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Abstract : This paper deals with an optiinad stopping probleill in dynainic fuzzy 
systems with fuzzy rewaxds, and shows that the optiinal discounted fuzzy reward 
is characterized by a, unique solution of a fuzzy relational equation. We define a 
fuzzy expectation with a density given by fuzzy goals and we estimate discountecl 
fuzzy rewads by the fuzzy expectation. This paper characterizes the optiinal fuzzy 
expected value and gives an optimal stopping time. 
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value. 

1 Introduction 

Optiii~a~l stopping probleii~s in a fuzzy eilviroiliriellt warns studied by [4, 11 ,  131. On the 

other l~a~iid,  i11 the previous papers 16, 13 ,  14, 1 51 , we clefined a dyilailiic fuzzy systern using 

a fuzzy relatioil and gave liiilit theoreiils for the tralilsitioii of fuzzy states of the systein 

under t lie coiltractive a i d  iloilexpailsive properties of of the fuzzy relation. Recently, 

I<urano et al. [7] also iiltroduced fuzzy rewards for the systeili and discussed fuzzy decisioil 

processes for total  fuzzy rewards wit11 respect to a partial order, which is called the fuzzy 

iiiax order. I11 [7], we defined fuzzy rewards by limps froiii fuzzy states t o  fuzzy nui~ibers. 

The  definition is a, iiakural exteiision of the classical rewards whicli are given by real 

valued fui1ctioils on a crisp state spa8ce (see [lo]).  This paper deals with an  optiinal 

stoppiiig probleiii i11 the dynamic fuzzy systeiii with fuzzy re~a~rc ls .  We iiltroduce a fuzzy 

expectation with a cleilsity given by fuzzy goals on the basis of the coilcept of decisioil 

makiiig in Bellinail and Zadeh [I]. We estimate discouilted fuzzy rewards by the  fuzzy 

expectation and we call theiii fuzzy expected values. I11 Section 3, tliis paper proves tha t  

the  optiliia,l fuzzy expected values equals to the fuzzy expect a t  ion of op tiiiial fuzzy rewards 

regarding the  fuzzy lllarx order. In Section 2, we prove that the optimal fuzzy reward is 

a uniclue solutioii of a fuzzy relati~iia~l equa.tion, and, i11 Section 4, we give an optiinal 

stoppiiig time. In Section 5, a iiuiilerical exainple is given to illustrate our theoretical 

i ilea,. 

Let E be a iiletric space. Let F(E) be the set of all fuzzy sets 9 : E t+ [O,  11 which are 

upper seilii-coiltinuous a.nd sakisfy SUPrEE S(n:) = 1. Let q : E x E H [O, 11 be a coiltiiluous 

fuzzy relatioil sa.tisfying Q(m, a )  E F(E) (n: E E ) .  Let st E F ( E ) .  In tliis paper, we deal 



with a secluence of fuzzy states {.?,}:go defined by the followiilg clyilainic fuzzy systerrl 

(see I<urano et al. [6]) : 

,Fo := 5 and 5n+l(y) := s ~ p l n i l i { 5 ~ ( ~ ) ,  @(xi y)}, y E E, n = 0 ,1 ,2 , .  * . (1.1) 
:UEE 

For simplicity, we define a map ij : F(E) H F(E) as follows. For any 5 E F(E),  

ij(5) (y  ) := sup miil{S(z), cj(x, y )}, y E E .  
.z- EE 

Then, (1.1) is represented by 

Firstly, we describe nonnegative fuzzy numbers in order to define fuzzy rewards. Let 

R+ := [0, GO). For a fuzzy set ci on R+ and a E [O,1], tlie a-cut 6, is defined by 

where cl denotes the closure of a set (for the cleta.ils, refer to NovAk [8] and Zadeh [16]). 

Then, a fuzzy set ci on R+ is ca.lled a ll~illlega~tive fuzzy lluiliber if 6 sakisfies the following 

conditioiis ( N l )  - (N3) : 

( N l )  The a-cut ri, is a bounclecl closed subinterva.1 of R+ for a E [O,1]. We represent it 

by [ci;, a;]. 

(N3) ci is normal, i.e., SUPLE~+ G(z) = 1. 

l i e  denote tlie set of all nonilegative fuzzy iiuiilbers by Fn(R+), and denote tlie set of a.11 

bounded closed subiiltervals of R+ by C(R+). 

Ail addition and a scalar inultiplication for nonnegative fuzzy numbers are defined as 

follows (for example, see [3]) : For 6, g E z,(R+) and X > 0,  the addition 6 + 6 of ci and 

g and the scalar ii~ultiplica~tioil Xc i  of X and ci are fuzzy ilurnbers given by 

(Xci),  = [Xi?,, Xii;], a E [ O , l ] .  

We define a, partia.l order >_ on F,,(R+) : Let ci, b E ?=,(It+). 
*- -+ 

ci i nleans that ci, > b, and ci; > b, for all a E [0, 11. 

The11 (Fn (R+), 2) becoines a lattice ([2]), and is called tlie fuzzy inax order. Further, 

for ci, E Fn(R+), we define the inaxiillum ci V i of ci and g with respect to the order 

by a fuzzy nuiliber such tliat 



Next, we denote by F(E : R+) the faillily of all iliaps f : F(E) H Ff i (R+) .  This paper 
ca,lls f E F(E : R+) a fuzzy-number-va>lued fuilctioil on F ( E ) .  We iiltroduce an  addition, 

a scalar inultiplicatioil a,ild s iliaxiilluill on F(E : R+) as follows : For j', i; E F(E : R+) 
and X > 0, the addition f + I; off  and i, the scalar i~iultiplicatioil ~f of X aiid f ,  and the 

~naximuill f V 6 of f and i; acre given by 

( V ) )  : = ( ) V ( )  S E F ( E ) .  

Let N := { O ,  1 ,2 ,  . . .) he a time spa.ce. Let /3 be a consta.nt sa,tisfyii~g 0 < /j < 1 silcl 

let i., E E F(E : R+) be bounded in the sense tha,t 1 1  alild 1 1  Ell axe finite, where the nor111 

1 1  . I /  is given by (2.2) in Section 2. /3 nlea8ils a discouilt ra,te and i.(.Gn) abild Z.(Sn) nieail 

a ruililiiig fuzzy reward ajild a teriliiiial fuzzy reward at  a state Sn (72 E N) respectively. 

Then, we define cliscouilted fuzzy rewaxcls with stopping times 772 by 

rm-1 

~ ( 9 ,  rn) := C pni.(&) + pm E(&) for S E F(E), m E N U {w ), 
n=O 

(1.4) 

where {.?,)~.LP=, is defined by (1.1) and we put the suili C:LL :_tnifSn) := lp)  E F n ( R + ) .  

Then, ( . ,  772) t F(E : R+) is trivial for n2 < m ,  a,nd further we ca,il check it by Yoshida 
et al. [14, Theorem 3.21 when rn = GO. This type of rewards in Marlcov cliajiiis are 

well-ltnown and studied by Sl~irya~yev [lo]. This pa.per discusses the optimal stopping 

probleili for (1.4) in clyiiailiic fuzzy systems (1.1). Put  a fuzzy goal by a fuzzy i~urliber 

6 : R+ H [ O )  l] which is a,n upper semi-continuous aiicl iioiidecreasillg fuilctioi~ with 

g (0) = 0 a.nd lim,-,, g (z)  = 1. The11 we note that j ,  = [g ;, w) fbr cu E [0, I]. In this 
paper, we coilsider the followiilg optiilia81 stoppiilg problem. 

( ( S  7 ) )  := C(S, ns) (z)  d P ( z )  = sup miil{ii(S, m)  (z ) ,  g ( z ) )  
ZER+ 

over a.11 rn E N U  {m), where P is the possibility mealsure ge1lera)ted by the density j and 

{ d P  deiiotes Sogeno integral (see 19, 121). 

The  fuzzy expectatioil iillplies the degree of satisfaction of discouilted fuzzy rewards, 

ailcl the fuzzy goal g (z) lileails a kiilcl of utility fuilctioil for fuzzy pa,yoffs s in (1.5) (see 

Fig 5.1). 

On the other hand, from (1.4), we call define an optimal fuzzy reward with respect to  

the  fuzzy maax order 2 as follows : 

v"(3) := V il(9, 772) = V /!In i.(.Gn) + /3"' E(Sn,) for 9 E F(E), (1.6) 
nl>O 17% > 0 



where v ineaiis tlie supremum with respect to the fuzzy max order k. Kurano et al. [7] 
discussed this type of optiiiia81 fuzzy rewa,rcls in fuzzy decisioii processes. Then, we can 

coiisider another probleiii to estimake the optiiiial fuzzy reward (1.6) by the fuzzy expec- 

t a.t ion ,!!? ( .) . 

Problein 1.2. Fiiid tiiiies 7 n  sucll that 

Prohleins 1.1 ailcl 1.2 are different regarding tlie optiiiiizatioi~ orders since the fuzzy 

illax order is used in Probleiil 1.2. However, in Sectioii 3, we prove that tlie optimal fuzzy 

expected values iii Problems 1 .I equals to k(C(s)). 

2 Optimal fuzzy rewards 

I11 this section, we show C E F(E : R+) and give a fuzzy relatiollal eyuatioii to 

cha,racterize the optiinal fuzzy reward (1.6). 

Lemma 2.1. Let [a,, b,], [a, b] E C(R+) (72 = 0 ,1 ,2 , -  ..). Then : 

if sup b, < oo; 
n>o 

(ii) 

(iii) 

where we define V , > O  [(dnr b,] := a,, ~ ~ 1 3 ~ 2 0  b,] alld C,>o[an, bn] := [C,,O an, En," bnI. 
- - - 

Proof. They are trivial. 

Leinina 2.2. Let f,, 1; E F(E  : R+) (72 = 0 ,1 ,2 , .  . -). T h e q  for 9 E F(E), we have : 

(i) 



(i i ) 

(iii) 

Proof. They are trivial, by applying Leinilla 2.1 for their a-cuts. 

Next, we iiitroduce a distance between fuzzy-numiiber-valued functions on F ( E ) .  We 

denote the Hausdorff metric on C(R+) by 5 (see [5]): 

Tlieii, we define a iiietric on F(E : R+) as follows : 

. - 
d(f ,  h) := sup 6(f(S)*, L(,?)c.) for f ,  L c F ( E  : R+). 

~uE[o,I],.?EF(E) 
(2.1 

Further, we define a, ilorili I /  / I  on +(E : R+) by 

: = ( I ) =  sup 6 ( f ( ~ ) ~ . , { 0 ) )  f o r f ~ F ( E : R + ) ,  
a€[0,1] ,.?EF(E) 

(2.2) 

where we put I{o} E F(E : R+) by 

(.?) := 0 (tlie crisp iluinber zero) for S E F ( E ) .  

Then we have tlie followiilg eleiiieiltary results. 

Leinma 2.3. Let [a1 , bl ]  , [el, dl], [a2 , bz] , [ ~ 2 ,  d ~ ]  E C (R+ ) . Then 

(i) &([a,, b l ]  V [el, dl], [a2, bz] V [cz, (121) < l l lax(6([~i ,  b i ] ,  [a2, h]), 6( [el, dl] , [ ~ 2 )  d21)); 

(ii) 5([al, b l ]  + [el, dl], [a2, b2] + [ ~ 2 ,  d2]) I &([a1 , bl ] ,  ['z, b21) + 6( [el, dl], [ ~ 2  & I ) ;  

(iii) &(@[a,, b l ] ,  @[el, ~111) = P ~ ( [ Q ,  b i l ,  [el, ~111). 

Proof. We can easily check them. 

Leimima 2.4. Let f l ,  f z ,  lLl, i2 E F(E : R+). Then 

( d(f1 v Ll , f 2 v &) < max(d(f 1, f z ) ,  d(L1 , &)); 

( )  d(f1 + Ll, f 2 + 1;) I d(f1, f 2 )  + d(L1, L 2 ) ;  



Proof. (i) -- (iii) are trivial from tlie defiilitioii (2.1) and Lemrna 2.3. (iv) Let .5 E .F(E). 
Since i(5) E F ( E ) ,  we have 

. l ( ( ) ) o , 2 ( ) ) )  I s.13 6 ( f ,  ( S ' ) ~ , ~ ~ ( S ' ) ~ )  
U E [ O . ~ ] , . < ~ E ~ ( E )  

= d(.fl,.f2) for all a E [O,1], .F(E). 

This yields (iv). CI 

We obtain tlie followiiig theoreills for the optilna,l fuzzy r e w a d  i, in (1.6). 

Theorem 2.1. It holds that i7 E .F(E : R+).  

Proof. Let 5 E .F(E). From Leiiiiiias 2.1 and 2.3, for rn' < n2" and a E [ O , l ] ,  we have 

< C s (p7"gn(S)),, {o)) + 2 sup 6(p"t(gm(S)),, 10)) 
n=nzl nz >m' 

By letting mu -+ oo, we obtain 

where 
m 

~(172')  := C pnlli.ll + 2,0nL111i.ll for rn' 2 I. 
n=77z1 



5 2~(n2') + iiiax 6 (G(S, rn),, ( n ) )  for m' 2 1, a' < a 
O<nz<nzl 

Siiice ~(rn') is independent of a allid a' and we liave C(S, rn) E Fn(R+), this yields 

liiii6(G(S),,G(S),l) < 2t(rn1) for all rn' 2 1,a > 0. 
,IT, 

Tlierefore 

Siiice (S) ,  c G(5ja1 holds trivially for a' < a, we obtain G(5) E Fn(R+) for a,ll S E F(E), 
usilig [6, Leiiiina 31. Thus we get C E F(E : R + ) .  

Theorem 2.2. The optima'l fuzz.y reward G E .?(E : R+) is a, unit-ue solution o f  the 
following fuzz,y relationa,l egu at ion : 

.G(S) = F(S) V { ( S J )  +pG(ij(.?))) for. S J E  F ( E ) .  (2 .3)  

Proof. Let .? t: F(E). Fro111 (1.1) aiid Lemma. 2.2, we liave 

Tlierefore G satisfies (2.2). If 6 E F(E : R+) is allot her solutioii of (2.2), then by Leinilla 
2.4 we lia$ve 

So we obtain 6 = 7'; siiice 0 < 13 < 1. Therefore G is a unique solutioi~ of (2.2). 



3 Optimal fuzzy expected values 

I11 this section, we discuss the fuzzy expectation of the optimal fuzzy reward. From 

now on, we fix an initial fuzzy state .5 E F ( E ) .  Define a level a* by 

Then, since g and ri(S) are upper semi-continuous, we have 

Theorelm 3.1. It holds that 

Proof. Let a sa.tisfy O 5 a < @(G(s)). B y  tlie defiiiition of the fuzzy expectastion ,!?(*G(~J)), 
we h axe 

g n (S: ) ,  f 0. 

Since g is iio~idecrea~siiig and E(S) E Fn(R+), it is equivalent to 

Therefore a 5 a*. Thus, we get a* 2 k(ri(5)). 

Next, let a < a*. Then, we have 

This is equivaleilt to 

ia  n l;(s), f @. 

Therefore a 5 E(v(2)). Thus, we get a* 5 E(ri(9)). Therefore, we obtain (3.3). 

Theore111 3.2. It holds that 

E(,fi(.?)) = sup E(ii(.?, m)).  
77% 20 

The~-efol-e, the optimad filzzy expected mlue in Problem 1.1 coil2 cides with the optimal 
fuzz.y expected va,lue in Problem 1.2. 

Proof. We liave 

( 7 )  ( 5 ) .  for all cu E [0, I] and rn ) 0. 

Since ij is nondecreasiiig, by tlie definition of tlie fuzzy expectatioil E(v(5)) and E( ~ ( 5 ,  m)) ,  

we get 

E(v(.~)) 2 E(c(s, m)) .  for all m 2 0. (3.5) 



If a* = 0, then (3.4) is trivial fro111 (3.5) and Theorelxi 3.1. We assume a* > 0. Let 
6 be an a.rbitrary real iiulnber such that 0 < 6 < a*. Let a satisfy a* - t < a < a*. We 
consider the followillg case : 

,;(S, m)$ < G(s)$ for all m 2 0. (3.6) 

Froni the definition of ,C(g), there exists a, secluence {m') such that 

there exists 7nb such tlla,tl 

If the condition (3.6) does not holcl, tliell there exists 772& such t1ia.t 

Tl~eil 
I + g , < j i* 5 G(ii):* = ci( i ,  7nb):. 5 il(s, mO)u.  

So (3.7) holds cleaxly. Therefore, in the both ca,se (3.6) aad (3.8), we obtain (3.7). Since 
the ij is nondecrea,sing and upper semi-continuous, from (3.7), we obt ail1 

By the defiilitioll of the fuzzy expectation E(2i(.i, mb)), we get 

Since 6 is axbitrary, we get 
sup E(G(s, na)) > a* 
nx20 

Together with (3.5) and Theorell1 3.1, we obtain this theorem. 

4 Optimal stopping times 

In this section, we give an optillla1 stopping time for Probleni I .  1. The followilig leinrna, 
is trivial froill the clefinit ions. 

Lemma 4.1. Let &, ii E 3,(R+) (n = 0,1,2, . .). Then, fol- a E [0, I ] ,  



(iii ) 

where ci,,, denotes the a-cut o f  GYZ. 

We defiile a tiine 

where the i~xfilnuin of the einpty set is understood to be +ma 

We have the followiilg propositioil by the sta,lldard inethods in the classical optilnal 

stopping problei~is (see [lo]).  

Propositioii 4.1. I f m *  is finite, then 

Proof. From (4.2) a,ilcl Lemmas 2.2 a8nd 4.1, we have 

Therefore, we obt a,in 



011 the other ha~ ld ,  from Theorem 2.2 arild Lemilias 2.2 and 4.1, we have 

n=O 

nz-l 

Therefore, for m < m*, we obtain 

This yields 

Together with (4 .3 ) ,  we get 

From Lemina 4.1, this yields 6(S,  m*)$ = ,I'(s)$ . Thus we obtain (4 .2 ) .  CI 

Theorem 4.1. Ifm,* is finite, then m* is an optimal stopping time for Problem 1.1. 
Further, m* is the shortest i12 the class of optimal stopping times. 

Proof. Fro111 Propositioil 4.1 and (3 .2) ,  we have 

Since the ij is il~ndecrea~siilg atlid il(sl, m*) E .En(R+), it is equivalent to 



By the defiilition of the fuzzy expectation k(ii(S, nz*)), we obtain 

E(il(5, m*)) 2 a*. 

By Theoreins 3.1 and 3.2, we get 

R(,&(S, rn*)) = #(C(S)) = a*.  

Therefore, rn* is an optimal stopping time for Problell1 1.1. 
Further, from (4.4), we 11a~ve 

Froln (3.2), (4.6) and Propositioil 4.1, we have 

ii(S, rn); < G(S, nz*):. = (s):, = j ,, for all rn < nz*. 

This yields 

k(ii(S, nz)) < a* for all m < rn*. 

Therefore, rn* is the shortest in the class of optimal stoppiilg limes. This completes the 

proof. 

5 A numerical example 

We coilsider a iluillerical exarnple with a one-dimensional state space. Take the state 

space E := [-2,2] and the discouilt rate /3 := 0.5. Give a fuzzy relation by 

We take an initial fuzzy stake hy 

and we give a sequence of the fuzzy states {Sn)r=o by (1 .I).  Further, in the same way as 

[14, 61, we give fuzzy relations 

I11 a way to similar (1.2), we define a rullnii~g fuzzy reward and a teriiiiilal fuzzy reward 

by 
i-(2) (z) : = sup min{S(x), F(x9 z) } , z > 0 for .? E F(E) 

X E E  



E(g)(z) := sup inin{S(z) A F(z7 I) ), z 2 0 for 5 E F ( E ) ,  
X E E  

and a fuzzy goal by 
5 ( z )  = 1 - e-'.OsZ7 z 2 O 

Then we have 

I I c i I I  < sup is); = ,~(1[-~.2]); < 20 < m, 
& 3 ( ~ )  

where 1L-2,21 is the classical indicator function of [-2,2]. Similarly 1 1  Ell 5 14 < m. 

Therefore, we call calculate fuzzy rewards {ii(s, n~) ) :=~ .  They are showil by Fig. 5.1. 
The optimal fuzzy expected value is given by 

at  an optiinal payoff 
I* -- 12.41078. 

Then, the opt i~nal  stopping time is m* = 1. 

Fig. 5.1. The fuzzy rewajrds { G ( S ,  m) )k=, a,ild the fuzzy goal g . 
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