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THE TRANSITIVE CLOSURE OF FUZZY RELATIONS
WITH A CONTRACTION PROPERTY

By

Yuji YosHipa *

Abstract

This paper analyses transitive closures of fuzzy relations on a compact metric
space with a contraction property in [2]. We show that the transitive closure is a
unique solution of a fuzzy relational equation and also has the same contraction

property.

1. Introduction and notations

Let E be a compact metric space and d be a metric on E. C(E) denotes the collection
of all closed subsets of E. We put d(z, D) := infepd(z,y), « € E,D € C(E). Let p be
the Hausdorff metric on C(F). Then it is well-known ([1]) that (C(E), p) is a compact
metric space. Let F(E) be the set of all fuzzy sets § : £ — [0,1] which are upper
semi-continuous and satisfy sup g 5(z) = 1.

For a fuzzy relation 7: E x E — [0,1] satisfying #(z,-) € F(E) (z € E), we define a
map 7y : C(F) — C(E) (« € ]0,1]) by

{y | (z,y) > afor somez € D} fora#0, DeC(E),D # 0,
To(D) =14 cl{y | Hz,y) > 0for somez € D} fora=0, DeC(E),D#0, (1.1)
E for0<a<1, D=9,

where cl denotes the closure of a set. Let R(E) be the set of all fuzzy relations 7: Ex E —
[0, 1] which satisfy /z, ) € F(E) (¢ € E) and

sup p(faly), Ta(z)) = 0 (y » z) forz € E. (1.2)
a€l0,1]
We denote the maximum operation and the minimum operation by V and A respectively.
Let § € R(E) be a continuous fuzzy relation. We define sequences of fuzzy relations

{(ﬁlﬂn}nzlyz,... and {Enl}m:]_’zyn. by

61 ::é and §n+1($7y) = sup{E](:L,z)/\Q”n(z,y)}, :U?yEE? TL:1,2,, (13)
z€E
May)= \/ Pzy), z,y€E, m=1,2--. (1.4)
n=1,2,m
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If E is finite, then the transitive closure of the fuzzy relation § is given ([5]) by

\V §(z,y), z,yekE. (1.5)

n=1,2,

This paper discusses the transitive closure when FE is a general compact metric space.
From now on we assume the following contraction property.

AssumpTioN (Contraction property, [2]). There exists a real number § (0 < 8 < 1)
satisfying the following condition :

p(q,(A), 4, (B)) < B p(A,B) forall A,B € C(F) and all a € [0, 1]. (1.6)
We call 8 a contraction factor.

LemMma 1. The condition (1.6) is equivalent to the following condition :
p(a,(x), 4, (y)) < B d(z,y) forallz,y € E and all o € [0,1], (1.7)
where 4,(z) = g,({2}) (v € E,a €0,1]).

Proor. We can obtain (1.7) from (1.6), taking A = {z}, B = {y}. Conversely we assume
(1.7). Let A,B € C(E). Since §,(z) C ¢,(A) for all z € A and §,(y) C ¢,(B) for all
y € B,

~ ~ _ !~ ~ /
P0a(A), 4 (B)) = max{ max d(z’,q,(B)), max d(7.(A)y)}

< max{ max mind(2',4,(y)), max mind(g.(z),y")}
Here since §,(A) = Uzea Go(2), we have

Lo, T d(a', 4(y)) = max max mind(x’, §,(y)) < maxmin p(3.(2), 4a(y))-

Similarly

5 () < o .
,max. min d(g,(2),y") < maxmin p(g, (), G())

Therefore we obtain

P(4.(A), 4o(B)) < max{maxmin p(q,(2), (y)), max min p(q,(2), 4 (y))}-
From (1.7), we get
P(8x(A), &(B)) < B max{maxmind(e,y), maxmind(z,y)} = § p(4, B).

Therefore we obtain (1.6). m



Dermition 1. ([3]) For 7,7 € R(E),

lm 7, =7

N—>00

means

sup p(Tno(D), 7o(D)) ——>‘O (n — o0) for D € C(E),

«€[0,1]

where 7, ,, 7, are defined by (1.1) for the fuzzy relations 7,, 7 respectively.
LEmma 2. ([2,Lemma 2]) Suppose a family of subsets {D, | a € [0,1]} C C(E) satisfies
the following conditions:
(i) Dy C Dy for o < a.
(i) limyi1y Do = Dy, d.e., limyipe p(Dory Do) =0 for a € (0,1].
Then it holds that
lim ¢.,(Do) = §,(Do) for a € (0,1]. (1.8)

o' Ta

Lemma 3. We suppose that a family of subsets {Dq(z) | ¢ € E,a € [0,1]}(C C(F))
satisfies the following conditions (i) — (iii) :

(i) Do(z) C Dyi(z) forze E, 0 <o <a < 1.
(ii) limgrie Do (2) = Do(z)  forz € E, o € (0,1].
(1) supnepay H(Daly)s Da(2)) = 0 (y —2) forze .
Then
. f($7y) ‘= sup {Of A IDa(x)(y)}7 z,y € Ev
a€[0,1]

satisfies 7€ R(E) and 7,(z) = Dy(z) for allz € E, « € [0,1].

Proor. Fix any « € E. By [4], from the conditions (i) and (ii), we have Hz,-) € F(E)
and 7(z) = {y € £ | #H=z,y) > a} = Dy(z) for o € (0,1]. Therefore (1.2) holds from
(iii). Thus we get 7€ R(E). =

We define maps ¢ : C(E) — C(E) (n = 1,2,---,a € [0,1]) by @ := §, and
G = 0a(d) (n=1,2,--).

Lemma 4. Let « € [0,1]. Then :
(i) (§")a(D) = G(D), DeC(E) forn=12,-;
(1) (€™)a(D) = Un=1;2,~v~,m (D), DeC(E) form=1,2,---.
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Proor. We have (i) from [2,Lemma 1] and (1.3). Further (ii) is trivial from (1.4). ]

Lemma 5. It holds that

p(AUC,BUD) <max{p(A,B),p(C,D)} for A,B,C,D € C(E).

Proor. Let A, B,C,D € C(E). Then

p(AUC,BU D)

= max{xréhajcc d(z, BU D), Jnax. d(AUC,y)}

= max{lileaj( d(z, BU D), max d(AUC, y)’?&?{ d(z, BU D), max d(AUC,y)}

< lTlELX{I}}Eaj( d(z, B), max d(A,y), max d(z, D), max d(C,y)}

= max{p(A, B),p(C,D)}.
Therefore we obtain this lemma. n
2. Main results

We discuss the convergence of the sequence of fuzzy relations {&™}o_;.

THEOREM 1.

(i) There exists a unique solution ¢ € R(E) of the following fuzzy relational equation :

éz,y) = §(z,y) vV 1116%({5(3:72) Aqlz,y)} =,y € E. (2.1)

(i) The fuzzy relation ¢ also has the contraction property with the same contraction
factor B.

(iii) The fuzzy relation ¢ equals to the limit of {¢™ }oo_y -

é= lim & (2.2)

n— oo

Proor. Define a map 7., : C(E) — C(E) (z € E, a € [0,1]) by
Tpo(D) = q,(z) U 4, (D), DeC(E).
From Lemma 5,

p<Tx,a(D)a Tx,a(D/))
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Since the metric space (C(E), p) is compact, from the Banach’s fixed point theorem, there
exists a family {A.(z) |z € E, a € [0,1]} C C(E) such that

0a(2) U 4, (Aa(2)) = Thu(As(2)) = Au(z), € E, a€]0,1],

and lim, . 17 (D) = Au(z) for any D € C(£). From the definition of §,, Ty (D) =
G () U (D) D Go(z) U 4, (D) = Ty (D) for o < a. Inductively we have T, (D) D
17 ,(D) for n =1,2,---. By letting n — oo, we obtain

Ay(z) D Ay(z) for o < a. (2.3)
Let o' < a. Inductively we have

p(Aa(2), Aw(@)) = p(T50(Aa(2)), T 0 (Aw ()
< AT (Aa(2)), T (Aa(2))) + p(T7 0 (Aw (2)), T o (Aa()))
< (17w (Aa(@)), T o (As(z))) + 8% ( (@), As(w)), n=1,2,--
Then p(Ay (), Aa(2)) is uniformly bounded since E is compact. We put p(Ay(z), An(z)) <
M for some M > 0. Therefore |
P(Aa(z), Aar(2)) < p(T700(Aa(2)), T30 (Aa(2))) + B*M, n=1,2,---. (2.4)

By Lemma 2, we have limyto T o (Aa(?)) = limaia{dy(z) U §u(Aa(2))} = ¢,.(2) U
0u(Aa(z)) = T} 0(Au(2)). Repeating these arguments inductively,

I

li,rTn Ty (Ag(2)) =T (As(z), n=1,2,---.

Therefore (2.4) follows

lim p(Ag(z), Aw(2)) < B"M, n=1,2,-

o Tex

By letting n — oo, we obtain

h’lTn Ay(z) = As(2). (2.5)
Let « € [0,1] and z,y € E. From Lemma 5 and the contraction property of §, we have

p(Ty (D), Too(D)) = p(.(y) U §a(D), 4. (z) U 4, (D")
< max{p(4a(y), 4x()), p(4a(D), 4 (D))}
< B max{d(y,z),p(D,D")}, D,D"€C(E).

Repeating these arguments inductively,

p(T76(D), T, (DY) < max{ d(y, ), *p(D, D)}, D, D" €C(E), n=1,2,--

YT r,o

Since p(D, D’) is uniformly bounded, letting n — oo, we obtain
p(Aa(y), Au(2)) < B d(y,z) forz,y€ E. (2.6)
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Therefore

sup p(As(y), As(z)) =0 (y—2) forzelL.

«€[0,1]
Thus the family {A,(z) | z € E, « € [0,1]} satisfies the conditions (i) — (iii) of Lemma
3. By Lemma 3, we can define a fuzzy relation ¢ € R(F) by

5($7y) = Ssup {a A IAa(x)(y)}7 z,y € E.
a€[0,1]

Then é,(z) = Ay(z) (z € E,a € [0,1]). Since Ay(z) is a unique fixed point of T, 4,
lim ()a(2) = lim T2,({2)) = Aale) = éale), € [0,1]

00

We get (iii) since the convergence is uniform in a € [0, 1].
Next we show that ¢ is a solution of (2.1). Since ¢,(z) = A, (), we note that

Go(2) U 3,(8a(@)) = Ta(Ca(z)) = Ca(z), € [0,1]. (2.7)

If o > 0, then we have
{ve Bl ie,) v max{ile,2) A iz 9) = af = 1.(2) U 4, (e (@),

If o =0, then in a similar way to the proof of [2,Lemma 1] we have

cl {y € B | max{g(z,y) v gleag{é(aﬁz} AG(z,y)} > 0} = o(x) U Go(Co(2)).
Therefore
{ve Blitey) Vv max(do, ) A=)} = o} = 1,) U L(ele)) for a € [0,1]
Together with (2.7), we get
(v € Bl ie.) v myx(e(e, ) A (=)} > 0} = eale) for ae 0,1]

Therefore ¢ satisfies (2.1). We prove the uniqueness of solution of (2.1). Let us denote
by & € R(FE) another solution of (2.1). For 2 € £, o € [0,1], it is shown similarly that
Za(2) = G, (2) U §,(¢4(x)). That is, ¢'4(z) is a fixed point of T, : C(E) — C(£). From
the uniqueness of the fixed point, we get d,(z) = ¢y(z) for ¢ € E, o € [0,1]. By Lemma
3, & = ¢. Thus we get (1).

Finally (ii) is trivial from (2.6), using Lemma 1 and & (z) = A(z) for z € F, o €
[0,1]. Thus the proof is completed. =

THreoREM 2. [t holds that

dz,y) = \/ 7"(z,y), =zy€k. (2.8)

n=1,2,

Further ¢ is the transitive closure of the fuzzy relation §, namely ¢ satisfies (i) — (iii) :
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(i) ¢ d

(ii) ¢ has the transitive property :

He,y) = sup{d(z, 2) A d(5y)}, o,y € B. (29)
z€E
(i) If 7 € R(E) satisfies ¥ > § and has the transitive property, then 7> ¢

Proor. Let Hz,y) == Vozi0.. 7" (z,y), =,y € E. Then we have 7> V, 5., 7" = ¢"
for m = 1,2,---. Therefore 7,(z) D (¢™)u(z) for z € E,a € [0,1],m = 1,2,---. From
(2.2) we obtain 7,(z) D éy(z) for z € E,a € [0,1]. Thus we get 7> ¢é.

On the other hand, from (2.1), we obtain é > ¢ and

x,y) 2 ngp{E(fL‘aZ) Ni(zy)} 2 sgg{fi(w,Z) Ni(z,9)} = T (z,y), @,y€ E.

Repeating this argument inductively, we obtain ¢ > ¢" for n = 1,2,---. Therefore
é(z,y) > ¢ (z,y) for z,y € E,n = 1,2,---. Thus we get ¢ > 7 Therefore we obtain
(2.8).

Next we prove (i) — (iii). (i) is trivial from (2.1). From (2.8), we have

Hayy) = V 7 (@,y)

n=1,2,~-,m; n'=1,2,,m’

= sup{ _1\/ 7 (z,2) A \/ é”l(zvy)}

zeE . -
€ ’2’“.’7774 TLI—l,2,"',7‘n,i

= sup{@(2,2) AT (5,9)}, oy € .
z€EE

Taking the supremum over m = 1,2,--- and m’ = 1,2,---, we obtain (ii). Finally let
7 € R(E) satisfy #> ¢ and have the transitive property. Then

Hz,y) > ing{%(:c,z) AH(zy)} > sug{é(fv,Z) ANi(zy)} = ¢ (z,y), z,y€k.

zZ€
Repeating this argument inductively, we obtain 7 > ¢* for n = 1,2,---. Therefore
Hz,y) > &"(z,y) for 2,y € E,n=1,2,---. Thus we get #> ¢ Therefore (iii) holds. The
proof is completed. =

3. Numerical example
Let E = [—2,2] be a space of states. We consider a fuzzy relation (see [2,Figure 1])

1
é(w,y)=1—1y—<%+z>l, z,y € E. (3.1)

Then we have

1
/(2”271—1)’ z,y € Ein=1,2,---. (3.2)




From Theorem 2, we obtain

(3.3)

)} wves.

1
277.—1

/(2

)

1
2n+1

1
2

L
on

(==
Then (3.3) is the unique solution of Theorem 1 (see Figure 1).

n=1,2,
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Fig. 1:
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