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Abstract 

This paper provies some simple recursive formulas generating transition diagrams of 
finite cellular automata with triplet local transition functions. 

1 Introduction 

The theory of cellular automata has been studied by many researchers in various methods, for 
example, numerical, st atistical and asymptotic methods. On the other hand dynamical behav- 
iors of finite (or discrete) cellular automata are extremely complicated and interested. Many 
scientists and mathematcians have extensively developed theory of finite cellular automat a, 
and their major interests focused fixed points, period lengths, transient lengths and so on, 
which are parts of global dynamical behaviors of cellular automata. Generally it is absolutely 
difficult to decide just transition diagrams of cellular automata. But in fact some special cel- 
lular automata have simpler transition diagrams. The aim of this chapter is to challenge the 
problem to decide transition diagram in an algebraic method. It seems that the most impor- 
t ant point for t he problem is how to represent transition diagrams by simple formulas. To this 
end we introduce symbolic notations called tree a,nd cycle expressions without and with roots. 

First we review the definition of dynarnical systems as formal systems. A dynamical system 
is a pair (X ,  6) of a set X and a transition function 6 : X + X .  A dynamorphism p : (X, 5) + 

(Y, o )  from a dynamical system (X, 6) into another dynamical system (Y, o )  is a set function 
p : X + Y sucht that o p  = p5, that, is, the following diagram commutes: 

A dynamorphism p : (X, 6) -+ (Y, o )  is called an isomorphism of dynamical systems if there 
exists an inverse dynamorphism $ : (Y, o) + (X,  6) such that $p = idx and p?) = idy, where 
idx and idy are the identity functions on X and Y,  respectively. It is clear that isomorphic 
dynamical systems have isomorphic transition diagrams and vice versa. 

In the sequel we treat only with finite dynamical systems. For a positive integer k we define 
a dynamical system [k] to be a pair of a set (0, 1, . . , k - 2, k - 1) and a constant function 
6(x) = 0 for all z = 0, I ,  - , k - 2, k - 1. The transition diagram of [k] is illustrated as follows: 
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It is clear that a product formula [k] x [k'] = [kkl] holds for any positive integers k ,  k t ,  where 
x denotes the cartesian product of dynamical systems and = the equality up to isomorphisms. 

For a positive integer k we define a dynamical system [lIk to be a pair of a set {0,1, . . + , k - 
2, ic - 1) and a predecessor function 6 such that 6(0) = 0 and 6(x) = x - 1 for all x = 
1, 2, . - - , k - 2, k - 1. The transition diagram of [lIk is illustrated as follows: 

Note that [111 = [I] and [112 = [2]. The ~artesian product [116 x [I]* is illustrated as follows: 

Now we will recall (one dimensional) finite cellular automat a with triplet local transition 
functions. Let rn be a natural number and Q the set {0,1) of symbols 0 and 1. The set, 
of all strings of symbols in Q with a length of rn is denoted by Bm. For example, B3 = 
{000,001,010,011, 100, 101, 110, 111). A triplet local transition function f is a function f : 

B3 -+ B. Set rk = f (xyz) ( k  = 45 + 2y + z, 0 5 k 5 7) for all strings xyz E B3. Following to 
Wolfram we define the rule number R of a triplet local transition function f by R = c:=, Zkrk. 
Note that 0 5 R 5 255. A triplet local transition function f with rule number R is illustrated 

A triplet local transition function g such that g(x y z) = f (z yx) for all x, y and z, is called 

as follows: 

symmetric to f .  The rule number of g is called symmetric to the rule number of f .  The triplet 
local transition function such that h(xyz) = f (w) for all x, y and z, is called complemented 

Rule R 

to f .  (Note that = 1 and T = 0.) The rule number of g is called complemented to the rule 
number of f .  It is easy to see that the symetric complemented function is identical with 
the complemented symmetric function. For example, the symmetric, the complemented, the 
symmetric complemented rule mumbers to 12 atre 68, 107 and 121, respectively. 

111 110 101 100 011 010 001 000 

r7 r6 r5 r4 r3 r2 r l  YO 



A cellular automaton CA- R,-b(rn) with boundary condition a -  b (a ,  b = 0 or 1) is a 
dynamical system (Bm, 6,-b) such that 

where f is a triplet local transition function with rule number R. 
The aim of this chapter is to give some recursive formulas for transition diagrams of cellular 

automata CA-R,-b(rn). The following facts is obvious. Transition diagrams of CA-O,-b(m) 
and CA - 255,-&n) are isomorphic to [2m]. Those of CA - 204,-b(m) consists of 2" fixed 
points, that is, CA- 204u-b(rn) = 2"[1], and those of CA-51,-b(m) consists 2m-1 cycles of 
period length two. Also those of CA- 1 5,-b(m) and CA - 170,-b(rn) are isomorphic to  binary 
trees with a depth of rn. For example, CA-170,-b(3) is illustrated by the following tree: 

In this chapter we write A(m) = CA- Romo(m), B(m) = CA- Ro-l(m), C(m)  = CA- 
Rl-o(m), D(m) = CA-Rl-l(m), X(m)  = CA-Ro-,(mi and Y(m) = CA-Rl-,,(m) ( a  = 0, I ) ,  
unless no confusion occurs. Moreover we set A(0) = B(0) = C(0) = D(0) = [I] for convenience. 

2 Tree and Cycle Expressions 

In this section we itroduce tree and cycle expressions in order to algebraically represent tree 
structures of finite dynamical systems. 

Definition 2.1 Tree  e x p r e s s i o n s  a n d  cyc le  e x p r e s s i o n s  t o  r e p r e s e n t  th,e g raph ica l  s t r u c t u r e  of 
f in i te  d y n a m i c a l  s y s t e m s  are  recurs i ve l y  de f ined a s  fo l lows:  

(a) If El, - .  , El; ( k  > 0) are  e x p r e s s i o n s  a n d  n i s  a pos i t ive  i n t e g e r  s u c h  t h a t  k 5 n, t h e n  
[n + El + . . + + Ek] i s  a n  express ion .  

(b) If E l , .  . . , Ek ( k  2 2) a,re e x p r e s s i o n s  a n d  n i s  a pos i t ive  i n t e g e r  s u c h  t h a t  k < n,  t h e n  
a n  e x p r e s s i o n  [n + El + . + Ek] i s  a t r ee  express ion .  ( N o t e  t h a t  t r ee  e x p r e s s i o n s  are  
express ions . )  

(c) A l l  tree e x p r e s s i o n s  are  cyc le  express ions .  

(d) If T I ,  . . , Tk ( k  2 2) are  t ree  express ions ,  t h e n  < TI, , Tk > i s  a cyc l e  expression, .  

(e) If Sl, . . . , Sk are  cyc le  express ions ,  t h e n  S1 + . . . + Sk i s  a cyc le  e x p r e s s i o n .  



Define formal expressions Fm by Fl = 0 and Fm+1 = 1 + [Fm] for m 2 1, and define tree 
expressions [lIm by [I], = [1+ Fm]. (The not ation [0] = 0 is a conventional symbol representing 
the empty tree.) For example, [I]' = [I], [112 = [2], [113 = [2 + [I]] and [I]* = [2 + [I + [l]]]. 

Define formal expressions H, by Ho = 0 and = 1 + [2Hm] for m 2 0, and define 
tree expressions Tm by Tm = [l + Hm]. For example, To = [I], TI = [2], T2 = [2 + [2]] and 
T3 = [2 + [2 + 2 [2]]] . 
Then it is easy to see that the transition diagrams of CA- 15,-b(m) and CA- 170amb(m) are 
represented by a tree expression T,. 

Now we define two functions H and L to extract major informations for transient lengths 
and lirnit cycles of cycle expressions: 

(a) H([l]) = 0 and H([n]) = 1 if n 2 2, 

(b) H ( [ n +  El + + E k ] )  = 1 + max{H(E1) , . . . ,  H(Ek)} 

(c) H(< TI, . - -  ,Tk >) = max{H(Tl), . . + ,  H(Tk)) 

(d) H(Sl + . - . + S k )  = max{H(Si), + . . , H(Sk)} 

(e) L(T) =< 1 >, 

( f )  L(< TI, . . .  ,Tk >) =< k >, 

The function H assigns to a cycle expression S the greatest length of paths reaching to the 
first root of S. Usually H(S) is called the transient length (or the heigth) of a cycle expression 
S .  The function L extracts just information for limit cycles of cycle expressions neglecting 
tree structures. It is known that L(ca - 50-o(m)) = yl(m) < 1 > +y2(m,) < 2 >, where 
71 (m) = 71 (m - 2) + 71 (m - 3) and 7 2  (m) = 7 2  (m - 1) + 7 2  (m - 2) + y2 (m - 3) - y2 (m - 4) + 
rz (m-  5) -7z (m-6)  + 71(m - 5). 

A notion of cartesian products of dynamical systems is an elementary operation to induce 
higher dimensional ones. The following theorem gives a very simple formula for formation of 
cartesian products of cycle expressions: 

Theorem 2.2 ('Product Formula) 

(a) [m] x [n + El + . .  + E k ]  = [mn + [m] x El + . . . + [m] x EkIl 

(c) TX < T l , . . . , T p  >=< T x T l , . + . , T  x Tp >. 

The next opera.tions results a new expression after simultaneously ak taching an expression 
to all leaves of another expression: 

(a) [ n + E 1 + . - . + E k ] * E =  [ n + ( n - k ) E + E l * E + . . . + E k * E ] ,  

(b) [n + El + - . .  + Ek]E = [n + (n - k - 1)E+ El * E + . . .  + El; * E]. 



For example, [I] * [I] = [I + [I]], [l + [I]] * [I] = [I + [I] * [I]] = [1+ [I + [l]]], [2] * [2] = [2 + 2[2]] 
and [2 + 2 [2]] * [2] = [2 + 2[2 + 2 [2]]]. 

Recall a canonical dynarnical system (N*, p) over the set N* of all finite strings consisting 
of nonnegative integers. The transition function p is defined by p(il i2 - i s )  = i2 - - . is if s > 0 
and p ( ~ )  = E, where E is a null string. The following function D naturally assigns to a tree 
expression a subsystem of the canonical system (N*, p). 

(a) V([n + El + + Ek]) = (1, . . .  , n} U 1 ,  V(E1) U . - -  U k . V(Ek), 

(b) D([n + El + . . .  + Ek]) = { E }  U V([n - 1 + El + . . .  + Ek]). 

The following example illustrates how D behaves: 

It is easy to see that the function D can be extended a function on cycle expressions. 

To formulate recursive formulas of transition diagrams for finite cellular a,utomata we need 
formal expressions with root. Because infromations on roots of cycles are generally indispens- 
able for such recursive formulas. 

Definition 2.3 Tree  e x p r e s s i o n s  a n d  cyc le  e x p r e s s i o n s  w i t h  root  in a s e t  X are  recurs i ve l y  
de f ined as  fo l lows:  

(a) If TI, . . ,Tk are  e x p r e s s i o n s  w i t h  root ,  n i s  a n o n n e g a t i v e  i n t e g e r  a n d  x i s  a n  e l e m e n t  of 
X ,  t h e n  [n + Tl + . . . + TkIl i s  a t ree  e x p r e s s i o n  w i t h  root .  

(b) If TI,. . . ,Tk are  n o r m a l  express ions  w i t h  root ,  n i s  a n o n n e g a t i v e  i n t e g e r  s u c h  t h a t  0 5 
k 5 n a n d  x i s  a n  e l e m e n t  of X ,  t h e n  [n + Tl + . + TkIr i s  a n o r m a l  e x p r e s s i o n  w i t h  
root .  ( N o t e  t h a t  n o r m a l  e x p r e s s i o n s  are express ions . )  

(c) IfTl,. . . , Tk are  n o r m a l  e x p r e s s i o n s  w i t h  root ,  n i s  a pos i t ive  i n t e g e r  s u c h  t h a t  O 5 tk < n 
a n d  x i s  a n  e l e m e n t  of X ,  t h e n  a n  e x p r e s s i o n  [n + Tl + . + TkIr i s  a t ree  e x p r e s s i o n  
w i t h  root .  

(d) If TI, . . . , Tk are t ree  e x p r e s s i o n s  w i t h  root ,  t h e n  < TI, . . . , Tk > i s  a cyc l e  e x p r e s s i o n  w i t h  
root .  

(e) If Sl, . . , Sk are cyc l e  e x p r e s s i o n s  w i t h  root ,  t h e n  Sl + . . . + Sk i s  a c y c l e  express ion ,  w i t h  
root .  

For expressions with root over the set of all strings consisting of two symbols 0 and 1 we 
assume the following addition and product rules to manipulate recursive formulas for transi- 
tion diagra,ms of finite cellular automata. 

Addit ion Rule 
[n+Tl + . . .  + TkIz + [m + U1 + . - . + UhIz = [12 + m + Tl + . . . + T k  + U1 + . ' ' + Uhlx. 

Product Rule 
[m], x [n + Tl + . . + TkIl = [mn + TI + [m], x Ti + . . . + [m], x TkIOl, where y x  denotes the 
concatenation of y followed by X .  

We freely use these manipulation axioms in recursive formulas obtained in the later sections. 



In this section we state recursive formulas generating transition diagra)ms of finite cellular 
automata C A -  12a-b(m). First we recall that a triplet local transition function f with rule 
number 12 is illustrated by the following figure: 

Rule 12 111 110 101 100 011 010 001 000 
0 0 0 0 1 1 0 0  

The symmetric, the complemented, the symmetric complemented rule mumbers to 12 are 68, 
107 and 121, respectively. 

Lemma 3.1 A s s u m e  y = damb(x) f o r  t w o  con f igura t ions  x = x 1 x 2 . .  x, a n d  y = yly2 . .  . y, 
of CA-12a-b(m). T h e n  xkxk+l = 01 i f  a n d  o n l y  i f  ~ k y k + ~  = 01 f o r  k = 1 , 2 , .  . , m - 1. 

Proof. Assume = 01. Then yk = f ( ~ , + - ~ O l )  = 0 by f (xOl) = 0 and y,++l = f (01xk+2) = 
1 by f ( 0 l z )  = 1. Conversely assume y k ? ~ k + ~  = 01. Then 2&2k+12k+2 = 011 or 010 by 

Yk+l = S ( & 4 ~ k + l ~ k + 2 )  = 1. 

Theorem 3.2 F o r  cellzllar a u t o m a t a  CA-12 t h e  f o l l owing  f o r m u l a s  ho ld :  

(a) B ( m )  = A ( m )  a n d  D ( m )  = C ( m ) ,  

(b) A(m)  = A ( m  - 1) + C ( m  - I ) ,  

Proof. (a) Since f (xy0)  = f (xy1)  it is trivial that C A -  12a-o(m) = C A -  12a-l(m) for 
a = 0 , l .  (b)  Define two functions i ,  : A ( m  - 1) i. A ( m )  and j, : C ( m  - 1) -+ A ( m )  by 
im(x1x2 . . x,-1) = Ox1x2..  . xm-l and jm(x1x2.  x,-1) = 1x1x2,  . . 5,-1. AS f(0Oz) = O and 
f ( 0 l z )  = 1, i, and j, are dynamorphisms of dynamical systems. Finally the images of i, and 
j, give a partition of the configuration set Q m  of A ( m ) .  (c) Define subsets Ho7 H I , .  . , Hm,-l 
of the configura.tion set Q m  of C ( m )  as follows. Ho is the set of all configurations containing 
no subsequence 01, and Hk (k = 1 , 2 ,  . . , m - 1) is the set of all configurations x = xlx2 . x, 
such that x k ~ k + ~  = 01 and 21x2 xk-1 contains no subsequence 01. Then using Lemma 2.1 it 
is easy to see that C ( m )  = Ho + H1 + . + Hm-1 (disjoint union of dynamical systems). On the 
other hand Ho = {1~0"-pIO 5 p 5 m )  and 6 1 - 0 ( ~ )  = Om for all x E Ho. Hence Ho = [ m  + 11 
a n d H k = [ k ] x C ( m - k - 1 ) .  

Using the last theorem we can recursively compute transition diagrams of C A -  12,-b(m,) 
as follows: 



In this section we state recursive formulas generating transition diagrams of finite cellular 
automata CA-200,-b(m). First we recall that a triplet local transition function f with rule 
number 200 is illustrated by the following figure: 

Rule 200 111 110 101 100 011 010 001 000 
1 1 0 0 1 0 0 0  

The symmetric and the complemented rule mumbers to 200 are 200 and 236, respectively. 

Lemma 4.1 A s s u m e  y = f o r  t w o   configuration^ x = x1x2 . . xm a n d  y = yly2. . . y, 
of  CA-200,-b(m). T h e n  xkxk+l = 11 i f  a n d  o n l y  i f  ykyk+l = 11 f o r  k = 1 , 2 , .  . . , m - 1. 

Proof. Assume x k ~ k + ~  = 11. Then yk = f (xk-1 11) = 1 by f (x 11) = 1 and y k + l  = f ( l l ~ k + ~ )  = 
1 by f ( l1z)  = 1. Conversely assume ykyk+l = 11. Then xkxk+lxk+2 = 111, 110 or 011 by 
yk+l = ~ ( x ~ x ~ + ~ x ~ + ~ )  = 1. But if xkxk+lxk+2 = 011, then yk = f ( l ~ ~ - ~ O l )  = 0. Hence 
X k X k + l  = 11. 17 

Theorem 4.2 F o r  ce l l u la r  a u t o m a t a  CA-200 t h e  f o l l o w i n g  f o r m u l a s  h o l d :  

(a) B(m) = C(m,) (Symmetry), 

(b) C(m) = A(m - 1) + C(m - 1) a n d  D(m) = B ( m  - 1) + D ( m  - I) ,  

w h e r e  a. = al = 1, ak = akMl + ak-2 (k 2 2). 

Proof. (a) It is trivial from the symmetry f (xyz) = f (zyx). 
(b) We will show that Y(m) = X(m-l)+Y(m-1), where X ( m )  = CA-2000-,(m) and Y (m) = 
CA- 2001-,(m). Define two functions i, : X ( m  - 1) --+ Y (m) and j, : Y(m - 1) -+ Y (m) 
by im(xlx2. .  . xmml) = 0x1x2 - .  . and jm(x1x2. .  . xm-1) = 1x1x2.. x,-~. AS f (lOz) = O 
and f ( l l z )  = 1, i, and j, are dynamorphisms of dynamical systems. Finally note that the 
images of i, and j, give a partition of the configuration set Qm of Y (m) . (c) Define subsets 
H, Ho, HI, . . + , HmA2 of the set Qm of all configurations of A(m) as follows. H is the set of 
all configurations containing no subsequence 11, and Hk (k = 0,1,  . . , m - 2) is the set of 
all configurations x = x l x 2 . . - x m  such that xkxk+lxk+2 = 011 and xlx2.. .xk-l contains no 
subsequence 11. Then using Lemma 3.1 it is easy to see that A(m) = H + Ho + H1 + . . . + Hmm2 
(disjoint union of dynamical systems). On the other hand IHl = am+l (= C" J = O  ("-!+l J ) and 



6 1 - o ( ~ )  = Om for all x E H. Hence H = [a,+l] and HI, = [ak] x C ( m  - k - 2). 

Using the last theorem we can recursively compute transition diagrams of CA-200,-b(m) 
as follows: 

c ( 2 )  = A(1) + C ( 1 )  = [2] + 2[1], 
D(2)  = C(1)  + D(1)  = 4[1], 
A(2) = [a31 + [ao] x c ( 0 )  = [3] + [I] x [I] = [3] + [I], 
c ( 3 )  = A(2) + c ( 2 )  = [3] + [2] + 3[1], 
D(3)  = C(2)  + D(2)  = [2] + 6[1], 
4 3 )  = [a41 + [ao] x c ( 1 )  + [all x c ( 0 )  = [5] + [I] x 2[1] + [1] x [I] = [5] + 3[1], 

5 CA- 140 

In this section we state recursive formulas generating transition diagrams of finite cellular 
automata C A -  140,-b(m). First we recall that a triplet local transition function f with rule 
number 140 is illustrated by the following figure: 

Rule 140 111 110 101 100 011 010 001 000 
1 0 0 0 1 1 0 0  

The symmetric, the complemented and the symmetric complemented rule mumbers to 140 are 
196, 206 and 220, respectively. 

Lemma 5.1 A s s u m e  y = daVb(x) f o r  t w o  con f igura t ions  x = xlx2 . . xm a n d  y = y1y2. . . ym 
o f  CA-140a,-b(rn). T h e n  xkxk+l = 01 if  a n d  o n l y  if ~ , + y k + ~  = 0 1  f o r  k = 1 , 2 , .  . , m - 1. 

Proof. Assume xkxk+l = 01. Then yk = f ( ~ k - ~ O l )  = 0 by f (xO1) = 0 and y,+, = f ( O ~ X ~ + ~ )  = 
1 by f(Olz)  = 1. Conversely assume ykyk+l = 01. Then xkxk+lxk+2 = 111, 011 or 010 by 
yk+l = ~ ( x ~ x ~ + ~ x ~ + ~ )  = 1. But if xkxk+lxk+2 = 111, then yk = f ( x k m l l l )  = 1. Hence 
X k X k + l  = 01. 

Theorem 5.2 For  cellular a u t o m a t a  C A -  140 t h e  fo l lowing f o r m u l a s  ho ld :  



(a) A(m) = A(m - 1 )  + C ( m  - 1 )  and B(m)  = B(m - 1 )  + D ( m  - I ) ,  

(b) B(m) = A(m - 1 )  + B(m - 1)  and D ( m )  = C ( m  - 1 )  + D ( m  - I ) ,  

Proof. (a) Set X (m)  = CA-1400-,(m) and Y ( m )  = CA-1401-,(m). Then two functions im : 
X ( m -  I )  -+ X ( m )  and j ,  : Y ( m -  1 )  + X ( m )  with i m ( x l x 2 . . . x m - l )  = O x l x 2 . . - x m - 1  and 
j m ( x l x 2 * .  . xm-1) = 1 x 1 x 2 -  . . xm-l are dynamorphisms of dynamical systems from f (OOz) = O 
and f ( 0 l z )  = 1. Then we can easily show that X ( m )  = X ( m  - 1 )  + Y ( m  - 1) .  
(b) Remark that two functions urn : C A -  140,-o(m - 1 )  -+ CA-  140,-l(m) and urn : CA-  
140,-l(m-1) -+ CA-140,-l(m) with u m ( x l x 2 .  + .  xmW1) = xlx2  . . and v m ( x l x 2  - .  . xmW1) = 
x1x2  . . . xm-1 1  are dynamorphisms of dynamical systems from f  ( x O l )  = 0  and f ( d l )  = 1. 
Then we can easily show that CA - 140,-l(m) = C A  - 140a,-o(m - 1)  + CA- 140,-l(m - 1) .  
(c) Define subsets H o ,  H I ,  . , H , - 1  of the set Q m  of all configurations of C ( m )  as follows. Ho 
is the set of all config~ra~tions containing no subsequence 01,  and H k  ( k  = 1 , 2 , .  . . , m - 1)  is 
the set of all configurations x  = xlx2  . xm such that x,+x,++l = 01 and 31x2 . . xkR1 contains 
no subsequence 01. Then using Lemma 4.1 it is easy to see that C(m)  = Ho + H1 + + .  . + Hm-l 
(disjoint union of dynarnical systems). On the other hand Ho = {lpOm-p 10 < p 5 m )  and 
S l - o ( l p O m - p )  = l p - l ~ ~ - ~ + l .  Hence Ho = [1Im+l and H k  = [ I l k  x C(m, - Ic - 1)  for Ic 2 1. LI 

Remark. A(m) = D ( m )  by 5.2(a) and (b). 

Using the last theorem we can recursively compute transition diagrams of CA- 140,-b(m) 
as follows: 

In this section we state recursive formulas generating transition diagrams of finite cellular 
automata C A - 4 a , - b ( m ) .  First we recall that a triplet local transition function f with rule 



number 4 is illustrated by the following figure: 

Rule  4 111 110 101 100 011 010 001 000 
0 0 0 0 0 1 0 0  

The symmetric and the complemented rule mumbers to 4 are 4 and 223 ,  respectively. 
The recursive formulas for transition diagrams of cellular automata appearing hereafter 

require tree and cycle expressions with roots. 

Theorem 6.1 F o r  ce l lu lar  a u t o m a t a  CA-4  t h e  f o l l ow ing  f o r m u l a s  h o l d :  

(a) B ( m )  = C ( m )  (Symmetry), 

(b) X ( m )  = [lIo x X ( m  - 1) + [ l ] l o  x X ( m  - 2) + [I100 x Y ( m  - 2). 

Proof. (a) It is trivial from the symmetry f (xyz )  = f (zyx).  
(b) Remark that two functions urn : X ( m - I )  --+ X ( m )  with urn(x1x2. - - x,-~) = 0x1x2. + - xm-1 
and urn : X(m, - 2) --+ X ( m )  with urn(xlx2 xrn-2) = 10x1x2 . . xm-2 are dynamorphisms by 
f(0Oz) = 0, f (010) = 1 and f (lOz) = 0. Next note that if 6 i - , ( ~ )  = y in Y ( m  - 2) then 
60-,(Oy) = Oy in X ( m  - 1) and So-,(llx) = OOy in X ( m ) .  This proves [ l ]oo  x [15Ix + [1]0 x [q ]Ox  = 

[13 + qloox. 
(c) Remark that a f~~nc t ion  j, : X ( m  - 1) --+ Y(m)  with j rn(xlx2.  . ~ ~ - 1 )  = 0x1x2. . xrn-1 is 
a dynamorphism by f (lOz) = 0. Next note that if 6 i - , (~~ )  = x in Y ( m  - 1) then JO-,(x) = x 
in X ( m  - 1) and 60-,(ly) = Ox in X ( m ) .  This proves [lIo x [p], + [lIo x [q], = [p + q]oz 

Using the last theorem we can recursively compute transition diagrams of GA-4,-b(m) as 
follows: 

First Assumption : A(0) = B(0)  = C(0)  = D(0)  = [I], , A(1) = [ l ] o  + [Il l .  



In this section we state recursive formulas generating transition diagrams of finite cellular 
automata C A -  76,-b(m). First we recall that a triplet local transition function f with rule 
number 76 is illustrated by the following figure: 

Rule  76 111 110 101 100 011 010 001 000 
0 1 0 0 1 1 0 0  

The symmetric and the complemented rule rnurnbers to 76 are 76 and 205, respectively. 

Theorem 7.1 F o r  ce l lv lar  a u t o m a t a  C A  - 76 t h e  fo l lowing  f o r m u l a s  ho ld :  

(a) C ( m )  = B ( m )  (Symmetry), 

(b) X ( m )  = [ l ]o  x X ( m  - 1) + [Ill x Y ( m  - I ) ,  

Proof. (a) It is trivial from the symmetry f (x  yz) = f ( z y  x) .  
(b) Remark that two functions i, : X ( m  - 1) --+ X ( m )  and j, : Y ( m  - 1)  -+ X ( m )  with 
im(x1x2 . . . xm-l) = Oxlxa . .  . x,-1 and j m ( x l x 2 .  . xm-1) = 1x1x2.  . . xm-1 are dynarnorphisrns 
of dynamical systems f ~ o r n  f (OOz) = 0 and f ( 0 l z )  = 1. Then we can easily show that 
X ( m )  = [lIo x X ( m -  1) +[Ill x Y ( m -  1).  
(c) Remark that two functions urn : B(m-2) -+ D ( m )  with u m ( x l x 2 . . .  xrnm2) = 10x1x2 . .  . x,-2 
and vm : B ( m  - 1) -+ D ( m )  with vm(xlx2.  . x,-~) = 0x1x2 . .  xnW1 are dynamorphisms by 
f (110) = 1 and f (lOz) = 0. Next note that if hO-i(y) = x in B ( h )  (k = 0 , 1 ,  . . . , m - 3) then 

l o x )  = 0 4 - 3  l o x  in B ( m  - 1) and 61-1(1m-k-1 oy) = om-- 1 0 s  in D ( m ) .  This 

proves im-i-lOb]x +O[q]Om-t-~lOz = [13+ q]Orn-t-~lOx. Finally it is easy to see that 61-1(19n) = O m .  

Using the last theorem we can recursively compute transition diagrams of C A -  76,-b(m) 
as follows: 

First Assumption : A(0) = B(0)  = C(0)  = D(0)  = [I],, D(1)  = [2]0 and D(2)  = [2]oo + [1]01 + 
[l]l0. 
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If 6 1 - , ( ~ )  = y  in Y ( m -  I ) ,  then 6 1 - , ( 1 ~ )  = Oy in Y ( m ) .  If 6 1 - , ( ~ )  = y  in Y ( m -  k )  for k  2 2, 
then 6 1 - , ( ~ k - 1 1 ~ )  = lk -201y in Y ( m ) .  61-,(Om) = 1"-'Z and 6 0 - , ( ~ m - 1 ~ )  = Om in Y ( m ) .  

Using the last theorem we can recursively compute transition diagrams of CA - 29,-b(m,) 
as follows: 

In this section we state recursive formulas generating transition diagrams of finite cellular 
automata CA- 8,-b(m). First we recall that a triplet local transition function f with rule 
number 8  is illustrated by the following figure: 

Rube 8  111 110 101 100 011 010 001 000 
0 0 0 0 1 0 0 0  

The symmetric, the complemented, the symmetric complemented rule mumbers to  8 are 64, 
239 and 253, respectively. 
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In this section we state recursive formulas generating transition diagrams of finite cellular 
automata CA-72,-b(m). First we recall that a triplet local transition function f with rule 
number 72 is illustrated by the following figure: 

Rule 72 111 110 101 100 011 010 001 000 
0 1 0 0 1 0 0 0  

The symmetric and the complemented rule mumbers to 72 are 72 and 237, respectively. 

Theorem 10.1 F o r  ce l lu lar  a u t o m a t a  CA-72 t h e  fol lotuing f o r m u l a s  ho ld :  

(a) C ( m ) = B ( m )  (Symmetry), 

(b) X(m) = [ [ l ] l o m - l E ] o m  + [ l ]o  x X ( m  - 1) + [ l ]oo  x X ( m  - 2) + [ l ] l l o  x X ( m  - 3) + 
C ~ ~ 4 [ ~ 1 1 0 k - - ~ 1 0  0 X ( m  - Ic), 

(c) Y(m) = [[ l] lom.-lz]om + [lIo x X(m - 1) + [lIlo x X ( m  - 2) + C;in_3[l]oi-210 CZI X ( m  - Ic) ,  

Proof. (b) < l k O  * . . . * > 
If So-,(z) = y in X ( m  - I ) ,  then So-,(Ox) = Oy in X (m). If So-,(x) = y in X (m - 2), then 
S0-,(1Oz) = OOy in X(m).  If So-,(x) = y in X(m-  Ic) for Ic > 3, then 6 0 - , ( l k - 1 ~ ~ )  = 1 0 ~ - ~ 1 0 y  
in X(m). So-,(lm) = 1 0 ~ - ~ i i  and 60- , (~~m-2 i i )  = Om in X(m).  



(c) < l k O  * . . . *  > 
If bO-,(x) = y in X ( m  - I ) ,  then S1-,(Ox) = Oy in Y(m). If 60- , (~)  = y in X ( m  - k )  for k 2 2, 
then 61-,(lk-1~x) = 0 ~ - ~ 1 0 y  in Y(m). 60-,(lm) = Om-% and 60- , (~m-1~)  = Om in Y (m). 

Using the last theorem we can recursively compute transition diagrams of CA-72,-b(m) 
as follows: 



In this section we state recursive formulas generating transition diagrams of finite cellulax 
automata CA- 108u-b(m). First we recall that a triplet local transition function f with rule 



number 108 is illustrated b y  the following figure: 

Rule 108 111 110 101 100 011 010 001 000 
0 1 1 0 1 1 0 0  

The symmetric and the complemented rule mumbers to 108 are 108 and 201, respectively. 

Theorem 11.1 F o r  ce l lu lar  a u t o m a t a  C A - 1 0 8  t h e  f o l l owing  f o r m u l a s  ho ld :  

(a) C ( m )  = B(m) (Symmetry), 

(b)  X ( m )  = [lIo x X ( m  - 1 )  + [1]1 x Y ( m  - I ) ,  

( c )  D ( m )  = [ l ] p  + [ l ] o m - z l l  + [I100 x B(m - 2 )  + [ l ] 1 0 0  x B ( m  - 3 )  + C~="=,l]O~-~lOO x B(m - 
k )  + [ I111 x D ( m  - 2 )  + C~=3[1]0k-3111 X D ( m  - k ) ,  

Proof. (b) < 0  * . - .  *, 1  * - . *  > 
If J o - , ( ~ )  = y  in X ( m  - I ) ,  then bO-,(Or) = Oy in X ( m ) .  If J1-,(x) = y  in Y ( m  - I ) ,  then 
J1_, ( lx)  = l y  in X ( m ) .  
(c) < l k O O  * . . . *, lkO1 * . . . * > 
If So-,(x) = y  in X ( m - 2 ) ,  then 51-,(00x) = OOy in Y(m) .  If JO-,(x) = y  in X  ( m - k )  for k  2 3 ,  
then 61-,(lk-200x) = 0 ~ - ~ 1 0 0 y  in Y(m) .  If Jl-,(x) = y  in Y ( m  - 2 ) ,  then bl-,(OIx) = I l y  in 
Y(m) .  If J1-,(x) = y  in Y ( m - k )  for k  2 3 ,  then 6 1 - , ( l k - 2 ~ l x )  = 0 ~ - ~ 1 1 1 y  in Y(m) .  

Using the last theorem we can recursively compute transition diagrams of CA-108,-b(m)  
as follows: 







In this section we state recursive formulas generating transition diagrams of finite cellular 
automata C A  - lamb(rn). First we recall that a, triplet local transition function f with rule 
number 1 is illustrated by the following figure: 

Rule 1 111 110 101 100 011 010 001 000 
0 0 0 0 0 0 0 1  

The symmetric and the complemented rule mumbers to 1 are 1 and 127, respectively. 

Theorem 12.1 For cellular automata CA-1  the following formu1n.s hold: 



(a) B(m) = C(m) (Symmetry), 

(b) X(m)  = [ l ] l m - l ,  + [I], x Y(m - 1) + [I100 x Y(m - 2) + C~==3[I]li-200 x Y(m - k )  for 
rn 2 3, 

(c) Y(m) = [lIo x X ( m  - 1) + [lIo @ Y(m - 1) for rn 2 2, 

where 
(i) [1]0 @ [p + [qi]x;]Oly = [[p]001y]000~ + [[q1]0~, + ' ' ' + [qk]Ozr]]O1ly 

if Oly -+ 00z in Y(m - I ) ,  

("1 ['lo @ [p + [qilolxi [ ~ ~ I o o ~ x ~ I o o o ~  = [p + [ ~ ~ ] o o ~ ~ ~ ~ ] o o o o ~  + [ [ q 3 ] ~ ~ ~ 1 x i ] ~ ~ ~ ~ Y  

if OOOy -+ 0112 in Y(m - 1) and xj f z for all  j, 

("') ['lo @ [p + [ ~ Z ] O I Z ~  + [ ~ ~ ] O O I Z ~ ] O O O Y  = [p + [ ~ ~ ] O O ~ X ~ ] O O O O Y  [ [ ~ ~ ] o o o ~ ~ ~ ] o I o o ~  + [qj0]0001xi0 

if OOOy -+ Ollz in Y(m - 1) and xj, = z. 

Proof. (b) < ok-l 1 * . . - * > 
60-,(1x) = Oy, 60-,(01x) = OOy, ~ O - , ( O ~ - ~ I X )  = l k - 2 ~ ~ y  (k  2 3), 60-,(Om) = lm-la. 
(c) < lk- lo  * . . - * > 
6 1 - , ( 0 ~ )  = Oy, 61-a,(10~) = OOy, 6 1 - a , ( l k - 1 ~ ~ )  = oky (k  2 2). 
61-,(lm) = Om. 
(Note that if y = 00# then y = 000# and x; = 0 1 ~ :  or xi = OOlcc:.) 17 

The following detailed formulas for the operation @ also are valid: 

[ ' l o g  < [P + [qilolxi + [qj]001xj]000y > [r + [ s ~ ] , ~ ] o I ,  >=< + [qi]001xi + [ ~ ] O O I , ] O O O O ~ >  [ [ s ~ ] o , ~ ~ ] o I I ,  > 
+ < [O]OOO, > [ [ ~ ~ ] O O O I ~ ~ ] O ~ O O ~  > 
if OOOy -+ Ollz in Y(m - 1) and 1xj f z for all j .  

if OOOy -+ Ollz in Y(& - 1) and ixio = z. 

Using the last theorem we can recursively compute transition diagrams of CA- la,-b(rn) as 
follows: 

First Assumption : A(0) = [I], , A(1) = (Illo + [Ill) and A(2) = ([3jo0 + [1Il1). 



In this section we st alt e recursive formulas generating transition diagrams of finite cellular 
automata CA- 5,-b(m). First we recall that a, triplet local transition function f with rule 
number 5 is illustrated by the following figure: 

The symmetric and the complemented rule mumbers to 5 are 5 and 95, respectively. 

Theorem 13.1 For cellu81ar automata CA-5 the following formulas hold: 

(a) B ( m ) = C ( m )  (Symmetry), 

(b) X(m) = [ l I l m - l i ,  + [ l ] lm-20i ,  + [ l ] l o  x X ( m  - 2) + [ l ]oo  x Y(m - 2) + C ~ = 3 { [ l ] l t - 3 0 1 0  @ 

X ( m  - k )  + [ l ] l t -3000 @ Y(m - h ) } ,  

where 

(i)  [ l ] ~  @ I$ + [qi]010xi [ ~ ~ ] O O O ~ ~ ] O I O ~  = I$ + [ ~ ~ ] o o ~ o s ~ ] o o ~ o ~  + [ [ q j ] ~ ~ ~ ~ ~ j ] ~ ~ i ~ y ,  
(ii) [ ~ I o  @ I$ + [ q i ] ~ i ] ~ l l ~  = [ [ P ] O O ~ ~ ~ ] O O O O O ~  + [ [q i ]0x~]0111~  if 01 l y  -+ 0 0 0 0 ~  in Y ( m  - 1): 
('''1 ['I0 @ I$ + [qi]olxi + [ ~ ~ ] o o ~ ~ ] o o o ~  = I$ + [ ~ ~ ] o o ~ ~ ~ ] o o o o ~  + [ [ ~ ~ ] O O O ~ ~ ] O I O O ~ .  



Proof. (a) < oL2l0 * . - - * , 0 ~ - ~ 1 1  * - - *  > 
If 60-,(10~) = 10y, then 60- , (11~)  = OOy. If 6 0 - , ( ~ " 2 1 ~ ~ )  = lk-3010y (k  2 3), then 
60-,(~k-211x) = lk-3000y (k  2 3). Finally note that So-,(Om) = 1"-'a and So-,(Om-l) = 
1"-2 ox. 
(b) < lk-l0 * > 
If 61-a(Ox) = O y ,  then 61-,(10~) = O O y  and S l - , ( lk - l~x)  = oky ( k  > 2). 
Finally note that d l - , ( l m )  = Om. 
(Note that if y = 00# then y = 000# and x; = O l x :  or xi = O O l x : . )  

The following detailed formulas for the operation @ also are valid: 

[1]0 @ b + [qi]010z, + [ ~ J - ] o o o ~ ~ ] o ~ o ~  = b + [ ~ ~ ] o o I o ~ ; ] o o ~ o ~ +  < [ q j 0 ] ~ ~ ~ y ,  [ [ q j ] ~ ~ ~ ~ z j ] o l l o y  > 
if xio = y and x i  # y. 

['lo@ < b + [ q i ] O l O ~ i  + [ q i ] 0 0 0 ~ ~ ] 0 1 0 y i  [' [sh]010uh + [ s k ] O O O ~ k ] O 1 O ~  >=< [P + [ q i ] 0 0 1 0 ~ ~ ] 0 0 1 0 y ~  [r + 
[shlOO1OuhlOO1Oz > + < [qjo 1000y r [ [ q ~ - ] 0 0 0 0 ~ ~ ] 0 1 1 0 y  > + < [ ~ k ~ ] 0 0 0 z  [[sk]OOOOu t ] O 1 l O z  > 
if xio = y ,  x i  # y, ukO = z and uk # z. 

Using the last theorem we can recursively compute transition diagrams of CA-5,+,(m) as 
follows: 

A(4) = [1]13,  + [1]120,  + [ l ] i o  x A(2) + [ l ]oo  X C(2) + C~=3{[1]1~-3010 @ A(4 - k )  + [ 1 ] i k - 3 0 3  @ 

C(4 - k)} = [ l ] 1 4  + [1]1201 + [Il l0 x ([I100 + [ l ] O l  + [Ill0 + [1]11) + [ l l o o  x ([2 + [ 2 1 0 0 1 0 1 ~ ( 2 )  + 
[ l l o l o  @ ([2]1) + [ l l i o i o  @ ([I],) + [I103 @ ( [ ~ I o )  + [1]103 @ ([I],) = [I114 + [1I1101 + [ ~ I I o ~  + [1I1001 + 
[ l ] l O l O  + [ l ] l O l l  + [2 + [2]04]031 + [2]0101 + [1]1010 + [2]04 + Ell103 

= [2]04 + [ I l l 4  + [2]031 + [1]1101 + [2]0101 + [1]1001 + [2]1010 + [2]103 + [111011 







In this section we state recursive formulas generating transition diagrams of finite cellular 
automata CA - 19,-b(m). First we recall that a triplet local transition function f with rule 
number 19 is illustrated by the following figure: 

Rule 19 111 110 101 100 011 010 001 000 
/ 0 0 0 1 0 0 1 1  

The symmetric and the complemented rule mumbers to 19 are 19 and 55, respectively. 

Theorem 14.1 F o r  ce l lu lar  a u t o r r ~ a t a  CA-19 t h e  fo l lowing  f o r m u l a s  ho ld :  

(a) C ( m )  = B (m) (S ymmme t r y), 

(b) X(m) = [Ill x X(m - I) + [I100 x Y(m - 2) + [ l ] o l l  x X(m - 3) + [ ~ I O O O  x Y(m - 3 ) ,  

(c) Y(m) = [lIo x Y(m - 1) + [I111 x X(m - 2) + [ ~ ] o o  x Y(m - 2), 

Proof. (a) < 0 * .  - - *, 11 * . . *, 100 * *, 101 * . . * > 
Observe that 6 0 - , ( 0 ~ )  = l y ,  60-,(11~) = OOy, 60-,(100x) = O l l y  and 60-,(101~) = 0 0 0 y .  
(b) < l * . . . * , O O * . . . * , O l * . . . *  > 
Observe that 61-,(1~) = Oy,  S 1 - , ( 0 0 x )  = l l y  and 6 1 - , ( 0 1 ~ )  = OOy 

Using the last theorem we can recursively compute transition diagrams of C A -  19,-b(m) 
as follows: 

First Assumption : (a) 

A(0) = [I]&. 
A(1) = [l]o + [Ill - 
A(2) = [ l loo  + [1]11 + [I101 + [ l l l o -  
A(3) = [I], x A(2) + [1]011 x A(0) + [ l looo x c(o) + [I100 x C(1). 
= [Ill x ( [ l loo  + [1]11 + [I101 + [1110) + [11011 x ([ll.) + [ l looo x ([I],) + [I100 ([I10 + [Ill). 
= [I + [2]101]000 + [1]111 + [11001 + [11110 + [11011 + [11100. 
A(4) = [I], x A(3) + [ l ] o i i  x A i l )  + [ l looo x c(l) + [l]oo x C(2). 
= [Ill x ([I + [2]101]000 + [1]111 + [1]001 + [1]110 + [1]011 + [ ~ I ~ o o )  + [11011 x ( P I 0  + [ill) + [ ~ I O O O  
([I10 + [Ill) + [ l l oo  x ([I + [2101100 + [1111). 

= [1+[2]1101+[2]1011]0000+[~]1111+[~]0001+[~]1110+[~]0011+[~]1100+[~]1000+[~]0111+[~10110+[~]1001. 
A(5) = [I], x A(4) + [ l ] o i i  x A(2) + [l]ooo x C(2) + [l]oo x C(3). 
= [Ill x ([I + [2]1101 + [2]1011]0000 + [llllll + [2]0001 + [ ~ l l l l o  + [ ~ l o o l l  + [ l l l l o o  + [211000 + [ l l ~ l l l  + 
[ l ] O l l O  + [ l ] l O O l )  + [1]011 x ([I100 + [I111 + [I101 + [1]10) + [ l looo x ([I + [~101100 + [llll) + [ l l oo  
([2 + [2]011]000 + [lllll + [21001 + [ l l l l o ) .  
= [2 + [2]11101 + [2]11011 + [2]10111]00000 + [1]11111+ [2 + [2]10110]00001+ [1]11110 + [2]00011+ [~]11100  + 
[2]11000+[1]00111 + [ l ] O O l l O +  [ 1 ] l l O O l +  [ 2 ] l O O O l +  [ ~ ] O l l l O +  [2+ [2101101110000+ [ ~ 1 0 l l l l +  [ ~ l o l l o o  + [ l l l o o l l -  
A(6) = [I], x ([2+ [2]11101+ [2]110ii + [2]ioii i]ooooo + [1]iiiii + [2+ [2]ioiio]ooool+ [ l l i i l i o  + [2100011+ 

[1]11100+[2]11000+[~]00111+[l]00110+[1]11001+[2]10001+[~]01110+[2+[2101101]10000+[~]01111 +[l]01100+ 

[1]10011)+[1]011 x ([~+[2]101]000+[~]111+[~]001+[~1110+[~1011+[~1100)+[~1000 ([2+[210111000+[~1111+ 

[2]001+ [1]110) + [ l l oo  x ([3 + [2]1101+ [2]101110000 + [111111+ [2 + [21011010001+ [111110 + [210011+ [111100) 

= [3 + [2]111101 + [2]111011 + [2]110111 + [2]101111 + [2]101101]000000 + [11111111 + [3 + [21110110 + 
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In this section we state recursive formulas generating transition diagrams of finite cellular 
automata CA-36,+,(m). First we recall that a triplet local transition function f with rule 
number 36 is illustrated by the following figure: 

R u l e  36 111 110 101 100 011 010 001 000 
0 0 1 0 0 1 0 n  

The symmetric and the complemented rule mumbers to 36 are 36 and 219, respectively. 

Theorem 15.1 F o r  ce l l u la r  a u t o m a t a  CA-36 t h e  f o l l ow ing  f o r m u l a s  h o l d :  

(a) C ( m ) = B ( m )  (Symmmetry), 

(b) X(2m) = [[1]12m-lo]02m + [lIo x X(2m - 1) + [ l I loo  x X(2m - 3) + ~ ~ = ~ l [ l ] l z r - ~ o o  @ ~ ( 2 m  - 

2k - 1) + ~ ~ = 1 [ 1 ] 1 2 ~ - 2 0 0  @ Y(2m - 2k)) 

(c) X(Zm+ 1) = [[ l]12m+l]02m+l + [ l ]o  x X(2m) + [ l I l o o  x X ( 2 ~ -  2) +C~="=, l ]12r -100  @X(2m-  
2k) + C;I=l[1]12t-200 @ Y(2m - 2k + 1)) 



where X(m) = CA-360-a(m) and Y(m) = CA-361-,(m) f o r  a = 0 , l .  

Proof. (b) < ( 1 0 ) ~ 0  * *, ( 1 0 ) ~ l l  * . . . * > 
If 6 0 - a ( ~ )  = y in X ( m  - I ) ,  then 60-,(0x) = Oy in X(m).  If 60-a(x) = y in X ( m  - 2k - 1) for 
k 2 1, then 60-,((10)k0x) = 12k-100y in X(m).  If J1-,(x) = y in Y (m - 2k) for k 2 1, then 
60-a((10)k-1 11x) = 1 2 k - 2 ~ ~ Y  in X(m).  
(c) < ( 0 q k l *  . . *, (01)~00 * . . . * > 
If Sl-,(x) = y in Y (m - I) ,  then 61-a(1x) = Oy in Y (m). If J1-,(x) = y in Y (m - 2k - 1) for 
k 2 1, then 61-a((01)klx) = 12k-100y in Y(m). If JO-,(x) = y in X(m - 2k) for k 2 1, then 
60~a((01)k-100x) = 1 2 k - 2 ~ ~ y  in Y (m). 

Using the last theorem we can recursively compute transition diagrams of CA- 36a-b(m) 
as follows: 

First Assumption : A(0) = B(0) = C(0) = D(0) = [I],, 
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