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Abstract

Cellular automata ca —90 have states 0 and 1, and their dynamics, driven by the
local transition rule 90, can be simply represented with Laurent polynomials over a finite
field F, = {0,1}. Cellular automata cam —90 with memory, whose configurations are
pairs of those of ca—90, are introduced as a useful machinery to solve certain equations
on configurations, in particular, to compute fixed or kernel configurations of ca — 90.
This paper defines a notion of linear dynamical systems with memory, states their basic
properties, and then studies some period lengths of one-dimensional and two-dimensional
cellular automata cam —90 with memory.

1 Introduction

As is well-known cellular automata have been initially introduced by J. von Neuamnn as a
model of self-reproducing systems and S. Wolfram [1, 2] has recognized as a mathematical
model of complex systems. Many authors [1, 2, 3] have investigated dynamical behaviors
of finite additive cellular automata. In their pioneer work [1] Martin, Oldlyzko and Wolfram
studied a lot of fundamental properties of additive cellular automata with cells arranged around
a circle, by using Laurent polynomials. Explicit formulas for period lengths of limit cycles
of additive cellular automata of such type were found by Guan and He [3]. Manna and
Stauffer [4] analyzed phase transitions of all nearest neighbor cellular automata on square
lattices without memory, and da Silva [5] studied critical behavior at the transition to chaos
of several binary mixtures of cellular automata and fractal dimensions associated with the
damage spreading and the propagation time of damage. By means of an extensive numerical
study of elementary cellular automata Binder [6] proposed a topological classification of cellular
automata, complementary to that of Wolfram derived from the attractor globality.

Kawahara et al. [7] studied the period lengths of cellular automata on square lattices with
rule 90, by an algebraic formalization of configurations and transition functions with Laurent
polynomials [1, 2]. In this paper we introduce a notion of cellular automata cam —90 with
memory associated to one- and two-dimensional cellular automata ca—90 with rule 90 and
then study period lengths of cellular automata cam—90 with memory. The main results will
be stated in Theorem 4.2, 4.4 and 4.5.

Now we will explain a motivation why we introduce a notion of cellular automata with
memory. A two-dimensional cellular automaton ca—90(m, n) is basically defined as follows
(where m and n are integers > 1): A configuration ¢ = (¢; ;) of ca—90(m, n) is an (m—1)x(n—1)
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matrix over a prime field F, = {0, 1}(= Z/2Z), that is, ¢;; = 0 or 1. The next configuration
6(c) = (6(c);,;) of ¢ is given by a formula:

6(c)i; = Cim1j + Cijm1+ Cij + cij1+ cipr; mod 2

fore=12,---,m—1and j =1,2,---,;n — 1. Here we assume the null boundary condition
Coj = Cmj = Cio = Cin = 0. That is, ca—90(m, n) is regarded as a linear dynamical system
(Fg(m—l)(”—l),é). Let us consider to find kernel configurations of ca—90(m,n). (A kernel
configuration c is a configuration such that §(c) = 0, where 0 means a null matrix). To find
kernel configurations, one has to solve the following system of equations:

(%) cic1j + ciy—1 + Cij41 + Cigr; = 0 mod 2

fors =1,2,---,m—1and 7 = 1,2,---,n — 1. Let ¢; denote the i-th row vector of ¢ for
i=1,2,---,m—1,thatis, ¢; = (¢;1,¢2,  *, Cin-1). Then the above equation (*) is equivalent
to

cip1 =7(c)+ci-ymod 2 (i=1,2,---,m—1),

where 7 is the transition function of ca—90(n), and ¢y = ¢,, = 0. Given the first row c; of a
solution ¢ = (¢; ;) of (), one can calculate all other rows cs,cs, -, ¢;y—1 in order and then c,,
must be a zero vector. This motivates an idea of a new linear system 7(c,d) = (7(c) + d, ),
which will be called a linear system with memory associated to ca—90(n) = (Fy~1 7). A
more general notion of of linear systems with memory will be defined in Sec. II. An important
property of a linear system with memory is a fact that its transition function is injective.
Hence, whenever the configuration space is finite, all configurations lie on some limit cycles
and so the main interest of its dynamical behavior will be focused on period lengths of limit
cycles, which are one of important topological indexes of dynamical systems.

The paper is organized as follows. In Sec. I we first introduce a notion of linear systems
with memory associated to linear systems over a general field and define the characteristic
polynomials deeply related with transition functions of cellular automata ca—90(m). Then
the fundamental properties on iterations of transition functions of linear systems with memory
are stated. Also some well-known explicit formulas of the characteristic polynomials over F,
(or modulo 2) are recalled. In Sec. III we review some fundamentals on one-dimensional
cellular automata ca—90(m) and two-dimensional cellular automata ca—90(m, n) needed in
Sec. IV. Almost all results stated in Sec. III have been already showed in [8, 7] but the proofs
are simpler and self-contained. The Sec. IV proves the main theorems on period lengths of
particular configurations of cellular automata cam—90(m) and cam—90(m, n) with memory,
by using results obtained in the previous sections.

2 Linear Systems with Memory

A linear system over a field F is a pair (X, 7) of a vector space X over F and a linear
transformation 7 : X — X, which will be called the transition function (or dynamics) of
(X, 7). A vector of X will be called a configuration of (X, 7).

As stated in the introduction the notion of linear systems with memory is motivated as a
useful machinery to solve certain kinds of equations on configurations in higher dimensional

linear systems.
We now define linear systems with memory associated to linear systems over general fields.

Definition 2.1 Let (X, 7) be a linear system over a field F. The linear system (X, 7) with
memory associated to (X, T) 1s constructed as follows. A configuration of (X, 7) is a pair (c, d)
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of vectors ¢ and d of X. The transition function 7 of (X, 7) 1s defined by
(c,d) = (=7(c) —d,c)
for all configurations (c,d) of (X,7). O

It is trivial that the transition function 7 of (X, 7) is a linear transformation on X & X and
is injective. Thus, whenever X is finite, 7 is bijective and all configurations (c, d) of (X, 7) are
always on limit cycles.

In the rest of this section we assume that (X, 7) is a linear system over a field F. For a
polynomial £(2) = ag+aiz+- -+ axz® over F with an indeterminate z we define the extended
linear transformation £(7) : X — X of 7 by £(7)c = agc+a17(c)+- - -+ ap7*(c) forall c € X. It
is trivial that £(7) is a linear transformation on X. The main interest of the paper is concerned
with period lengths of limit cycles in (X, 7). The period lengths are generally dominated by
the property of iterations of 7. In order to explicitly compute the iterations the characteristic
polynomials ¢o(z), p1(2), 2(2),- - - will be introduced by induction as follows:

po(2) = 0, 1(2) = 1 and pry4a(2) = —29x41(2) — pi(2) (k2 0).

For example, ¢5(2) = —z,p3(2) = 22 — 1, 04(2) = —2° + 22, ps(2) = 2* — 322 + 1 and so on.
The following lemma shows how iterations of transition functions of linear systems with
memory can be computed by the characteristic polynomials.

Lemma 2.2 Let (c,d) be a configuration of (X, 7). Then the equality
(e, d) = (prn(7)e = or(7)d, @r(T)c = @r-1(7)d)

holds for all positive integers k. In particular, +%(c,0) = (pre1(7)e, or(7)c), where 0 denotes
the zero vector of X.

Proof. For £ = 1 the equality is trivial from
(e, d) = (=7(c) = dy ) = (pa(7)c = 91(7)d, p1(T)c — po(T)d)

by ¢o(7)c = 0, 01(7)c = ¢ and @a(7)c = —7(c). Assume that the equality is valid for k& with

k > 1. Then
%kH(C, d) F(pr+1(7)e — or(7)d, pr(T)c — pr—1(7)d)

(=7 (pr+1(7)e — @r(T)d) = {r(T)c — pr-1(T)d}, prsa(T)c — pi(7)d)

({=Tor+1(m)e — or(r)c} = {=Ter(7)d = or_1(7)d}, Lr4a(T)c — @i(7)d)

= (pr+2(7)c = Pr41(7)d, Pr41(7)c — pr(7)d). O

I

1

As the first application of the last lemma we can easily prove how the period length of a
configuration with zero memory is related with a simple property expressed by an extended
linear transformation of transition functions. That is, we claim the following

Proposition 2.3 Let ¢ be a configuration of (X, 7) and k a positive integer.
(a) If pxp(7)c =0, then oryi(T)c = —pr—i(T)c for all i =0,1,--- k.
(b) If pr(t)c = 0, then #2*(c,0) = (c, 0):
(c) If #%*(c,0) = (¢,0), then Top(T)c=0. O
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Note that the characteristic polynomial ¢, (z) is the characteristic polynomial of a (k —
1) x (k — 1) matrix, that is,

—z -1
-1 -z -1
or(z) = oot
-1 -z -1
-1 -z

for all integers £ > 1.

Cellular automata ca—90, which will be discussed later, are linear systems over a prime
field F, = {0,1} of characteristic 2. Tt is well-known that the characteristic polynomials
wo(2), 01(2), p2(2), - - - over F, (or modulo 2) satisfy some specific formulas, which will be useful

to compute period lengths of configurations of cellular automata with memory associated with
ca—90.

Proposition 2.4 Let 1 and u be positive integers and k a nonnegative integer. Then for the
characteristic polynomials po(2), p1(2),- -+ over Fy the following holds:

(@) p2ie1(2) = {0i-1(2)} + {0i(2)}* and p2(2) = 2{pi(2)}?,
(b) pari(2) = sz"l{s@i(z)}?‘k and pqr;_1(z) = {gpi_l(z)}zk + {%(Z)}Z‘“ le 222
(c) @or(2) = 221 and pope_,(2) = Yo 222

@) pomon(s) = # T, 2O

3 Cellular Automata ca—90

In this section we recall some fundamentals on one-dimensional cellular automata ca—90(m)
and two-dimensional cellular automata ca—90(m,n) for the later study of the paper. Almost
all results stated in the section have been showed in [8, 7] but this section will give them
simpler and self-contained proofs.

In what follows we assume that m is an integer > 1. Let F3[z] be the polynomial ring over
a prime field F, = {0,1} of characteristic 2 with an indeterminate z, and Fy[z]/(z*™ — 1) a
quotient ring of Fy[z] by an ideal (z®™ — 1) generated by a polynomial z>™ — 1. A polynomial
in the quotient ring Fz[z]/(z*™ — 1) is sometimes called a Laurent polynomial (Cf. [1]). Define
Laurent polynomials ,,(7) = z' + 27 in Fy[z]/(z*™ — 1) for all integers 7. In particular, we
set tp, = t,n(1)(= 7+ z71). (We will omit a suffix m in ¢,,(7) and ¢,, unless confusion occurs.)

The following is the basic properties of Laurent polynomials #(:) in the quotient ring
Fylz]/(z*™ - 1).

Proposition 3.1 In the quotient ring Fy[z]/(z*™ — 1) the following holds for integers i,j and
a nonnegative integer k:




(e) #(2m +1) = t(3),
(f) ttm+1) =t(m—1). O
Making use of Laurent polynomials ¢,,(7) we define one-dimensional cellular automata ca—

90(m). The algebraic formulation of ca—90(m) enables us to apply the multiplicative structure
of the quotient ring Fy[z]/(z?™ — 1) to theoretical study of cellular automata.

Definition 3.2 A configuration ¢ of a cellular automaton ca—90(m) 1s a Laurent polynomial
m=1
Cﬂf(i)

=1

in the quotient ring Fa[z]/(z*™ — 1), where c; = 0 or 1 for all integers i = 1,2,---,m — 1.
The transition function 7 of ca—90(m) is defined by 7(c) = tc for every configuration c. A
configuration a of ca—90(m) is a particular configuration whose all cells have the state 1, that
is, a =Y (s). O

The following proposition states some basic behaviors of the characteristic polynomials
po(t), p1(t), p2(t), - - - and Laurent polynomials #(7) in cellular automata ca—90.

Proposition 3.3 In a cellular automaton ca—90(m) the following holds for a positive integer
1 and a nonnegative integer k:

(a) t{t(1) +4(2) + - +t(5)} =¢(1) +t(5) + t(z + 1),
(b) ta=1(1) +¢(m — 1),
(c) t(i)a =1(z) +t(m —1),
(d) @)t =1(z),
(€) @m(t)c =0 for all configurations c,
(1) ema(t)t(3) = t(m —19),

)

(g) {o:(t)}* t(m — 2¥) = t(m — 2%). In particular o;(t)t(m — 1) =t(m —i). O

For an odd integer m the least positive integer u satistying 2* = +1(modm) is called the
multiplicative suborder modulo m of 2, which will be denoted by sord(2; m). The existence of
positive integers u such that 2* = £1(modm) follows from Fermat-Euler theorem on funda-
mental number theory.

The period length of a particular configuration a = 72" £(5) of ca—90(m) is roughly deter-
mined by the multiplicative suborder of m modulo 2. Usmg the results of the last proposition
this fact will be proved in the following

Proposition 3.4 Let m be an odd integer > 3, k a positive integer, and u = sord(2; m). Then
the following holds:

(a) t*""ta = a in ca—90(m),
(b) $2°@* =042 g = 1271 iy ca—90(2%m),
(©) {t(m)}* a =0 and {t(m)}* =0 in ca—90(2*m).
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(Note that ¢ = t¢,, = tgk,(1) in (b) and t(m) = t8,,(m) in (c).)

Proof. (a) As 2* = m(2r + 1) £ 1 for an integer r, it follows from 3.1(c),(e) and (f) that
2 =12 =t(m@2r+ 1) £ 1) =t(m*x 1) =t(m— 1)

in ca—90(m). Hence using 3.3(d) and (f) we have

2 1(j) = 2, (1)t = 9, (0" = ;(1)t(m — 1) = t(m — j)

and so
" m-—1 u m-1
o= NG = D t(m—j) =a.
g=1 7=1

(b) First note that
2 = (28 = 1(25m(2r + 1) £ 2F) = 1(28m — 2F)

and

PTEI(2Y) = TR - 25 (25 + 25)) (by 3.1(d))
H(2571) 4 ¢(28m — 2571
t* g (by 3.3(c)).

in ca—90(2*m). Hence we have

127 i(2k)) = 21 D{g(5)) (by 3.1(c))
kiou__ k
= FED T by 35(d)
= ey
= {o,®)}7 (2 m - 2F)
= 1(2%m — 2%) (by 3.3(g))
and §O ki(ou k-1 k(ou k-1
42 (2 —1)t2 a = 12 (2 _1)t2 ;nz—ilt(Qk])
— tzk*l Z;r;—il t2k(2“—1)t(2kj)
= 27 T2 m — 2F5)
2.

(c) It is immediate from 3.1(a),(c) and 3.3(c) that {¢(m)}2" = ¢(2*m) = 0 and {t(m)}*" 'a =
(25 Im)a = (28 Im) + £(2"m — 2¥"Im) = 0. O

Recall that the assertion (a) and (b) of the last proposition was proved by using the injec-
tivity of transition functions and the substitution operators in [8, 7]. However the assertions
(a) and (b) have been showed only from the basic properties Laurent polynomials ¢(¢) and the
characteristic polynomials ¢;(%).

In what follows we assume that m and n are integers > 1. Let F5[z, y] be the polynomial ring
over a prime field F, = {0, 1} with two indeterminates z and y, and Fy[z,y]/(z*"—1,y*"—1) a
quotient ring of Fy[z,y] by an ideal (z*™ —1,y?" — 1) generated by two polynomials z°™ —1 and
y?*—1. A polynomial in the quotientring Fy[z, y]/(z*™—1,y*"—1) is sometimes called a Laurent
polynomial. Define Laurent polynomials #,,(i) = z* + 27" and s,(j) = ¥’ +y ™ for all integers i
and 7. In particular, we set t,, = t,,(1)(= z + z7!) and s, = s,(1)(= y + y~'). Further we set
U = Y07t (1) and b, = E;‘._fll sn(7). The following proposition gives elementary formulae
on Laurent polynomials ¢,,(7) and s,(7). (We will omit suffixes m and n in #,,(%), tm, Gm, 52(J),
$,, and b, unless confusion occurs.)




Proposition 3.5 In the quotient ring Folz, y]/(z*™—1,y*" —1) the following holds for integers
t,J and a nonnegative integer k:

() (0) = t(m) = 0 ; 5(0) = s(n) = 0,

Making use of Laurent polynomials #(i) and s(j) we reformulate two-dimensional cellular
automata ca—90(m, n), which is essentially the same as the combinatorial one stated in the
introduction. The algebraic formulation of ca—90(m, n) enables us to apply the multiplicative
structure of the quotient ring Fy[z,y]/(z?™—1,y*" — 1) to a further study of cellular automata.

Definition 3.6 A conﬁgumtioh ¢ of a cellular automaton ca—90(m, n) is a Laurent polynomial

m—1,n-1

c= D cigtli)s(y)
i=1,=1
in the quotient ring Folz,y]/(z®™ —1,y*" —1), where ¢, ; € Fy for alli and j with1 <1< m—1
and 1 < j < n—1. The transition function 6(= 6 ) of ca—90(m, n) is defined by §(c) = (t+s)c
for every configuration c. A configuration ab of ca—90(m, n) is a particular configuration whose
all cells have the state 1, that 1s,

m=—1ln—1

ab=Y_ t(:)s()).

r=1,5=1
The next configuration to ab is denoted by a(= o), that is, « = (t + s)ab. O

Note that the configuration space ca—90(m,n) consisting of all configurations is an (m —
1)(n — 1)-dimensional vector space over Fy with a basis {t(i)s(j) : 4 = 1,2,---,m—1,j =
1,2,---,n— 1} (Cf. [8]).

The configuration oo = (¢ + s)ab = t(1)b + t(m — 1)b + as(1) + as(n — 1) of ca—90(m, n) is
illustrated by the following figure:

123 n—3 n—2 n—1

QIBI

m—3
m—2
m—1

The period length of a particular configuration o = (¢ + s)a of ca—90(m, n) is roughly
determined by the multiplicative suborders of m and n modulo 2. Using the results 3.4 for
ca—90(m) this fact will be proved in the following
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Corollary 3.7 Let m and n be odd integers > 3, and k and | positive integers. Set h =
max(k,l) and w the least common multiple of u = sord(2;m) and v = sord(2,n). Then the
following holds:

(a) (t+5)*"ra=a in ca—90(m,n),
(b) (t+)2"C"=D(t + 5)2" o = (t 4 5)" Y in ca—90(25m, 2'n),

Proof. (a) Recall that **~'a = a in ca—90(m) and s*"~*b = b in ca—90(n) by 4.4(a). Then
as 2¥ — 1 is a multiple of 2* — 1 and 2¥ — 1 we have

(t+5) o = (2" +5*")ab

12"~ lab + ass?* b
tab + asb

= o

Il

Il

in ca—90(m, n).
(b) As #2""=Ds2"q = 12" in ca—90(2%m) and s>""Ds2"h = 2"b in ca—90(2'n) from
Prop.2.3(b) it follows that

(t+ s)zh@w’l)(t + s)zh“loz = )2w+h b

Etzw-l-h 2w+h)ab
(2" + 52" )ab
(t _+_ )2 -—1 I

4 Cellular Automata cam—90 with Memory

In this section we discuss one- and two-dimensional cellular automata cam—90 with memory
associated to ca—90. As stated in the section 2 all configurations of cam —90 lie on limit
cycles and their period lengths is one of important topological parameters concerned with the
dynamical property of cam—90. After reviewing a few basic formulas of the characteristic
polynomials ¢, (z) mod 2, we study some properties of period lengths of limit cycles on which
certain particular configurations lie.

First we recall one-dimensional cellular automata cam—90(m) with memory.

Definition 4.1 A configuration of one-dimensional cellular automaton cam—90(m) with mem-
ory 1s a pair (¢, d) of configurations ¢ and d of ca—90(m). The transition function 7 of
cam—90(m) s defined by 7(c,d) = (tc + d,c) for all configurations (c,d) of cam—90(m).

For example it is easy to see that a = t(l) ta = 0 and 7(ta, 0) (ta,0) in cam—90(2), that
a =ta =t(1)+1(2), #(ta,0) = (ta,ta), +*(ta,0) = (0,%a) and #*(ta, 0) = (ta, 0) in cam~90(3),
and that a = #(1) + ¢(2) + #(3), ta = #(1) + #(3), #(ta,0) = (0,ta) and #*(ta,0) = (ta,0) in
cam—90(4).

The following theorem is a basic result on period lengths of configurations of one-dimensional
cellular automata cam—90(m) with memory.
Theorem 4.2 Let (c,d) be a configuration of cam—90(m). Then
(a) #™(c,d) = (c, d),
(b) #7™(c,d) = (¢, d) if and only if both of c and d are symmetric.
8




(c) If m >4, then the period length K(m) of a limit cycle on which a particular configuration
(ta,0) of cam—90(m) lies is equal to m.
Proof. (a) Note that ¢,,(t)c = 0 for all c of ca—90(m) by 3.3(e). Hence o, (t)c = t{p(t)}?c =
0 and
Pom+1(t)e = Pom-1(t)c = Pmam-1(t)c = Pm-ms1(t)c = p1(t)c = ¢
by 2.3(a), which claims #*™(¢c,d) = (c,d). (This means that the period lengths of all limit
cycles are divisors of 2m.)

(b) First note that ¢,,(¢t)c = 0 and ¢,,(t)d = 0 from 3.3(e). Also from 2.3(a) it follows that
Omt1(t)c = @m—1(t)c. Hence by 2.2 we have

#(c,d) = (Pmo1(t)e, Pmi(1)d).

But 3.3(f) means that ©m—1(t) is a reverse operator on configurations of ca—90(m).
(c) Recall from 3.3(d) that ¢;(¢)t = #(7) for ¢ > 0. Then using 2.2 and 3.3(c) we have

#(ta,0) = (pi(t)ta, pi(t)ta)
(t(i + 1)a, t(:)a)
(t(+ 1) +#(m =i = 1),8(1) + t{m — 1))

for all 7 > 0. From this one can observe that the least positive integer 7 such that #*(ta, 0) =
(ta,0) is equal to m. (Note that if m is even then #(m/2) +¢(m —m/2) = 0 but t(m/2+ 1) +
tm—m/2—1) #t(1) +t(m—1) =ta.) O

The following figure indicates the the period length of a limit cycle on which a configuration
(t(1) + t(2),0) of cam—90(5) lies is equal to 10.

0000 [ T [ ] ] d=eo(t)e
100 [l T ] =t
mwo ] ~@-
o111 | Il -
oo1r [ | | et
o000 [ [ [ T] estre
oo [ [ R et
o [ [ -
e ] 0
oo [ T ] st
0000 [ [ T 1] enolt)e
oo Il T eunoe

Now we recall two-dimensional cellular automata cam—90(m,n) with memory.

Definition 4.3 A configuration of two-dimensional cellular automaton cam —90(m,n) with
memory is a pair (c,d) of configurations ¢ and d of ca—90(m,n). The transition function
§ of cam—90(m,n) is defined by 6(c,d) = ((t + s)c + d,c) for all configurations (c,d) of
cam—90(m, n). O

Theorem 4.4 Let m and n be odd integers > 3, and let k and | be positive integers. Then the
following statements hold for the period length K(m,n) of a limit cycle on which a particular
configuration («,0) of cam—90(m,n) lies.




) I 2h+1(22w _ 1))
2km, 2N | 2bm for 1 > 2,
(25,21 = 2" for k1 > 2 and (k1) # (2,2),

N —
[ea
N
/—\ ~~ —_~ —~
[y~
bl
[\,Z

where h = max(k,l), u 1s the multiplicative suborder of 2 modulo m, v the multiplicative
suborder of 2 modulo n, and w the least common multiple of u and v.

Proof. (a) It suffices to see that po2w(t + s)a = o and @a2w_1(t + s)or = 0 by 2.2. The former
follows from
2w
ppu(t+s)a=(t+3s) la=a

by 3.7(a) since 2% — 1 | 22 — 1. The latter is obtained by the following computation
porw_y (T + ) = Zazwl(t + 3)22w Yo

= z;”l{(t+ )27 4 (1 + 5) P Yo
Yt 8T+ )70 a4 0}

= 0

since ( + 5)%" "la = o by 3.7(a).
(b) It suffices to see that @yn2w_)(t + s)a = 0 from 2.3(b). Note that

+ S)Zh-l Z (t+ )2"(22“’—21)
2b—1 ¢—w 2h(22w_27) 2h(22w_2itwy
+5)7 T 2 {( + ) + (t+s) to

@2h(22w__1)(t + S)Oé = (t
(t

= TV (t+ )P EPIO (1 4 5)P2CYD LY (E + 5) e
0

since (¢ + $)2" " D(¢ + )" 1o = (¢ + 5)2" ' by 3.7(b).
(c) It suffices to see that pyr-1,,(t + s)a = 0 from 2.3(b). Note that

proim(t+s)a = (t45)" Tpn((t+ )" )a
(t+ 3) gom((t + )2 )ab
2" 0, (12" ) ab
2" (2 tab

Poh-1,, ()t ab
= 0

il

since (t + $)2" " ab =12"""ab by s b = 0 and poe-1,,(¢)ta = t(25"Im)a = 0.
(d) It is immediate from 3.4(c) that

oona (B + s)or=(t+5)" Tab= (1" + s ab = 0.

ok
Hence by Lemma 2.3(b) we have 5 (a,0) = (a,0), which proves K(2%,2') | 2*. To see
K(2F,2") = 2" it suffices to show (¢ + s)pan-2(t + s)a # 0 by the virtue of 2.3(c). Now one
may assume h = k without loss of generality.

(t+ 8)pgia(t+8)a = (t48)(t+5)2 "1t + s)ab
= (t+5)(t*7 + 5 7)ab.
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(i) In the case of & > 1> 2. As s 7"b = 0 we have

(t+ s)por—2(t + s)a = (¢t + 8)t(252)ab
(1 + ){t(2572)b + (2° — 2¥72)b}
0.

el

The configuration ¢(2¥72)b + ¢(2F — 2572)b of ca—90(2*, 2') is illustrated by the following figure:

1 2l—1

2k-2

—
2b—gk=2 _

2k 1

(ii) In the case of £ = [ > 3. We have

(t+ s)paea(t+s)a = (£4s){t(2*72)b +¢(2% — 2°72)b + as(2"7%) + as(2F — 272)}
£ 0.

The configuration #(2872)b+t(2% —252)b+as(2872) + as(2% — 2572) of ca—90(2%, 2F) is illustrated
by the following figure:

1 2k=2 ok_ok-2 ok_4

2k __216—2

2k_1

Theorem 4.5 Let m and n be odd integers > 3, and let k and | be positive integers. Then
the period length K(2%m,2'n) of the configuration (o, 0) in cam—90(28m, 2'n) is even.

Proof. Assume that K(2Fm,2'n) is odd, that is, K(2¥m,2'n) | 22 — 1. Then 322%1(04, 0) =
(a,0) and so o = pw(t+s)a = (t+ )" a in ca—90(2*m, 2'n). However by the result in [7]
it is impossible if at least one of k£ and [ is greater than 1. Thus it suffices to inspect the case of
k =1=1. Recall that t*@*~Vtq = ta (by 3.4(b)) and *"“ta = t(m—1)+t(m+1) in ca—90(2m).
(For 2* = (2r + 1)m = 1 for some integer r. If r is even then 2" = £(2*)a = ¢t(m £ 1), and if r
is odd then #2"¢(2m + m £ 1) = t(m F 1). Hence *""Ha =t(mF l)a =t(m — 1) +t(m + 1)
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in ca—90(2m).) Thus 2" *a = t*""'a = t(m — 1) + t(m + 1) in ca—90(2m). Similarly
§2"71sb = s(n — 1) + s(n + 1) in ca—90(2n). Therefore we have

opu(t+s)a = (t+5)>" o
— (t+ )2’" 1(t+ )2’" Lo(ow— Ua
= (t+s)*"
= (" + 22w)ab
= t(m—1b+t(m+1)b+as(n—1)+as(n+ 1)
# t(1)b+t(2m — 1)b+ as(1) + as(2n — 1)(= a)

in ca—90(2m, 2n). This proves that K(2m,2'n) is even. The configuration #(m — 1)b +1(m +
)b+ as(n—1) + as(n+ 1) of ca—90(2m, 2n) is illustrated by the following figure:

1 n—1n nt+l 2n—1

m—1

m
m-+1

2m~1
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