of Section 0 if and onlyli,[o] is absolutely irreducible in the above
sense (cf. [Bo§13, Proposition 5]). By the theorem of Skolem-Noether
(cf. [Bo, §10, Corollaire]), everyFy-algebra automorphism on J{Fq) is

an inner automorphism. Thus there is a canonical bijection between the
set of equivalence classes of absolutely irreducible representatiGgpisdf

into My4(Fqr) and the set of equivalence classes of absolutely irreducible
representations @ into GL4(Fy). Hence we have

_ isomorphism classes of absolutely
Alrg(G)(Fer) = { irreducible representations: G — GLy(Fqy) [

Thus the zeta functioZ,(G, T) is equal to the congruence zeta function
Z(U4(G), T) of Uy(G). HenceZ,(G, T) is a rational function i . O

3. MEroMORPHY OF Z(G, T)

Let Rep G, GLq4(Fqy)) be the set of isomorphism classes of representa-
tionsp : G — GLqy(Fy). We define

NPt o= =

n Z ’
perep E0Lary AULE)]

where
Aut (o) = {M € GL4(Fq) | MoM™ = p}.
We definez,:(G, T) by the power series

& NWt
Zu(G,T) = exp(z T”T”].

n=1

3.1. Meromorphy of Z(G, T) over C,,.

Let C, be the completion of an algebraic closure of fradic number
field Qp andy the valuation ofC, normalized by(p) = 1. We say that a
power seriesf(T) in Cp[T] is entireif f(T) converges orC,. Note that
f(T) = XoanT"is entire if and only ifv(a,)/n — oo asn — co. We
say that a power serie§T) in C,[T] is p-adically meromorphic orC,
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if f(T) is written inC,[T] as a quotieng(T)/h(T) of entire power series
g(T), h(T). Now we prove the following result.

Theorem 3.1. The power serieZ,:(G, T) is p-adically meromorphic on
Cp-

Proof. Let O(p) be the orbit op by the conjugate action of GIF). Since
IGL4(Fep)l = [0(0)| X |Aut (0)l, we have

10(0)|

NWI —
" IGLg(Fep)l

peRep G,GLq(Fgn))
1
IGLg(Fgp)l

1 hom
IGLa(Fep)l "

whereN°™ = fHom (G, GLq4(Fq)). Since

1

peHom (G,GL4(Fqn))

d(d-1)

IGLa(Fe)l = (-1)%q 7 "1 -2 - ™) --- (1 - g™,

we have
IGLa(Fq) ™ = (-1)%g "7 " oY i

i1>0 ig=>0

in C,. HenceZ, (G, T) is written as follows inC,[ T]:
o N
exp[z TT )
n=1
) (_1)dNrr]10m ﬂﬁuzd " n
exp —(q 2 ]:IJJT) .
[1-[Tes{3,

i1>0 ig>0
It follows from Lemma 3.2 below tha,(G, T) is p-adically meromorphic,
by taking f(T) = exp(Zny(~1)!NF™"/Nn) = Zyon(G, T)Y" which is a
rational function inT by Theorem 1.1. O

ZWt(G’ T)

Lemma 3.2. Let f(T) = 1+ &T + --- be a power series it©p[T]. Let
(a)i=o0 be a sequence i@, such thaty; — 0. Denote byF(T) the formal
power series

Fe(M = [ f@).
i=0
If £(T) is entire (resp.p-adically meromorphic ort,), thenF(T) is also
entire (resp.p-adically meromorphic oit).
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Proof. It is sufficient to consider the case whef€T) is entire. We may
assume that(a,) > 0 for alln > 1 sinceF; (T) = F¢(aT) for anya € C,,
wherefy(T) = f(aT). We may also assume th&dt;) > 0 for alli > 0 since
g — 0. Write
Fe(T)=1+AT+AT?+---,
where
A, = > CYIRERE L
jatetie=n, ., jr21, 0<ig <<y
Since f(T) is entire andyy — 0, for anyM > 0 there exists a positive
integerN such that/(a) > iM andv(qg) > M for eachi > N.

Now we provev(A,)/n — co asn — oo. For that, we calculate lower
bounds for the valuations of all ternas, - --a;,g* - -- " in the above ex-
pression ofA,, for n > N2 by distinguishing the following two cases with
respect to the length

(1) 1<r < Ncase.
Let S be the set of indices X k < r such thatj, > N. Since
ji+---+ jr = n> N2 the sefS is non-empty and we have

ij = n—ij >n- N2
keS keS
By the assumption tha{a) > iM if i > N, we have

v(ay a0 ql) 2 v[Z ajk) > (Z jk) M > (- N)M.

keS keS
(2) N <r <ncase.
Since 0< iy < --- < iy, for anyk > N we haveiy > N and hence
v(0i,) > M. So we have
g > (= (jr+ - + jN)M.
Let T be the set of indices ¥ k < N such thatjy, < N. If jx > N,
then we have(a;,) > jxM. Hence

V(ajl...ajrqijll...qijrf) > V(ajl"'ajN)+(n_(jl+"'+ JN)) M

=[S+ n- X

keT keT
> [n—z jk)M > (n— N)M.
keT

Thus we have
v(Ay) > (n— NHM
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for anyn > N2. Hence we have(A,)/n — oo whenn — . We have
finished the proof of the lemma. O

3.2. Meromorphy of Z(G, T) over C.

Next we consider the power serigg(G, T) as a complex valued func-
tion. To prove the meromorphy &f(G, T) overC we consider the quotient
stack X/GLgy] and use Behrend’s theorem on the Lefschetz trace formula
for algebraic stacks. For references on algebraic stacks, see for instance [G],
the Appendix of [V] and [LMB]. Note that we view a stack as a category,
rather than a 2-functor.

For the moment lef be an arbitrary field an® an dfine smooth group
scheme oveF. Let X be a scheme of finite type ovEmwith a group action
X xz G — X overF. We denote by (SdfF) the category of schemes over
F and choose thétale topology on (Sof¥). We write the same symb@&
for the algebraic stack ovét corresponding to ai-schemeS — SpedF.

Let pix/q - [X/G] — (Sch/F) be the quotient stack defined by this group
action (cf. [G, Example 28]). Thus, K/G] is a category whose objects
are pairs £, f) of a principalG-bundler : E — S, whereS is a scheme
over F, and aG-equivariant morphisnf : E — X. A morphism from
(@ B -89, E - X)toxr: E—> S, f:E — X)is a pair
(¢ E - E,¥: S — S) of morphisms such that the diagram

E Y5 E

S —— S
v
is cartesian and’ = f o ¢. The structure functop;x,c; maps f : E —
S, f:E— X)toS. SinceG is smooth ovefF, the quotient stackq/G] is
algebraic in the sense of [LMB] (cf. [G, Example22]), that is,
(1) the diagonal morphisnX/G] — [X/G] xr [X/G] is representable,
separated and quasi-compact.
(2) There exist a schemg overF and a smooth surjective morphism
U - [X/G].
A morphismU — [X/G] as in (2) is called aatlasof [ X/G]. (A morphism
f : X —» 9 of F-stacks is a functor such that = py o f, wherepy (resp.
Py) is the structure functor of (resp.?). For the definitions of properties
(such as representability, separatedness, etc.) of morphisms of stacks, see
[G, Section 22].)
Let X — [X/G] be the morphism oF-stacks corresponding to the pair
Xxg G —» X, Xxg G — X) by the Yoneda lemma (cf. [G, Example
2.29]), where the first is the triviab-bundle overX and the second is the
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morphism of the group action. It is known that this is an atlasXid]
(cf. [LMB, Exemples (46)]).

Let P be a property of morphisms of schemes which is local on source
and target (cf. [K, Chapter §1, Chapter Z3]) for the étale topology (for
instance P = flat, locally of finite type, smooth, etc.). We say that a mor-
phismf : X — 9 of algebraicF-stackshas propertyP if there exist an atlas
Y — 9 of 9 and an atlaxX’ — Y’ X9 X of Y’ Xy X such that the composi-
tion of morphisms of stack’” — Y’ xy X — Y’ in the diagram below has
propertyP (as a morphism of schemes). (For more details, see [G, Section
2.5].)

X — Y XgX — X

! !

Y —9

By definition, if the schem& overF has the property, then the quotient
stack [X/G] overF has the property.

In what follows, we take a finite fiel&, asF, and assumé& is a con-
nected linear algebraic group ovEy. Let X — (Sch/F,) be an algebraic
stack of finite type oveF, and let¥(Fy) be the subcategory afwhose ob-
jects and arrows are above Sjigc In particular¥(Fy) is agroupoid i.e.,
all morphisms in¥(Fy) are isomorphisms. For the groupcidF) define
its massjX(F) as follows ([Be, Definition 2.1]):

1
BX(Fon) = Z m,

E€X(Fgn)/~

where Aut is the automorphism group @&f in the groupoidX(Fy) and
X(Fq)/ ~ is the set of isomorphism classes of objectsi@;). Note that
Aut¢ andX(Fq)/ ~ are finite sets (hend(Fy) is finite) sinceX is of finite
type overF, (cf. [Be, lemma 2.2]). If X = [X/G], then we have

1

ﬁ%(Fq”) = —|Stab ] )

xeX(Fqn)/~

where StabX) is the stabilizer ok by the group actioX(Fy) x G(Fp) —
X(Fq). This follows from the categorical equivalence betwégH,) and
the category in which the objects are the element¥(®f:) and the mor-
phisms fromx toy are the elements @ (F») which sendktoy by the group
action. This is a consequence (of the proof) of [Be, Lemiba Pforn =1
(this is stated only wheX is smooth ovel,, but the same proof applies to
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arbitrary schemes of finite type ovigg) and of the natural categorical equiv-
alencex(Fyn) =~ [X®g, Fgn /G ®g, Fop](Fgn) in which (E — SpedFg, E — X)
corresponds tof — SpedFgp, E — X ®g, Fqn).

We define the zeta functiaf(X, T) of X = [X/G] by

o fX(Fep)
Z(X,T) = exp( —T"].
We know by [Be, Theorem.2.4] that if X = [X/G] is smooth ovelFy,
then the zeta functiod (X, T) converges absolutely in some neighborhood
of T = 0 and is continued meromorphically to the whole complex plane
Now we prove the following result.

Theorem 3.3. Let G be a connected linear algebraic group ov&y. LetX
be a scheme of finite type ov&ywith a group actionX xg, G — X overF,,.
Let X be the quotient stackX/G] overF,. Then the power serie&(X, T)
converges absolutely in a neighborhoodlo# 0, and it is continued mero-
morphically to the whole complex plafe

Proof. First note that we may assumés reduced, since we consider only
Fqp-rational points. LeXsy be the smooth locus of (which is open and
dense by [Gro, Corollaire.8.7, Proposition 1715.12]) andX,sm the closed
subsetX \ Xsm, endowed with the reduced induced subscheme structure.
SinceG acts onXsy, and X,sm respectively, we havX(Fg) = Xem(Fy) U
Xnsm(Fgn) With G(Fgn)-action onXsm(Fgn) and Xosm{Fgr). Hence we have
HX(Fep) = B[ Xem/ G1(Fep) + B[ Xnsm/ G)(Fep)-

Put Xy := X andX; := Xpsm We have dinX; < dimX sinceXq, is a
dense open subset ®¥f We can repeat this argument to obtain a sequence

XoD2X1D---2X

of closed subschemes Kfwith dim Xy > dimX; > --- > dim X, = 0. Note
in particular thaiX; is étale ovet,. Thus

ﬁ%(Fq”) = ﬁXO(Fq") + ﬁfl(Fq”) te- ﬂ%r(Fq”),
wherey; is the quotient stack¥j sm/G]. Then we have
Z(X,T) =Z(Xo, T)--- Z(X;, T).

Since each factaf(¥X;, T) is meromorphic ove€, this proves Theorem 3.3.
O

Now we go back to our situation; thu @ = GL4 and X is the dfine
schemeXy(G) ®; Fq (cf. Section 1). In this case the masyFy) for the
corresponding algebraic stadk= [X/GLg] is equal toN'" defined at the
beginning of this section. Hen&X, T) is equal toZ,(G, T). As a corol-
lary of Theorem 3.3, we have the following.
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Corollary 3.4. The power serieg, (G, T) converges absolutely in a neigh-
borhood of T = 0, and it is continued meromorphically to the whole com-
plex planeC.

4. RaTIONALITY OF Zi4(G, T)

Here we consider representations@finto GLy(Z/p"Z). Put N9 =
fHom (G, GL4(Z/p"Z)). Define the power seriegq(G, T) by

Zy(G,T) = Z NI,

n=0

For this type of zeta function we have the following result.
Proposition 4.1. The power serie&4(G, T) is a rational function.

Proof. Let X4(G) = Spec £¢(G)) be the #fine scheme associated withas

in the proof of Theorem 1.1; thus the commutative ri@G) has the prop-
erty that HomG, GL4(Z/p"Z)) ~ Hom (Ag(G), Z/p"Z) for all n > 1. Since
Aq(G) is finitely generated, itis presented®gG) ~ Z[ Xy, - - - , Xm] /(f1, - -+, ),
wherefy,---, f, € Z[Xy, -+, Xyn] are non-constant polynomials. Then we
haveN,'1g =f#fa e (Z/p"2)™ | fi(@ = 0 modp"}. Thus our zeta function
Zi4(G, T) is nothing but the Igusa zeta function associated with (- , f;),
and is known to be rational by Igusa ([I]) in the= 1 case and Meuser
(IMe]) in the general case. |

The generating function defined by the numbers of isomorphism classes
of representations d& into GLy(Z/p"Z) may also have good properties
such as rationality, though we have no results at present.

5. EXAMPLE

Here we calculate the zeta functions explicitly for free groups.

Example 5.1.Let G = F, be the free group of rank. Then we have
Nfe™ = |GLg(F)l". Since|GLy(Fer)l = q"4-1/2(g" - 1)--- (g°" - 1) and
exp(Zi1(aT)"/n) = 1/(1 - dT), we have

(1)i1+~-+id+1[. ][r ]
Zhom(Fr, T) = l_[ (1- qfdz—(11+'~~+did)'|') Ju) Ud ’

0<jq, -, ja<r

Where(g) is the binomial cofficient.
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SinceN!" = |GLq4(Fy)|"tNI°™ (see Subsection 3.1), we also have

ZWt(FI’7 T)
o IGLa(Eep)l"
ex —T"
p(; NGLg(Fq)
-1
l_[ (1—%1-) s ifr =0.
i1ja20 q q]1+"'+ Id

b

- (_1)j1+u.+jd+1[r _ 1][r _ 1]
[ @-qrnetedor) SRR TS

0<j1,,jasr-1

This shows tha#,(F;, T) is a rational function whem > 1, whereas
Z(1,T) is not a rational function.
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