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THE TRANSITIVE CLOSURE OF FUZZY RELATIONS 
WITH A CONTRACTION PROPERTY 

Yuji YOSHIDA * 

Abstract 

This paper analyses transitive closures of fuzzy relations on a compact metric 
space with a contraction property in [2 ] .  We show that the transitive closure is a 
unique solution of a fuzzy relational equation and also has the same contraction 
property. 

1. Introduction and notations 

Let E be a coinpact metric space and d be a metric on E .  C(E)  denotes the collection 

of all closed subsets of E. We put d(x, D) := infYED d(x, y), x E E , D  E C(E). Let p be 

the Hausdorff metric oil C(E). Then it is well-known ([I]) that (C(E), p)  is a compact 

metric space. Let F(E) be the set of all fuzzy sets s" : E --+ [O, 11 which are upper 

semi-continuous and satisfy SUPIE~ .;(x) = 1. 

For a fuzzy relation F : E x E --+ [O, 11 satisfying F(x, -) E F(E) (x E E), we define a 

map Fa : C(E) -+ C(E) (a E [ O , l ] )  by 

{y I F(x,y) 2 a f o r  solnex E D) for a f 0, D E C(E),D f 0, 
cl{y I i.(x,y) > Ofor soinex E D )  for a = 0, D E C(E),D f 0, (1.1) 
E for 0 5 a 5 1, D = 0, 

where cl denotes the closure of a set. Let R(E) be the set of all fuzzy relations i. : E x E -+ 

[O, 11 which satisfy 3 x 9  .) E F(E) (x E E) and 

sup P(ibi(y),i,(x)) -+ 0 (y -+ x) for E E. 
f f € [ O , l ]  

(1.2) 

We denote the maximuin operation and the miniilium operation by V and A respectively. 

Let ij E R(E) be a contiiluous fuzzy relation. We define secluences of fuzzy relations 
9% 

{ n , ,  1 { )m=1.,2,.-. by 

i j l : = i j  and i j n + l ( x , y ) : = s u p { i j ( x , z ) A ~ ( z , y ) } ,  x , y ~ E ,  n = 1 , 2 , . - a ;  (1.3) 
ZEE 
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If E is finite, then the transitive closure of the fuzzy relation ij is given ([ti]) by 

This paper discusses the transitive closure when E is a general compact metric space. 
From now on we assume the following contractioil property. 

ASSUMPTION (Contractioii property, [2]). There exists a real number /? (0 < P < 1) 

satisfying the followiilg coilditioil : 

~ ( i j ~ ( A ) ~ i j , ( B ) )  5 p(A,B) for all A , B  E C ( E )  and all a E [ O , l ] .  (1.6) 

We call ,b' a contraction factor. 

LEMMA 1. The conditio~z (1.6) is equivale~zt to the following condition : 

where @,(x) := ia({x)) (X E E ,  E [O, 11). 

PROOF. We can obtain (1.7) from (1.6), taking A = {x), B = {y }. Conversely we assume 

(I 7). Let A, B E C(E). Since &(x) c @*(A) for all z E A and ij, (y) c ija ( B )  for all 

Y E B, 

( ( ) ,  = max{ 1-nax d(x',ija(B)), 1nax d(ij,(A)7y1)) 
x ' E ~ ,  ( A )  yP€i,(B) 

5 max{ inax min d(x', i,(y)), inax mi11 d(Ga (x), y')). 
z'€i,(A) Y E B  y ' ~ i , ( B )  X E A  

Here since ija(A) = U X E A  Ga(x), we have 

max l~lind(x', = rnax rnax inind(xl, t a ( y ) )  I maxminp(Ga(x), @,(y)). 
z J € f a ( A )  YEB xEA Z ' E ~ , ( X )  YEB xEA Y E B  

Therefore we obtain 

P(',(A), ga(B)) I lnax{lllaxlllillp(ij,(X), Ga(~)),nlaxlnill~(qa(x), G~(Y))) .  
zEA yEB yEB xEA 

From (1 .?), we get 

p(ija(A), ij,(B)) 5 ,t? rnax{maxiniild(x, y),inaxmiild(x9 y)] = P p(A,B).  
zEA yEB YEB x€A  

Therefore we obt ail1 (1.6). 



DEFINITION 1. ([3]) For j,, 7: E R(E), 

means 
sup p(Fn,,(D), i-,(D)) 7- 0 (11  7- 00) for E C(E),  

aE[O,ll 

where in,,, (Fa are defined by (1.1) for the fuzzy relations i.,, i- respectively. 

LEMMA 2. ([2,Lemma 21) Suppose a family of subsets {D, I a E [ O , l ] )  c C(E) satisfies 
the following conditions: 

( i )  D, c D,t for a' 5 a .  

(ii) i D = D i e .  l i  ( D  D )  = 0 for a E (0,1]. 

TJze~z it Jzolds that 

1l;m ij,l(D,)) = @,(Do) f o r 0  E (071]. 
a f a  

LEMMA 3. We suppose that a family of subsets {D,(x) I x E E,a  E [ 0 , 1 ] ) ( ~  C(E))  
satisfies the following conditions (i) - (iii) : 

(i) D,(x) c D,l(x) j b r x  E E ,  O < a ' < a i  1. 

( i )  l i D ( x )  = ( x )  f o r x  E E, a E (0,l.j. 

Then 

satisfies F E R ( E )  and F,(x) = D,(x) for all x E E ,  cu E [O,1]. 

PROOF. Fix any x E E .  By [4], from the conditions (i) and (ii), we have f fz ,  -) E F ( E )  
and ?,(x) = {y E E / ?(x, y)  > a} = D,(x) for a E (0,1]. Therefore (1.2) holds from 
(iii). Thus we get 7: E R ( E ) .  I 

We define maps @: : C ( E )  ++ C ( E )  (n = 1 , 2 , . . . , a  E [ O , l ] )  by iji := @, and 
ij;+' := ij,(G) (72 = 1 , 2 , . . . ) .  

LEMMA 4. Let a E [0,1]. Then : 

(i) ( ( D )  = ( D )  D E C(E) for n = 1 , 2 , . . . ;  

(ii) (.""AD) = UU,=1,2 ,..., ,, z ( D ) ,  D E C(E) for rn = 1,2 , .  . 



PROOF. We have (i) from [2,Leinina 11 and (1.3). Further (ii) is trivial from (1.4). I 

LEMMA 5. It holds that 

~ ( A u  C,  BU D )  5 inax{p(A,B),p(C,D)j  for A , B , C , D  E C(E). 

PROOF. Let A, B, C, D E C(E). Then 

p ( A u C , B u D )  

Therefore we obtain this lemma. 

2, Main results 

We discuss the coilvergeilce of the sequence of fuzzy relations { i?)z=, . 

( i )  There exists a unique solution 6 E R ( E )  of the following fuzzy relational equation : 

(ii) The fuzzy relation E also has the contraction property with the same contractio~a 

factor p .  

(iii) The fuzzy relation c" equals to the limit of {Fz);=, : 

PROOF. Define a inap T,,, : C(E) + C(E) ( s  E E, a E [ O , l ] )  by 

Froin Leinma 5, 

p ( T o , , D ) 9 0 , a ( 9 ) )  = p(Ga(x)U @a(D)9ga(s) @dD'))  

r p(ga(D)? i,(Df)) 

pp(D,  D'), D , D '  E C(E),  E E, a E [O, 11. 



Since the metric space (C(E), p) is compact, from the Banach's fixed point theorem, there 
exists a family {A, (x) I x E E,  a E [ O , l ] )  c C(E)  such that 

and lim,,, Tz, (D)  = A,(x) for ally D E C(E). From the definition of ij,, T,?,I (D)  = 

gal(.) u ijal(D) > ij,(z) U ij,(D) = Tzl,(D) for a' 5 a. Inductively we have T;,/(D) > 
Tg,(D) for n = 1,2 ,  - .. By letting n -+ co, we obtain 

A,l(x) > A,(x) for a' < a .  (2-3 

Let a' 5 a .  Inductively we have 

Then p(A,t (x) , A,($) ) is uiliforlnly bounded since E is compact. We put P(A,I (x) , A, (x)) I 
M for some M > 0. Therefore 

By Lemina 2, we have lim,tT, Tzl,l (A&)) = lim,tl,{ija1 (x) U Gal (A,(x))} = @,(x) U 

ij,(A,(x)) = Tzl,(A,(x)). Repeating these arguineilts inductively, 

Therefore (2.4) follows 

By letting n -+ co, we obtain 
liin Aat (3) = Aa (x)* 
al.I-cy 

Let a E [ O , 1 ]  and z ,  y E E. From Leinllla 5 and the coiltraction property of @, we have 

Repeating these arguinent s inductively, 

Since p(D, Dl) is uniformly bounded, letting n -+ co, we obtain 

p(A,(y), A&)) P d(y, x)  for z ,  y E E. (2.6) 



Therefore 

sup p(A,(y), A&)) -+ 0 ( Y  -+ 2) for E Ee 
C Y E [ O , ~ ]  

Thus the family {A,(x) x E E, a E [O, 11) satisfies the conditions (i) - (iii) of Lemma 

3. By Leiilnia 3,  we can define a fuzzy relatioil F E R(E) by 

Then E, (x) = A, (x)  (x E E, a E [O, 11). Since A, (x) is a unique fixed point of T,?, , 

lim (P),(x) = lim T;&({x}) = A,(x) = E,(x), a E [ O , l ] .  
n+CO n+m 

We get (iii) since the coilvergelice is uniform in a E [0, 11. 
Next we show that 2 is a solution of (2.1). Since 2,(x) = A,(x), we note that 

If a > 0, then we have 

If a = 0, then in a similar way to the proof of [2,Leinma 11 we have 

y E E 1 iiiax{ij(x,y) v max{~(x, ' r )  A ij(2,y)) > 0) = &(x) U B,(;n(x))- 
T E E  zEE 

Therefore 

{ E E 1 ( x ,  y ) v a x {  E x ,  ) A ( y)} 2 a = , ( )  u ( for E LO9 11. 
zEE 

Together with (2.7), we get 

Therefore E satisfies (2.1). We prove the uiliquei~ess of solution of (2.1). Let us denote 

by Ef E R(E) another solution of (2.1). For x E E ,  a E [ O , l ] ,  it is shown similarly that 

Ef, (x) = il, (x) U ij,( Zf, (2)).  That is, F1,(x) is a, fixed point of T',, : C(E)  -+ C(E) .  Froin 

the uniqueness of the fixed point, we get E1,(x) = E,(x) for x E E, a E [0, I]. By Lemma 

3, 2 = E. Thus we get (i). 
Finally (ii) is trivial from (2.6), using Leiniua 1 a i d  f,(x) = A,(x) for x E E ,  a E 

[O, I] .  Thus the proof is completed. I 

THEOREM 2. It holds that 

Further E is the transitive closure of the fuzzy relati012 ij, 12a,mely E satisfies (i) - (iii) : 





From Theorem 2, we obtain 

Then (3.3) is the unique solutioii of Theorem 1 (see Figure 1). 

2 L  

Fig. 1 : The tra,nsitive closure F(x, y).  
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