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O .  Introduction 

I11 [4], we defined a, dyiiaiiiic fuzzy system using a fuzzy relation and gave liiiiit tlieo- 

reins for the transitioii of fuzzy sta,tes of the system under the contractive properties of 

the fuzzy relation. Next, in [14, 151, we discussed poteiitial theory of tlie system under tlie 

coiltractive and ~ioiiexpansive properties. Further, in Yosliida [I l l ,  we developed funda- 

mental theory of tlie dy~ia~n ic  fuzzy system as a Markov chain witli transition possibility 

measures. This paper analyses dual properties for tlie system in [I l l ,  and introduces a dual 

system of the dy~iainic fuzzy systein as a dual Markov cliaiil witli transition possibility 

measures. 

I11 Sections 2 and 3, we define various fuzzy transition operators and P-excessive 

possibility measures. For tlie dynamic fuzzy system, we show the resolvelit equation, 

the maximum principle and the co-balayage theorem, which are well-known in Markov 

potential theory. I11 Sectioii 4, we define a dual dy~iamic fuzzy system, on the basis of the 

results. 

In this paper, we deal witli Siiel17s optimal stopping problem for the dyiiainic fuzzy 

system (see [11, Section 4]), aiid discuss a duality for the problem. We give a dual 

representaction by the dual dynaciiiic fuzzy system. I11 Section 5, we also give a, one- 

diine~isional iiuiiierical example to illustrate our idea. 

1. Dynamic fuzzy systems 

We use the iiotatioiis of dy~iaiiiic fuzzy systeiils introduced by [Ill. Let S be a iiletric 

space. We write a fuzzy set 011 S by its menlbersliip functioil -5 : ,S [O, 11 and an ordinary 

set A(c S) by its indicator function lA : S {O, 1).  Refer to Zadeh [16] and Nov&k [6] 



for the theory of fuzzy sets. We define operatioils A and V for fuzzy sets as follows : Let 

r be an index set. For a family of fuzzy sets {5n)nEr on S, we put 

A Sn (x) := inf Sn(2) and V Sn(X) := SUP .S,(X), x E S. 
n E r  

n E r  
nET n E r  

For a fuzzy set S on S, its a-cut & is defined by 

~ , : = { ~ ~ S I s " ( z ) > n ) ( c u ~ ( 0 , 1 ] )  and S O : = C ~ { X E S ! ~ ( X ) > O ) ~  

where cl dei~otes the closure of a set. E(S) denotes the set of all countable uilioils of closed 

subsets of S, so called &sets (see [5] and [I l l ) .  F(S) denotes the set of all fuzzy sets on 

S satisfying the following conditioiis (F.i) and (F.ii) : 

(F.i) S, E £(S) for a E [0, 11; 

( i )  S = for cu E ( O , l ] .  

Then, we define 

f z z y  sets S 0 1  S there exists a sequei~ce (&):, r i ( S )  such tliat " & = S ) . 
n20 

Let a time space N := {0,1,2,3, . -1. Let a state space E be a finite-dimensional 

Euclidean space. We put a path space by 0 := JJzo E and we put a sailiple path 

w = (w(O), w(l) ,  w(2), . .) E 0. Define a map Xn(w) := w(n) and a shift B,(w) := 

(w(n),w(n + l), w(n + 2), . . .) for n E N and w = (w(O),w(l), w(2), . . -) E 0 .  We put 0- 

fields by M, := o(Xo, XI, . , X,) ' for n E N and M := a(UnEN M,) 2 .  In this paper, 

we call X := {Xn)nEN a dynamic fuzzy system. The law of the transition is defined as 
follows. Let ij be time-invariant upper seinicontiiluous fuzzy relations on E x E satisfying 

the following liormality coliditioil : 

sup ij(s, y) = 1 (y E E) and sup i ( z ,  y ) = 1 (x E E ) .  
ZEE Y€E 

Then ij means a trailsition fuzzy relation. Define P(A) := supw,, @(X, (w), Xn+l (w)) 
for A E M. We define at fuzzy expectation by the possibility measure P : For an initial 

state x E E ,  

EZ(h) := f h(w) d ~ ( w )  = sup h(w) A ij(X,w, Xn+,w) 
{ w E ~ : w ( o ) = x ~ . >  WER:W(O)=Z n=O 

for all M-1nea.surable fuzzy sets h E .F(0), where f d~ denotes Sugeno integral 

(Sugeilo [I 01). 

l1t denotes the smallest u-field on f2 relative to which Xo,  X I ,  . . - , X, are measurable. 
2 ~ t  denotes the smallest 0-field generated by UnEN M n .  



Let £ := {A I A E £(E) and AC E £(E)}, wliere AC := E \ A .  We call a map T : a H 
N U {oo) an £-stopping time if 

For example, a constaiit stoppiilg tiine i.e. T = no for some no E N, is an £-stopping 
time. And, for A E I ,  its first entry time TA and its first hitting time OA are £-stopping 

times ([ll, Lemma 1.51) : 

rA (w) = inf {n E N I X,(w) E A} w E 0; 

~ ~ ( w ) = i n f { n ~ N ! n > l , X ~ ( w ) ~ A }  ~ € 0 ,  

where tlie infiina of tlie empty set are uiiderstood to be +oo. 

In this paper, we deal with fuzzy sets in G(E) and we call maps from G(E) to G(E) fuzzy 
transition operators. We define a fuzzy transition operator P : G(E) I+ G(E) by 

PS(x) := Ex(5(Xl)) = sup{ij(x, y) A S(y)} x E E for S E G(E). 
Y€E 

(1.1) 

Next, we define fuzzy transition operators Pn : g(E) I-+ G(E) (n  E N) by 

Tlien, we have 
PnS(x) := Ez(S(Xn)) x E E for 2 E G ( E ) .  

Further, for an E-stopping time T, we define a fuzzy transition operator P, : G (E) H G(E) 

by 
P,S(x) := Ex(5(XT)) x E E for S E G (E), 

wliere we define X, := Xn on { T  = n}, n E N U {oo). 

2. Fuzzy transition operators 

In this section, we define various fuzzy transition operators and investigate the rela- 
tions. For A E E(E) ,  we define a map IA : G(E) +-+ G(E) by 

IAi := la A .G for .? E G(E). 

Then, the followiiig leinma gives a decompositioii of tlie hittilig possibility PTA by the 

fuzzy transition operator P .  

Lemma 2.1. Let A E E and S E  G(E). Then 



Proof. Fro111 [ll, Lemmas 1.1 and 3.1 (i)], it is easily checked that ( I A c  P).Z E g(E) for 
n E N. By induction, we prove that for all n E N 

When n = 0, (2.1) holds since 

Let n E N. We prove (2.1) for n + 1, assuming that (2.1) holds for n. By using Markov 
property ([I 1, Theorein 2.21) and the property of the fuzzy transition operator P ,  we 
obtain 

Thus, we get (2.1) inductively. We obtain this lemma from (2.1) and [ll , Leinnia 3.l(i)]. 

Next, we discuss the other relations among important fuzzy transition operators in 
dynamic fuzzy systems. Let A E E. Then, we define fuzzy transition operators 011 g ( E )  
as follows : 

UA := P G A  = GfAP = V P(IAcP)%. 
%EN 

Then, clearly 
G A = I V I A c U A ;  G r A = I V U A I A c ;  

Froin Leiiima 2.1, we also have 

Further, we obtain the followiiig resolvent equation (c.f. Revuz [9, Proposion 2 -2.51) 

Theorem 2.1 (resolvelit equation). Let A, B E E satisfy A c B. Then : 



Proof. Generally, for fuzzy transition operators L, M ,  N : G(E) H G(E) and n E N, we 
can easily check 

Therefore, 

Putting R := VnEN(NL)"N, we obtain 

Let A, B E £ satisfy A c B. Here, taking N := P, L := I B c ,  A4 := I B \ ~  in (2.8), we 
obtain R = UB and 

Therefore we obtain (2.6). We can easily check (2.7) from (2.6). CI 

In the rest of this section, we prove the maximuin principle for dynamic fuzzy systems 
(c.f. [9, Theorein 2.1.111). 

Lemma 2.2. Let 7- he a12 £-stopping time and SE g (E) .  Then 

Proof. Using strong Markov property ([I 1, Theorem 2.2]), we have 



Therefore we obtain this lemma. 

We define a partial order 5 on G(E) as follows : For 5, ? E G(E),  

S 5 ? inealis that S(x) 5 F(x) for all IC E E .  

Theorem 2.2 (maximum principle). Let S, ? E g ( E ) .  Assume {S = 0) E E(E).  If 

then 
G S L G ?  on E .  

Proof. First, we assume S E F ( E ) .  Let A := {S > 0). We have A = Ur=,{.G 2 l l n )  E 

E(E) from [ll, Lenliila 1.11. We also have A" = { g  = 0) E E(E).  Therefore 7-a is an 
I-stopping time. From (2.9), we have 

Then E,(V,<,(S(X,))) = 0 for all x E E, where we put ~ , ,~ (5 (X,w))  := 0 for w E a. 
Therefore, by (2.11) and Leinma 2.2, we obtain 

Thus, we obtain (2.10) for S E F ( E ) .  Next, we get the result for S E G(E) by applying 
[11, Lemma 3.1 (i)]. 

3. P-excessive possibility measures 

First, we deal with possibility measures and introduce P-excessive property for them 
as a duality of the following P-superharmonic fuzzy sets in [ll, Section 41 

Definition 3.1. A fuzzy set s" E G(E) is called P-superharmonic if 

S(x) 2 PS(x) for all n: E E .  

Definition 3.2 ([7, 111). A iliap p : £ ( E )  [O, 11 is called a possibility iileasure on E 
if it satisfies (P.i) - (P.iii) : 

(P.i) p(4) = 0 and p (E) = 1; 



(P.ii) If A, B E £(E)  satisfy A C B, then p(A) 5 p(B);  

(P.iii) If {A,):==, C E(E) ,  the11 p(U;==, An) = VT==, p(An) - 

We define a fuzzy integration of a fuzzy set S E G(E) by the possibility lneasure p : 

( S )  := 5 )  ( x )  = sup (0 A p(;i)). 
a€[0,1] 

Then, ( P i )  -- (P.iii) are ecluivalent to the followillg (1.i) - (1.iii) (see Ralescu and 
Adams [8]) : 

(1.i) ~ ( 1 ~ )  = O and p ( 1 ~ )  = 1; 

(I.ii) If 9, i- E G(E) satisfy S 5 ?, then p(S) -) I(?); 

Let P be the set of all possibility measures on E .  We introduce a partial order on P as 
follows : For p, v E P, 

1 2 v meatns that p(A) 2 v (A)  for all A E £(E) .  (3.1) 

By [8] ,  (3.1) is equivalent to 

p (S) 2 v(S) for all s" E G(E). (3.2) 

We define pL(g) := p(L.?) for .? E G(E) and fuzzy transition operators L : G(E) G(E). 

Definition 3.3. A possibility nleasure p E 7' is called P-excessive if 

We investigate properties of P-excessive possibility measures. 

Lernlna 3.1. Let p E P. p is P-excessive if and on[y if 

p = pG. 

Proof. Let p be P-excessive. Then 

p = p V p P  VpP2 V V pPn for all n E N. 

So we obtain (3.3). The converse proof is trivial. 

We obtain the following lemnla by Theoreln 2.1. 



Lemma 3.2 (c.f. [9, Propositioil 2.2.61). Let p be P-excessive. Then : 

Proof. Let A, B E E satisfy A c B .  First we assume pIBUB I p.  By induction, we 

prove 
n-1 

V ~ I A ~ B ( I B \ A ~ B ) ~  V PIBUB(IB\AUB)" i ~ I B U B  I p for n E N. 
k=O 

(3.5) 

We have (3.5) for n = 1 since 

Let n E N. We suppose (3.5) holds for n. Then, by multiplying of IBjAUB from the riglit 
side of (3.5) and taking its V-operation with pIAUB, we obtain 

Thus, we obtain (3.5) for all n E N. From (3.5), (2.6) and the property (1.iii) for p ,  we 

obt ail1 
00 

Consequently, we get p IAUA 5 p if A, B E E (A C B) and pIB UB 5 p. Finally, since 
pIEUE = p P  I p ,  the proof is completed. 

Next, we give a duality for Snell's optimal stopping problem [ll, Section 41. The 

duality in Markov processes are fouiid in [9, Propositions 2.5.61 and [2]. Let p E P be a 
fixed initial possibility ineasure. Let S E g ( E )  be a fuzzy goal. We coilsider a problem : 
Maximize pPT(5) with respect to finite E-stopping times. For simplicity, we deal with a 

case 2 = 1 in [ll, Sectioil 41. Then, we define a possibility measure 

~ ( 5 )  := SUP pP7(S), S E G ( E ) -  
7 :finite E-stopping times 

Lemrna 3.3. v has the following properties : 

(i) v = pG; 

(ii) v = p V v P .  

Proof. (i) We have pP, I pG for all finite E-stopping times T .  Therefore v I pG. 

While, pPn 5 v for all n E N. By the property (1.iii) for p,  we have v 2 pG. Therefore 
we obtain v = pG. 



(ii) Froin (i) and tlie property (I.iii), we obtain 

Therefore tliis leiliina holds. 

Theorem 3.1 (Duality in Snell's optinla1 stopping problem). T h e  optimal stopping 

problem (3.6) has the following dual representation : 

(i) v is the  smallest P -excessive possibility measure dominating p . Namely 

v(;) = rnin p' ( )  for. -5 E G(E). 
p' EP: p1>p,  p l < p l P  

(ii) Further, it holds that 

Proof. (i) From Lelnina 3.3(ii), we liave v 2 p and v 2 vP.  Let p' E be P-excessive 
such that p' 2 p. Then, by Lemma 3.1, 

= pfG(g) = p'(G9) 2 p(G9) = pG(S) = v(9) for 9 E G(E). 

Tlierefore, we obtain (i). 
(ii) From Lemma 3.3(ii) and [ll, Lemina 4.1 (ii)], we liave 

minip(?) / F is P-superliar~iionic aiid i- 2 9) = p(G9) = pG(9) = v(g) for 9 E G(E). 

(3.9) 
Therefore, we obtain (ii) and tlie proof is completed. 

Finally, by using Theorem 3.1, we obtain the following balayage theorem regarding 
P-excessive measures (c.f. [9, Tlieorenl 2.4.51). 

Theorem 3.2 (co-balayage theorem). Let p be P-excessive and let A E £. Then 

where HA := IAGfA = IA V IAUA IAc. Then, (3.10) is the smallest P-excessive possibility 

measure which dominates p on A. 

Proof. First, we prove that pHA is tlie smallest P-excessive possibility measure which 
dominates p 011 A. We have 



Therefore pHA = p on A. Further, froin (2.3) and Lemma 3.2, we have 

Thus pHA is P-excessive. While, let p' E 7J be P-excessive doininating p on A. Using 

Leinma 3.2, we haxe 

Thus, pHA is the smallest P-excessive dominating p on A. Therefore, by Leinilla 3.l(i) 

and Theorem 3.l(i),  we obtain pHA = pIAG. Thus we obtain this theorem. 

Corollary 3.1. Let p be P-excessive. The12 

pIAUA = pIAGP for A E I .  

Proof. Trivial froin Theorein 3.2 and (2.3). 

4. Dual dynamic fuzzy systems 

In this section, we deal with a dual systein for dynamic fuzzy systeilis X = {Xn)nEN 
and we give an explicit representation for the duality in Theorem 3.1. We define a binary 

relation ( a ,  .) on G (E) x G(E) : 

Define @(x, y) := G(y, x) for x, y E E .  Then, the fuzzy relation i is time-invariant and 
also satisfies the same norinality condition. We inay define a dual dynamic fuzzy systein 

h h h 

X = {Xn}n,N with a fuzzy transition operator P : 

For the system, we use the notations ' A ' to distinguish X and 2. The path space is fi := 

R and a path is & = (&(0),&(1), &(2), . - )  E A. We define kn(&) := &(n) (& E 6, n E N) 
and we put 0-fields by iiZn := o ( k o ,  x,, . . , xn) ( n  E N) and M := O(UnEN M,). Then, 

we also define a possibility ineasure P ( A )  := supGEn <(xn (b), kn+l (b)) for A E A. 
For h E .F(&)? we define an expectation by the possibility ineasure P : 

Then, we have the following lemma. 

Lemma 4.1. Let C,?E G(E) a12d C G(E). Then : 



(i) (PE, ?) = (g, P?); 

(ii) (IA g, ?) = (5, IA 3 for A E E (E) ; 

(iii) (S, ?) = (?, 4; 

(iv) (S, = (S, 1) =  sup,,^ S(X); 

(v) (0, i) = (5, 0) = 0; 

(vi) (Vn>o*'n, - 3 = s ~ ~ P ~ > o ( ~ ~ ,  - 3. 

Proof. (i) We have 

(Pg, ?) = sup{{sup @(x, y) A s"(y)} A ?(z)} = sup g(y) A {sup ?(s) A G(z, y)}} = (5, P?). 
z€E y € E  y € E  Z E E  

(ii) - (vi) are trivial from the definitions. 

Define tlie first entry time .iA and the first hitting time &A for A E E for the dual 
systeiii 2 similarly to Section 1, and define possibilities P F A  a i d  k6, similarly to Sectioii 
2. Then we have tlie followiiig results. 

Propositioii 4.1. Let S, ? E G(E) and A E E. Then : 

i (UAS, 3 = (i,iiAq, where iiA := vnEN P ( I ~ ~ P ) ~ ;  

(ii) (GE, 3 = ((s,G?$, where G := Vn,N Pn; 

(iii) (HAS, ?) = (5, P;, 3 ; 

(iv) (IAUAG, 3 = (S,P8,F); 

Proof. (i) From (2.3) and Lemma 4.1, we liave 

(ii) and (v) are siini1a)r. (iii) By (2.3) and Leinma 4.l(ii)(vi), similarly to (i) we liave 

Thus we obtain (iii). Finally, (iv) follows froin 

v ( I ~ ~ P ) ~ I ~ F  = Ij;,? for i. E G(E). 
 EN 



Therefore we obtain this proposition. 

The followillg lernliia characterizes densities of P-excessive possibility measures. 

Lemma 4.2. Let 9 E G(E) satisfy SUPzE~ 5(x) = 1. Put p E P by 

p(A) := S(x) for A E E(E) (A # 0), 
for A = 0. 

Then; the possibility measure p is P-excessive i f  and only i f  S is P-superharmonic. 

h 

Proof. Suppose that s" is P-superharmonic. Then we have 

= sup sup{."(.) A @(x, y ) ) 
YEA XEE 

= sup &(y) 
YEA 

I S U P ~ Y )  
YEA 

= p(A), A € £ ( , @ ) .  

Therefore we have p is P-excessive. Conversely, if p is P-excessive, then similarly we 

obtain 

sup P S ( ~ )  I sup S(y), A E E(E).  
YEA YEA 

Taking A := {y) (y  E E), we have that S is P-superharmonic. Therefore, the proof is 

completed. 

Next, we investigate a possibility measure E relative to which the dynamic fuzzy sys- 

tems X and x are dual. Let fi E G(E) satisfy  sup,,^ f i(x)  = 1. Let 6 be a fixed 

possibility measure with the density fi : 

supz., fi(x) for A E E(E) (A  # 0) ,  
for A = 0. 

We define a binary relation (., a )  on G(E) x G(E) : 

( ) := ( x )  A ( x )  d )  = s u p { ( )  A ( x )  A f i x )  j for 7 E G )  (4.4) 
ZEE 

Theorem 4.1. The dynamic fuzzy systems X and 2 are dual relative to the possibility 
measure ( i f  arid 011l.y i f  ( is P-excessive and P-excessive. Then, for 5, i: E (E) and 

{Sn);P=o c G(E), we have : 



(i) (Pi, F)( = (,5, Pqt; 

(ii) ( I  ? )  = ( 5  I for A E £(E); 

(iii) (5, ?)[ = (T, .qF; 

(iv) (S,i')[ = (5, 1)( = supIEE{5(x) A Iji(x)}; 

h 

(viii) (GS, F)[ = (5, GF)(, where G := VnEN Pn; 

(ix) (HA.?, ?)[ = (5, PTA 9 ,t; 

(xi) (IaUAIA5, ?)[ = (5, lAi?JA?)(. 

Proof. If [ is P-excessive, then we have 

= sup{@(x, y)  A 
I C E  

2 @(x,y) A 6 ( x )  for all x ,y  E E.  

Therefore, 

ij(x,y) A fi(x) 5 ij(x,y) A f i ( y )  for all x,y E E .  (4-5) 

Further, if E is P-excessive, in the sailie way, we have the reverse inequality in (4.5). 

Therefore 

@(x,y) A fi(x) = @(x,y) A m(y) for all x ,y  E E .  (4.6) 

Similarly, we call easily derive that E is P-excessive and P-excessive from (4.6). Therefore 
(4.6) is equivalent to the coiidition that E is P-excessive and P-excessive. While, from 

(4.6), we obtain 

= sup{S(y) A {sup q x )  A ij(x, y)} A *(x)) 
Y E E  IEE 

= (S, Pi.)[. 



Conversely, in (4.7) we take S := li,} and F := 1{,} for x, y E E. Tlieil (4.7) is reduced to 
(4.6). Therefore, X and 2 are dual relative to the possibility measure E if and oiily if E 
is P-excessive and k-excessive. The proof of (i) - (xi) are similar to tlie proofs of Lemma 
4.1 and Proposition 4.1. 

In the rest of this section, we discuss Snell's optimal stopping problem in the duality of 
dynainic fuzzy systems. We use the binary relation (-, .) on G ( E )  x G (E) .  I11 tlie problem 
(3.6), we consider a case when an initial possibility measure p is represeilted by 

p(A) := sup G(x),  A E E(E).  
x € A  

Then, from (3.6), we have 

v(5) := SUP (E,P75), S E G ( E ) .  
T : finite E--stopping times 

Theorem 4.2. T h e  optimal stopping problem (4.9) has the following dual representation: 

Proof. From (4.8) and (3.8), it is trivial that 

v(9) = - inin - J6,F). 
f : P - superharmonic, f > .S 

It is sufficient to prove that 

Let 6 be P-~u~erl iari~ioi i ic  and G > 6, and put a possibility measure p' by 

p1(A) := sup 6(z), A E E(E). 
,€A 

From Leinma 4.2, p' is P-excessive aiid p' 2 p. By (3.7), we obtain 

v(S) 5 /l'(S) = (G,  9). 

Especially, GE is P-superliamoi~ic and GE 2 E since 

Then, from (3.9) and Proposition 4.1 (ii), we obtain 

v(S) = pG(S) = p(GS) = ( 6 ,  GS) = (GG, i). 



Together with (4.13)) we obtain (4.12). Therefore, the proof is completed. 

5 .  A numerical example 

We consider a, iluinerical example with a one-diniensional state space E = R ,  where 
R is the set of all real numbers. We calcula,te the optimal value v(.S) for Snell's problem 
(4.9). 

Example 5.1. We give fuzzy sets 9,G and a fuzzy relation ij by 

then, we give a possibility ineasure p by (4.8). Let s" be the snlallest P-superhari11onic 
fuzzy set doi~iiilating .S. By [13, Example 4.11, we have 

' g(x) for x E (-00, x i )  N 

8x7 x) for x E [xi, x2)  N 

a* -- 0.7296 for x E [xZ, 23) N 

.G(x) for x E [x3, x4) N 

i(.? x) for x E [x4, x5) = 
0.8 for X E [ X ~ , X ~ )  N 

G(& 5) for x E [x6, x7) N 

, S(X) for x E [xi, +OO) N 

Next, let C* be the siliallest ?-superhamionic fuzzy set dorninatii~g 6. Siiice @(z, y) = 

ij(y, x )  (x,  y E R), in a method similar to [13, Example 4.11, we can easily check 

0.8 for x E (-00, x8) N (-GO, 0.2091) 
@(x, x )  for z E [x8, x9) [0.209 1,0.4098) 

G*(x) = 
C(x) for x E [x9, xlo) N [0.4098,0.6749) 
0.6325 for x E [xlo, +00) = [0.6749, +GO). 

Fig. 5.1 shows the fuzzy sets 5 and * ,  and Fig. 5.2 shows the fuzzy sets 6 and 2. 



Fig. 5.1. The fuzzy sets S(x) and li* (x) and a fuzzy set i (x ,  x). 

Fig. 5.2. The fuzzy sets C(x) and 2 ( x )  and a fuzzy set i (x,  x).  

From Theorein 4.2 and Figs. 5.1 and 5.2, we obtain 
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