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Transition Diagrams of Finite Cellular Automata

Hyen Yeal LEE* and Yasuo KAWAHARA'
November 28, 1995

Abstract

This paper provies some simple recursive formulas generating transition diagrams of
finite cellular automata with triplet local transition functions.

1 Introduction

The theory of cellular automata has been studied by many researchers in various methods, for
example, numerical, statistical and asymptotic methods. On the other hand dynamical behav-
iors of finite (or discrete) cellular automata are extremely complicated and interested. Many
scientists and mathematcians have extensively developed theory of finite cellular automata,
and their major interests focused fixed points, period lengths, transient lengths and so on,
which are parts of global dynamical behaviors of cellular automata. Generally it is absolutely
difficult to decide just transition diagrams of cellular automata. But in fact some special cel-
lular antomata have simpler transition diagrams. The aim of this chapter is to challenge the
problem to decide transition diagram in an algebraic method. It seems that the most impo1-
tant point for the problem is how to represent transition diagrams by simple formulas. To this
end we introduce symbolic notations called tree and cycle expressions without and with roots.

First we review the definition of dynamical systems as formal systems. A dynamical system
is a pair (X, 6) of a set X and a transition function § : X — X. A dynamorphism ¢ : (X, §) —
(Y,0) from a dynamical system (X, 6) into another dynamical system (Y, o) is a set function
@ : X — Y sucht that oo = @b, that is, the following diagram commutes:

@

X —— Y
Lk
X —7 Y.

A dynamorphism ¢ : (X,6) — (Y, 0) is called an isomorphism of dynamical systems if there
exists an inverse dynamorphism 1 : (Y, 0) — (X, §) such that ¥ = idx and o1 = idy, where
idx and idy are the identity functions on X and Y, respectively. It is clear that isomorphic
dynamical systems have isomorphic transition diagrams and vice versa.

In the sequel we treat only with finite dynamical systems. For a positive integer &k we define
a dynamical system [k] to be a pair of a set {0,1,---,4 — 2, k4 — 1} and a constant function
§(z) =0forallz =0,1,---,k—2,k—1. The transition diagram of [k] is illustrated as follows:
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k—2k-1
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It is clear that a product formula [k] x [£'] = [kk'] holds for any positive integers k, &', where
x denotes the cartesian product of dynamical systems and = the equality up to isomorphisms.

For a positive integer & we define a dynamical system [1]* to be a pair of a set {0,1,--+, k—
2,k — 1} and a predecessor function § such that §(0) = 0 and §(z) = =z — 1 for all z =
1,2,-++,k — 2,k — 1. The transition diagram of [1]¥ is illustrated as follows:

0 1 2 k-2 k—1
Q o—o e

Note that [1]' = [1] and [1]* = [2]. The cartesian product [1]® x [1]* is illustrated as follows:

VS
L

O

Now we will recall (one dimensional) finite cellular automata with triplet local transition
functions. Let m be a natural number and @ the set {0,1} of symbols 0 and 1. The set
of all strings of symbols in @ with a length of m is denoted by B™. For example, B® =
{000,001, 010,011, 100, 101,110, 111}. A triplet local transition function f is a function f :
B3 — B. Set r, = f(zyz) (k=42 +2y+ 2, 0 < k < 7) for all strings zyz € B®. Following to
Wolfram we define the rule number R of a triplet local transition function f by R = Y1_, 257
Note that 0 < R < 255. A triplet local transition function f with rule number R is illustrated
as follows:

Rule R|111 110 101 100 011 010 001 000
7 Tg s T4 ] T2 ™ 7o

A triplet local transition function g such that g(zyz) = f(zyz) for all z, y and z, is called
symmetric to f. The rule number of g is called symmetric to the rule number of f. The triplet
local transition function A such that A(zyz) = f(zyz) for all z, y and z, is called complemented
to f. (Note that 0 = 1 and T = 0.) The rule number of g is called complemented to the rule
number of f. It is easy to see that the symetric complemented function is identical with
the complemented symmetric function. For example, the symmetric, the complemented, the
symmetric complemented rule mumbers to 12 are 68, 107 and 121, respectively.
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A cellular automaton CA— R,_y(m) with boundary condition a—b (a,b = 0 or 1) is a
dynamical system (B™, 6,—;) such that

5a—b(mlm2 o mm—lxm) = f((lﬂ?]fl?z)f(iﬁl.’ﬁgm3) Tt f(xm—me—lxm)f(xm—l'rmb);

where f is a triplet local transition function with rule number R.

The aim of this chapter is to give some recursive formulas for transition diagrams of cellular
automata CA—R,_y(m). The following facts is obvious. Transition diagrams of C' A—0,_,(m)
and CA—255,_4(m) are isomorphic to [2™]. Those of CA—204,_,(m) consists of 2™ fixed
points, that is, CA—204,_,(m) = 2"[1], and those of CA—51,_4(m) consists 2™ ! cycles of
period length two. Also those of CA—15,_,(m) and CA—170,_,(m) are isomorphic to binary
trees with a depth of m. For example, CA—170,_4(3) is illustrated by the following tree:

A\VARV
N

In this chapter we write A(m) = CA— Ro_o(m), B(m) = CA— Ry_1(m), C(m) = CA—
Ri_o(m), D(m) = CA—Ri_1(m), X(m) = CA—Ro_,(m) and Y (m) = CA—R;_,(m) (a = 0, 1),
unless no confusion occurs. Moreover we set A(0) = B(0) = C(0) = D(0) = [1] for convenience.

2 Tree and Cycle Expressions

In this section we itroduce tree and cycle expressions in order to algebraically represent tree
structures of finite dynamical systems.

Definition 2.1 Tree expressions and cycle expressions to represent the graphical structure of
finite dynamical systems are recursively defined as follows:

(a) If Ey,---, By (k> 0) are expressions and n 1s a positive integer such that k < n, then
[n+ E1+ -+ Ey] is an expression.

(b) If Ey,---, By (k > 2) are expressions and n is a positive integer such that k < n, then
an expression [n+ Ey + -+ + Ey] 1s a tree expression. (Note that tree expressions are
expressions. )

(c) All tree expressions are cycle expressions.
(d) If Th,---, Ty (k > 2) are tree expressions, then < Ty,---, T} > 1s a cycle expression.

(e) If Sy,---,Sk are cycle expressions, then Sy +---+ Sy is a cycle expression.



Define formal expressions F,, by Fy = 0 and F, 41 = 1+ [F,,] for m > 1, and define tree
expressions [1]™ by [1]™ = [14 F,,]. (The notation [0] = 0is a conventional symbol representing
the empty tree.) For example, [1]' = [1], [1]* = [2], [1* = [2+ [1]] and [1]* = [2 + [1 + [1]]].

Define formal expressions H,, by Ho = 0 and H,,41 = 1+ [2H,,] for m > 0, and define
tree expressions T,, by T,,, = [1+ H,,]. For example, Ty = [1], T = [2], T> = [2 + [2]] and
Ty =2+ 2+ 2[2]]].

Then it is easy to see that the transition diagrams of CA—15,_,(m) and CA—170,_4(m) are
represented by a tree expression T,,.

Now we define two functions A and L to extract major informations for transient lengths
and limit cycles of cycle expressions:

(a
(b
(c

) H([1]) =0 and H([n]) = 1if n > 2,
)
)
(d)
)
)
)

H(
H(n+ E1+ -+ E]) = 14+ max{H(E,), -, H(E)}
H(< Ty, Ty >) = max{H(T1), -, H(Ty)}
H(S;+ -+ Sk) =max{H(S1), -+, H(S:)}
(e
(f

(s

L(T)=<1>,
L(< Ty, Ty >) =< k >,
L(Sy+ -+ Sx) = L(S1) + -+ L(Sy).

The function H assigns to a cycle expression S the greatest length of paths reaching to the
first root of S. Usually H(S) is called the transient length (or the heigth) of a cycle expression
S. The function L extracts just information for limit cycles of cycle expressions neglecting
tree structures. It is known that L(ca—>5¢-¢(m)) = v1(m) < 1 > +v(m) < 2 >, where

1(m) = y(m—2)+ v (m—3) and 1(m) = y(m—1) + y2(m —2) + y2(m —3) — (m —4) +
Yo(m = 5) = ya(m — 6) + y1(m — 5).

A notion of cartesian products of dynamical systems is an elementary operation to induce
higher dimensional ones. The following theorem gives a very simple formula for formation of
cartesian products of cycle expressions:

Theorem 2.2 (Product Formula)
(a) [m]x [n+ Er4 -+ B] = [mn+[m] x By + -+ [m] x Ey,

(b) [m+D1+ + Dyl x[n+Ei+-+ B = [mn—}—zle[m]in—{—Z?:le x [n] +
Ey 15=1D; x B,

() Tx <Ty, -, T, >=<T xTy, -, T xT, >.

The next operations results a new expression after simultaneously attaching an expression
to all leaves of another expression:

(a) [n+Ei+- +E]*E=n+(n—k)E+ E «E+-- + Ey* E,
(b)y [ n+E1+ - +EJE=n+n—k—1)E+E «E+ -+ E,x E].



For example, [1]=[1] = [1+[1]], [1+[1]]*[1] = [T+ [1]*[1]] = [T+ [T +[1]]], [2]*[2] = [2+2[2]]
and [2 + 2[2]] * [2] = [2 + 2[2 + 2[2]]].

Recall a canonical dynamical system (N*, p) over the set N* of all finite strings consisting
of nonnegative integers. The transition function p is defined by p(i142---1,) = ia---1,if s >0
and p(e) = e, where ¢ is a null string. The following function D naturally assigns to a tree
expression a subsystem of the canonical system (N*, p).

(a) V([n+ By + -+ E) ={1,-- ,n}Ul-V(E))U---Uk-V(E),
(b) D(n+ B+ + E]) ={e}uUV([n—14E + -+ Eg]).
The following example illustrates how D behaves:

D([2+[2+ 2]+ [2]]]) = {e,1,11,12, 111, 112, 121, 122}.

It is easy to see that the function D can be extended a function on cycle expressions.

To formulate recursive formulas of transition diagrams for finite cellular automata we need
formal expressions with root. Because infromations on roots of cycles are generally indispens-
able for such recursive formulas.

Definition 2.3 Tree erpressions and cycle expressions with root in a set X are recursively

defined as follows:

(a) If Th, -+, Ty are expressions with root, n is a nonnegative integer and z 1s an element of
X, then [n+ Ty + -+ Ty], ts a tree expression with root.

(b) If Tn,- -, Ty are normal expressions with root, n is a nonnegative integer such that 0 <
k< n and z 1s an element of X, then [n+T1 + -+ + Ti], 1s a normal expression with
root. (Note that normal expressions are erpressions. )

(c) If Ty, - - -, Ty, are normal expressions with root, n 1s a positive integer such that 0 < k < n
and z is an element of X, then an ewpression [n+ Ty + -+ + T]. 1s a tree expression
with root.

d) I T], ce lk are tree 6%’]97‘6.53’50713 with T’OO'lf; then < 21 s ,Tk > s a cycle expression with
) ) Y 14
root.

e) If Sy,--+, Sy are cycle expressions with root, then S+ -+ Sy 1s a cycle expression with
J 21, Y 74
T00t.

For expressions with root over the set of all strings consisting of two symbols 0 and 1 we
assume the following addition and product rules to manipulate recursive formulas for transi-
tion diagrams of finite cellular automata.

Addition Rule
n+Ti+ - +T)e+[m+Ui4+- -+ Uhle=n+m+Ti+- -+ T+ U+ + Upls

Product Rule
[m], x [n+ Ty + - +Tile = [mn+ Ty + [m], x Ty 4 - + [m], X Ti]ya, where yz denotes the
concatenation of y followed by z.

We freely use these manipulation axioms in recursive formulas obtained in the later sections.
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3 CA-12

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—12,_4(m). First we recall that a triplet local transition function f with rule
number 12 is illustrated by the following figure:

Rule 121111 110 101 100 011 010 001 000
0 0 0 0 1 1 0 0

The symmetric, the complemented, the symmetric complemented rule mumbers to 12 are 68,
107 and 121, respectively.

Lemma 3.1 Assume y = 6,-4(z) for two configurations z = z1%5 -+ Ty and Yy = Y192 U
of CA—12,_4(m). Then zxzp1 = 01 if and only if ypyps1 = 01 for k=1,2,---, m— 1.

Proof. Assume z3z5+7 = 01. Then y, = f(2,-101) = 0 by f(201) = 0 and yp41 = f(01z442) =
1 by f(01z) = 1. Conversely assume yzyp+1 = 01. Then zpzp412442, = 011 or 010 by
Yrr1 = f(2rtpp1ree) = 1. O

Theorem 3.2 For cellular automata CA—12 the following formulas hold:
(a) B(m) = A(m) and D(m) = C(m),
(b) A(m) = A(m — 1) + C(m — 1),
(¢) C(m) =[m+ 1]+ Ti5 k] x C(m —k = 1).

Proof. (a) Since f(zy0) = f(zyl) it is trivial that CA—12,_4(m) = CA—12,_4(m) for
a = 0,1. (b) Define two functions ¢, : A(m — 1) — A(m) and j,, : C(m — 1) — A(m) by
(2129 Tope1) = 02122« By and Jpp (2122 -+ Tyyey) = 12922+ Zype1. As f(002) = 0 and
f(01z) =1, iy, and j,, are dynamorphisms of dynamical systems. Finally the images of 4, and
Jm give a partition of the configuration set @™ of A(m). (c) Define subsets Ho, Hy, -+, H,y
of the configuration set @™ of C(m) as follows. Hj is the set of all configurations containing
no subsequence 01, and Hy (k= 1,2,---,m—1) is the set of all configurations z = z,z5- - z,,
such that zpz547 = 01 and zq25 - - - 23— contains no subsequence 01. Then using Lemma 2.1 it
is easy to see that C(m) = Ho+ H;+- - -+ H,,—; (disjoint union of dynamical systems). On the
other hand Hy = {170™7?|0 < p < m} and 6;_¢(z) = 0™ for all z € Hy. Hence Hy = [m + 1]
and Hy = [k] x C(m—k—1). O

Using the last theorem we can recursively compute transition diagrams of CA—12,_,(m)
as follows:

A(1) = A(0) + €(0) = 2[1], C(1) = [2] by A(0) = B(0) = C(0) = D(0) = [1]
A(2) = A(1) + €(1) = [2] + 2[1],
C(2) = 3]+ [1] x €(0) = [3] + [1],



C(6) =[7]+ [1] x C(4) + [2] x C(3) + [3] x C(2) +[4] x C(1) +[5] x C(0)
= [7]+[1] < ([5] + [4] + 2[3] + [1]) + [2] > ([4] + 2[2]) +[3] > ([3] + [1]) + [4] x [2] + [5] x [1]
= [9] + 2[8] + [7] + 2[5] + 3[4] + 3[3] + [1],

4 CA-200

In this section we state recursive formulas generating transition diagrams of finite cellular
automata C'A—200,_,(m). First we recall that a triplet local transition function f with rule
number 200 is illustrated by the following figure:

Rule 200 | 111 110 101 100 011 010 001 000
1 1 0 0 1 0 0 0

The symmetric and the complemented rule mumbers to 200 are 200 and 236, respectively.

Lemma 4.1 Assume y = Sa—p(z) for two configurations © = z1Z9 Ty, and Y = Y1Ys Y
of CA—200,_y(m). Then zyzrer = 11 if and only if ypypqr = 11 for k=1,2,---,m — 1.

Proof. Assume zxz541 = 11. Then y, = f(2r-111) = 1 by f(211) = 1 and yp41 = f(11zp42) =
1 by f(11z) = 1. Conversely assume ypyx+1 = 11. Then zyzg412542 = 111, 110 or 011 by
U1 = flzpzper2i42) = 1. But if zpepii2p40 = 011, then yp = f(24,-101) = 0. Hence
LpLht1 = 11. O

Theorem 4.2 For cellular automata CA—200 the following formulas hold:
(a) B(m)=C(m) (Symmetry),
(b) C(m)=A(m—1)+C(m—1) and D(m) = B(m — 1)+ D(m — 1),
(¢) A(m) = [amar] + i [aa] x C(m — k = 2),

where ag = a; = 1, ap = ap—1 + ap—2 (k > 2).

Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) We will show that Y/ (m) = X (m—1)+Y (m—1), where X (m) = C A-2000_,(m) and Y (m) =
CA—200;,_,(m). Define two functions i, : X(m — 1) — Y (m) and j,, : Y(m — 1) — Y(m
by (2122 Tme1) = 02122+ - Tppeg and Jp (2122 Zipe1) = 12122 -+ Ty, As f(102) =0
and f(11z) = 1, 1,, and j,, are dynamorphisms of dynamical systems. Finally note that the
images of 1,, and 7, give a partition of the configuration set Q™ of Y (m). (c) Define subsets
H Hy, Hy, -+, Hy,_o of the set Q™ of all configurations of A(m) as follows. H is the set of
all configurations containing no subsequence 11, and Hy (k = 0,1,---,m — 2) is the set of
all configurations z = zy25 - - - %, such that zzz5412540 = 011 and z,2, - - zx—; contains no
subsequence 11. Then using Lemma 3.1 it is easy to see that A(m) = H+ Ho+Hy+- -+ Hypo
(disjoint union of dynamical systems). On the other hand |H| = amy1 (= 252, ("“j“)) and
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b1—o(z) = 0™ for all z € H. Hence H = [a,,41] and Hy, =[a] x C(m — k —2). O

Using the last theorem we can recursively compute transition diagrams of C A—200,_(m)
as follows:

C(1) = A(0) + €(0) = 2[1], D(1) = C(0) + D(0) = 2[1], A(1) = [ag] = [2] by A(0) = B(0) =
¢(0) = D(0) = [1]..

(4) = [as] + [ao] X 2] x C(0)

= [8] + [1] x ([2] + 2[1]) + [1] x 2[1] + [2] x [1]
= 8] + 2[2] + 4[1],

C(5) = A(4) + C(4) = [8] + [5] + [3] + 3[2] + 10[1],

D(5) = C(4) + D(4) = [5] + 2[3] + 3[2] + 15[1],

A(5) = [ae] + [a0] x C(3) + [a1] x C(2) + [as] x C(1) + [as] x C(0)
= [13] + ([3] + [2] + 3[1]) + ([2] + 2[1]) + [2] x 2[1] + [3]
= [13] + 2[3] + 4[2] + 5[1]

5 (CA-140

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—140,_,(m). First we recall that a triplet local transition function f with rule
number 140 is illustrated by the following figure:

Rule 140 | 111 110 101 100 011 010 001 000
1 0 0 0 1 1 0 0

The symmetric, the complemented and the symmetric complemented rule mumbers to 140 are
196, 206 and 220, respectively.

Lemma 5.1 Assume y = 6,-4(z) for two configurations = = 2129 Try, and ¥ = 1192 * Ym
of CA—140,_4(m). Then zrz41 = 01 if and only if yayrer = 01 for k=1,2,--- ., m — 1.

Proof. Assume zj2r41 = 01. Then y, = f(24-101) = 0 by f(201) = 0 and yp41 = f(01z442) =
1 by f(01z) = 1. Conversely assume yyz4+1 = 01. Then zpz4112x42 = 111, 011 or 010 by
Ypr1 = f(zr2rp12r42) = 1. But if zpzp4i2440 = 111, then yp = f(zx—111) = 1. Hence
LpTr4+1 = 01. O

Theorem 5.2 For cellular automata C A—140 the following formulas hold:
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(a) A(m)=A(m—1)4+C(m—1) and B(m) = B(m — 1)+ D(m — 1),
(b) B(m)=A(m—1)+ B(m —1) and D(m) = C(m — 1)+ D(m — 1),
(€) Clm) = 1™ 4 SRS x Clm— k — 1)

Proof. (a) Set X (m) = CA—1404_,(m) and Y (m) = CA—140;_,(m). Then two functions i, :
X(m—1) — X(m) and j,, : Y(m — 1) — X(m) with 4,,(z122 - 2pp_1) = 02924 - - - Tpp,—; and
Jm(%122 - Tpp—q) = 12125 - - Lp—1 are dynamorphisms of dynamical systems from f(002) = 0
and f(01z) = 1. Then we can easily show that X (m) = X(m — 1) +Y(m — 1).

(b) Remark that two functions u,, : CA—140,_¢(m — 1) — CA—140,_,(m) and v, : CA—
140,_1(m—1) — CA=140,_1(m) with v, (2125 - - Zype1) = 3172+ 2rp—10 and vy, (2175 -+ - L) =
T1T " Trm—11 are dynamorphisms of dynamical systems from f(z01) = 0 and f(z11) = 1.
Then we can easily show that CA—140,_1(m) = CA—140,_o(m — 1) + CA—140,_1(m — 1).
(c) Define subsets Ho, Hy,- -, H,,—1 of the set @™ of all configurations of C(m) as follows. H,
is the set of all configurations containing no subsequence 01, and H;, (k =1,2,---,m — 1) is
the set of all configurations z = z;25- - - z,, such that zzz,41 = 01 and z,25 - - z,_; contains
no subsequence 01. Then using Lemma 4.1 it is easy to see that C(m) = Ho+ H1+-- -+ Hyp1
(disjoint union of dynamical systems). On the other hand Hy = {1P0™?|0 < p < m} and
S1-0(170™7P) = 12710™ P+ Hence Hy = [1]™™ and Hy = [1]f x C(m —k — 1) for k > 1. O

Remark. A(m) = D(m) by 5.2(a) and (b).

Using the last theorem we can recursively compute transition diagrams of C A—140,_,(m)
as follows:

A(1) = B(1) = D(1) = [1] + [1] = 2[1], C(1) = [1]* by A(0) = B(0) = C(0) = D(0) = [1].

A2) = A1)+ C(1) = [1]2 + 2[1],

B(2) = A(1) + B(1) = 4[1],

D(2) = C(1)+ D(1) = [1]* + 2[1],

C(2) =1’ +[1] x €(0) = [1]° + [1],

A(3) = A(2) + C(2) = [1° +[1]* + 3[1],

B(3) = A(2) + B(2) = [1]> + 6[1],

D(3) = C(2)+ D(2) = [1]° + [1]* + 3[1],

C(3) =[1]* +[1] x C(1) + [1]2 x C(0) = [1]* + 2[1]?,

A(4) = A(3) + C(3) = [1]* + [1]° + 3[1]% + 3[1],

B(4) = A(3) + B(3) = [1]® + 2[1]* + 9[1],

D(4) = C(3)+ D(3) = [1]* + [1]*> + 3[1]% + 3[1],

C(4) =[PP +[1] x C(2) +[1]* x C(1) + [1]? x C(0)
= [1° + [1P + [1]? = 1] + [1P + [1],

6 (CA-—-4

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—4,_(m). First we recall that a triplet local transition function f with rule



number 4 is illustrated by the following figure:

Rule 4111 110 101 100 011 010 001 000
0 0 0 0 0 1 0 0

The symmetric and the complemented rule mumbers to 4 are 4 and 223, respectively.
The recursive formulas for transition diagrams of cellular automata appearing hereafter
require tree and cycle expressions with roots.

Theorem 6.1 For cellular automata CA—4 the following formulas hold:
(a) B(m) =
(b) X(m) = [1]o x X(m — 1) +[1s0 x X(m —2) + [Loo X Y (m — 2).
(c) Y(m)=[1]o x X(m—1)+[1]o x Y(m — 1),

Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) Remark that two functions u,, : X (m—1) — X(m) with up, (2122 - - Tp1) = 02122+ - T
and v,, : X (m —2) — X(m) with v, (2122 - Z;m—2) = 102125 - - - 2,5, are dynamorphisms by
F(00z) = 0, £(010) = 1 and f(10z) = 0. Next note that if 6;_,(z) = y in Y(m — 2) then
S0—a(0y) = Oy in X (m—1) and o—4(112) = 00y in X'(m). This proves [1oo X [Ple+[1]o % [¢)ox =
[p + ¢loos-

(c) Remark that a function j,, : X (m —1) — Y (m) with j,(z122- - Tm—1) = 02125 -+« Tpp—q 1S
a dynamorphism by f(10z) = 0. Next note that if §,_,(y) = z in Y (m — 1) then do_,(z) = =
in X(m — 1) and 8o_,(1y) = 0z in X(m). This proves [1]o x [p], + [1]o X [¢]z = [P + ¢Jo.- O

C(m) (Symmetry),

Using the last theorem we can recursively compute transition diagrams of CA—4,_,(m) as
follows:

First Assumption : A(0) = B(0) = C(0) = D(0) = [1]., A(1) = [1]o + [1]:-

B(l) = [2]0)
D(1) = [1]o x [1]e 4 [1]o x [1]. = [1]o + [1]o = [2]o,
C(2) = [1o x [2]o + [Lo x ([1]o + [1]1) = [2]oo + ([1Joo =+ [Jo1) = [3]oo + [Lo1,
D(2) = [1]o x [2]o + [1]o x [2]o = [2]oo + [2]o0 = [4]oo,
A(2) = [1oo x [1]. + [1o x ([1o + [1]1) + [1]s0 x [ = [Hoo + ([Hoo + [Hor) + [H1o
= [2]oo + [1]o1 + [L]10,
B(2) = [1Joo x [1). + [0 x [2]o + [L]10 x [1]e = [1Joo + [2Joo + [1}io = [3]oo + [1]s0,
C(3) = [1Jo x ([8loo + [1o1) 4 [1o x ([2]oo + [1]o1 + [L}10)
= ([3Jooo + [1oo2) + ([2Jooo + [1Joor + [Lor0)
= [5Jooo + [2loor + [1o10,
D(3) = [1]o x [4]oo + [L]o % ([3Joo + [1]10) = [4Jooo + ([3Jooo + [Ho10) = [T]oco + [L]o1o,
A(3) = [1oo x [2]o + [1]o % ([2Joo + [1Jor + [1]a0) + [Hao x ([0 + [1]1)
= [2Jo0o + ([2]ooo + [L]oo1 + [1Jo10) + ([L100 + [1]101)
[4]o00 + [1]oo1 + [1]o10 + [1]100 + (1101,
B(3) = [1oo x [2] + [1]o x ([3Joo + [110) + [1]10 * [2Jo = [2Jooo + ([3Jooo + [L]o10) + [2]100
= [5]o00 + [1]o10 + [2]100,
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C(4) = [1]o x ([5]ooo + [2]oo1 + [1]o10) + [1]o * ([4Jooo + [L]oo1 + [L]o1o + [1]100 + [1]101)
([5}04 + [ ]0001 + [ ]0010) + ([ ]04 + [ ]0001 + [1]0010 + [1]0100 -+ [1]0101)
= [9]o¢ + [3Jooo1 + [2]o010 + [2]o010 + [1]o100 + [1o101,
D(4) = [1]o x ([T]ooo + [1o10) + [1]o % ([5]oco + [1]o10 + [2}100)
= ([T]os + [1ooz0) + ([5Jo+ + [Loor0 + [2]o100)
= [12]o+ + [2]oo10 + [2]o100,
A(4) = [Hoo* ([3Joo+[1Jor) +[1o x ([4Jooo+[1oor +[o10+[1]100+ [L]101 ) +[1]10 % ([2]00+[1]o14[1]10)
= ([3]o¢ + [1]ooo1) + ([4los + [Jooor + [Looto + [Lo100 + [1]o101) + ([2]1000 + [1]1001 + [1]1010)
= [T]ot + [2ooo1 + [Loo10 + [1]or00 + [or01 + [2]1000 + [1]1001 + [1]1010,
B(4) = [1]oo x [4Joo + [1]o x ([Slooo + [L]o10 + [2]100) + [1]10 X ([3]oo + [1]10)
= [4]o¢+ + ([5]o* + [Loo1o + [2]o100) + ([3]1000 + [1]1010)
= [9]o¢ + [oo10 + [2]o100 + [3]1000 + [1]1010,
7 CA-76

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—"76,_,(m). First we recall that a triplet local transition function f with rule
number 76 is illustrated by the following figure:

Rule 76 | 111 110 101 100 011 010 001 000
0 1 0 0 1 1 0 0

The symmetric and the complemented rule mumbers to 76 are 76 and 205, respectively.

Theorem 7.1 For cellular automata CA—T6 the following formulas hold:
() C(m) = B(m) (Symmetry),
(b) X(m)=[1]o x X(m —1) +[1s x Y(m —1),
(c) D(m) = [or + [Lo x B(m — 1) + [ho x B(m = 2) + Z3Ls[1]or-210 X B(m — k).

Proof. (a) It is trivial from the symmetry f(zyz) = f(zyz).

(b) Remark that two functions 7,, : X(m — 1) — X(m) and j, : Y (m — 1) — X (m) with
b (100 Te1) = 03123 -+ Ty and Jo (2122 -~ ) = 12122 - - - 2,51 are dynamorphisms
of dynamical systems from f(00z) = 0 and f(01z) = 1. Then we can easily show that
X(m) = [1]o x X(m — 1) +[Th x Y(m— 1)

(c) Remark that two functions u,, : B(m—2) — D(m) with u, (2122 - T,—2) = 102125 - - T2
and v,, : B(m — 1) — D(m) with v, (2122 - Zs—1) = 02123 - - 2,1 are dynamorphisms by
f(110) = 1 and f(10z) = 0. Next note that if do_1(y) = z in B(k) (k= 0,1,---,m — 3) then
50-1(0""F310z) = 0™*=310z in B(m — 1) and §;-1(1™"*"10y) = 0™"*7210z in D(m). This
proves ym-k-15[ple +o[qlom-+-310s = [P+ qlom-r-210,- Finally it is easy to see that 6;_1(1™) = 0™.
O

Using the last theorem we can recursively compute transition diagrams of CA—76,_4(m)
as follows:

First Assumption : A(0) = B(0) = C(0) = D(0) = [1]., D(1) = [2]p and D(2) = [2]oo + [1]o1 +
(110
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A(1) = [1]o x A(0) + [1]: x C(0) = [1]o + [1]s,
B(1) =[1]y x B(0) +[1]; x D(0) = [1]o + [1]s,
C(1) = B(1) = [1o + [},

A 1)+ [1]s x C(1) = [1]oo + [1os + [1]10 + [1]a,
B(2) = [1]o x B(1) +[1]y x D(1) = [1]oo + [1]o1 + [2]10,
C [2]o1 + [1]10,

A(3) = [1]o x A(2) + [1]1 x C(2) = [1]ooo + [Loo1r + [Horo + [Hoa1 + [1J100 + [2]101 + [1]110,
B(3) = [1]o x B(2) + [1]: x D(2) = [1ooo + [oor + [2Jor0 + [2]100 + [1J101 + [1]110,
C(3) = B(3) = [1]ooo + [2]oo1 + [2]o10 + []o11 + [1]100 + [1]101,
D(3) = [1ooo + [Loro x B(0) + [1]o x B(2) + [1]10 x B(1)
= [1ooo + [L]o1o + ([1]ooo + [1oor + [2]o10) + ([1]100 + [1]101)
= [2]ooo + [L]oo1 + [3]o10 + [1]100 + [1]101,
A(4) = [1]o x A(3) +[1]; x C(3)
= [1oooo + [ooor + [Loo1o + [LJoo11 + [L]o100 + [2]o101 + [1o110 + [1]1000 + [2]1001 + (21010 +
[1]1011 + [1]1100 + [11101,
B(4) = [1]o x B(3) + [1}: x D(3)
) = [1](oo)oo+[ ]0001+[2]0010+[2]0100+[1]0101+[1]0110+[2]1000+[1]1001+[3]1010+[1]1100+[1]1101;
= [1]oo0o+[2 ]0001+[2]0010+[1]0011+[2101004'[3]0101+[1}o110+[1]1000+[1]1001+[1]1010+[1]1011;
D(4) = [Loooo + [too1o x B(0) + [1oro x B(1) + [1]o x B(3) + [1]10 x B(2)
= [1]oooo + [1]oo10 + ([1Jor00 + [1]o101) + ([1Joooo + [1ooo1 + [2]oo10 + [2]o100 + [1]o101 + [1]o110) +
([1]1000 + [1]1001 + [2]1010)
= [2]oooo + [1ooor + [3Joo10 + [3Jo100 + [2]o101 + [LJo110 + [11000 + [1]1001 + [2]1010,
8 (CA-29

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—29,_,(m). First we recall that a triplet local transition function f with rule
number 29 is illustrated by the following figure:

Rule 29 | 111 110 101 100 011 010 001 000
0 0 0 1 1 1 0 1

The symmetric and the complemented rule mumbers to 29 are 71 and 71, respectively.

Theorem 8.1 For cellular automata CA—29 the following formulas hold:
(a) C(m)=B(m) (Symmetry),
(b) X(m) = [Tumosz + [T x Y (m — 1)+ [or x ¥ (m = 2) + Spy[1msor x ¥ (m — k),
(¢) Y(m) = [thm-iz +[lo @Y (m = 1) + [1oy x YV(m — 2) + Zxs[1]1e-201 X YV (m — k),

Proof. (a) < 0%1s% - %>

If 61-4(z) = yin Y (m—1), then §y_,(12z) = lyin X(m). If 6;_,(z) = yin Y (m—k) for k > 2,
then §o_,(0*11z) = 1¥7201y in X(m). 80— (0™) = 1™71@ and 6o_,(1™7@) = 10™~! in X (m).
(b) < 0F1 s - x>
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If 61-4(z) = yin Y(m —1), then 6;_,(1z) = 0y in Y (m). If §;_,(z) = yin Y(m—k) for k > 2,
then 6,_,(051z) = 1*7201y in Y (m). §;_,(0™) = 1™7'@ and 6y_,(1™71@) = 0™ in Y (m). O

Using the last theorem we can recursively compute transition diagrams of C'A—29,_,(m)
as follows:

A1) = [2s

A(2) = Mo+ < [110, [2]11 >

A(3) =< [1]o1o, [Ho11 > + < [1l100, [2J111 > +[3]101

A(4) =< [1o100, [1]o111 > +[2o101+ < [L1000, [2]1111 > + < [1]1001, [2J1101 > + < [2]1010, [3]1011 >

A(S) =< [1]010007 [1]01111 >4+ < [2]01001, [1]01101 > 4+ < [1]01010’ [2]01011 >4 < [1]10000, [2]111]1 >
+ < [2]10001, [2]11101 >

C(1) =< [1]o, [1]1 >

C(2) =< [1]oo, [1]11 > +[2]0x

C(3) =< [1ooo, [Th11 > + < [2]o01, [Thor > + < [1owo, [2]o11 >

C(4) =< [oooo, [1]1111 > + < [2]ooo1, [1]1101 > + < [1oo10, [1]1011 > + < [2]oo11, [11010 > + <
[1]o100, [2]o111 + [3Jo101 >

C(5) =< [1ooooo; [1]11111 > + < [2]oooo1, [1]11101 > + < [1]ooo10, [L]11011 > + < [2]oo011, [1]11010 >
+ < [1oo100, [1]10111 > + < [3Joot01, [2]10101 > + < [2o0111, [1]10100 > + < [1o1000, [2]o1111 > + <

[2lo1001, [2]o1101 > + < [2]01010, [3]01011 >

B(1) = [1]o + [1]s

B(2) = [3i0 + [Los

B(3) = [2]o10+ < [2]100, [2]110 > +[2]101

B(4) =< [2]o100, [Ho110 > +[L]o101+ < [L]1000, [2h1111 > + < [2]1000, [2]1110 > + < [1]1001, [2]1101 >
+[5]1010

B(5) =< [2]o1000, [1]o1110 > + < [Lo1o01, [LJor101 > +[3lor010+ < [2]10000, [2]11110 > + <

D(1) = [2]o

D(2) =< [2]oo, [1]10 > +[1]0a

D(3) =< [2]ooo, [1]110 > + < [1]oo1, [1]101 > +[3]o10

D(4) =< [2]oo0o, [1]1110 > + < [1]ooo1, [1])1101+ < [3]oo10s [2]1010 > + < [2]o100, [2]o110 > +[2]0102
D(5) =< [2]oo000, [1]11110 > + < [1oooot, [1]11101 > + < [3looo10, [2]11010 > + < [2]oo100, [L]10110 >
+ < [2]o0100, [1]10110 > + < [2]o0101, [1]10101 > + < [2]oo101, [L10101 > + < [2]o0110, [2]10100 >

9 C(CA-38

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—8,_4(m). First we recall that a triplet local transition function f with rule
number 8 is illustrated by the following figure:

Rule 8 | 111 110 101 100 011 010 001 000
0 0 0 0 1 0 0 0

The symmetric, the complemented, the symmetric complemented rule mumbers to 8 are 64,
239 and 253, respectively.
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Theorem 9.1 For cellular automata CA—8 the following formulas hold:
(a) X(m) =[1o x X(m —1) +[1]op x X(m = 2) + [1]1o ® YV (m — 2),
(b) Y(m) =[1Jo x X(m —1) +[1]o x Y (m — 1),
where [ple Xu[qly = [P@lowy, N0 ®[p+1q1]e; +- -+ [ge]ony = [Plroy + [a1)102, + -+ gk 102, Jooy -

Proof. (a) < Ox---%, 10% - %, 11%---% > If §o_,(z) = y in X(m — 1), then &,_,(0z) = Oy in
X(m). If bo_o(z) = yin X (m—2), then 65_,(10z) = 00y in X (m). If §;_,(z) = y in Y (m —2),
then 6g_,(11z) = 10y in X (m) and so the transient length of 11z is equal to 2.

(b) <Ok, 1% % >If §o_,(z) = yin X (m—1), then 6;-,(0z) = Oy in Y (m). If 61_,(z) = ¢
in Y (m—1), then 6;_,(1z) = 0y in Y (m) and the transient length of 1z is equal to that of z. O

Using the last theorem we can recursively compute transition diagrams of CA—8,_;(m) as
follows:

First Assumption : A(0) = C(0) = B(0) = D(0) = [1]., A(1) = [2] and B(1) = [1]o + [1]:.

[1]o x A(0) + [1]o x C(0) = [1]o + [1]

= [1]o x B(0) + [1]o x D(0) = [1]o + [1]o = [2]o
[2]o = [2Jo0 + [2]o0 = [4]oo

[1)e + [110 @ [1]e = [2]o0 + [1]oo

1) + [Lo x [2]o = [1]oo + [1]or + [2]oo

i)+[1]oo><[1]s+[1]o [1]. = [1]oo

= [2]o

o

—
—

+ [[1]10Joo = [3 + [1]10]oo
= [3]oo + [1]ox
+ [1ox + [1oo + [[1]10]oo

+ [1]10Jo0 + [1]o * [4]oo = [3 + [1o10]o0o + [4]ooo = [7 + [1]o10]o00

+ [1]10Joo + [1Joo x [2]o + [1]10 ® [2]o = [3 + [Lo10Jo0o + [2]ooo + [[2]100]000
Jo1o + [2]100]000

(12 + [T1oJoo + [1or) + [1o x ([3Joo + [1]o1)

o10)ooo + [1]oo1 + [3Jooo + [1]oo1

1]o10]ooo + [2]o01

([2 + [1holoo + [Lox) + [1oo % ([1]o + [1]1) + [1]10 ® [2]o
Jo1oJooo + [1]oo1 + [1]ooo + [1]oo1 + [[2]100]000

lo1o + [2]100J000 + [2]o01

—rr— X e X — X X

+ 4+ ++5 4

54 [1]o10 + [2]100]000 + [1]o * [7+ [1]o10]oco = [5 + [1oo10 + [2]o100]ot + [7 + [1]o010]0*
2]o010 + [2]o100]0t

5 + [1oo10 + [2]o100]ot + [3 + [1]oo10]ot + [[4]1000]0¢

8 4 [2]o010 + [2]o100 + [4]1000]0¢

1o x B(3) + [1]o x D(3)

(3 + [1oz10 + [2]o102]ot + [2]0s1 + [5 + [Lo210]0t + [2]031

[8 + [2]0210 + [2]o102]0¢ + [4]031

[1]o x B(3) + [L]oo x B(2) + [1]10 ® D(2)

(3 + [1oz10 + [2]o102]o¢ + [2]os1 + [2 + [Loz10Jos + [os1 + [3l102Jos + [[1]1021]051

[5 + [2]o210 + [2Jo102 + [3]103Jot + [3 + [1]1021]051

[1]o x [8 4 [2]o010 + [2]o100 + [4]1000)0t + [1]o * [12 + [2]o010 + [2]o100]0t

[8 + [2]o0010 + [2]oo100 + [4]o1000]05 + [12 + [2]00010 + [2]o0100]0

[20 + [4]o0010 + [4]oo100 + [4]01000]05

[1]o x [8 + [2]oo10 + [2]o100 + [4]1000]0¢ + [L]oo X [5 + [L]o10 + [2]100]000 + [1]10 @ [7 + [1]o10]000
[8 + [2]ooo10 + [2]oo100 + [4o1000]0s + [5 + [1]ooo10 + [2]oo100]0s + [[T]10000 + [1]10010]08
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= [13 + [3]oo010 + [4]oo100 + [4]o1000 + [7]10000 + [1]10010]0%
D(5) =[5+ [2]ps10 + [2]o2102 + [3Jo10s]os + [3 + [Lloao21]os1 + [8 + [2]os10 + [2]o2102]0s + [4]ot
= [13 + [4]os10 + [4]o2102 + [3o103]os + [7 + [o1071]041
B(5) = [5+[2]o310 + [2]02102 + [3]o103Jos +[3+ [Hor021]ot1 +[3 4 [Los10 + [2]02102 Jos + [2]o¢ + [[B]10¢ +
[1 ]1021010 + [[2]1031]0#1

= [8 + [3]os10 + [4]o2102 + [3lo10s + [Bliot + [1]10210)0s + [5 + [1o1021 + [21031]01
1o % [134+[3]os10+[4]o0100+ 4010 +[7]10t +[1}10010]05 +[1]0 X [20+[4] 03 10+ [4]00100 +[4] 0105 Jo3
13+ [3]ot10 + [4]o3100 + [4]oo108 + [7]or0t + [1o10010]0s + [20 + [4]os10 + [4lo3 100 + [4]oo10% Jos
33 + [T]ot10 + [8]o3100 + [8loo108 + [T]o10t + [LJo10010]08
1]0 X [13 + [3]os10 + [4]oo100 + [4]o10s + [T]iot + [Llioo10Jos + [1oo X [8 4+ [2]o010 + [2]o100 +
[4]103]04 [1]10 ® [12 + [2]oo10 + [2]0100]0¢
= [134[3]ps10 + [4]o100 + [4loo10s + [T]o10t + [L]o10010)0s + [8 + [2]0s10 + [2]03 100 + [4]o0103Jos +
[[12]105 + [2]10810 + [2]100100]08
= [21 + [5]o¢10 + [6]0s100 + [8]oo10s + [T]o10t + [1or0010 + [2]10310 + [2]100100 + [12]105]os
D(6) = [8 4 [3]os10 + [4]os102 + [3]o2108 + [S]otot + [Hor0210Jos + [5 + [Ho21021 + [2]o1081]051 + [13 +
[4]os10 + [4]o3102 + [3Joz103Jos + [T + [1]o21071]051
= [21 4 [T]ps10 + [8]os102 + [6]0210% + [5]o10t + [1]or0210J0s + [12 + [2]e21021 + [2]o1031]0%1
B(6) = [8 + [3ot10 + [4]os102 + [3lo2108 + [BJo10t + [Lor0210Jos + [5 + [1oz1021 + [2]or031]os1 + [5 +
[2]o¢10 + [2los102 + [3Joz109]0s + [3 + [o21021]0s1 + [[8]105 + [2]10310 + [2]102102]0s + [[4]1001]051
= [13 + [5]ot10 + [6]o102 + [6]02108 + [Blotos + [L]ot021 + [810s + [2]10810 + [2]10#1]0s + [8 +
[2]01021 + [2loz0s1 + [4l10t1]0%1

()

10 CA-T72

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—T2,_,(m). First we recall that a triplet local transition function f with rule
number 72 is illustrated by the following figure:

Rule 721111 110 101 100 011 010 001 000
0 1 0 0 1 0 0 0

The symmetric and the complemented rule mumbers to 72 are 72 and 237, respectively.

Theorem 10.1 For cellular automata CA—T2 the following formulas hold:
(a) Clm) = B(m) (Symmetry),
(b) X(m) = [[1]10m—la]0m —+ [1]0 X X(m — 1) + [1}00 X X(m — 2) -+ [1]110 X X(m — 3) -+
Treall10-310 ® X (m — k),

() Y (m) = [Thom-salom + [ x X(m = 1) + [L1o x X (m —2) + Tfes{Uos-210 ® X (om — k),

where [1]10k-310 ®p+[q)e + -+ [qk}xk]y = [[P]10k-310y + [91]10k-310x1 +o 4+ [Qk]10k~310mk]oky'

Proof. (b) < 150 % -+ % >

If 6g_o(z) = y in X(m — 1), then So—,(0z) = Oy in X(m). If §o_o(z) = y in X(m — 2), then
S9—a(10z) = 00y in X (m). If §o_o(z) = y in X(m—k) for k > 3, then So_,(1*710z) = 10*7°10y
in X(m). 6o_a(1™) = 10m72G and 6o-,(10™2a) = 0™ in X (m).
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(c) < 1F0* - % >
If 6g—a(z) = y in X (m—1), then §;_,(0z) = 0y in Y (m). If §o_,(z) = yin X (m—k) for k > 2,
then 6;_,(1*710z) = 057210y in Y (m). So_o(1™) = 0™1G and §y_,(0™71a@) = 0™ in Y (m). O

Using the last theorem we can recursively compute transition diagrams of CA—72,_,(m)
as follows:

([ Tl

P

W N = O
NN P

lioz21oe + [1]o x A(3) + [1oo x A(2) + [1}110 x A(1) + [1]1010 x A(0)
lio21Jos + [1o x ([5 + [1101]os + [Hor1 +[1 ]110) [1Joo x ([ Joo + [1}1)

A(4) 00
+ [1ho1)os

%110 x ([2lo) + [L1010 X [([ Ie) = [[tioz1)or + [5 + [Loro1]os + [Hoor1 + [Lor1o
+ 12

pse
w'_“_,:s-—k

0t + [Loo11 + [2]1100 + [1]1010
o101 + [1]1001 + [1010]ot + [2oo11 + [Lor10 + [2]1100

T+
— T T ——

—
0]
—

|__.4

A(5)

—
—
f—

hios1Jos + [1o X A(4) + [1]oo X A(3) + [1]110 X A(2) + [[1]1010 X A(1) + [1}10210 X A(0)]os

J1io31]os + [1]o x ([8 + [Lor01 + [1]1001 + [1]1010)0t + [2]oo11 + [1]o110 + [2]1100)

o X ([5+[1101]os +[Hor1 +[1110) +[ 1120 ¥ ([3Joo+[1]11) +[[ 11010 % ([2]0) +[1]10210 % ([1]<)]os
]1031]05 [8 + [1oo101 + [1]o1001 + [L]o1010]05 + [2]0311 + [Loo110 + [2]o1100 + [5 + [L]oo101]05
o311 + [1oo110 + [Bl110s + [H11011 + [2]0100 + [L]10210

[1Jo1010 + [Lor001 + [11031 + [1]10010 + [2]o0101 + [2]10100]05 + [3Jos11 + [2]oo110 + [2]o1100

[3]1108 + [1]11011

—
—

|.__\O [u—y

1

—
bt ) bnend

I
+++||j;1| [

[1]1041]os +[1]o x A(5) 4 [1]oo x A(4) + [1]110 X A(3) + [[1}1010 X A(2) + [1]10210 X A(1)]os
[1]10t1]os + [1o x ([13 + [1]o1010 + [Lor001 + [1]1031 + [1]10010 + [2]00101 + [2]10100]05

los11 + [2o0110 + [2]o1100 + [3]1108 + [1]11011) + [Lloo X ([8 + [1]or01 + [1]1001 + [1]1010]0¢
Joo11 + [1o110 + [2]1100 + [1]110 % ([5 + [1]101)oco + [L]o11 + [1]110)

Jio10 % ([3Joo + [1]11) + [[1]10220 x ([2]o) + [1s0#1]0s
[1]o1051 + [1]o10010 + [1]10¢1 + [110310 + [2]001001 + [2]001010 + [2]010100
l100100 + [3los101 + [3l10103 Jos + [5 4 [L]101011)0t11 + [3Jos110 + [4loo1100 + [3lo1108
Jor1011 + [5 + [L110101]110¢ + [1]110110

[1]10]o0 + [1]o1
[1Jo1o + [100]0s + [2]oo1 + [1]110

[[T]103Jot + [1]o x B(3) + [1oo X B(2) + [Ll110 x B(1) + [1]1010 ® B(0)

[[1]108Jot + [1]o x ([3 + [1ozo + [1]r00Jos + [2loor + [1}120) + [1]oo % ([2 + [1]10Joo + [1o1)
[0 x ([1o + [1]1) + [1]1010 ® [1].

(o100 + [L]105 + [11010 + [2]oo10]ot + [3]os1 + [1]o110 + [1]1100 + [1]1101

Jiot]os + [1]o x B(4) + [1Joo x B(3) + [1]110 ¥ B(2) + [1}1010 @ B(1) + [1]10220 ® B(0)
J10¢Jos + [1]o % ([5 + [1o100 + [1]105 + [1]1010 + [2]oo10]0t

Jos1 + [or10 + [11100 + [L]1101) + [1]oo % ([3 + [Lo1o + [1]100]os + [2]oo1 + [1]110)

J110 % ([1o1 =+ [1 + [2]10Joo) + [Lho10 ® ([Lo + [1]1) + [10210 ® [1]
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= [8 + [1]o10* + [1]o1010 + [1]10¢ + [1]10010 + [1]10100 + [2]o0100 + [3os10]0s + [5 + [L]10101]041
+ [2]oo110 + [1]o1100 + [1o1101 + [2 + [L]11010)1108 + [1]11001

C(0) =[1].
C(1) = [1o +[1]s
C(2) = [2 + [1orJoo + [1]10
C(3) = [3+ [1oo1 + [Loro]or + [L]ons
C(4) = [[osa]ot + [1o x A(3) + [1]10 x A(2) + [L]oro ® A(1) + [1]oo10 ® ([1].)
= [[1]os1Jos + [1o x ([5 + [H101]os + [1Jor1 + [1]110)
+ [110 x ([8oo + [1h1) + [Horo ® ([2]o) + [Hooro ® [1].
= [[1os1Jot + [5 + [YoroJos + [Hoo11 + [Lor10 + [3]100 + [L]1011 + [2]o100 + [L]oo10
=[5+ [1os1 + [Looro + [Loro1 + [2lo100]ot + [1]oo11 + [1or10 + [3]10s + [1]1011
C(5) = [[Mot1los + [1Jo x A(4) + [T]10 x A(3) + +[23 =5[1]or-210 @ A(5 — k)]
= [[1os1]os + [o x ([8 + [Lor01 + [1]1001 + [L]1010]0¢ + [2]oo11 + [1]o110 + [2]1100)
+ [110 % ([5 + [Tholos + [Hor1 + [1]110) + [Horo @ ([3Joo + [1]1) + [L]oo10 ® ([2]o)
+ [1Jos10 @ ([1]) = [[1o#1])os + [8 + [Llooto1 + [Lloroo1 + [o1010]0s + [2]o311 + [L]oo110 + [2]o1100 +
15+ [110101)10¢ + [110011 + [L10110 + [3]o10s + [1]o1011 + [2]oo100 + [1]os10
= [8 + [1os1 + [Los10 + [L]oor01 + [or001 + [1or010 + [2]oo100 + [3]o103Jos + [2 + [Lor011]0311
+ [Hoo110 + [2]o1100 + [5 + [1]10101)10t + [1]10011 + [1]10110
D(0) = [1].
D(1) = [2o
D(2) = [2}o0 + [1]o1 + [1]10
D(3) = [3 + [2lo10)o + [Loor + [1]100 + [1]101
D(4) = [osalot +[1o x B(3) + [0 x B(2) + [L]oro ® B(1) + [1]oo10 ® B(0)
= [[1ozalor +[1o x ([3 + [oro + [Lsoo]os + [2Joor + [1]110) + [110 x ([2 + [L}10Joo + [L]o1) +
[1Jo10 ® ([1o + [1]1) + [1oor0 @ [1]c
= [1]o¢ +[34[1oor0+[ o000t +[2]os1 +[1]o110+[2+[1]1010]105 +[1]1001 +[ L0100+ [ L0101+ [ 10010
= [4 + [2]oo10 + [2]o100Jot + [2 + [L]o101]os1 + [L]o110 + [2 + [1]1010]108 + [1]1001
D(5) = [[Wotalos + [1o x B(4) +[1]10 x B(3) + T3s[lor—210 ® B(5 — k)
= [[1]o¢a]os +[1]o % ([5+ [L]o100 +[1]1000 + [1]1010 +[2]o0100t +[3]os1 +[1]o110 + [1]1100 +[1]1101)
+ [110 x ([3 + [Lo1o + [1]100]os + [2]oo1 + [1]110) + [1o10 ® ([2 + [1]10)oo + [1]o1)
+ [oor0 ® ([1o + [1]) + [Hor10 ® [1]e
= [[Hoea)os + [5 + [Loor00 + [LJo10s + [1oro10 + [2]os10]os + [3ot1
+ [1oo110 + [1Jo1100 + [o1101 + [3 + [Ll10010 + [1]10100]10¢ + [2]1081 + [1]10110
+ [2 + [1o1010J0108 + [1]o1001 + [1]oo100 + [1]oo101
= [6 + [2]oo100 + [2Jo1010 + [3lo210 + [3Jo10s + [3 + [1]oo101 + [Lor001]ot1 + [oo110
+ [Hox100 + [or101 + [3 + [1]10010 + [1]10100]10¢ + [2]1081 + [1]10110
11 CA-108

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—108,_,(m). First we recall that a triplet local transition function f with rule
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number 108 is illustrated by the following figure:

Rule 108 | 111 110 101 100 011 010 001 000
0 1 1 0 1 1 0 0

The symmetric and the complemented rule mumbers to 108 are 108 and 201, respectively.
Theorem 11.1 For cellular automata CA—108 the following formulas hold:

(a) C(m) = B(m) (Symmetry),

(b) X(m) =[1]o x X(m — 1) + [l x Y (m —1),

)=
(c) D(m) = [1om + [1gm-211 + [1]oo x B(m—2) + [1]100 X B(m —3)+ Lreq[Lok-3100 X B(m —
k) + [l x D(m — 2) + 3{s[1er-3111 X D(m — k),

Proof. (b) < Os -+ 1sk- % >

If b-a(z) = y in X(m — 1), then 8o_,(0z) = Oy in X (m). If §;_,(z) = y in Y (m — 1), then
61-a(1z) = 1y in X (m).

(¢) < 1¥00 % - - -, 1501 % - - - % >

If69—o(z) = yin X(m—2), then 6;_,(00z) = 00y in Y (m). If §_,(z) = yin X (m—k) for k > 3,
then 6;_,(1¥7200z) = 0¥72100y in Y (m). If §;_,(z) = y in Y (m — 2), then §;_,(01z) = 11y in
Y(m). If 6_,(z) = yin Y (m — k) for k > 3, then 6;_,(1¥7201z) = 0*=*111y in Y (m). O

Using the last theorem we can recursively compute transition diagrams of CA—108,_,(m)
as follows:

A0) = [1].
A =[1]o+ [1]
A(2) = [1oo + [1o1 + [1J10 + [1]

A(3)=[1]o x A(2) + 1} x C(2)
= [1]0 X ([1oo + [1Jor + [1]20 + [1]22) + [1]z x (

[Loo + ([1lox + [1]11) + [1]10)
= [1ooo + [Hoo1 + [Loro + [Hor1 + [1]100 + ([1J102 + [1]

111) [1]1]0

A(4)

—
[

o X A(3) +[1]; x C(3)

0 X ([1Jooo + [LJoor + [Loro + [Ho11 + [100 + ([L101 + [1]121) + [1]110)

1 X ([Looo + [2 + [2]111)o01 + ([Lo10 + [1]110) + [1]100)

= [1]oooo + [Looo1 + [1oo10 + [L]oo11 + [Loroo + ([1Jor01 + [1o111) + [1o110 + [1]1000
[2 4 [2]1111)1001 + ([1]1010 + [1]1110) + [1]1100

[y
—

—

—

+E
+

A(5)

[
o

x A(4) +[1]; x C(4)
X ([Loooo + [1ooor + [1oo10 + [1]oo11 + [Loroo + ([Hozor + [1]o111)
0110 + [1]1000 + [2 + [2h111]1001 + ([L]1010 + [L1110) + [1]1100)
1 X ([1oooo + [2 + [2]1111]0001 + [2 + [2]1110]0010 + [Loo11 + ([1]o100 + [1]1100)
([TJo111 + [L]1101) + [L]1000 + [1]1001)
= [1ooo00 + [Loooo1 + [Heoo1o + [Hooo11 + [Hoor0o + ([Loor01 + [1]oo111) + [Loor10 + [1]o1000
+ [2 + [2]o1111])01001 + ([1]o1010 + [LJo1110) + [1]o1100 + [L10000 + [2 + [2]11111]10001
+[2 + [2]11110]10010 + [L]10011 + ([1]10100 + [1]11100) + ([10111 + [1]11101) + [112000 + [1]112001

A(6) = [1]o x A(5) + [1]1 x C(5)
= [1]o x ([1]ooooo + [LJoooor + [1]oco1o + [L]ooo11 + [1oo100 + ([Loo101 + [Loor11) + [1]oo110
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+ [1o1000 + [2 + [2]o1111]01001 + ([o1010 + [L]o1110) + [Lo1100 + [1]10000 + [2 + [2]11111]10001
+ 2+ [2}11110]10010 + [1]10011 + ([L]10100 + [1)11100) + ([110111 + [1]11101) + [1]112000 + [1]11001)
+ [1o % ([1]oooso + [2 + [3]11111)00001 + [2 + [2]11110]00010 + [L]oco11 + [2 + [2]11100]00100
+ ([1Joor01 + [2 + [111101]00111) + [Loo110 + ([1]o1000 + [1]11000) + ([1o1001
+ 12 + [1o1111)11001) + ([Ho1110 + [1]11010) + [1]1000 + [L]10001 + [1]10010 + [L10011
= [1]000000 + [1]ooooo1 + [L]oooo10 + [1]oooo11 + [1]ooo100 + ([L]ooo1o1 + [Looo111) + [1ooo110
+[Loo1000 + [2+[2]o01111]001001 + ([ 1001010 + [1]o01110) + [1]o01100 + [L]o10000 + [2 4 [2]011111 010001
+ [2 + [2]o11110]010010 + [LJo10011 + ([Hor0100 + [1]o11100) + ([L]or0111 + [1o11101) + [o11000
[1]011001 +[1]100000 +[2 + [3]111111)100001 + [2 4 [2]111110] 100010 + [L]100011 + [2 + [2]111100] 100100
+ ([1]100101 + [2 + [1]111101)200112) + [H100110 + ([101000 + [L]111000) + ([1]101001 + [2 +
(1101111 )111001)
+ ([1]101110 + [1]111010) + [1]110000 + [1]110001 + [L}110010 + [1]110011

(c)
C(0) =[1].
C’(l) = {1]0 + [1]1
C(2) = [1oo + ([Hor + [111) + [0
C(3) = C(2) x [1]o + D(2) x [1h
= ([Hoo + ([Hor + [1]11) + [1]10) x [1]o + ([2 + [2}11]oo) x [1]s
= [1ooo + [2 + [2]111]001 + ([1]o10 + [1]110) + [L]100
C(4) =C(3) x[1Jo+ D(3) x [1h
= ([1ooo + [2 + [2]111]001 + ([1]o10 + [T]110) + [T]oo) % [1]o
+ ([2 + [2]111]o00 + [1oor + ([LJo11 + [1]110) + [1]100) % [1]1
= [1]oooo + [2 + [2]1111]0001 + [2 + [2]1110]0010 + [1]o011 + ([1]o100 + [1]1100)
+ ([1Jo111 + [M)1101) + [1]1000 + [1]1001
C(5) =C(4) x [1]o+ D(4) x [1];
= ([1oooo + [2 + [2]1111]0001 + [2 + [2]1110]0010 + [1]o011 + ([1]o100 + [1]1100)
+ ([1Jo111 + [1]1101) + [T1000 + [1]1001) * [1]o
+ ([2 + [3]1111]0000 + [Hooo1 + ([1]oo10 + [2 + [1]1110]0011) + ([1Jor00 + [2 + [1]o111]1100)

+ [11000 + [1]1001) x [1]1
= [1ooooo + [2 + [3]11111J00001 + [2 + [2]11110]00010 + [Looo11 + [2 + [2]11100]00100
+ ([1Joor01 + [2 + [1]11101J00111) + [Hoo110 + ([L]or000 + [L]11000) + ([1]o1001
[2 + [1]o1111]11001) + ([1]o1110 + [L]11010) + [L]100000 + [L]100001 + [L]100010 + [1]100011

C(5) x [1]o + D(5) x [1]s
([1Jooooo + [2 + [3]11111]00001 + [2 + [2]11110]00010 + [L]ooo11 + [2 + [2]11100]00100
[Tloot01 + [2 + [111101)00111) + [Loo110 + ([1]o1000 + [1]11000) + ([1]o1001
[ Jor111]11001) + ([Lor110 + [L]11010) + [1]100000 + [1]100001 + [1]100010 + [1]100011) X [1]o
[2 + [4]11111]00000 + [1]oooo1 + ([Loco10 + [2 + [1]11110]00011) + [3 + [3]11100 + [3]00111]00100
[1]o1000 + [2 + [1]o1111}11000) + ([1o1001 + [1]11001) + ([o1110 + [1]11011) + [1]10000 + [1]10001
(110010 + [1]10011)) X [1h
= [1]oooooo + [2 + [4]111111]000001 + [2 + [3]111110]J000010 + [1]o00011 + [2 + [2]111100]000100
+ ([1]ooo101 +[2+ [111101]000111) + [Looo110 + [2+ [2]111000 001000 + [3+ [4]111001 + [3]001111 J001001
+ ([1Joo1010 + [2 + [1]111010J001110) + ([LJo10000 + [1]110000) + ([Lo10001 + [2 + [L]o11111]110001)
+ ([1Jor0010 + [2 + [o11110]110010) + ([1]010011 + [1 J110011) + [oo1100 + ([1]o11100 + [1]110100)
+ ([1Jo11101 + [1]1120111) + [1]100000 + [1]100001 + [1]100010 + [1]100011 + [1]100100

+

C(6)

(
2
(
(
+(
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+ ([1]100101 + [1100111) + [1]100110

(0)

B(0) = [1].

B(1) = [1]o + [1]s

B(2) = [loo + [Ho1 + ([1]20 + [1]12)

B(3) = (1o x BE) + [l x D(2)
= [1Jo % ([1oo + [or + ([Tho + [t]11)) + [1]1 x ([2 + [2]11]00)
= [1]ooo + [LJoor + ([Joro + [1]o11) + [2 + [2]111]100

B(4) = [1]o x B(3) + [1]: x D(3)

= [1]o x ([1 }000 + [oor + ([HJoro + [L]or1) + [2 + [2J111]100)
+ [1]o x ([2 + [2]111]000 + [1]oo1 + ([1]o11 + [1]110) + [L]100

= [1Joooo + [1]ooor + ([1]oo10 + [Loo11) + [2 + [2]o111]0100 + [2 + [2]1111]1000
+ [1]1001 + ([1J1011 + [1]1110) + [L]1100

B(5) =[1]o x B(4) + 1y x D(4)
= [1]o % ([1]oooo + [1]ooo1 + ([oo10 + [1]oo11) + [2 + [2]o111]0100 + [2 + [2]1111]1000
+ [1]1001 + ([11021 + [1]1120) + [11100)
+ [1]1 % ([2 + [3]1111]0000 + [1]ooor + ([1]oo10 + [2 + [1]1110]0011)

+ ([1]o100 + [2 + [1o111]1100) + [1]1000 + [1]1001)
= [1]oo000 + [Loooo1 + ([1]ooo10 + [1]ooo11) + [2 + [2]oo111]00100 + [2 + [2]01111]01000
+ [Lor001 + ([1o1011 + [Loa110) + [Lor100 + [2 + [3]11111]10000 + [1]10001 + ([1]10010
+ [2 4 [1]11110)10011) + [1]10100 + [2 + [T]10111]11100 + [L]11000 + [1]11001
B(6) o x B(5) +[1}; x D(5)
([ Jooooo + [1Joooo1 + ([Hooo10 + [1ooo11) + [2 + [2]oo111)00100 + [2 + [2]o1111]01000
1001 + ([Lor011 + [1o1110) + [Lo1100 + [2 + [3]11111]10000 + [L]10001
10010 + [2 + [1]11110]10011) + [L10100 + [2 + [1101121]11100 + [L]11000 + [1]11001)
X ([2+[4]11111]00000 + [oooo1 + ([L]ooo10 + [2+ [11110]00011) +[3 + [3]11100 + [3]00111]00100
1]01000 + [2 + [1o1111]11000) + ([Jo1001 + [1]11001) + ([1]o1110 + [1]11011)
10000 + [1]10001 + ([L]10010 + [1]10011) + [2 + [4]11111)00000 + [3 + [3]11100 + [3]o0111J00100
00010 + [2 + [1]11110J00011 + [1o1000 + [2 + [1]o1111]11000)

r——1b—k);',...;
—_ et L
s ©

[1)s

++++++” Il
I—*l—-—ir—n::

Lo N e BN
[Py SR |

D(3) - [2 + [2]111]000 + [1]001 + ([1]011 + [1]110) + [1]100

D(4) = [1]oo x B(2) + [1]i00 x B(1) + Ei é[ lot-k-3100 X B(k)
+ [111 x D(2) + [1111 x D(1) + TiZt[ot-k-s111 X D(k) + [1gs-211 + [1]os
= [1Joo x ([1Joo + [Tor + ([1Js0 + [1]12)) + [Thoo x ([1]o + [1]1) + TiZo[or-0-3100 x ([1]:)
+ [1a1 x ([2 + [2]adoo) + [Maa2 x ([To + [1]h) + o [Wot-0-s111 % ([1]e) + [Lor-211 + [1]os
= [1]oooo +[1]o001 +[1]oo10 +[1]oo11 +[2]1100 +[1]1000 +[1]1001 + [o100 + [2+ [2]1111]1100 + [L]1110
+ (11111 + [1o111 + [1oo11 + [L]oooo

= [2 + [3]1111]0000 + [Looor + ([Loo1o + [2 + [1]1110]0011) + ([LJor00 + [2 + [1]o111]1100)
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+ [1]1000 + [1]1001

D(5) = [1oo x B(3) + [1100 x B(2) + T3Zo[Uos-+-3100 X B(k
111 x D(3) + [1J111 x D(2) + Z [ Jos-k-3111 x D(k

[ )
[ )
[1Joo % ([1ooo loor + ([To10 + [1oa1) + [2 + [2]111]100
[ [1 [1

[

[

[

+ [ ]05-—211 -+ [1]05
1 +[1 [ 100)

100 % ([Loo + [Lor + ([0 + [1]11)) + ([1o100 % ([1]e) + [LJoo0 % ([1]o + [1]1)

111 % ([2 + [2]111]o00 + [Loor + ([Jo11 + [1]110) + [1]100)

T % ([2+ [2]11]oo) + ([Hoz1a1 x ([1]e) + ([Toraaa x ([1o + [1)1) + [Los-211 + [1]os
1ooooo +[1 ]00001 + [1ooo10 + [ooo11 + [2 + [2lo0111]00100 + [1]10000 + [1}10001 + [1]1 + [1]10010
[1]10021 + [1]oo100 + []o1000 +[Lo1001 + [24 [2]11111]11000 + [ 111001 + [1]12011 + [1] 11120 + [1}11100
(111111 + [2 + [2]11111)11200 + [oo111 + [1o11120 + [1]o1111 + [Looo11 + [1]ooooo

[4]11111]00000 + [LJoooor + ([Hooo1o + [2 + [L]11110]00011) + [3 + [3]11100 + [3]00111]00100
E[l]omoo + [2 4 [1o1111]11000) + ([Lor001 + [1]11001) + ([o1110 + [111011) + [1]10000

1

[1

H+++II+H

++++++

J10001 + ([1]10010 + [1]10011) + [2 + [4]11111]00000 + [3 + [3]11100 + [3Joo111]00100
looo1o + [2 + [1]11110J00011 + [1o1000 + [2 + [1]o1111]11000

00 X B(4) + [1]100 X B(3) + 2325[1os-#-3100 X B(k)
[ )+ [Thir x D(3) + ©o=6[Ues-k-3111 X D(k) + [1os-211 + [1]s
[1]oo % ([1]oooo + [L]ooor + ([1 ]0010 + [(1oo11) + [2 + [2]o1110100 + [2 + [2]1111]1000
[1]1001 + ([1]1011 + [1]1110) + [11200) + [L100 X ([L]ooo + []oor + ([1ozo + [1]o11)
[2 + [2]111]100) + ([Hos100 % ([1]e) + [1o2100 * ([1]o + [1]1)
[1]or100 % ([1 ]oo + [1o1 + ([1]10 + [111)) + [1]11 % ([2 + [B1111]J0000 + [1]ooo
([1Joo10 + [2 + [1]1110]0011) + ([Lo100 + [2 + [1]o111]1100)
1000 +[1]1001) + [1]111 % ([24[2]111]000 + [1]oo1 + ([1]o11 + [1]110) +[1]100) + ([1es111 % ([1].)
o2 X ([Ho + [1]1) + [Lor111 x ([2 + [211]o0) + [Los-211 + [1]os
Joooooo + [1]ooooo1 + [1]oaoo10 + [1]oooo11 + [2 4 [2]000111 Jooo100 + [2 + [2]001111]001000 + [1]001001
Joo1011 + [L]oo1110 + [Lo01100 + [1]100000 + [1]100001 + [1]100010 + [1]100011 + [2 + [2]1001211 ]100100
Jooo00 + [1oo1000 + [L]oo1001 + [1]o10000 + [1]o10001 + [Ho10010 + [1or0011 + [2 + [3]111111 ]110000
]110([)(? + [1]110010 4[24 [1]111110)110011 + [L130100 + [2 4 [T110111 J131100 + [ 111200 + [1]112001
1}111001 + [1]111011 + [1111110 + [1111100 + [Looo111 + [oo1110 + [1oo1111

[ ]011111]011100 + [1]000011 + [1]000000
}111111]000000 + [1]ooooo1 + [1]oooo10 + [2 + [2]111110]000011 + [3 + [3]ooo111 + [3]111100]000100
+ [3Joo1111 + [3]111000]001000 + [2 4+ [2]111001J001001 + [L001011 + [24 [1]111011 001110 + [1oo1100
Joz0000 + [2 + [2]o11111)110000 + [LJ010001 + [1]110001 + [Lo10010 + [2]110011 + [1J010011
]110[01]0 + [1%100000 + [1]100001 + [1]100010 + [1]100011 + [2 + [2]100111]100100 + [1110100
+ (1110111011100

D(6) = |
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12 (CA-1

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—1,_4(m). First we recall that a triplet local transition function f with rule
number 1 is illustrated by the following figure:

Rule 1111 110 101 100 011 010 001 000
0 0 0 0 0 0 0 1

The symmetric and the complemented rule mumbers to 1 are 1 and 127, respectively.

Theorem 12.1 For cellular automata CA—1 the following formulas hold:
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(a) B(m) =C(m) (Symmetry),

(b) (m)3 [Uim-ta + [T x Y(m = 1) + [1oo x Y (m — 2) + ZiLs[1]is-200 X Y (m — k) for
Z ?

() Y(m)=[1ox X(m—=1)+[1]o @Y (m —1) for m > 2,

where

(1) (1o ® [p + [¢is:Jory = [[Ploorylocos + [[g1Jos, + -+ + [gx]os,lorsy

if 01y — 00z 1n Y (m — 1),

(1) [1o @ [p + [@:]ora; + [45]0012;]000y = [P + [¢:]o012;Jooooy + [[45]00012, Jo1004

if 000y — 011z in Y (m — 1) and z,; # z for all j,

(441) [1]o ® [p + [¢:]o1e; + [¢5]0015,]o00y = [P+ [¢:]o010:]0000y + [[95]00014; Jor00y + (255 Jooo125,
if 000y — 011z in Y(m — 1) and z,, = 2.

Proof. (b) < 0F 11 x .- x >

So—a(12) = 0y, 60—a(01z) = 00y, 69—, (0 11z) = 177200y (k > 3), §p—.(0™) = 1™ 1.
() < 1% 10 % >

81-a(0z) = 0y, 61-,(10z) = 00y, 6,_,(1¥710z) = 0y (k > 2).

§1_a(1™) = 0™

(Note that if y = 00f then y = 000} and z; = 01z! or z; = 001z..) O

The following detailed formulas for the operation ® also are valid:

[1Jo® < [p + [Qi]01wi + [qﬂ']OOMJ’]OOOy) [7" + [Sk]uk]()lz >=< [P + [Qz‘]oom + [7’]001z]0000y, [[Sk]Ouk]Ollz >
+ < [0]oooz; [[¢5]00012;]0100y >
if 000y — 011z in Y(m — 1) and 1z; # z for all j.

[1Jo® < [p+ [g:]o1s; + [Qj]oouj]ooog, [+ [sk]uJo1: >=<[p+ [¢:]o012; + [7]0012]J0000y, [sk]ou,Jo112 >
+ < %5000z, [[Qj]ooouj]omoy >
if 000y — 011z in Y (m — 1) and 1z,, = z.

Using the last theorem we can recursively compute transition diagrams of CA—1,_,(m) as
follows:

First Assumption : A(0) = [1]., A(1) = ([1]o + [1]1) and A(2) = ([3]oo + [1]11)-

A(3) = [112a + [1Jo x C(2) + [1oo x C(1) + 3 25[1]16-200 X C(3 — k)
= [1]1s + [1]o x ([3Joo + [Ho1) + [oo x ([2]0) + [1]100 % ([1].)
= [1]111 + [3]os + [1loo1 + [2]os + [1]100
=[5 + [5]o> + [1oor + [1100
A(4) = 115z + [1Jo x C(3) + [1oo x C(2) + Tiasll1e-200 x C(4 — k)
= [11s + [Lo x ([6 + [1oo1Jos + [1]or1) + [Loo * ([3Joo + [1o1) + [1s00 X ([2]o)
+ [1]1100 x ([1].) = [1]1s + [6 + [os1]ot + [Loo11 + [3]os + [1os1 + [2]103 + [1]1100
= [9)ot + [1]1¢ + [1]os1 + [1]1100 + [1]oo11 + [1]109
A(5) = [Thaa + [1o x C(4) + [Uoo x C(3) + L7 zs[1]10-200 X C(5 — k)
= [1]1s + [1]o x ([11 4 [Toor1Jor + [Horz + [Loroo + [2]os1) + [oo % ([6 + [1oo1]os + [1]or1)
+ [1100 % ([3Joo + [1o1) + [H1100 % ([2]0) + [Taseo ¥ ([1]c) = [1]ss + [11 + [1]gs11]0s
+ [1oo1s + [Hooroo + [2]ot1 + [6 + [1]os1]os + [1]o311 + [3]10t + [1]1081 + [2]1105 + [1]1300
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[(17Jos + [1]15 + [3Jos1 + [1]1300 + [2]os11 + [2]1108 + [Hoo100 + [1]1031 + [1oo1z + [3]10¢

C(0) = [1].
C(1) = [1o x [1). +[1]o ® [1]. = [2]o
C(2) = ([1oo + [1o1) + [1]o ® [2]o = [3]oo + [1]ox
C(3) = [1o x ([3loo + [Lh1) + [1o ® ([3]oo + [L]o1) = ([3Jooo + [1o11) + ([3Jooo + [[1Joo1]ooo)
= [6 + [1]oo1]ooo + [1]o11
C(4) = [1o x {([5]ooo + [1]111) + ([LJoor + [L100)} + [1]o ® ([6 + [1JooaJooo + [1]o11)
= ([5)oooo + [1]o111) + ([LJooor + [Lo100) + [6]oooo + [1Jooor + [1]o011]0000
= ([11 + [1]oo11]oooo + [1]o111) + ([2]o0o1 + [L]o100)
D(0) = [1]
D(1) = [1]o x [1]. + [1]o ® [1]. = [2]o
D(2) = [1o x [2]o + [1]o ® [2]o = [4]0o
D(3) = [1]o x ([3]oo + [1]10) + [1]o ® [4]oo = ([T]ooo + []o10)
D(4) = [1]o x ([6 + [1]100Jooo + [1]110) + [0 ® ([7]ooo + [1Jo10)
= ([6 + [L]o100Jo+ + [o110) + [T]os =+ [[Too10]os
= ([13 + [1]oo10 + [1]o100]o¢ + [1]o110)
D(5) = ([114[1]o1100]0s + [1]o1110) + ([2]o1000 + [L]ooo10) + [1]o @ ([13 + [1]oo10 + [1o100]0t + [1]o110)
= ([11+ [1]o1100)0s + [L]o1110) + ([2]01000 + [Hooo10) + [13]0s + [1]ooo10 + [L]oo110)6s + [[1]oo110]05
= ([24 + [1]oo100 + [Loo110 + [Lo1100]0s + [1]o1110) + ([2]ooo10 + [2]o1000)
13 CA-5

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—5,_4(m). First we recall that a triplet local transition function f with rule
number 5 is illustrated by the following figure:

Rule5 | 111 110 101 100 011 010 001 000 |
/o o 0o 0 0 1 0 1 |

The symmetric and the complemented rule mumbers to 5 are 5 and 95, respectively.

Theorem 13.1 For cellular automata CA—5 the following formulas hold:
(a) B(m)=C(m) (Symmetry),

(b) X(m) = [1]1m-15 + [1]1m-205 + [1]10 X X(m — 2) + [1]oo x Y(m — 2) + Z73{[1]14-3010 @
X(m —k) + [11x-3000 ® Y (m — k) },

(c) Y(m)=[]o x X(m—1)+[1o @Y (m - 1),

where

(i) [1]o ® [p + [¢i]or02; + [%]000x,]010y [p + [4:]o0102; o010y + [[Qj]oooo:aj]0110y,
(i) [1o ® [p + [¢i]z:]o11y = [[Ploo11y]ooocoz + [[¢i]os;Jor11y 4f 011y — 00002 in Y (m — 1),
(1) [1]o ® [p + [¢:]o1s; + [45]002;]000y = [0+ [9:]0012:)0000y + [[Qj]oooscj]0100y'
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Proof. (a) < 0*7210 % - - %, 0" 211 % - - - x >

If 60-4(10z) = 10y, then §o_,(11lz) = 00y. If So_,(07210z) = 1¥73010y (k > 3), then
So—a(0F7211z) = 173000y (k > 3). Finally note that §o_,(0™) = 1™ and 8,_,(0™1) =
1™207.

(b) < 1*710 %% >

If 61_,(0z) = Oy, then 6;_,(10z) = 00y and §;,_,(1*710z) = 0%y (k > 2).

Finally note that 6,_,(1™) = 0™.

(Note that if y = 004 then y = 0004 and z;, = 012! or z; = 001z’.) O

The following detailed formulas for the operation ® also are valid:

1o ® [p + [¢:Jor0s; + [%]00%,]010;, [p + [¢:]oo102;Joo104 + < (956 Joooy, [[Qj]ooooxj]onoy >
ifz;, =y and z, #y. :

[1]o® < [p + [gi]o10s; + [¢5]000s;]010y, [+ [88J010u, + [SkJo0ousJor0: >=< [p + [¢:]o0102: 0010y, [ +
[Sh]0010uh]00102 >+ < [%0]0003}; [[Qj]ooooxj]onoy >4+ < [Skg]OOOZ) [[Sk]oooc)uk]onoz >
ifz;, =y, z; # vy, uy, = 2z and uy, # 2.

1o® < [p+[a]o1a; + [Qj]oomj]()oop, [+ [Sk)ui)or1: >=< [P+ [¢:]oo1s; +[rlo0112] 0000y [[SkJous Jor112 >
+ < [[9;]o0002; 0100y > 00201 >

Using the last theorem we can recursively compute transition diagrams of CA—5,_,(m) as
follows:

A(0) = [1].
A(l) = [2]1
A(2) = [oo + [1or + [1]10 + [1]11

A(3) = 11254+ [120a+ 110 X A1) +[1oo X C(1)+ 325 {[1]15-3010® C (3= k) +[1]15-30s ®C(3—k) =
[1]ss + [Lio1 + [1so % ([2]1) + [Loo % ([2]0) + [Lo10 ® ([1]e) + [1os ® ([1].) = [1}15 + [L]101 + [2]101 +
s + [1oro + [1]os

— [3]03 -+ [1]13 -+ [3]101 + [1]010

+ [1]120& =+ [1]10 X A( ) [1]00 X
[T} + [1]1201 + [1]o x ([1]oo + [
+ [11010 ® ([1]e) + [1os @ ([2

1+ 2+ [2ot]o21 + [2]o201 + [
14 + [2]os1 + [1)1101 + [2]o101 +

(2) + s [U15-3010 ® A(4 — k) + [1s-305 ®
1 + [1h1) + [Hoo x ([2 + [2]o0]o1 C(2) +
1[]5) = [1}1+ + [1]1101 + [1108 + [1]1001 +

0 108
[2]1010 + [2]103 + [1]1011

(5) = [1fas-1a + [11s-20a + [1]10 X A(5 = 2) + [1]oo x C(5 = 2) + s {[U1£-3010 @ A(5 — k) +
li#=3000® C (5= k) = [1]1s -+ [11301 +[1]10 X ([3]os + [1]13 + [3]101 +[o10) + [1oo x ([3]os + [3Joor +
Joro +[1o11) + [Lo10 ® ([oo + [Hor + 110 + [1]11) +[1]1010 ® ([2]1) + [ 112010 @ ([1].) +[1]os @ ([2+
JooJo1) +[1]103 ® ([2]o) + [1120s ® ([1]e) = [1]15 +[1]1301 +[3]10¢ +[1]1015 +[3]10101 + [1]10010 +[3]os +
Jos1 + [os10 + [1os11 + [Llo1os + [1]or001 + [Loto10 + [1or011 + [2]10101 + [111010 + [2]10¢ + [1]1108
= [5]os + [L]1s + [5]os1 + [1)1z01 + [3os10 + [L]11010 + [1]os11 + [1]1105 + [1o1s + [L]or011 + [L]o1001
+ [1o1010 + [1]10010 + [5]10101

A(6) = 1],
C(6—k) =

55 [ ]15 20a+[1]10 XA(6—2)+[1]00 X6(6—2)-}-22:3{[1]11:—3010@14(6—/C)—I—[l]lk—aos®
[ l1sa+[15-20a +[1]10 X ([2]ot +[1]16 4+ [2]031 +[1]1101 + 20101 +[1]1001 + [2]1010+[2]105 +

24



[1]1011) + [1oo x ([6 + [1oo11]ot + [Los1 + [2]oo10 + [3 + [3os1]o101) + [1o10 ® ([3]os + [1]1s + [3]101 +
[1o10) + [H1010 ® ([H]oo + [Hor + []1o + [1]11) + [111020 ® ([2]1) + [L1s010 ® ([1]e) + [1os @ ([3]es +
[3Joo + [1Jozo + [o11) + [1]10s @ ([2 + [2]oo]o1) + [11108 @ ([2]o) + [1130s @ ([1].) = [1]zs + [1]1201 +
[1]105 +[1]101¢ +[2]10t1 + [L]101101 + [2]100101 + [L101001 +[2]101010 +[2]1010° +[1]101012 + [6+[1]0211J0s +
[1]gs 13 +[2]os10+[34[3]os1J0s 101 +[3Jo10¢ +[ 1010010+ [3lo10101 + [1]01013 +[1] 10108 +[1]101001 +[1]101010+
(101011 + [2]110101 + [113010 + [3Jos + [3los1 + [L]ot10 + [Los11 + [2 + [2]105]1041 + [2]110¢ + [L]1308
= [9]os + [1]16 + [6]os1 + [L]1201 + [3Jot10 + [1]13010 + [2]ot11 + [1]1305 + [3Jos101 + [2]110101 + [1]0312
+ [2]1104 + [3]0104 + [1]01013 + [1]010010 + [3]010101 + [6]105 + [1}1014 + [4]1041 =+ [1]101101 + [2]100101

+ [3li0105 + [2]101011 + [2]101001 + [3101010

B

B(3) = [1}ea + [Uss-20a + [Tho x B(3 = 2) + [Hoo x D(3 = 2) + T3_s{[1s-s010 ® B(3 — k) +
[~ 303®D(3 k) = [1120 + 11100 +[1]10 x ([2]0) +[1]oo * ([2]o) +[Lo10 @ ([1].) + [Tooo @ ([1].) =
(110 + [Thoo + [2]100 + [2]os + [1]o10 + [1]os

B(3) = [3]ooo + [1]o10 + [3]100 + [1]110

B(4) = [1]ys-13+[1]1s=205+[1]10 X B(4—2)+[1]0o x D(4—2)+ 4 _a{[1]14-30100 B(4—k)+[1]1x-30s ®
D(4—k) = [1]ys-10+[1]1e-200+[1}10 ¥ ([2+[2]00]10) +[Lloo X ([4]oo) + [L]o10 @ ([2]0) + [1010 @ ([1]. ) +
[1os @ ([2]0) + [110 @ ([1]e) = [1130 +[T1200 + [2+ [2]103]1010 +[4lot + [2]o100 +[1]1010 +[2]ot +[1]100
= [6 + [1]1100)0¢ + [L]130 + [2]o100 + [3 + [3]10%]1010

B(5) = [1]15-15 + [1]15-205 + [1]10 X B(5— 2) + [1]oo x D(5 — 2) + res{[1ik-s010 ® B(5 — k) +
[1]1%-3000 ® D(5 k) = [1140 + 11300 + [L]10 % ([3Jooo + [1]o10 + [3100 + [L]110) + [L]oo x ([T]os +
[Mozo) + [Horo @ ([2 + [2]oo)s0) + [Hioro @ ([2]0) + [Hi1010 ® ([1]) + [Lo> @ ([4loo) + [Hio10 ®
([2]0) + [1110s @ ([1]c) = [1]eo + [1]1300 +{3]10¢ + [1]10010 + [3]10100 + [1]10110 + [7]os + [Los10 +[2 +
[2]010%Jo1010 + [2]10100 + [1]11010 + [4los + [2]10100 + [1]1109

= [10 4 [1]1500Jos + []120 + [2 + [1]1102]0310 + [L11010 + [2 + [2]o108 Jor010 + [5]10¢
+ [1]10110 + [1]10010 + [5]10100

B(6) = [1]1s-15 + [T]1s-205 + [1]10 X B(6 = 2) + [1]oo X D(6 — 2) + f_{[116-3010 ® B(6 — k) +
[1]1-3000 ® D(G k) = [1]1s0 + [11200 + [1)10 X ([6 + [1]1100]0t + [1]130 + [2]o100 + [3 + [3]10%]1010) +
[1oo % ([9]o¢ + [1]o110 + [3]oo10 + [3]1000) + [1]o10 ® ([3]ooo + [1o10 + [3]100 + [1]110) + [1]1010 ® ([2 +
[2]00]10) =+ [T11010 ® ([2]0) + [L111010 @ ([1]e) + [L]or ® ([7]o> + [Lo10) + [Lhios % ([4]oo) + [11100 ®
([2]0) + [1130s ® ([1].) = [1]1s0 + [1]1400 + [6 + [L]101100]0s + [L]10130 + [2]100100 + [3 + [3]10102 101010 +
[9]os + [1Jos110 + [3Jot10 + [3Joo10s + [3Jorot + [2]o10010 + [3]o10100 + [L]oz0110 + [2 + [2}10103 101010 +
[2]110100 + [M13020 + [T]os + [1os10 + [4]10s + [2]1108 + [1]1308

= [154[1]1400]os + [1]150 + [5+ [11303 ot 10 + 112010 + [2]02100 + [2]110100 + [103110 + [2] 1704 + [3]010t +
[1]010110 + [1]010010 + [3]010100 + [10 + [ ]101100]105 + [ li0130 + [2]100100 + [5 + [5]10103]101010 + [1}11031

C(0) = [1].
C(1) = [2]o
C(2) = [2)oo +[2]

C(3) = [Hos + [1o x A3 — 1) + Tiep{[Lor ® AB = £)} = [Tos + [1o x ([Moo + [Hor + [T]so +
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[111) + [1oz x ([2]1) + [1]os x ([1]e) = [3]ooo + [3loox + [Jo10 + [T]o11

C(4) = [1or + [1o x A(3) + Thoaf[lor ® A(4 = k)} = [1or + [1]o x ([3]os + [1]15 + [3l1o1 +
[1oz0) + [z ® ([1]oo + [1or + [110 + [1]11) + [1]os @ ([2]1) + [1or @ ([1]2) = [1]o¢ + [3]os + [1]oo10 +
[3Jo101 + [1]o1s + [1]os + [Tos1 + [oo10 + [Loor1 + [2]os1 + [1]os

= [6lo000 + [3]ooor + [2]oo10 + [1]oo11 + [3lot01 + [1]o112

(5) = [Hos + [1o x A(4) + Zoo{[Uor @ A5 = k)} = [1os + [1]o x ([2]or + [1]1s + [2]os1 +
J1101 + [2]o101 + [L]1001 + [2]1010 + [2]108 + [1]1011) + [L]o2 @ ([3los + [1]13 + [3]101 + [1]o10) + [1]os ®
oo + [1or + [Lho + [1he) + [Her @ ([2]1) + [1os @ ([1].)

[10]00000 + [5]00001 + [2]ooo10 + []ooo11 + [Bloo101 + [Lloo11 + [2]o1000 + [L]o1001 + [2]o1010 + [1]o1011 +
Jo1r01 + [Lo1111

l QZ?Q

[

[

C(6) = [os +[1]o x A(5) + 7o {[Uor ® A(6 = k) } = [1Jos + [1]o x ([5]os +[1]15 + [Slot1 +[1]as01 -+
[3]o210 + [L]11010 + [Los11 + [L]1108 + [Lloss + [o1011 + [L]o1001 + [Hor010 + [1]10010 + [5]10101) + [0z @
([2]ot + [1]1s + [2lo31 + [1]1101 + [2]o101 + [1]1001 + [2]1010 + [2]105 + [L]1011) + [1]os ® ([3]os + [1]15 +
(31101 + [o10) + [Lo+ ® ([oo + [or + [H1o + [1]11) + [Los ® ([2]1) + [Los @ ([1].)

= [15]000000 + [10]o00001 + [3]ocoo10 + [2]ocoo11 + [5]ooo101 + [L]ooo111 + [3]oo1000 + [2]o01001 + [3Joo1010 +
[2]o01011 + [1]oo1101 + [1]oo1111 + [Slooooo + [Llor0010 + [5loro101 + [1]or0111 + [1o11000 + [Lo11010 +
[1o11101 + [1o11112

(d)
D(0) = [1].
D(1) = [2]o
D(2) = [4]oo

D(3) = [1os + [1]o x B(2) + Zi=a{[1]or ® B(3 = k) = [1]os + [1]o x ([2+ [2]oo]10) + [0z @ ([2]0) +
[1os @ ([1]:) = [os + [2 + [2]03Jos0 + [2]os + [1]os
D(3) = [6]ooo + [2]o10

D(4) = [1]04 + [1]0 x B(B) + Ei:Q{[l]Ok ® B(4 - ’]C) [ ]04 [ ] ([ ]00 [ ]010 + [3]100 +
[1J110) + [1o> ® ([2 + [2]oo]10) + [1]os @ ([2]o) + [Lo+ ® +[1]e) = [1]o+ + [3]or + [2]oo10 + [3Jor00 +
(o110 + [2 + [2]0t Joo10 + [2]or

= [9]os + [1]o110 + [3Joo10 + [3o100

D(5) = [Mos+[1]ox B(4)+ 27 o{[or @ B(5—k) = [1]gs +[1]o x ([6+[1]1100Jo¢ +[1]130-+[2]or00+[3+
[3]103]1010) +[ 102 @ ([3looo +[Lor0+[3l100+[1]110) +[Los @ ([2+[2]o0]10) + ot @([2]0) +[1]os @([1]e) =
[1os + [6 + [Lo1100]os + [Lo130 + [2]oo100 + [3 + [3o10Jor010 + [3los + [1os10 + [3]00100 + [1Joo110 +
[2 + [2]05]0310 -+ [2]05 + [1]05

= [15 4 [1oo110 + [LJo1r100J0s + [Lo1110 + [5]oo100 + [3 + [3]os10 + [3]o103 Jo1010

D(6) = [1]os + [1o x B(5) + Lrai[or ® B(6 — k) = [1os + [1]o x ([10 + [1]1300]0s + [L140 +
[2 4+ [1110%]o310 + [L]11010 + [2 + [2]0103]01010 + [5l10t + [1]10110 + [L]10010 + [5]10100) + [1]02 ® ([6 +
[1]1100]0¢ + [1130 + [2]o100 + [3 + [3]103]1010) + [1]os ® ([3]ooo + [L]o10 + [3]100 + [1]110) + [1]or @ ([2 +
[2]o0]10) + [1]os @ ([2]0) + [Uos ® ([1]:) = [1]os + [10 + [Lorz00]os + [Lorso + [2 + [Lor109]0s10 +
[1o11010 + [2 + [0010%]001010 + [5Jo10s + [or0110 + [Llo10010 + [Slor0100 + [6 + [1]oo1100J0s + [L]oo130 +
[2]0s100 + [3 + [3]o0102 Joor010 + [3Jos + [Lot10 + [3los100 + [L]os110 + [2 + [2]os Jos10 + [2]os + [1]os

= [25+ [1]o0130 + [Hoo1100 + [o1300)os + [Loato + [5 + [1]o110%Jot10 + [1]o11010 + [5 + [5]o010% Joo1010 +
[5 + [1os110]010¢ + [Horo110 + [Hor0010 + [5 + [5]o3100]010100
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14 CA-19

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—19,_4(m). First we recall that a triplet local transition function f with rule
number 19 is illustrated by the following figure:

Rule 19| 111 110 101 100 011 010 001 000
0 0 0 1 0 0 1 1

The symmetric and the complemented rule mumbers to 19 are 19 and 55, respectively.

Theorem 14.1 For cellular automata CA—19 the following formulas hold:
(a) C(m) = B(m) (Symmmetry),
(b) X(m) =[1]1 x X(m — 1)+ [1]oo X Y (m — 2) + [1]o11 X X(m — 3) + [1]oeo X ¥ (m — 3),
(c) Y(m)=[1o x Y(m = 1) + [1]i1 x X(m —2) + [1]oo x ¥ (m — 2),

Proof. (a) < 0 ---s 11 %% 100% - % 101 % -- % >

Observe that §o—,(0z) = 1y, So—a(11z) = 00y, 6—.(100z) = 011y and So_,(101z) = 000y.
(b) < 1+, 00% % 0L %% >

Observe that §;_,(1z) = 0y, 6;,(00z) = 11y and 6;-,(01z) = 00y O

Using the last theorem we can recursively compute transition diagrams of CA—19,_,(m)
as follows:

First Assumption : (a)

A(0) = [1]..

A1) = [1]o + [1]h.

A(2) = [1oo + [i1 + [Lor + [1]10

A(3) = [1]1 x A(2) + [1o1r x A(0) + [1]ooo X C(0) + [1]oo x C(1).

= [1]1 % ([1oo + [1)1x + [Ho1 + [Lho) + [Hor1 x ([1].) + [TJooo x ([1]e) + [Hoo % ([1]o + [1]1)-

= [1 + [2}101)oo0 + [L]111 + [1oo1r + [1]110 + [L]or1 + [1]100-

A(4) = [1]1 x A(3) + [1orr x A(L) + [1ooo X C(1) + [1]oo x C(2).

= [1}1 x ([1 + [2}101]ooo + [H111 + [Hoor + [H110 + [Ho11 + [1hioo) + [Hor1 x ([1]o + [1]1) + [1]ooo ¥
((o + [1h) + [oo > ([1 + [2]o1]oo + [1]11)-

= [14[2]1101 +[2]1011Jo00o+[ 111111 +[2]0001 +[1]1110+ [ o011 +[1]1100+[2]1000 +[1]0111 +[ 10110+ [ 11001 -
A(5) = [1]s x A(4) + [1]onr x A(2) + [1ooo x C(2) + [1]oo x C(3).

= [1]; x ([1+ [2]1101 + [2]1011]0000 + [1]1111 + [2]oo01 + [1]1110 + [1]oo11 + [L]1100 + [2]1000 + [1]o111 +
[Tor1o + [Thoo1) + [Horz x ([Loo + []a1 + [Lor + [L]10) + [Hooo % ([T + [2]or]oo + [1]11) + [1]oo %

([2 + [2lo11)ooo + [1]111 + [2]001 + [1]110)-

= [2+ [2h1101 + [2]11011 + [2)10111)00000 + [1]11111 + [2+ [2]10110]00001 + [1]11110 + [2]00011 + [L]11100 +
[2]11000+ [1]oo111+[1]oo110+ 111001 +[2] 10001 +[o1110 +[24[2]o1101]10000 + [1]01111 +[ 101100 +[1]10011-
A(6) = [1)1 x ([2+ [2]11101 + [2]11011 +[2]10111J00000 + [1]11121 + [2+[2]10110]00001 + [1]11120 + [2]00011 +
[(111100+[2] 12000+ [ Loo111+[L]oo110+ 111001 +[2]10001 +[Lo1110 +[2+[2]01101]10000 +[ 101111 +[1]01100+
[110011) +[1o11 X ([1+[2]101 Jooo+[ 1111+ {1001 +[1]110+[1]o11+[1]100)+[1]ooo % ([24[2]011 oo+ {1121+
[2]o01 +[1110) +[1Joo % ([3+[2]1101 + [2]1011J0000 + [ L1111 +[2+[2]0110]0001 + [1]1110 +[2]0011 + [L]1100)
= [3 + [2li11100 + [2h111011 + [2]110111 + [2)101111 + [2]101101]000000 + [Lh111111 + [3 + [2]110120 +
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[2]101110]000001 + [Thi110+[2+ [2]101100]000011 + [1]111100 + [2]111000 + [2l000111 + [2]o00110 + (11112001 +
[2]110001 + [1]oo1110 + [2 + [2]o01101]110000 + [Moo1111 + [oo1100 + [1]110011 + [2]100011 + [To11100 +
[3+[2}011011+[2]011101]100000+[1]011111+[3]100001+[1}011110+[2]011000+[1]100111+[1]011001+[1]100110~

)
B(0) = [1]..
B(1) = [1]o + [1],.
B(2) = [1+ [2]0]oo + [1]1-
B(3) = [1]s x B(2) + [1o11 x B(0) + [1Joso x D(0) + [1]oo x D(1).
= [1]1 x ([T + [2]10Joo + [T]11) + [Moar x ([1]e) + [Looo % ([1].) + [1]oo x ([2]o)-
= [2 4+ [2]110]000 + [1]111 + [2]100 + [1]o11-
B(4) = [1]: x B(3) + [1]onn x B(1) + [1Jooo x D(1) + [1]oo x D(2).
= [1]1 x ([2 + [2]110Jooo + [L]111 + [2]100 + [1orz) + [1orz % ([1]o + [1]1) + [Looo x ([2]6) + [1]oo X
([8Joo + [1]12)-
= [3 + [2]1210 + [2]1012]0000 + [1]1111 + [2]1100 + [1o011 + [2 + [2]o110]1000 + [1]o111.
B(5) = [1]1 x B(4) + [1]o11 % B(2) + [1]ooo x D(2) + [1]oo x D(3).
= [1]1 x ([3 + [2]1110 + [2]1011]0000 + [L1111 + [2]1100 + [1J0011 + [2 4 [2]o110)1000 + [1o111) + [1]o11 %
([1+ [2l0Joo + [1]11) + [Hooo x ([3]oo + [112D(2) + [1Joo x ([3 + [2]110 + [2lo11]o00 + [1]111)-
= [4+ [2]11110 + [2]11011 + [2]10111 + [2]10110]00000 + [L11121 + [2]11200 + [2]oo011 + [2 + [2]00110]11000 +
[1]oo111 + [4 + [2]o1110]10000 + [1o1111 + [2]o1100 + [1]10011-
B(6) = [1: x B(5) + [1onn x B(3) + [1Jooo x D(3) + [1]oo x D(4).

(11 x ([4 + [2]11110 + [2]11011 + [2]10111 + [2]10110]00000 + (111111 + [2]11100 + [2Jooo1r + [2 +
Joo110]11000 + [1]oo111 + [4 + [2]o1110]10000 + [1Jo1111 + [2]01100 + [H10011) + [1o11 x ([2 + [2]110]000 +
J111 + [2]100 + [Ho11) + [Looo % ([3 + [2]110 + [2]o11]000 + [1]111) + [Loo % ([5 + [2]1110 + [2]o110 +
Jot11Joooo + [1]1111 + [2]1100 + [2]0011)-
= [7+ [2]111110 + [2)111011 + [2)110111 + [2]110110 + [2]101111 + [2]101110)000000 + [L]111111 + [2]111200 +
[2 + [3]101100J000011 + [2 + [3Joco110]111000 + [2]000111 + [4 + [2]110001]110000 + [oo1111 + [2]o01100 +
[1]110011+[2]100011+[2]o11100+[6+[2]011011+[21011110]100000+[1]o11111+{2+[2]100110]011000+[1]100111~

———
o= o |

(c)
C(0) = [1]..
C(1) = [1]o + [1]1.
C(2) = [1 + [2]o1]oo + [1]12
C(3) = [1]11 x A(1) + [1]oo x C(1) + [1]o x C(2).
= [1Ja1 x ([1]e) + [Loo x ([1o + [1]1) + [1]o x ([T + [2Jo1Joo + [1]11)
= [2 + [2]o11]o00 + [1]111 + [2]oo1 + [1]110-
C(4) = [T x A(2) +[1]oo x C(2) + [1]o x C(3).
= [1h1 x ([Hoo + [ + [Lor + [To) + [Moo x ([1 + [2lorJoo + [1]12) + [1]o x ([2 4 [2]o11]ooo +
[1]111 + [2]o01 + [1]110)-

2
= [3 + [2}1101 + [2]1011]0000 + [1]1111 + [2 + [2]o110]0001 + [111120 + [2]0011 + [1]1100-
1

C(5) = [t x A(3) + [1oo x C(3) +[1]o x C(4).
= [1]12 x ([1+[2]101Jo00 + [1]111 + [Looz + [1110 + [Jo11 + [L100) + [Too X ([2 + [2]o11]Jo0o + [1]111 +
[2]oo1 +[1}110) +[1]o % ([34[2]1101 + [2]1011]0000 + [ 11111 +[2+[2]o110]0001 +[1]1120 + (20011 +[1]1100)-
= [4+[2]11110 + [2]11011 + [2]10111 + [2]10110]00000 + [1]11111 + [2]12100 + [2]00011 + 12+ [2]oo110]11000 +
[Hoo111 + [4 + [2]o1110]10000 + [1]o1111 + [2]01100 + [1]10011-
C(6) = [111 x A(4) + [Loo x C(4) + [1]o x C(5).

= [1]11 x ([1+[2]1101 + [2]1011]0000 + [1]1111 + [2]0001 + [1110 + [Loo11 + [1]1100 + [2]1000 + [o111 +
(o110 + [1]1001) + [Loo % ([3 + [2]1101 + [2]1011]0000 + [1]1211 + [2 + [2]o110J0001 + [1]1110 + [2]0011 +
[1]1100) + [1o % ([4 + [2]11110 + [2]11011 + [2]10111 + [2]10110)00000 + [111111 + [2]11100 + [2]00011 + [2 +
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[2]o0110J11000 + [Hoo111 + [4 + [2]01110]10000 + [Lo1111 + [2]01100 + [1]10011)-
[7 + [2]111110 + [2]111011 + [2]110111 + [2]110110 + [2]101111 F [2]101110]000000 + [1]111111 + [2]112100 +

[2 + [3]101100]000011 + [2 + [3loco110]111000 + [2]oc0111 + [4 + [2]001110]110000 + [oo1111 + [2]001100 +

[1]110011 +[2]100011 +[2]o11100 +[6+[2]011011 +[2]011110]100000 + 1011111 +[2+ [2]100110] 011000+ [1] 100111 -
(d)

D(0) = [1],.

D(l) = [2]0'

D(2) = [3oo + [1]1

D(3) = [1]11 x B(1) 4 [1]oo x D(1) + [1]o x D(2).

= E]u x ([1o + [1]1) + [Hoo % ([2]o) + [1]o x ([3Joo + [1]11)-

1]11 x B(2) + [1]oo x D(2) + [1]o x D(3).

([1 + [2holoo + [1]11) + [Hoo x ([3Joo + [112) + [o x ([3 + [2]120 + [2]o11]ooo + [1]111)-
J1110 + [2]o110 + [2]o111]0000 + [1]1111 + [2]1100 + [2]0011-

111 x B(3) + [1]oo x D(3) + [1]o x D(4).

= [1]11 X ([2 4 [2h10]ooo + [1]111 + [2]100 + [1o11) + [1Joo % ([3+ [2]110 + [2]o11]o00 + [1]111) + [1]o %
([5 + [2]1110 + [2]o110 + [2]o111)0000 + [1]1111 + [2]1100 + [2]0011)-

= [9 + [2]11110 + [2]11011 + [2]o1110 + [2]o1111]00000 + [L]11111 + [2]11100 + [2 + [3]01100]00011 + [2 +
3oo110)11000 + [2]o0111-

D(6) = [1]11 x B(4) + [1]oo x D(4) + [1]o x D(5).

[1]11 % ([3 4+ [2]1110 + [2]1011J0000 + [T111 + [2]1100 + [oo11 + [2 + [2]o110]1000 + [1]0111) + [1]00 X
5+ [2]1110 + [2]o110 + [2]o111Jo000 + [1]1111 + [2]1100 + [2]o011) + [1o % ([9 + [2]11110 + [2]11011 +
Jo1110 + [2o1111J00000 + [L]11111 + [2]11100 + [2 + [3]o1100J00011 + [2 + [3]oo110]11000 + [2]00111)-

[14 + [2]111110 + [2)111011 + [2]110111 + [2]110110 + [2]011011 + [2]011110 + [2]011111 J0o0o0o + [1]111111 +
J111100 + [4 + [3]o11100]000011 + [2 + [4Joc0110]112000 + [2 + [4Jo11000]000111 + [4 + [3]o01110]110000 +
2Joo1111 + [4]oo1100 + [1]110011-

Ih<S= I =

—1
)

15 CA-36

In this section we state recursive formulas generating transition diagrams of finite cellular
automata CA—36,_4(m). First we recall that a triplet local transition function f with rule
number 36 is illustrated by the following figure:

Rule 36 | 111 110 101 100 011 010 001 000
0 0 1 0 0 1 0 0

The symmetric and the complemented rule mumbers to 36 are 36 and 219, respectively.
Theorem 15.1 For cellular automata CA—36 the following formulas hold:
(a) C(m)= B(m) (Symmmetry),

(b) X (2m) = [[1]1zm-10)ozm +[1]o X X (2m— 1)+ [1]100 X X (2m—3) + 7 1] 126-100 @ X (2 —
2k — 1) -+ Zzn.—_l[l];l“—?oo ® Y(2m — 2]6‘),

(C) X(277’7—|— 1) = [[1]12m+1]02m+1 -+ [1]0 X X(Qm) -+ [1]100 X X(2m~— 2) —I—Zz;z{l]lzk—loo (X)X(Zm——
2]{,‘) -+ Z;Cn:l[l]l?k—u)o &® Y(Qm — 2k + 1),

(d) Y(Qm) - [[1]12m]02m +[110 X Y(2m— 1)+Z;€n=11{1]12k—100®§/(2m—2]{3 - 1) +ZZ;1[1]12}.:—‘200®
X(2m — 2k),
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(6) Y(2m+ ].) - [[1]12m0]02m+1 -+ [].:'0 X Y(Qm) + z;n___][l]lzk—loo ®Y(2m - 2]{?) -+ Z};n:l [1]12k-200 &
X(2m — 2k + 1),

where X (m) = CA—360_,(m) and Y(m) = CA—36,_,(m) fora=0,1.

Proof. (b) < (10)*0 % - -, (10)*11 % -+ - % >

If b9_o(z) =y in X(m — 1), then 6o_,(0z) = Oy in X (m). If §o_.(z) = y in X(m — 2k — 1) for
k > 1, then 6o_,((10)%0z) = 1%*7100y in X (m). If 6;_,(z) = y in Y (m — 2k) for £ > 1, then
b0-o((10)*"111z) = 127200y in X (m).

(c) < (01)*1s---% (01)k00 % - - - % >

If 61_4(z) =y in Y(m — 1), then 6;_,(1z) = Oy in Y (m). If 6;_,(z) = y in Y (m — 2k — 1) for
k> 1, then 6§;-,((01)*1z) = 127100y in Y (m). If §p_,(z) = y in X(m — 2k) for & > 1, then
S0—a((01)*7100z) = 127200y in Y (m). O

Using the last theorem we can recursively compute transition diagrams of CA—36,_,(m)
as follows:

First Assumption : A(0) = B(0) = C(0) = D(0) = [1].,

(a)

A(0) = [1].

A(1) = [1]o + [1]

A(2) = [2]oo + [1oz + [0

A(3) = [1o X A(2)+[Thoo X A(0)+ 5023 {[1ser-100® A(m—2k — 1)+ TLE 1121200 2 C(3— 26)
= [1]o x ([2]oo + [o1 + [1]10) + [1]100 % ([1]e) + [1Joo ® C(1) + [1]15

= [4 4 [1]15]0s + [1]oo1 + [1]o10 + [1]100

A(4) = [1]o x A(3) + [1]100 x A(1) + [1]oo ® C(2) + [1]1200 % C(0) + [1] 134
= [1]o % ([1Joox + [Jo10 + [T}100 + [4 + [1J111]000) + [1]100 x ([1]o + [1]1)
+ [Loo ® ([3 + [111)oo) + [1]1200 % ([1]e) + [1]rs0

= [T+ [1oo11 + [1o1s + [1]1100 + [1]130Jos + [1]os1 + [Too1o + [1Jo100 + [1]105 + [1]1001

A(5) ]o x A(4) + 1100 x A(2) +[1]1300 X A(0) 4 [L]oo ® C(3) + [1]1200 x C(1) + [1];5

= X ([74[1oo11 + [L]or11 + 11100 + [1]1110J0000 + 10001 +[1 Jooto + [1]o100 + [1]1000 + [1]1001)
+ [1]100 X ([1o1 + [H1o + [2Joo) + [L1200 % ([1].) + [1oo ® ([4 + [1]110 + [1 + [1o11]100]000 +

[Loor) + [1200 X ([2]0) + [1]15

= [11 + [1]oo110 + [Joo111 + [1]o1100 + [1Jo1110 + [1]11100 + [L11111 + [2]00011 + [2]11000]00000

0001 + [Looo10 + [2]oo100 + [Lo1000 + [LJor001 + [2]10000 + [1]10001 + [1]10010

+
]

o
—
[

Jox A(5)4[1]100 X A(3)+[1}1300 X A(1)+[1]oo@C(4)+[1]1200 X C(2)+[1]1200 X C(0)+[1] 150
[1]o % ([114[Loo110 + [1]oo111 + [o1100 + [LJo1110 + [ 111100 + []11111 + [2]00011 + [2]11000]00000
Joooo1 + [1]oco1o + [2]oo100 + [1]o1000 + [1]o1001 + [2]10000 + [1]10001 + [1]10010)

J1ioo % ([Loo1 + [1oro + [1]100 + [4 + [1]111]000)
(11300 X ([1]o 4 [1]1) + [L]oo ® ([6 + [1]oo11 + [1]1111 + [T+ [o100]1100 + [2 + [1]o110]1000]0000 +
[2]o001 + [oo10) + [L1200 % ([3 + [1]11]o0) + [Ll1s00 X ([1]e) + [1]150
= [17 + [1]ooo111 + [1oo1110 + [1oo1111 + [Lo11100 + [Lor1111 + [L110011 + [111000 + [1]111100
+ [1]111110 + [2]ooo110 + [2]001100 + [2]011000 + [3]oooo11 + [3]110000Joo0000 + [4 + [1]111001 Jooooo1
+[2]o00010 + [3Jooo100 + [3Joo1000 + [1oo1001 + [2]o10000 + []o10001 + [Lo10010 + [4 + [1]100111 ] 100000
+ [1]100001 + [1]100010 + [1]100100
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(6)
B(0) = [1].
B(l) = [2]0
B(2) = [3 + [1]11]00
B(3) =[1]o x B(2) + [1]100 x B(0) + [1Joo ® D(1) + [1]110
= [1]o x ([3 + [1]11]oo) + []100 % ([1]c) + [1]oo @ ([1 ] + [1]1) + [1]110
= [4 4 [1o11 + [1 + [1]110J001]o01 + [1]100
B(4) = [1]o x B(3) + [1]100 x B(1) + [1oo ® D(2) + [1}1200 x D(0) + [1]s+
= [1Jo x ([4 + [Hos1 + [1 + [1110Jooa]oor + [1]100) =+ [1]s00 X ([2]0)
+ [1oo ® ([Hor + [Tho + [2]oo) + [H1200 x ([1]) + [1]1e
= [6 + [1]1111 + [1]1100 + [1 + [1Joo10]oo11 + [2 + [1]o110]0001]0000 + [L]o100 + [2]1000
B(5) = [1]o x B(4) + [1]100 X B(2) + [11300 x B(0) + [1oo ® D(3) + [1]1200 x D(1) + [1}140

[1]o % ([6 + [1]1111 + [H1100 + [T + [Hoo10]o011 + [2 + [1]o110]0001J0000 + [Ho100 + [2]1000)
+ [2]11]o0) + [1]1300 % ([1]c) + [1]oo x ([ + [2]oo1 + [2]100 + [1 + [2]o10]111]000) +
[Tl200 % ([1o + [11) + [Haso ‘
= [10 + [1oo111 + [L]o1100 + [L]o1111 + [L11000 + [1]11001 + [L]11100 + [3 + [Loo110 + [111110]00001
[1 + [2]oo010]00011 Jooo0o + [2]o0100 + [2]o1000 + [3 + [1]10011]10000

+

Jox B(5)+[1]100% B(3)+[1]1300 X B(1)+[1oo®D(4)+[1]1200 X D(2)+[1]1500 X D(0)+[1]15¢

Jox ([104[1]oo111+[1Jo1200+[ o121+ [1]11000[1]11001 +[ 122200 +[3-+[1]00110 +[1]111120] 00001
+ [2]o0o10]00011 Jooooo + [2]oo100 + [2]o1000 + [3 + [1]10011]10000)

Ji0o % ([4 + [1]o11 + [1 + [1]110)o01]oo1 + [1]100)

J1s00 % ([2]0) + [1]oo ® ([7 + [1]1001 + [1 4+ []1110]0001 + [1 + [Loor0]oo11 + [1 + [Llo111]1000 +

100)1100J0000) + [L]1200 X ([2]o0 + [Lo1 + [1]10) + [1]100 X ([1].) + [1]150

[(oo1111 + [L]o11100 + [L]o11000 + [Lo11001 + [1]110001 + [1]111100 + [L]111111 + [2]000111
[2]111000 + [2]o01100 + [2]110000 + [5 + [L]o11110 + [Looo110 + [1]oo1110)000001 + [2 + [1]110010

+ [3]o00010]000011 Joco00o + [3]ooo100 + [3 + [1]oo1001 001000 + [3 + [1]or0011]010000 + [4 + [1]100011 +

B(6)

ok

1

[—Y

O -
}_a'::::f—vﬁ

-3 —
++¢:+++ Il

R

+ [3 + [2]100111 ]100000 + [1 + [1]100110]100001]100000 + [1]100100

(c)

C(0) = [1].

C(1) = 2o

C(2) = [3+ [M11Joo

C(3) = [1]o ® C(2) + [1]100 ® C(0) +[1oo x A(1) + [1]110 = [1]o @ ([3 + [1}11]o0) + [1]200 + [1]oo x
([1Jo + [1]1) + [1]110

C(3) = [4+ [1)110 + [T + [Lo11]100J000 + [L]oo1

C(4) =10 ® C(3) + [1}100 @ C(1) + [1oo x A(2) + [1]1100 @ A(0) + [1]14 = [1]o ® ([4 + [1]110 +
[1 4 [1Jor1]100]o00 + [1Joo1) + [H100 x ([2]0) + [Loo % ([2]oo + [Lo1 + [L]10) + [1]1100 + [1]14)
= [6 + [1oo1s + [1a111 + [1 4 [1o100]1100 + [2 + [o110]1000]0000 + [2]o001 + [1]oo10

C(5) = [1]o®C(4)+[1]100 X C(2) +[1]1300 X C(0) +[1]oo x A(3) +[11100® A(1) +[1]120 = [1]o®

([64+[1oo11+[ 11111 +[1+[1]o100]1100 + [2+ []o110] 10000000 + [2]oc01 +[1]oo10) +[1]100 X ([3 ’1*‘([) ]_ Joo)+
[1]1300 x ([1]:) + [1Joo X ([LJoor +[1Joz0 + [1]100 +[4+[1]111]000) +[1]1100 X ([2]oo + [1]o1 + [1]10) + [1]140

31



= [10+ [1]o0011 + [L]oo110 + [Loo111 + [110011 + [111100 + [1]111120 + [1+[2]o1000]11000 + [3 + [1o1100 +
[1]o1111)10000 + [2 + [1]11001]00001 + [2]00010 + [2]00100

C(6) = [1Jo®C(5)+[1li00 X C(3)+[1]1300 X C(1)+[1]oo X A(4) +[1]1100® A(2) +[1]1500 X A(0) +

[1]1s = [1]o ® ([10 + [1]ooo11 + [Loo110 + [Loo111 + [10011 + [111100 + [T11110 + [T+ [2]o1000]11000 +

[3 + [1Jo1100 + [1Jo1111]10000 + [2 + [1]11001]00001 + [2]00010 + [2]o0100) + [1]100 % ([4 + [1]110 + [1 +

[1Jo11]100J000 + [1]oo1) + [1]1300 X ([2]o) + [1]oo % ([7+[Loo11 + [Loa11 + [1]1100 + [1]1110]0000 + [1]oo0s +
[1]0010 + [Ho100 + [1]1000 + [1}1001) + [1]1100 ® ([2]oo + [1o1 + [1]10) + [Lrs00 * ([1]) + [1]ss

= [4 + [2]ooo110 + [2]oo1110 + [2Joo1111 + [2]100011 + [2]100110 + [2]111100 + [2]112111 + [3Jocoorr +

[3]000111 + [3Joo1100 + [3J111000 + [2 + [2]011120 + [2]011000 + [2]011100]100000 + [2 + [2]110001 + [1 +

[2]o11001]100001 J000001 + [2 + [2]110010]000010 + [2 + [2]100100]000100 + [3]o01000 + [1]oo1001

(d)

D(0) = [1].

D(1) = [1]o + [1]x

D(2) = [1]o1 + [1]10 + [2]oo

D(3) = [1]o ® D(2) + 1100 x D(0) + [1]oo x B(1) + [1]3s = [1]o ® ([1]o1 + [1]10 + [2]o0) + [1]100 X
[1]e) + [Loo x ([2]o) + [1]1s

= [4 + [1oor + [1]100 + [1 + [Lo10]13]0s

D(4) = [1]o ® D(3) + [1]100 x D(1) + [1]oo x B(2) + [1]1100 ® B(0) + [1]130 = [1]o ® ([4 + [1Joo1 +
[1100 + [T+ [TJoso]s2Jo) + []r00 % ([1]o + [1]2) + [T]oo % ([3 + [1]11Joo) + [1]1100 ® ([1]e) + [1]130)}
= [7+ [11001 + [1 + [1]130)o21 + [1 + [oor0Joor1 + [1 4 [Lo13]10s + [1 + [1]or00]1100]0#

D(5) = [1]o ® D(4) + [1]100 X D(2) + [1]1300 X D(0) + [1Joo x B(3) + [1]1100 ® B(1) + [1]15 =
[o®([7+[1]1001 +[1+[1]130]0s1 +[1+[1oot0]oo11 +[14[1]o13 J105 +[1+[1]o100]1100]0¢ ) +[1]100 X ([1]o1 +
[1]10+[2]o0) + [Ths00 x ([1]e) + [1oo x ([4+[1]or1 +[1+[1]110Jo01]001 + [1]100) + [ 11100 @ ([2]0) +[1]s5
= [11+[1]o013 +[ 11300 +[1]15 +[14+[1]o130] 1051 +[24[Loo110]0¢1 + [2+ [To1200] 10t +[2+ 1100100311 +
[2 4+ [1]o10% + [L]o1001]110¢ + [2]o0100

D(6) = [1]o ® D(5) + [1]100 x D(3) + [1]1300 x D(1) + [1Joo x B(4) + [L]1100 ® B(2) + [L1s00 x
B(0) + [1]1s0 = [1]o ® ([11 + [1]oo1s + [1]1s00 + [1]1s + [1 + [Lossolros1 + [2 + [1]oo110]0e1 + [2 +
[1Jo1100]10¢ +[2 4 [1]10010]0311 + [2 + [Ho10s + [or001)110¢ + [2]o0100) + [1100 X% ([4 4 [1]oo1 + (1100 +
[1 + [Hoto]s2Jor) + [L1s00 x ([Ho + [1]1) + [1oo x ([6 + [1]1+ + [L1100 + [1 + [ToozoJoors + [2 +
[1]o110J031]ot + [L]oz00 + [2]108) + [11100 ® ([3 + [11Joo) + [11200 X ([1]e) + [1]150

= [17+[1]os13 +[1oo1¢ +[1]10t1 +[1]10015 +[ 11305 +[ 113001 +[1]1200 + [2]oo1100 + [ 1+ [1]oz0010] 110021 +
[3 + [Mios10 + [Mota0lota1 + [3 + [ozos1 + [orot]r10¢ + [4 + [1oo1z0 + [1]1s0 + [2]os110J0s1 + [4 +
[1]o1300 + [1o1s + [2]o1102]105 Jos + [3 + [1]100100]03100 + [3 + [1]001001]00108
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