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Abstract: This paper shows the resolvent equation, the maximum principle and
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the dynamic fuzzy system, and gives a duality for Snell’s optimal stopping problem
by the dual system.
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0. Introduction

In [4], we defined a dynamic fuzzy system using a fuzzy relation and gave limit theo-
rems for the transition of fuzzy states of the system under the contractive properties of
the fuzzy relation. Next, in [14, 15], we discussed potential theory of the system under the
contractive and nonexpansive properties. Further, in Yoshida [11], we developed funda-
mental theory of the dynamic fuzzy system as a Markov chain with transition possibility
measures. This paper analyses dual properties for the system in [11], and introduces a dual
system of the dynamic fuzzy system as a dual Markov chain with transition possibility
measures.

In Sections 2 and 3, we define various fuzzy transition operators and P-excessive
possibility measures. For the dynamic fuzzy system, we show the resolvent equation,
the maximum principle and the co-balayage theorem, which are well-known in Markov
potential theory. In Section 4, we define a dual dynamic fuzzy system, on the basis of the
results.

In this paper, we deal with Snell’s optimal stopping problem for the dynamic fuzzy
system (see [11, Section 4]), and discuss a duality for the problem. We give a dual
representation by the dual dynamic fuzzy system. In Section 5, we also give a one-
dimensional numerical example to illustrate our idea.

1. Dynamic fuzzy systems

We use the notations of dynamic fuzzy systems introduced by [11]. Let .S be a metric

space. We write a fuzzy set on S by its membership function §: 5 — [0, 1] and an ordinary
set A(C S) by its indicator function 14 : S+ {0,1}. Refer to Zadeh [16] and Novak [6]




for the theory of fuzzy sets. We define operations A and \/ for fuzzy sets as follows : Let
I' be an index set. For a family of fuzzy sets {8, },er on S, we put

N Sa(2) = 7111%% Sn(z) and /) S.(z) = sup Sn(z), z€8S.
ner nel ne

For a fuzzy set son S, its a-cut 3, is defined by
Soi={reS|3=z)>a} (ae(0,1]) and s :=cl{zeS|3z)>0},

where cl denotes the closure of a set. £(.5) denotes the set of all countable unions of closed
subsets of 5, so called F,-sets (see [5] and [11]). F(S) denotes the set of all fuzzy sets on
S satisfying the following conditions (F.i) and (F.ii) :

(F.i) 3, € £(S) for a €[0,1];
(F.il) Narco Sar = 8 for a € (0,1].

Then, we define

n>0

g(s):= { fuzzy sets 5 on S | there exists a sequence {3,}52, C F(S) such that \/ 5, =3

Let a time space N := {0,1,2,3,---}. Let a state space E be a finite-dimensional
Euclidean space. We put a path space by Q := [[;2, F and we put a sample path
w = (w(0),w(l),w(2),---) € Q. Define a map X,(w) := w(n) and a shift §,(w) :=
(w(n),w(n +1),w(n +2),--+) for n € N and w = (w(0),w(1),w(2),---) € 2. We put o-
fields by M,, := 0(Xo, X1,--+,X,) tfor n € N and M := 0(Upen M») 2. In this paper,
we call X = {X, },en a dynamic fuzzy system. The law of the transition is defined as
follows. Let ¢ be time-invariant upper semicontinuous fuzzy relations on F x F satisfying

the following normality condition :

sup g(z,y) =1 (y € E) and supg(z,y)=1 (z € E).
z€E yeE

Then § means a transition fuzzy relation. Define P(A) := sup, ey A%y §(Xn(w), Xps1(w))

for A € M. We define a fuzzy expectation by the possibility measure P : For an initial
state z € F,

E,(h) ;:][ hw) dPW) = sup AW A N {(Xuw, Xop10)

{weQw(0)=z} weQw(0)=x n=0

for all M-measurable fuzzy sets h € F(f), where ][ dP denotes Sugeno integral
(Sugeno [10]).

1Tt denotes the smallest o-field on Q relative to which Xy, X1, -, X, are measurable.
2It denotes the smallest o-field generated by U, eN M.

2

} |



Let £:={A| A€ E(F) and A® € E(E)}, where A° := E\ A. We call a map 7: ) —
N U {co} an &E-stopping time if

{r=n}eM,NEN) forallneN.

For example, a constant stopping time i.e. 7 = ng for some ny € N, is an &-stopping
time. And, for A € &, its first entry time 74 and its first hitting time o4 are £-stopping
times ([11, Lemma 1.5]) :

Ta(w) =inf{n e N | X, (w) € A} w e Q;
oalw)=mf{n e N|n>1X,(w) € A} weq,
where the infima of the empty set are understood to be +oc.

In this paper, we deal with fuzzy sets in G(F) and we call maps from G(E) to G(F) fuzzy
transition operators. We define a fuzzy transition operator P : G(F) — G(E) b

P3(z) := E.(3(Xy)) = zlelg{cj(m,y) N§(y)} ze€E forse G(E). (1.1)

Next, we define fuzzy transition operators P, : G(E) — G(E) (n € N) by
Py := I(identity) and P,yq:= PP, (n=0,1,2,---).

Then, we have

P,i(z) = E,(3(X,)) z€E forseG(E).

Further, for an £-stopping time 7, we define a fuzzy transition operator P, : G(E) — G(E)
by
P.3(z) = E,(3(X,)) ze€E forseG(E),

where we define X, := X, on {r =n}, n € NU {co}.

2. Fuzzy transition operators

In this section, we define various fuzzy transition operators and investigate the rela-

tions. For A € £(F), we define a map I4 : G(E) — G(E) b
[45:=14 N8 for $€ G(F).

Then, the following lemma gives a decomposition of the hitting possibility P, by the

fuzzy transition operator P.

Lemma 2.1. Let A€ & and §€ G(E). Then




Proof. From [11, Lemmas 1.1 and 3.1(1)], it is easily checked that (I4.P)"5 € G(E) for
n € N. By induction, we prove that for all n € N

EL(3(X:) AMlra=ny) = Eo(3(Xn) Alry=n}) = (1aeP)"145(z) z € E. (2.1)
When n = 0, (2.1) holds since
E.(3(Xo) A lram0y) = 1a(z) A d(z) = La3(2) = (14 P)°143(z) =z € E.

Let n € N. We prove (2.1) for n 4 1, assuming that (2.1) holds for n. By using Markov
property ([11, Theorem 2.2]) and the property of the fuzzy transition operator P, we
obtain

(Lae Py 43(z) = (Lo P)(IaeP)" Lad(2)

= lae(@) A Eo(Ex, (3(X0) A Lira=n}))
Lae(z) A Eo(S(Xp41) A Lz s0n2n})
= El( (Xn+1) A 1{'rA=n+1}) Tz € K.

Thus, we get (2.1) inductively. We obtain this lemma from (2.1) and [11, Lemma 3.1(i)].
0

Next, we discuss the other relations among important fuzzy transition operators in
dynamic fuzzy systems. Let A € £. Then, we define fuzzy transition operators on G(F)

as follows :
- \/ Pna GA = \/ (IAcP)n, G,A = \/ (PIAC)n, (22)
nelN neN neN
UA = PGA:GIAP: \/ P(IAcP)n (23)
neN
Then, clearly
Ga=1V 14Uy; G/A:I\/UA]AC; (2.4)

Go=G'y=G;, Gg=Gg=1; Uy=PG;, Ug=P

From Lemma 2.1, we also have

GAIA:P

i Usli= P, (2.5)

Further, we obtain the following resolvent equation (c.f. Revuz [9, Proposion 2.2.5]).

Theorem 2.1 (resolvent equation). Let A, B € £ satisfy A C B. Then :

Us=\ (Uslp\a)"Us = \/ Us(Ip\aUg)"™ (2.6)
neN neN



Up=UgV Uplp\aUs = Ug V Uplp\uUs. (2.7)

Proof. Generally, for fuzzy transition operators L, M, N : G(F) +— G(FE) and n € N, we
can easily check

(N(LV M))"N = \/ (NLYNM(NLY*NM --- M(NL)*N.
k,no,nl,w,nkEN
k+no+ni+-+ng=n

Therefore,

VN@VM)N=\ \ (NDN)M(NL"N)M - M((NLY*N).

nelN keN k,ng,ny,niz €N

Putting R := V,eNn(NL)"N, we obtain

\/ (N(LV M))"N = \/ (RM)*R. (2.8)
neN keN

Let A,B € & satisfy A C B. Here, taking N := P, L := Ige, M := Ip\4 in (2.8), we
obtain R = Ug and

Us=\/ (PLie)"P = \/ (P(Ige V Ip\a))"P = \/ (Uplp\a)"Us.
nelN neN neN

Therefore we obtain (2.6). We can easily check (2.7) from (2.6). O

In the rest of this section, we prove the maximum principle for dynamic fuzzy systems

(c.f. [9, Theorem 2.1.11]).

Lemma 2.2. Let 7 be an E-stopping time and 5 € G(E). Then

G3(x) = B, (\/ g(xn)) V P,Gi(z) forz € E.

n<T

Proof. Using strong Markov property ([11, Theorem 2.2]), we have

PGiz) = E(GX,))

= E,|Ex, (\/ §(Xn)))

= E; \/g(XT-HI)




Therefore we obtain this lemma. O
We define a partial order < on G(F£) as follows : For 5,7 € Q(E),k

§ <7 means that 3(z) < Hz) for all z € E.

Theorem 2.2 (maximum principle). Let 8,7 € G(F). Assume {§=0} € E(E). If
G5 < GF on {5> 0}, (2.9)
then
Gi<Gr onFE. (2.10)

Proof. First, we assume § € F(FE). Let A:= {§> 0}. We have A =02, {5 > 1/n} €
E(F) from [11, Lemma 1.1]. We also have A° = {§ = 0} € £(E). Therefore 74 is an
E-stopping time. From (2.9), we have

P, Gi< P, GF. (2.11)

Then E,(Vaer, (8(X5))) = 0 for all z € E, where we put V, o(8(X,w)) := 0 for w € Q.
Therefore, by (2.11) and Lemma 2.2, we obtain

n<TA

Giz) = E, ( \/ §(Xn)) V P, G3(z)

n<Ta

IN

E, ( \/ F(Xn)) vV P, Gi{z)
n<Ta
fred (;§($) T E l;.
Thus, we obtain (2.10) for § € F(F). Next, we get the result for § € G(F) by applying
[11, Lemma 3.1(1)]. O

3. P-excessive possibility measures

First, we deal with possibility measures and introduce P-excessive property for them

as a duality of the following P-superharmonic fuzzy sets in [11, Section 4]
Definition 3.1. A fuzzy set § € G(F) is called P-superharmonic if
3(z) > P3(z) forallz e E.
Definition 3.2 ([7, 11]). A map p : E(E) — [0,1] is called a possibility measure on E
if it satisfies (P.i) — (P.ii) :

(P) u(¢) = 0 and u(E) = I;




(Pii) If A, B € E(F) satisfy A C B, then p(A) < u(B);
(Pii) T {A4,}220 C £(F), then u(Uig An) = V2o i(A,)

We define a fuzzy integration of a fuzzy set § € G(E) by the possibility measure y :

p(3) i= £ 5(e) du(e) = sup (o A ().

«€[0,1]

Then, (P.i) — (P.ii) are equivalent to the following (I.i) — (Liii) (see Ralescu and
Adams [8]) :

(1) p(ls) =0 and p(le) =1
(Lii) If 5,7 € G(F) satisfy § < 7, then p(3) < pu(7);
(Lifi) Tf {3,)°2, C G(E), then u(Vo 5,) = V=g 1(50)-

Let P be the set of all possibility measures on F. We introduce a partial order on P as
follows : For p,v € P,

> v means that u(A) > v(A) for all A € E(F). (3.1)
By [8], (3.1) is equivalent to
w(8) > v(8) for all 3€ G(E). (3.2)
We define pL(3) := p(L3) for § € G(E) and fuzzy transition operators L : G(E) — G(E).
Definition 3.3. A possibility measure p € P is called P-excessive if

B> pbP.

We investigate properties of P-excessive possibility measures.

Lemma 3.1. Let u € P. u is P-excessive if and only if

pw = pG. (3.3)

Proof. Let p be P-excessive. Then
p=pVuPVuPoV---VuP, forallneNN.
So we obtain (3.3). The converse proof is trivial. O

We obtain the following lemma by Theorem 2.1.




Lemma 3.2 (c.f. [9, Proposition 2.2.6]). Let pu be P-excessive. Then :

plaUg < plglUg <pu for AAB€&:ACRB (3.4)

Proof. Let A, B € & satisfy A C B. First we assume pulgUp < p. By induction, we

prove
n—1

\/ 1LaUs(Ip\aUg)* V ulgUs(Ip\aUg)" < pulgUp <y for n € N. (3.5)

k=0

We have (3.5) for n = 1 since
pulsUp V plgUplp\aUp < plaUp V plp\aUp < plgUp < p.

Let n € N. We suppose (3.5) holds for n. Then, by multiplying of Ig\4Ug from the right
side of (3.5) and taking its V-operation with ul,Upg, we obtain

\/ 1LaUs(Ig\aUg)* V plgUp(Ip\aUg)"™ < plp\aUp V plaUp = pulgUp < p.

k=0
Thus, we obtain (3.5) for all n € N. From (3.5), (2.6) and the property (Liii) for u, we
obtain -

plaUs =\ plaUs(Ip\aUg)* < plpUp < p.
k=0

Consequently, we get pulyUy < pif A,B € € (A C B) and ulgUp < p. Finally, since
pwlpUg = pP < u, the proof is completed. O

Next, we give a duality for Snell’s optimal stopping problem [11, Section 4]. The
duality in Markov processes are found in [9, Propositions 2.5.6] and [2]. Let u € P be a
fixed initial possibility measure. Let § € G(E) be a fuzzy goal. We consider a problem :
Maximize pP,(8) with respect to finite £-stopping times. For simplicity, we deal with a
case ¢ = 1g in [11, Section 4]. Then, we define a possibility measure

v(3) := sup pP.(3), s€G(E). (3.6)

7 :finite £ —stopping times

Lemma 3.3. v has the following properties :
(i) v = uG;
(i) v=p VvP.
Proof. (i) We have pP, < pG for all finite E-stopping times 7. Therefore v < uG.

While, pP, < v for all n € N. By the property (Liii) for x, we have v > uG. Therefore
we obtain v = uG.



(ii) From (i) and the property (I.iii), we obtain

v=uG = \/ pPo=puvV \/ pP,P=pVuGP = puVvP.
nelN nelN

Therefore this lemma holds. O

Theorem 3.1 (Duality in Snell’s optimal stopping problem). The optimal stopping
problem (3.6) has the following dual representation :

1) v is the smallest P-excessive possibility measure dominating i. Namel
P Y g u y

v(§) = p'(5) for € G(E). (3.7)

min
weP:p 2, p <p!P
(ii) Further, it holds that

v(§) = min p(r) for §€ G(E). (3.8)

T P— superharmonic, r > s

Proof. (i) From Lemma 3.3(ii), we have v > y and v > vP. Let 4’ € P be P-excessive
such that g’ > p. Then, by Lemma 3.1,

)= W' G(3) = p'(G8) > u(G3) = uG(3) = v(3) for 5€ G(F).

Uy

#(

Therefore, we obtain (i).
(i) From Lemma 3.3(ii) and [11, Lemma 4.1(i1)], we have

min{u(7) | 7is P-superharmonic and 7> §} = p(G3) = pG(3) = v(3) for 5€ G(E).
(3.9)

Therefore, we obtain (ii) and the proof is completed. O

Finally, by using Theorem 3.1, we obtain the following balayage theorem regarding
P-excessive measures (c.f. [9, Theorem 2.4.5]).

Theorem 3.2 (co-balayage theorem). Let y be P-excessive and let A € £. Then

where Hy := [4G'4 = [o NV [onUaslac. Then, (3.10) is the smallest P-excessive possibility
measure which dominates y1 on A.

Proof. First, we prove that uH 4 is the smallest P-excessive possibility measure which
dominates p on A. We have

pHAILy :H(]A \/]AUAIAc)]A = ply.



Therefore pH4 = p on A. Further, from (2.3) and Lemma 3.2, we have
,LLHAP = /.I,IAGIAP = /L]AUA = //LIAUA]A \/IUIAUAIAc S [LIA \/,UIAUAIAC e ,LLHA.

Thus pH,4 is P-excessive. While, let ' € P be P-excessive dominating p on A. Using
Lemma 3.2, we have

,u': //IA \//,L/]Ac > ,LL']A V,u/IAUAIAc > pda NV plaUglpc = pHy.

Thus, uHy is the smallest P-excessive dominating y on A. Therefore, by Lemma 3.1(i)
and Theorem 3.1(i), we obtain uH, = pl4G. Thus we obtain this theorem. O

Corollary 3.1. Let p be P-excessive. Then

yIAUA:,uIAGP fOl‘AEg.

Proof. Trivial from Theorem 3.2 and (2.3). O

4. Dual dynamic fuzzy systems

In this section, we deal with a dual system for dynamic fuzzy systems X = {X,, },.en
and we give an explicit representation for the duality in Theorem 3.1. We define a binary

relation (-,-) on G(F) x G(F) :
(3,7) = ]é §(x) A 7(2) de = sup{&(z) A /(z)} for § 7€ G(E). (4.1)

el

Define ¢(z,y) := ¢(y,z) for z,y € E. Then, the fuzzy relation § is time-invariant and
also satisfies the same normality condition. We may define a dual dynamic fuzzy system
X = {X,}en with a fuzzy transition operator P :

P3(z) := sup{q(:L y)As(y)} = sup{ Hy) AN qly,z)} ze€E forse G(E). (4.2)

For the system, we use the notations ¢ * ’ to distinguish X and X. The path space is ()=
( and a path is © = (©(0), (1), ©(2),- )EQ We define X, (& ) 1= o(n )(wEQ n € N)
and we put o-fields by M, = O'(XO,Xl, . ,Xn) (n € N) and M = O'(UneN M, ). Then,

we also define a possibility measure P(A) := supgen Ao 4(Xn (@), Xn+1( )) for A € M.
For h € F(M), we define an expectation by the possibility measure P :

Ba(h) = 7{ W) dP(@) =  sup  h(@) A N @(Knis, Kpr@) for z € .

oe:o(0)=x} oeQo(0)=x n=0

Then, we have the following lemma.
Lemma 4.1. Let §,7€ G(F) and {3,}22, C G(F). Then :

10



(i) (P& 7) = (§)I:"F);

(ii) (143, 7) = (5, 147) for A € E(E);
(iii

5,8) = (5,1) = supyep 8(2);
0,3 = (5,0) =0;

Vn>0 Sn %} = Supn>0<3n7 N)

)
)
)
(iv)
(v)

vi)

(s
(3
{
(vi) (

Proof. (i) We have

(P3,7) = SUP{{SUP q(z,y) A 3(y)} A ()} = sup s(y) A {sup (=) A (z, y)}} =

z€E yelk yeE

(ii) — (vi) are trivial from the definitions. O

Define the first entry time 74 and the first hitting time 64 for A € £ for the dual
system X similarly to Section 1, and define possibilities P;, and P;,

2. Then we have the following results.

Proposition 4.1. Let §,7€ G(E) and A € €. Then :

(i) (Ua

(ii) (G§7) = (5GP, where G := V,ex Pu;
(i) (Has,7) = (5, Pr);

(iv) (TaUaS, A = (3, P, 7);

(v) (TaUala3, 7 = (3, LaUnLs7).

Proof. (i) From (2.3) and Lemma 4.1, we have

(Uas, 1) = < \/ (PLse)" P, fF> = sup((PI4e)"P3,7) =

neN neN

5,7 = (8,Uy7), where Uy =\, e P(14eP)™;

(5, P7).

similarly to Section

sup (3, P(14-P)"#) = (5,UA7).

(ii) and (v) are similar. (iii) By (2.3) and Lemma 4.1(ii)(vi), similarly to (i) we have

<HA§, 'IN“) = <[A§, ?)V(]AUAIAcg, ?7’> = <.§,]AT~’>V<§, IACUAIAa = <§’

Thus we obtain (iii). Finally, (iv) follows from

\/ (LscP)" 147 = Ps, 7 for 7 € G(E).

neN

11

\/ (Lye P) 147
nelN

)

A

= (5,P;

AT)-




Therefore we obtain this proposition. O
The following lemma characterizes densities of P-excessive possibility measures.

Lemma 4.2. Let § € G(F) satisfy sup,cp $(z) = 1. Put p € P by

Then, the possibility measure p is P-excessive if and only if § is P-superharmonjc.

Proof. Suppose that 5 is P-superha,rmonic. Then we have

,uP(A) = /‘(PlA}
= i{ég{g(x) A PlA(IE)}
= sup{s(z) Asup §(z,y)}
z€E yEA
= supsup{s(z) A ¢(z,y)}
y€A z€E

= sup P§(y)
yEA

< sup §(y)
yeA

= u(A), A€E(E).

Therefore we have p is P-excessive. Conversely, if y is P-excessive, then similarly we

obtain

sup Pi(y) <sups(y), A e &(E).
yeA y€EA

Taking A := {y} (y € E), we have that §is P-superharmonic. Therefore, the proof is
completed. O

Next, we investigate a possibility measure ¢ relative to which the dynamic fuzzy sys-
tems X and X are dual. Let m € G(E) satisfy sup,cpm(z) = 1. Let ¢ be a fixed
possibility measure with the density m :

{(A) — { ZupmeA ?ﬁ(:l,) i:gi ‘j i‘;(E) (A # (D)a (4.3)

We define a binary relation (-,-)¢ on G(E) x G(E) :

(5, P = ]g 5(z) A 7(z) dé(z) = sup{a(z) A /(2) A a(z)} for 5,7 € G(E).  (4.4)

zeE

Theorem 4.1. The dynamic fuzzy systems X and X are dual relative to the possibility
measure £ if and only if { is P-excessive and P-excessive. Then, for §,7 € G(FE) and

{8.}2, C G(E), we have :

12



{

(

(

{

(VnZO SN TES SuPnzo<§m Me;
(Ua3, e = (8,Upi)e, where Uy == Vo P(14eP)".
(G5, P = (5,G7)¢, where G :=\,en P

(Has, P)e = (3, P, e;

L4Ua, Mg = (3, s, e

TaUnLsE e = (8, TaUnls)e.

o~

Proof. If £ is P-excessive, then we have

m(y) = p(lyy)

> p(Plyy)
7 (yslté%{ti(ny') A 1{y}(y')})
ﬂ(é('vy))

sup{q(z,y) A m(z)}
z€E

§(z,y) A m(z) forall z,y € E.

Il

Il

v

Therefore,

gz, y) AN m(z) < ¢(z,y) Am(y) forall z,y € E. (4.5)
Further, if £ is P*excessive, in the same way, we have the reverse inequality in (4.5).
Therefore

g(z,y) N m(z) = ¢(z,y) A m(y) forall 2,y € E. (4.6)
Similarly, we can easily derive that ¢ is P-excessive and P-excessive from (4.6). Therefore
(4.6) is equivalent to the condition that ¢ is P-excessive and P-excessive. While, from
(4.6), we obtain

(P&, 7)e = sup{{sup i(e,) A () A i(x) A ()

= 32§{§<y) A {ZZE Nz) A gz, y)} A mfx)} (4.7)
= (5, P7),.

13




Conversely, in (4.7) we take §:= 1y,y and 7:= 1y, for =,y € E. Then (4.7) is reduced to
(4.6). Therefore, X and X are dual relative to the possibility measure ¢ if and only if ¢
is P-excessive and P-excessive. The proof of (i) - (xi) are similar to the proofs of Lemma
4.1 and Proposition 4.1. O

In the rest of this section, we discuss Snell’s optimal stopping problem in the duality of
dynamic fuzzy systems. We use the binary relation (-,-) on G(F) x G(E). In the problem
(3.6), we consider a case when an initial possibility measure y is represented by

w(A) :=supu(z), A€E(E). (4.8)
T€EA
Then, from (3.6), we have
v(s) := sup (u,P.5), §eg(k). (4.9)

7 : finite £—stopping times

Theorem 4.2. The optimal stopping problem (4.9) has the following dual representation:

v(s) = min (7,8 = _ min (u, 7). (4.10)

U P——superhannonic, v>U T": P—superharmonic, 7:2 s

Proof. From (4.8) and (3.8), it is trivial that

v(3) = min (a4, 7). (4.11)

P —superharmonic, T > s

It is sufficient to prove that

33

). (4.12)

v(3) = _ min (7,
V: P—superharmonic, V> U

Let v be P—superharmonic and v > 4, and put a possibility measure u’ by

p(A) = ilel,}i i(z), Ae€&(E).

From Lemma 4.2, u' is P-excessive and p' > pu. By (3.7), we obtain
v(3) < 1(5) = (5,9). (4.13)

Especially, (i is P-superharmonic and G'i > i since

Then, from (3.9) and Proposition 4.1(ii), we obtain
v(3) = pG(3) = p(G3) = (i, G3) = (G4, 3).
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Together with (4.13), we obtain (4.12). Therefore, the proof is completed. O

5. A numerical example

We consider a numerical example with a one-dimensional state space £ = R, where
R is the set of all real numbers. We calculate the optimal value v(3) for Snell’s problem

(4.9).

Example 5.1. We give fuzzy sets 3, ¢ and a fuzzy relation ¢ by

i(z)=(0.8—0.1]1—2)V0, zeR, (5.1)
i(z) = (0.8 — 011 +2|) V0, z€R, (5.2)
fz,y)=(1—ly—2*)v0, =z,yeR. (5.3)

then, we give a possibility measure p by (4.8). Let 5 be the smallest ﬁ’—superharmonic
fuzzy set dominating 3. By [13, Example 4.1], we have

() for z € (~oo,21) & (—o00,—1.1651)
q(z, ) for x¢€[ry,2y) &~ [-1.1651,~1.1147)
o* ~0.7296 for z € [2q,23) ~ [—1.1147,0.2964)

F(2) = 3(z) for x € [z3,74) ~ [0.2964,0.8687)

; i(e, ) for o€ lasas) A~ [0.8687,0.8789)
0.8 for € [us,zs) A [0.8789,1.0880)
q(z, ) for z € [vs,7) =~ [1.0880,1.0916)
5(z) for z € [z7,400) = [1.0916,+0c0).

Next, let @ be the smallest P-superharmonic fuzzy set dominating #. Since glz,y) =
q(y,z) (z,y € R), in a method similar to {13, Example 4.1], we can easily check

0.8 for z € (—oo,z3) =~ (—00,0.2091)
" §(z,z) for =z € [zs, o) ~ [0.2091,0.4098)
w(w) = u(z)  for z € [zg,z10) ~ [0.4098,0.6749)

0.6325 for z € [w19,+00) = [0.6749,400).

Fig. 5.1 shows the fuzzy sets § and @*, and Fig. 5.2 shows the fuzzy sets 4 and 35"
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o =2 0.7296
7 ~ —1.1651
zy ~ —1.1147
z3 =~ 0.2964
x4 =~ 0.8687
r5 ~ 0.8789
zg ~ 1.0880
zr ~ 1.0916

T

(87
1
0:“‘ ,,’r\\ T ""l
I R 8 Iy
l' \\ fal l’n ‘\:L I" ‘l ~
y O3
l‘ \\ 1” a*_—) l' || S(m>
‘l \\ 7 II “
[] <7 NS Y * ~
' 0.6t 1 T \ i (z) a 0.7296
| ] Z10 H Ty = 0.2091
1 i
! ~ ~
! 0.4} ';q(a:,?c) Tg 0.4098
] [}
§ 1
1 0.2 \
] {
[} [}
] 1
HE ; T
-2 -1 0 1 2

Fig. 5.2. The fuzzy sets i(x) and §*(z) and a fuzzy set §(z, ).

From Theorem 4.2 and Figs. 5.1 and 5.2, we obtain

v(3) = (@, 5) = (4,5) = o* ~ 0.7296.
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