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Learning of Associative Memory Networks Based Upon 
Cone-Like Domains of Attraction 

KOICHI NIIJIMA 
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Abstract- A learn ing  a lgor i thm for  single l a y e r  perceptrons i s  proposed. F i rs t ,  cone-l ike d o m a i n s ,  each of  w h i c h  i s  

mapped  b y  t h e  perceptron n e t w o r k  i n t o  a lmos t  a n  associat ive pat tern,  are derived.  T h e  l earn ing  a lgor i thm i s  obtained a s  a 

process t h a t  enlarges t h e  cone-l ike d o m a i n s .  F o r  autoassociat ive ne tworks ,  it i s  s h o w n  t h a t  t h e  cone-l ike d o m a i n s  become 

d o m a i n s  of  a t t r a c t i o n  for  stored pa t terns  in t h e  ne twork .  In th i s  case, ex tended  d o m a i n s  of a t t rac t ion  are also ob ta ined  

b y  feeding t h e  o u t p u t s  of t h e  n e t w o r k  back t o  t h e  i n p u t  layer .  I n  c o m p u t e r  s imula t ions ,  charac ter  recognit ion abi l i ty  of t h e  

au toassoc ia t i ve  n e t w o r k  i s  e x a m i n e d .  

Keywords-Cone-like domains, Learning algorithm, Autoassociative memory networks, Extended domains of attraction, 

Pat tern recognition. 

1. INTRODUCTION 

Associative memory networks have been studied mainly 
from two aspects. One of them concerns learning algo- 
rithms for the networks, and the other their recalling abil- 
ity. 

There are several learning algorithms of associative 
memory networks such as the correlation recording, the 
generalized-inverse recording (Kohonen, 1984), and the Ho- 
Kashyap algorithm (Hassoun & Song, 1992). These learn- 
ing techniques have been surveyed in (Hassoun, 1991) to- 
gether with the capacity and performance of associative 
memories. Recently, a perceptron learning method on 
incorporating basins of attraction is proposed (Brouwer, 
1995). 

Storage capacity of associative memories has been stud- 
ied by McEliece et al. (1987), Cottre11(1988), Amari(1990), 
and Kohring(l993), from the viewpoint of dolllains of at- 
traction in a binary-valued vector space. 

Our recent papers Niijima(1994) and Niijima(l995) have 
treated associative memory networks in a real-valued vec- 
tor space. We have derived domains of attraction of the 
networks, and proposed some learning algorithms of the 
networks based on the domains. In Niijima(l994), do- 
mains of attraction for autoassociative nleniories have been 
derived under equality associative conditions. Associa- 
tive conditions, however, are not necessarily of equality 
type. Equality associative conditions restrict the number 
of stored patterns and the size of domains of attraction. In 
Niijima(l995), we relaxed these equality associative condi- 
tions into inequality associative ones. Under the relaxed 
conditions, we derived domains of attraction and gave a 
learning algorithm based on the domains. However, the 
domains are much smaller in comparison with domains ob- 
tained by a perceptron classifier. 

In this paper, we derive cone-like domains, each of which 
is mapped to almost an associative pattern, under the as- 
sociative conditions of inequality type. These domains are 
much larger than those obtained in Niijima(l994) and Ni- 
ijima(1995), and reasonable from the viewpoint of parti- 
tioning the input space by hyperplanes. I t  is shown that  
these domains are niutually disjoint. These results are 
given in Section 2. 

The boundaries of the cone-like domain consist of some 
hyperplanes including undetermined weights and thresh- 
olds in the network. It is desirable to determine the weights 
and thresholds so that the cone-like doniain becomes as 
large as possible. The cone-like domain is a union of a 
cone and some stripes. To expand the cone and to  en- 
large the stripes, we derive a functional to be minimized. 
The functional is millimized under the inequality associa- 
tive conditions. We adopt a penalty metllod to  solve the 
minimization problem subject to the inequality constraints. 
The functional wit11 penalty terins can be minimized using 
a variety of gradient methods. The minimization process 
gives a learning algorithm of the network. These are de- 
scribed in Section 3. 

Our theory developed in Sections 2 and 3 is applied to  
analyze a~ztoassociative networks. W put on the network 
the condition that when a binary valued stored pattern is 
input in the network, almost the same pattern is output. 
This condition is expressed in an inequality form and the 
above theory is applied to obtain domains each of which is 
mapped by the network function to almost a stored pat- 
tern. We show by the contraction mapping theorem that  
the function has a unique fixed point in the domain, wliich 
is extremely near a stored pattern. This implies that  the 
domain is attractive and that the fixed point is its attrac- 
tor. We further find extended domains of attraction larger 
than the original doniain of attraction. Connection weights 



of the network are determined using the learning technique 
in Section 3. These are given in Section 4. 

In computer siniulations in Section 5, an autoassociative 
network is learnt by our algorithm using the English alpha- 
bet and its recognition ability is verified by checking which 
doniain some randomly noised patterns are contained in. 
Concluding remarks are described in Section 6. 

2. CONE-LIKE DOMAINS OF 
STORED PATTERNS 

Let n be the number of input nodes, and 1 the number 
of output units. We consider a single layer neural network: 

where w;x: denote weights connecting the input nodes and 
the output layer, and 6/ threshhold parameters. The func- 
tion f (t)  indicates the signioid function: 

The equation (1) is expressed using the inner product 
symbol . as 

where W; = t ( ~ i l ,  w;2, ..., w;,,), x = t ( ~ ~ ,  ~ 2 ,  ..., x , )  
with the transpose symbol t .  Putting further cp(x) = 
(p1 (x), cp2 (x), .. ., ~ ( ( 1 ) )  and y = yy l ,  yz, a * . ,  yv), we write 

(2) as 
Y = cp(x). 

Let xu ,  v = 1,2 ,..., m, denote patterns to be stored in 
the network (2), and E be a sufficiently small positive num- 
ber. We impose on the network the associative condition 
that  when xV  is input into (2), a number smaller than E or 
larger than 1 - E is output, namely, 

The aim of tliis paper is to  clarify a doniain whose any 
element is recognized as the stored pattern xu ,  under the 
imposed associative condition, and to derive a learning al- 
gorithm of the network based on the doniain. 

Let us define two sets of indexes i ,  depending on the 
index v of the stored pattern xu: 

s = f (t) is monotonically increasing and has the inverse 
function t = ln(s / ( l  - s)),  we have 

(3) 
Similarly, the condition cpi(xu) > 1 - t- for i E I,,,+ is 
equivalent to 

We fix v and consider a domain of x satisfying 

and 

'P;(x") < 'pi (x), i E I~/?+. (6) 

The condition (5) means f (Wi x - 6;) 5 f (W;: xl' - 0,) 
for i E I,,l-, which is equivalent to 

Similarly, (6) is equivalent to 

Therefore, the doniain of x satisfying (5) and (6) can be 
represented as 

This doniain is a cone with the root x", and is deeply re- 
lated to a partitioning of the input space by the hyperplanes 
of the network (2). Indeed, it holds for x E Cone(xu) that 

and 

which are siiiiilar to the partitioning condition 

although (7) and (8) are stronger than (9). In Cone(xV), 
we have a quantitative result. 

LEMMA. For any x E Cone(xV), we have 

W e  further have, for any x, 2 E Cone(xu), 

~ c p i ( ~ ) - c p i ( Z ) ~  i & l W i - ( x - 2 ) 1 ,  i = l , 2  ,..., 1. (12) 
Of course, I,,- U I,,,+ = { 1,2, ..., 1 } holds. We shall derive 
an equivalent condition to  cp;(xv) 5 E for i E I,,-. Since 



Proof. The inequalities (10) and (11) follow immediately 
from (5) and the definition of I,,-, and from ( 6 )  and the 
definition of Iul+, respectively. 

The inequality (12)  is obtained by using the mean value 
theorem. By the derivative f ' ( t )  = f ( t ) ( l  - f ( t ) ) ,  we have 

cpi(x)-cpi(ii) = f ( W i - x - 0 ; ) - f ( W ; - i i - 0 , )  

= f ( q ( l - f ( q ) w i . ( x - q ,  

where f = W;: . (Ax + ( 1  - A)5) - 8,: with 0 < X < 1. Putting 
5 = Xx + ( 1  - A ) % ,  we further have 

pi ( x )  - 9; ( 5 )  = cp; ( 5 )  ( 1  - pi ( 5 ) )  W,: . ( X  - 5 ) .  

Since 5 belongs to  Cone(xv)  because of its convexity, we 
obtain (12) from the first results (10) and (11).  

The inequalities (10) and (11) mean that  any pattern in 
Cone(xu)  is recognized as the stored pattern x". 

Next, we shall introduce a domain Dp(xz ' )  larger than 
C o n e ( x v ) ,  whose any pattern can also be recognized as xu.  

D,(xV) = { x  I W i .  ( x  - x")  5 plWi. x" - O i l ,  i  E Iz/ ,- ,  

W .  ( X  - x u )  > -plliV:i X" - O i l ,  i  E Iz / l+) ,  

where p satisfies 0 < p < 1. It  is obvious that  Cone(xu)  c 
D,  ( x u ) .  The domains Cone(xu)  and D, ( x u )  are illustrated 
below. 

FIGURE 1. Cone(xV) and D,(xv). 

For any x E D p  ( x u ) ,  it holds that 

w , x - el, ( 1  - p )  (w; xV - ei)  
1 - € 

- ( l - p )  Ini , E I -  (13) 

and 

These conditions approach to  the partitioning condition ( 9 )  
when p tends to 1. 

The results in Lemma can be extended to  the domain 
D,(xu) as follows. 

THEOREM 1. For any x E D,(xu),  we have 

Furthermore, we have for any x ,  55 E D,(xu),  

Proof. For i E I,,-, the inequality (13) and the monotonic- 
ity of f,:(t) leads us t o  

Applying the inequality 

to (18) ,  we have 

which proves (15).  
For i  E IZj1+, we have from (14) and with the aid of (19) ,  

which implies (16).  
The estimate (17) is derived in the same way as in 

Lemma. 

The inequalities (15) and (16) mean that  any pattern in 
D,(xV) as well as in Cone(xV)  is recognized as  x". 

The following shows that  D , ( x u ) ,  v = 1,2,  ..., m, are mu- 
tually disjoint. 

COROLLARY. If I,,_. I / , , -  for v # p,  then the domains 
D P ( x v )  and D,(x/") are disjoint. 

Proof. This result can be shown using proof by contradic- 
tion. By I,,,- # I/,,-, there exists an index i* such tha t  
i* E and i* $ I,,,-. Since I,,,- U I/,.+ = { I ,  2, ..., l ) ,  the  
index i' belongs t o  Ip,+. Suppose that  D,(xu) n D,(xiA) # 
4 ,  where 4 denotes the empty set. Then there exists 
x* E D P ( x u )  n D,(xil,). From x* E D,(xV) and i x  E I,,-, 
we have 

cpi* ( x * )  < (20)  

On the other hand, we obtain from x* E D,(xii) and i' E 

pi* ( x * )  2 1 - & I - [ )  



which contradicts (20). 

This corollary means that the domains D,(xu), v = 
1,2, ..., m, can be classified if target patterns for xu ,  v = 
1,2, ..., m, are different from each other. 

It is desirable for the doniain D , (xu )  to be as large as 
possible. In Section 3, we propose a method for deternlin- 
ing weights and thresholds of the network so that D,(xu) 
becomes large. 

3. LEARNING ALGORITHM 

Classification ability of the network (2) can be measured by 
the size of the domain D,(xu) in Theorem 1. It is desirable 
for the domain to  be as large as possible. The doniain 
D,(xl') is a union of the cone Cone(xu) and the stripe 
S t r  (xl'): 

Therefore, the domain D , (xu )  can be enlarged by expand- 
ing both S t r (xu)  and Cone(xz'). 

The first task is to  expand the stripe Str(xu) .  The width 
of stripe between the hyperplanes Wi . (x - xu)  = 0 and 
Wi .  (x - x u )  = plWL xY - O i l  is given by 

which was derived in Niijima (1995). We want to deter- 
mine Wi and Oi so as to maximize (21). However, the 
quantity (21) depends on the index v and so x E 1 ( W i  . 
xY - 0i)2/lIWi112 is maximized, that is, 

is minimized. The next task is to  expand the cone 
Cone(xu). The relation between Cone(xY) and its bound- 
aries is given below. 

FIGURE 2. Cone(zu) and its boundaries. 

The domain Cone(xu) is an intersection of wedge-shaped 
domains each of which lies between the hyperplanes Hi : 
Wi. (x - xu)  = 0 for i E Ivy- and Hj : W,. (x - xu )  = 0 for 
j E I,,+. To enlarge the wedge-shaped domain between Hi 
and Hj, it suffices to maximize an angle y a t  which IiT; and 
lHTj cross. This maximization implies the minimization of 

wi . w, 
cos y = 

IlWiIl I 1  Wjll ) 

where 1 1  - 1 1  denotes the Euclidean norm. This minimization 
is done only for a pair (i, j )  satisfying i E I,,- and j E I,/,+ 
for a t  least one v. For latter convenience, we denote by S 
the set of (i, j) belonging to I,,,- x I,,+ for a t  least one v. 

We next forcus the inequality associative conditions (3) 
and (4). Introducing two index sets 

we rewrite (3) and (4) as 

1 -E  
Wi .xu -Oi  5 -In- , v E Ni,-, i = 1, 2, ..., !, 

€ 

I - &  
(24) 

Wi . x u  - Os > In -, v E N;,+, i = 1, 2, ..., 1, 
E .  

respectively. 
(25) 

Learning of connection weights is done by minimizing a 
weighted su i~ i  of(22) and (23) under the conditions (24) and 
(25). The formulation of this nlininiization problem by the 
penalty method is 

where 2: = z2 for z > 0, 0 otherwise, and Cl and C3 
denote penalty constants. In actual computation, however, 
we minimize the following functional to avoid nunieriacal 
inst ability: 



where C2 denotes a penalty constant and we have put 
K = Wi/llW;II, 7; = Oi/llWill, CY = ln((1 - &)I&) and 
pi = IIW;ll. We solve (26)) for example, by the conjugate 
gradient method to obtain K, r ] ;  and Pi, and compute the 
connection weights Wi = P;V; and 0; = P;r];. 

4. AUTOASSOCIATIVE MEMORY 
NETWORK 

I t  is well known that a single layer perceptron has limita- 
tions in its classification ability (Minsky & Papert, 1969). 
However, if the network discussed previously is of autoasso- 
ciative type, we can improve the recalling ability by feeding 
the output back to the input. In this section, we deal with 
an autoassociative memory network. Let us choose I = n 
in the network (2). The stored patterns xu,v = 1,2, ..., m, 
are assumed t o  be (0, 1)-valued vectors. We impose on the 
network the following condition for xu = "xi', x i ,  ..., x;,): 

The condition (27) means that for the input pattern xu ,  
a pattern extremely near xu is output, because t: is small 
enough. Namely, the network satisfying (27) is almost of 
autoassociative type. However, the stored pattern x" itself 
is not a fixed point of p ,  namely, x" rjtl: p(xV).  In Theorem 
2 below, we show that there exists a pattern xr'+ extremely 
near x" such that xr'l* = p(xr'.*). 

The condition (27) can be written as (3) and (4)) but 
now 1,- = { i  1 x,Y = 0 )  and I,,+ = { i  1 x,! = 1).  From 
now on, we employ these index sets. Theorem 1 holds for 
such a network and the domains D,(xV), v = 1,2, ..., m, are 
mutually disjoint. Hence, our learning algorithm in Section 
3 can be applied to compute the connection weights W;: and 
the threshold parameters 0; of the present network. For this 
network, we have the following results. 

THEOREM 2.. For any x, li; E Dl)(xu), we have 

where 

I f &  is suficiently small so as to satisfy K, < 1, the function 
p becomes a contractive mapping in DP(xu) .  

Moreover, the equation x = p(x)  has a unique solution 
xu.* in D,(xY) satisfying 

Proof. Estimating (17) using Schwarz' inequality leads to 

Sunlnling up both sides after squared, we obtain the first 
assertion. 

The latter can be proved by the contraction mapping 
theorem (Rall, 1969). Before applying this theorem, we 
describe a simple geometrical notion. We find the distance 
from x" to the boundary of Dp(xu) ,  which consists of the 
hyperplanes 

Since W; is a normal vector for G;, a vector x from xu wit11 
the direction W; is represented as x = xu + a W;. From 
x E G;, we obtain a = fp lWi  . x" - Oil and hence, the 
distance is given by plW; . x" - Oil which is larger than 
p ln((1 - E)/E)  because of (3) and (4). Therefore, the ball 

is contained in DP(xu).  We put b = 11  p ( xu )  - xY1l/(l - K ) .  

By the contraction mapping theorem, p has a fixed point 
xl'?* in B6(xu) ,  namely, xu.* = p (xu~*)  holds. Furthermore, 
we have 

11 xl"* - xu 1 1  5 b. 

Since b < fi ~ / ( 1  - K )  by (27)) we obtain (28). 11 

In the present network, we can feed the output back to 
the input. Namely, we can generate {x(')),.=(,,~,... by the 
iteration 

x(r.+l) = p ( ~ ( ~ ) ) ,  r = O, 1, ..., 
where I(()) is in D,(xu). This sequence converges to the 
fixed point xu.'. Therefore, we may say D,(xY) a domain 
of attraction. 

For latter analysis, it is needed to introduce the domain 
D,(xu.') instead of D,(xu). Since xu.* is extremely near 
xr', the domain D,,(xu*") is almost equal to D,(xr'). If 
xu.x E Cone(xY), then the inclusion D,(xV)') c D,(xV) 
holds and hence, Theorenl 1 is valid in D,(xu'*). If not so, 
Theorenl 1 does not hold in D,(xY)"). We have therein a 
weakened result of Theorenl 1. 

THEOREM 3. Suppose that E is small enough so as to satisfy 
IE < 1 and 

Then, we have for any x E D,(X".~),  

Furthermore, we have for any x, 2 E D,(xr'l*), 



Proof. From x E D,(xV!*), we have for i E Iz ,!-, 

Using (3)) the term Wi . xu>* - 0, is estimated as 

A further estimation by (28) and (29) yields Wi. xu!' - Oi < 
-112 ln((1 - E)/E). Combining this estimation with (31) 
gives 

wi . x - oi < (1 - p) (Wie  x"* - O i )  

1 - p  1 - E  < -- ln-. 
2 E 

Similarly, we obtain for i E IZ,!+, 

1 - p  1 - E  
W, i ,x  - Oi > - ln-. 

2 E 

The remaining proof can be done along exactly the same 
line as in Theorem 1. 

The first part of Theorem 3 asserts that any pattern 
in DP(xz'!*) is recognized as the pattern xu!*. From the 
second assertion (30)) it follows that the network function 
cp is contractive in D,(xv!*) provided E is sufficiently small. 
Thus D,(xY)') also becomes a basin of attraction. 

Let cpo be the identity mapping in Rn and define cp" q > 
1, by cp'(x) = v(cp"-'(x)) recursively. We define a domain 
of x whose q-step recall cpqx) belongs to D,(xV>*). 

where DB(xu!*) = Dp(xu!*). Let x be any pattern in 
DP(xu>*). Then cp'(x) belongs to a domain of attraction 
D,(xu)*). Therefore, we may say D:(xY!*) also a domain 
of attraction. It will be shown below that D:(xu!*) expand 
together with the recalling step q. 

THEOREM 4. Suppose that E satisfies the assumption of 
Theorem 3 and 

p 1 - E  
J ; E ( E + E ( ' - P ) / ~  max IlWiIl < ? I n -  ) i=l!2!...!TL E (32) 

Then we have the inclusions 

Proof. I t  suffices to  prove DP(xu!*) c Da+'(xV!*) for any 
q 2 0 Let x be any pattern in D~(xV!*) .  Froill the def- 
inition of the domain, cpqx) belongs to D,(xu!'). Put  

u = cp'(x). By the first assertion of Theorem 3 and the 
property of xu!*, we have lvi(u) - x:'!*I < E + E( ' -P) /~ for 
all i. Therefore, 

To prove x E DP+' (xu!*), it suffices to show that ~ ( u )  is in 
D,(xV!*). For the purpose, we estimate Wi . (cp(u) - xu!*). 
For i E Iu,-, we have 

where we have used (32) and (33) in the second line. Re- 
membering here the inequality IWi. xu>' - Oil > 112 ln((1- 
E) /E)  which was used in the proof of Theorem 3, we obtain 

Similarly, we have for i E I,,!+, 

These show that ~ ( u )  is in D,(xu>*). 

In the same way as the proof in Corollary, it is shown 
that the domains D;(xu!') and DX(x"7') are disjoint for 
any p, q > 0 and v # f:. 

5 .  SIMULATIONS 

For computer simulations, we store the alphabet of Figure 
3 in the autoassociative network in Section 4. 

FIGURE 3. 26 stored alphabet. The characters xu, 
v = 1 , 2 ,  ..., 26 are listed from top to down and from left 



to right. Each character is represented by a 10 x 10 
grid matrix. Black and white squares indicate 1 and 0, 
respectively. 

We now have rn = 26 and n = 100. The network has 
100 input nodes, the same number of output units, 10000 
connection weights VV,: = (wik) and 100 thresholds 8,. To 
determine these paranieters, we chose E = exp(-9) and 
niininiized the functional in (26) using the conjugate gra- 
dient method. We check the assuniptions of Theorenis 2, 
3 and 4 based on the coniputed paranieters. We chose 

Jm p = 0.4 for E = exp(-9) . The quantity llWill 
is 16.183 and the maximum of IIW;li, i = 1,2, ..., 100 is 
2.173. Hence, the contractive factor tc in Theorem 2 is 0.658 
which is snialler than 1. Since the left and right hand sides 
of (29) in Theorem 3 are 0.0078 and 4.5, respectively, the 
condition (29) is satisfied. The inequality (32) in Theorem 
4 is also fulfilled, because the left and right hand sides of 
(32) are 1.4629 and 1.8, respectively. 

First, we shall try the recognition of 80% random noised 
patterns: 

. , .I. ' a . . .  
..I. 8 . .  I . I .. ri 

'I!!.' ' 
.I. I ... . 
8 . .  I . ...' I 
. I .  

FIGURE 4. 80% random noised patterns. Each pattern 
is represented by a 10 x 10 grid matrix. Each square 
denotes a gray level. 

To niake noised patterns, we chose a position at  ramdoni 
from 100 pixels in each characters, and put there a ramdoni 
nuniber from 0 to 9. The 80% noised patterns above were 
niade by repeating this procedure 80 times. 

To check which domain of attraction each noised pattern 
is contained in, we coniputed two kinds of ratio 

TQ.u - wt ($04(x) - xl/'*) 
- - niax 

i€IL,,-. lWi . xu.* - r)iI 

for 0 5 q 5 10 and v = 1,2, ..., 26, where we have used xu  
in place of xu.*. If we have r"' 5 0.4 and rTu 2 -0.4 for 
sonie q and v, the noised pattern x can be recognized as 
xu. 

In the table below, we list, for each noised pattern in the 
Figure 4, the recalling number q, two values r"/ and r t l '  
such that r"' 5 0.4 and r F u  2 -0.4 are satisfied. The 
bottom in each box represents the reccognized pattern x". 

TABLE 1 
Recognition results for 80% random noised patterns 

This table shows that all noised patterns in Figure 4 are 
recognized correctly. 

We illustrate here the recalling processes for sonie noised 
pattern in Figure 4. 





6. CONCLUDING REMARKS 

We derived a cone-like doniain of attraction for associative 
memories. The doniain is much larger than the doniain of 
attraction given in Niijinia (1994) and Niijinia (1995). The 
cone-like domain is similar to that obtained by partitioning 
the input space using the conventional hyperplanes. The 
domain includes only one associative pattern and any pat- 
tern in the doniain is mapped by the network function into 
almost the associative pattern. This enables us to recognize 
noised patterns. 

We also proposed a learning algorithm based upon our 
cone-like domain. The algorithni is a minimizing process 
for a functional which was derived along the principle that 
enlarges the cone-like doniain. 

Furthermore, we applied our theory to autoassociative 
nieliiory networks, and derived larger donlains of attraction 
than the original one. 

In the siniulation, an autoassociative nieniory network 
was constructed by using our learning algorithm based on 
the English alphabet. Its recognition ability is superior to 
that by the associative nieniory networks in Niijinia (1994) 
and Niijima (1995). 

Since our network contains only one nonlinear layer, a 
linear theory can be applied. Even if a network is of mul- 
tilayer type, donlains of attraction themselves can be ob- 
tained under associative conditions iniposed on the final 
layer neurons of the network. However, these doniains con- 
tain nonlinear functions and their shape is complicated. It 
is a future work to  clarify such doniains and to find out 
learning algorithms for multilayer networks. 
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