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MARKOYV CHAINS WITH A TRANSITION POSSIBILITY MEASURE
AND FUZZY DYNAMIC PROGRAMMING

Yuj: YOSHIDA

Faculty of Economics, Kitakyushu University,
Kitagata, Kokuraminami, Kitakyushu 802, Japan

Abstract : This paper constructs a Markov fuzzy process, which represents tran-
sitions of grades of fuzzy sets, with a transition possibility measure and a general
state space. We analyse Snell’s optimal stopping problem for the process and we
apply the results to solve fuzzy dynamic programming with optimal stopping times
and with general state spaces and action spaces under fuzzy transitions.

Keyword : Markov fuzzy system; fuzzy dynamic programming; Snell’s optimal stop-
ping problem.

Introduction

Bellman and Zadeh [1] has first studied a fuzzy decision process. The problem with
optimal stopping times is studied by Kacprzyk [5] and Stein [12]. Esogbue and Bell-
man [4] developed various kinds of fuzzy dynamic programming with finite state spaces
and finite action spaces. Especially, [4, Sect.5] studied fuzzy dynamic programming with
terminal times and [4, Sect.7] studied finite-stage fuzzy dynamic programming under a
fuzzy transition. These fuzzy dynamic programmings are different from the classical dy-
namic programming, in the point of using grades of fuzzy sets instead of reward functions.
Therefore the systems for fuzzy dynamic programmings are generally non-linear. This pa-
per deals with fuzzy dynamic programming with optimal stopping times and with general
state spaces and action spaces.

Kurano et al. [6] and Yoshida et al. [14] studied dynamic fuzzy systems, which are
transit as follows :

Let S be a metric space. We write a fuzzy set on S by its membership function
§: 5 [0,1]. Let F°(S) be the set of all fuzzy sets on S, which are upper semi-
continuous and have a compact support. For any s € F°(S), we define

4(3)(=) = sup {4(z, y) A (y)}, = €5 (0.1)
y
and
P(3):=3 and (3 :=q¢77'(3), n=12"-. (0.2)
Then ¢"(3)(z) is called a transition possibility from a point z to a fuzzy set s at
nt-step ([14]).



From the reason explained in the latter part of this section, we need to define the tran-
sition possibility for a certain class of fuzzy sets containing F°(E). We consider a fuzzy
expectation as an extension of the transition possibility for the class.

Expectations by fuzzy measures are studied by Sugeno [13]. However, when we deal
with uncountable state spaces, it is known that there is an essential difference between
fuzzy measures and possibility measures (see Puri and Ralescu [9]). Cooman and Kerre [3]
studied the expectations by possibility measures. However [3] does not take account of the
measurability of expectations. This paper introduces a fuzzy expectation of measurable
membership functions by a possibility measure induced by fuzzy relations, preserving the
measurability. We also introduce a path structure for a dynamic fuzzy system with a
possibility measure induced by fuzzy relations and construct a non-linear Markov fuzzy
process representing transitions of grades of fuzzy sets. This enables us to deal with
stopping times depending on paths analytically.

We consider Snell’s optimal stopping problem (Neveu [7, Sect.VI-2]) for the Markov
fuzzy system. The problem is to find paths and stopping times maximizing the grade of
fuzzy sets. The aim of this paper is to study fuzzy dynamic programming with general
state spaces and general action spaces and with optimal stopping times depending on
paths, using the solutions of Snell’s problem for the Markov fuzzy system. We derive an
optimality equation for the problem and we give an optimal stopping time bounded on
an optimal path.

First of all, we consider about a class of fuzzy sets, containing F°(.S), which admits
stopping times. We put the collection of all closed subsets of S by C(S) and the Borel-o-
field of S by B(S). We write an ordinary set A(C S) by its indicator function 14 : S —
{0,1}. The a-cut 3, of a fuzzy set §is written by

So:={z€S5|3z)>a}l (ae(0,1]) and 3 :=cl{z e S| 3x)> 0},

where cl denotes the closure of a set. The fuzzy set § € F°(S) is characterized by its

a-cuts :

(C.i) % is compact;

(Cii) 3, € C(S) for a € [0, 1];
(C.iii) Narca Sor = 8a for a € (0,1].

What kind of measurable fuzzy sets can we define stopping times for 7 For an answer to
this question, we here consider about an essential difficulty in optimal stopping problems
for fuzzy systems (more generally, fuzzy decision processes) with general state spaces,
through the following one-stage example :

Let A, and A, be subsets of a state space S. We suppose that a return Z; is given
if we stop the process and a return Z; is given if not to stop. We consider a decision



that we stop when the present state is in A; and we do not stop when the state is

in A,. The return obtained by the decision is given by

L Z1 on A1
Z = { Zy on Aj. (03)

Then A; and A; must have the following property :
AiNA, =0 and A, UA,=S. (0.4)

However, when we construct a fuzzy system for fuzzy sets of F°(S), A; and Ay must be
closed because of (C.ii) and Z;, Z,, Z € F°(S). This fact contradicts (0.4) when S is a
general metric space. Therefore this paper extends F°(S) to some class of measurable
fuzzy sets admitting stopping times. In order to preserve a measurability of fuzzy sets
regarding a fuzzy expectation by a possibility measure induced by fuzzy relations, we
find, in Section 1, that the measurability must be preserved regarding projections from
a product space. For example, Borel measurability is not proper since a projection of
a Borel set in a product space is in general not Borel and but analytic (see Bertsekas
and Shreve [2, Sect.7v.6]). The collection of analytic sets is not also proper. Because
analytic sets are in general not Borel and but universally measurable. However a o-field
of universally measurable sets can not be represenfed by a completion of Borel sets by
possibility measures. We adopt the collection of F,-sets (see Parthasarathy [8, Def.1.1])
and construct a Markov fuzzy system with a transition possibility measure. Using the
results, we solve fuzzy dynamic programming under a fuzzy transition and Snell’s optimal
stopping problem for the Markov fuzzy system.

In Section 1 we introduce a path structure like the theory of stochastic processes. We
also introduce a fuzzy expectation by a transition possibility measure and an admissible
class of stopping times. In Section 2 we prove a strong Markov property for the stopping
times and construct, as a fuzzy process, a Markov fuzzy system under the possibility mea-
sure. In Section 3 we extend the expectation in the preparation for Section 4. In Section
4 we solve Snell’s optimal stopping problem for the Markov fuzzy system. In Section 5
we apply the results to fuzzy dynamic programming with stopping times depending on

paths under the fuzzy transition.

1. Fuzzy expectations and stopping times

For a metric space .S, we put the collection of F,-sets by £(S5) := {A | A =UZ, Cn,Cy €
C(S) (n=0,1,2,---)}, where C(S5) is defined in Introduction. F(S) denotes the set of all
fuzzy sets on S satisfying the following conditions (E.i) — (E.iii) :

(E.1) $ is compact;

(Eii) 3, € £(S) for a € [0,1];



(E.iil) Nyca Sar = S for o € (0,1].
We note that C(S) C £(S) C B(S) and F°(S5) C F(S5).
Lemma 1.1. The collection of F,-sets, £(S), has the following properties :
(i) €(S) is closed under finite intersections and countable unions;

(ii) Let S; and S; be metric spaces. Let A € £(Sy x Sy). Then its projection from
Si x Sy to Sy, projg, (A), has a property : projg, (A) € £(S1).

Proof. (i) Let {A4,,}2°_, C £(S). Then there exists C, , € C(S) (m,n =0,1,2,---) such
that A, = U2y Cp.n for all m. Therefore Uyl_y Am = Uy, 1o Cmn € E(S).

Next let {A, }. _o C €(S) for some { = 0,1,2,---. Then there exists C,, ,, € C(S) (m =
0,1,2,---,5;n =0,1,2,--) such that A, = U;2qCpnn for all m =0,1,2,---,[. Here we
may assume that {Cp, .12, C C(S) is non-decreasing, considering C'p pn = Ug—g Cmk €
C(S). Now we show N, _oUZo Crmin = U0 Mo Crmin- Let @ € M=o UsZg Crmn- Then
for each m there exists n,, = 0,1,2,--- satisfying « € C,,, for all n > n,, since
{Cn Y220 is nOn-decreasing. Put n* 1= maxXy,=01,2..1 M (< 00). Then z € Mg Crnr C
U6 N, Cmn- Therefore we obtain N U Crn € U0 N —g Comm- The reverse in-
clusion is clear. Thus we get (V. _o Am = Mo U0 Comm = U220 Nso Crmm € E(S).

(i) Let A € £(S; x S3). Then A = 52, C, for some C,, € C(Sy % 53) (n=0,1,2,--).
We have projs, (4) = Uyes, z € $1 | (5,9) € A} = Uyes, Usofe € 51 | (2,9) € Cu} =
U2 Uyes, {z € S1 | (z,9) € Cn}. Since Uyes, {z € S1 | (z,y) € Cn} € C(S1), we obtain
projs,(A4) € €(51). O

The following proposition illustrates a regularity of £(.5) when 1-dimensional case. Let
R! denote the set of all real numbers.

Proposition 1.1. Assume S := R'. Denote the set of all intervals by
I(S) := { intervals I | I = (a,b),[a,b], (a,b],[a,b) for a,b € R' (a < b)}.

Then U2, I, € E(S) for {1}, C Z(5).

n=0

Proof. It is trivial that [a,b] € £(S) for a,b € R (¢ < b). Further, from Lemma 1.1(i),
(a,b] = UX_1[a+1/m,b] € R' (a < D). Considering about the others similarly, we obtain
Z(S) C £(S). Therefore we get this proposition, using Lemma 1.1(i). O

Now we construct a fuzzy process with a transition possibility measure. In Section
2 we show the fuzzy process has a strong Markov property. Let a discrete time space
N := {0,1,2,3,---} and N := N U {oo}.. Let a state space E be a finite-dimensional
Euclidean space. Let FEy, Ey, E,,--- denote copies of £. Then the path space is ) :=
152 Ex, which is metrizable by the product topology. We also put Q, := [[}Z, £y for
n € N. An element w = (w(0),w(1),w(2),---) € Q is called a sample path. We define a
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map X,(w) = w(n) and a shift 8,(w) := (w(n),w(n +1),---) for w € N and n € N. We
put o-fields by M,, = o(Xo, X1, -+, X,) ! for n € N and M := 0(Upen M,) 2. For a
sub-o-field V' of M, F(N') denotes the set of all N'-measurable fuzzy sets of F(1).

Let ¢, := ¢ be a time-invariant upper semi-continuous fuzzy relation on E, X E, 4
(n=0,1,2,--) satisfying the following normality condition : For all n € N,

up 4,(2,) = 1 (y € Fosr) and sup 4,(m9) = 1 (z € Ey).
z€ER y€EE 11

We define operations Aj2; and V52 by ASLg hn(w) == infr=01,2,.. An(w) and Vi ha(w) :=
SUPp=0,1,2, h”(w) for {hn}zo=0 C f('/\/t) and w € ). We define q = /\Zoz() qn(Xn? XTL+1) €
F(M) and P(A) := sup,¢y q(w) for A € M. Then P becomes a possibility measure on
M with a density ¢ (see Puri and Ralescu [9]) and has the following properties (P.i) —
(P.iii) :
(P.i) P(0) =0and P(R2) =1;
(Pii) If A,T € M satisfy A C T, then P(A) < P(I);
(Paiii) If {An}22, C M, then P(ULo An) = Voo P(AL).

For h € F(M), we define a fuzzy expectation by the possibility measure P :

Eo(h) = 7{ h(w) dP(w)

wEQw(0)=z}
= sup  A(w)Agq(w) forz e E,
weQ:w(0)=z
where dP denotes Sugeno integral and the supremum on the empty set is understood

to be 0 (see Sugeno [13], Ralescu and Adams [10]), and a A b := min{a,b} and a V b
:= max{a, b} for real numbers a,b. For ¢z € E we also define a possibility measure
M) = E(1) (A € M),

Here we consider the meaning of the fuzzy expectation. From (0.1) and (0.2), for
§€ FO(FE) we can easily check

E,(3(X,)) = #*(3)(z) forz € E, neN, (1.1)

which is a possibility of transition from a point z to a fuzzy set 5 at n't-step. Therefore
we can define the transition possibility for the class F(E) , containing F°(F), by means
of the fuzzy expectation F,(3(X,)).

Next we take g = ARZ Lix,yienni} € F(M) (n € N). From the definition of the
fuzzy expectation, we have

n~1
E.(g9) = sug./\ ]‘{Xk+1eAk+1}(w) A G Xjw, Xpy1w) for z € E. (1.2)
wel) p—o
It denotes the smallest o-field on € relative to which Xg, X1, -+, X, are measurable.

It denotes the smallest o-field generated by UnEN M,,.
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Then we observe a path w which is starting from Xow = z, stays at Xjw € A; at 1%
step, stays at Xow € Ay at 2°d-step, ---, and arrives at X,w € A, at n'P-step. (1.2) is
a maximum possibility over all these paths w. The representation (1.2) of the transition
possibility by paths enables us to introduce stopping times depending on paths in this
section. Therefore the fuzzy expectation is an extension of the transition possibility and
admits stopping times depending on paths. We call {X,},en a fuzzy process with the
possibility measure P. The fuzzy process { X, },en transits based on the fuzzy transition
in the meanings of (1.1),(1.2), which is corresponding to the transition of the grade of

fuzzy sets.

Lemma 1.2. Let h € F(M). Then :
(i) the map z — E,(h) is an element of F(E);
(i) Ex(h) =Vo_oEx(hA1y,)
for x € E and {A,,}i2_o C E() such that {A,,}2°_, is a partition of ).

Proof. (i) Since h,q € F(M), from Lemma 1.1(1)(ii), we have

{z | Ex(h) 2 o} = UQ{.CL‘ | w(0) = 2, h(w)Aq(w) = a} = projg, {w | h(w)Aq(w) = o} € E(E1)

for a € [0,1]. (ii) can be easily checked from the definition. O
Definition. For M-measurable fuzzy sets h,g : Q@+ [0,1) and € F, h and ¢ are called
P,-equivalent if h(w) A g(w) = g(w) A g(w) for all w € O : w(0) = z. Then we write h = g

P,-almost surely (P,-a.s.). Further we represent h = g a.s. when h = ¢ P,-a.s. holds for
all z € F.

We introduce another fuzzy expectation.

Definition. Let h € F(M) and n € N. We define a fuzzy expectation of h with a
sub-o-field M,, by

E(h| M) (w) = h dP, .
Qn+1
= sup h(w') A /\ 3 (Xpw', Xppiw')  for w € Q,
w' €’ (k)=w(k)(k=0,1,--,n) k=n
where
Py (A) = sup N (X', Xppaw') forw € Q, n e Nand A € M.
w'eAw! (B)=w(k)(k=0,1,+n) p=p,

Lemma 1.3. It holds that

{X, e A} €&(Q) foralln € N and A € E(F).

6



Proof. Let n € N. If C'is a closed subset of E, then {X,, € C} = [IrZ4 ExxC xT15Z 41 Ex
is closed in . Therefore for A = Uy_o Cr € E(E) (Crn € C(E),m =0,1,2,---), we have

m=0

(X, € A} =UZ_o{X, € Cr} €£Q). O

m=0

The following proposition shows that the fuzzy expectation E(h | M,,) has the prop-
erties like the conditional expectations in the probability theory of Neveu [7].

Proposition 1.2. Let h € F(M) andn € N. Then E(h | M,,) is a fuzzy set in F(M,,)

and is the unique M, -measurable fuzzy set ( in the sense of a.s. ) such that

][ E(h | M,) dP, = ][ h dP, forall A € M, and z € E. (1.3)
A A

Proof. For all A € M,, and = € E, we have

]ﬁE(h | M.,) dP,

=/ (]{)h de,n> dP,(w)

00 n—1
= sup ( sup h(w') AN\ cjk(ka',XkHw')) AN G(Xpw, Xgpaw)
weAw(0)=z \w'€Q:w!(k)=w(k)(k=0,1,-,n) : k=n =0
= sup  h(w) A g(w)
weA:w(0)=x
= [har.
A

Therefore E(h | M,,) satisfies the equation (1.3). Next let o € [0,1]. Noting

n—1 00
- he f(M) and /\ 1EkXEk+1 (kaXk+1) A /\ cjk(kaXk—H) € f(M)a (1'4)
k=0 k=n

we have I' := {0’ € Q| A(W) AN, Gu(Xiw', Xppw') > a} € £(Q). From Lemma 1.1(i1),
we obtain

{we Q| E(h| My)(w) 2 a}
= U {we Q| h(w(0),w(l), -, wh),w(n+1), ) Aglw(n),(n+1),--) > a}

W €Qnt1
= PrOonxE1x~~~xEn(F) X Quy1 € E(Q) N M.

By (1.4) and Lemma 1.1, we get E(h | M,) € F(M,).
Finally we show the uniqueness of solutions of (1.3). Put ¢ = E(h | M,) and let
another M,-measurable fuzzy set ¢’ also satisfy (1.3). For ¢ > 0 and = € £ we put

n—1 n—1
Ay = {w cQlw(0)=a,9w) A A G(Xpw, Xpyrw) > ¢'(w) A N G (Xipw, Xpaw) + 6} e M,.
k=0

k=0



Let e >0and z € E. It A., # 0, then we have

g dP, = hdP, =+ g dP,
Ae)m Ae,:r Ae,x
n—1
= s (5 A A 8CXi Xirro)
WEAE,:E‘ k=0
n—1
2 sup (9’(‘*’) AN @ (Xpw, Xppaw) + 6)
WEAe,:L' k=0

= ][ g dP, + e
Ae,;r

So we get A, =0 for all € > 0 and 2 € E. Therefore

n—1 n—1
gA N G(Xe, Xig1) < o' AN @(Xiy Xigr).
k=0 k=0
Since the reverse inequality holds similarly, we obtain ¢ = ¢’ a.s.. O

Lemma 1.4. Let h € F(M). Then :
(i) E(E(h | Mp) | M) =E(h| M,) form,n &N (m 2> n);
(i) E(hA1x | My)=E(h | My)AN1y as. forn e N and A € E(Q) N My;

(iii) E(h A g(Xo, X1, -+, X)) | M) = E(h | M) A g(Xo, Xy, -+, X)
forn € N andg € F(Ey x Ey x -+ x E,);

(iv) B(h | M) =V, 5 E(h AL, | M)
forn € N and {A,}2_, C E(Q) such that {A,,}3_, is a partition of ().

Proof. (i) Let m,n € N (m > n). From the definition, we obtain

E(E(h | Mpn) | Ma)(w)

o0

= sup E(h i Mm)(wl) A /\ qk(kalv‘Xk-le)
w'eQw!(k)=w(k)(k=0,1,,n) k=n
= sup ( sup h(W") NN\ Qk(ka",XkHw”)) A
w €' (k)=w(k)(k=0,1,--,n) \w”€Q:w”(k)=w'(k)(k=0,1,---;m) k=m
m—1
A /\ Qk(ka',XkHw’)
k=n
= sup ) AN Gu(Xpw', Xggqw')

w'ew!(k)=w(k)(k=0,1,-,n) ke=n,
= Eh| M,)(w) forwell

(i) Let n € N and A € £(2) N M,,. From Proposition 1.2, for I' € M, and = € E, we

have

][FE(h Ala | M) dP, = ][Fh Ay dP, = ]émf(h | M,) dP, = ][F E(h| M) A1y dP,.

8



Therefore we obtain (ii).
(iii) Let n € N and g € F(FEo x By x -+ x E,). Then

E(h A g(Xo,X1, c ,Xn) ‘ Mn)(“’)

= sup h(w') A g(w'(0),w'(1),---,0'(n)) A /\ G (X', Xjy10")
w €Quw’ (k)=w(k)(k=0,1,--,n) k=n

= sup h(w) AN (X', Xpaw') A g(w(0),0(1),- -+, w(n))
w! €Qw! (k)=w(k)(k=0,1,n) k=n

E(h | M) (w) A g(Xo, X1, -+, X)) (w) forw e Q.

Il

(iv) can be easily checked from the definition. O
Next we consider stopping times.
Definition. A map 7:Q — N is called a ({M,,},en-adapted) stopping time if
{r=n}eM, forallneN.
And we call a map 7 : Q — N an E-stopping time if
{r=n}eM,NEK) forallneN.

It is trivial that a constant stopping time, i.e. 7 = ng for some ng € N, is an E-stopping
time. Further the following lemmas hold.

Definition ([11]). For a set A € B(F), we define a first entry time, 74, and a first hitting
time, o4, of A by

Ta(w) =1inf{n |n € N, X, (w) € A} forw € Q;
oa(w)=inf{n >1|ne N X, (w) € A} forwe Q,
where the infima of the empty set are understood to be +oc.

Lemma 1.5. For a set A such that A € E(E) and A® € E(E), 74 and o4 are E-stopping
times.

Proof. From Lemma 1.1(i), we have
n—1
{ra=n}=({XreAIn{X, €A} e M, NEQ) foralln e N.
k=0
Therefore 74 is an E-stopping time. We can check o4 similarly. O

Lemma 1.6. Let o and 7 be E-stopping times. Then oV 7, c N7 and o + 7 0 8, are
E-stopping times.



Proof. Let o and 7 be &-stopping times. Then we obtain that o V 7 and o A 7 are
E-stopping times from Lemma 1.1(i) and the following facts : For all n € N,

n

fonr=nt=J{o=n}n{r = kU (o =k} 0 {r = n}) € Q) N My

k=0 k=0
{o VT =n} :kG({a:n}ﬂ{T: k})UkD {o=k}n{r=n}) e &(Q)NM,.
=n =n-+1

Further since {r =n—k} € EQ)N M, (k=0,1,2---,n), 0 {r =n -k} =
{w]|T(wlk+1),wk+2), ) =n—Fk} € &) N M,. Therefore

n

{o+70b,=n}=J{o=k}n0; {r=n—k}) € EQ)NM
k=0

So o+ 708, is an E-stopping time. O
Definition ([7]) Let 7 be a stopping time. We define a sub-o-field M., of M by
c={Ae M| An{r=n} e M, forall n € N}.

For an E-stopping time 7, we can define a fuzzy expectation with M,.

Proposition 1.3. For h € F(M) and an E-stopping time 7, we define
E(h| M,)=Eh|M,) on{r=n} fornecN.
Then E(h | M) is a fuzzy set in F(M,) and is the unique element in F(M,) ( in the

sense of a.s. ) such that

]gE(h | M,) dP, = ][ h dP, forallA € M, and z € E. (1.5)
A

Proof. Let i € F(Q) and let 7 be an &-stopping time. Let A € M, and put A, :=
ANn{r =n} for n € N. From Lemma 1.2(ii) and Proposition 1.2, for any z € E

j[E(h]M ) AP, = \/][ (h | M,) dP~\/][Eh|M ) dP, = ]lhdp

neN
Thus E(h | M) satisfies (1.5). Further, using Lemma 1.1(i) and Proposition 1.2, for all
n € N and a € [0, 1]

{E(h| M) > a}n{r=n}={Eh|M,)>a}n{r=n} € &(Q)NM,.
Therefore we obtain {E(h | M;) > a} € E(Q)NM, for all a € [0,1]. The other property

can be checked in the same line as Proposition 1.2. O

Corollary 1.1. Let {Y,} 5 be a sequence satisfying Y, € F(M,) (n € N) and let T
be an £-stopping time. Define

Y,=Y, on{r=n} forneN.
Then Y, € F(M,).
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2. Markov property for the fuzzy process

In this section we show a Markov property for the fuzzy process {X, },en with the
possibility measure P.

Definition. Let 7 be an £-stopping time. We define

X, =X, on{r=n} fornecN.

Lemma 2.1. Let §€ F(E). Then :
(1) §(X,) € F(M,) forn € N;

(i) s(X,) € F(M.,) for an E-stopping time T.

Proof. (i) Let 5§ € F(F) and n € N. Since {z € E | §(z) > a} € E(F), for a € [0,1]

(5(X,) > a} = {w | §w(n) = a} = [[ Bsx{« € B | iz) > a} xkﬁ By € E(Q)NM,,.
k=0 =n-+1

Therefore §(X,,) € F(M,). (ii) Let s € F(E) and let 7 be an E-stopping time. From (i)
and Corollary 1.1, we obtain §(X,) € F(M,). O

Owing to Lemmas 1.2(i) and 2.1, we may introduce the following fuzzy transitions.

Definition. For n € N and an &-stopping time 7, we define maps, P, and P,, F(FE) —
F(E) by
P.3(z) := E,(5(X,)) (z € E) for §e€ F(L);

P.3(z) := E,(3X,)) (z € E) for §€ F(E).
We call P, and P- fuzéy transitions.

Regarding the fuzzy process {X,}n,eN, we obtain a Markov property and a strong
Markov property like the theory of Markov chains in Revuz [11].

Theorem 2.1. For h € F(M), the following Markov property holds :
E(hof, | M,)=Ex,(h) a.s. forn e N, (2.1)
Especially for s € F(E),

E(5(Xpmin) | M) = Prd(X,) as. for m,n € N. (2.2)

11



Proof. Let h € F(M). Then for all A € M,, and all 2 € E we have

fE(h09n|Mn) dp, = ][hoﬁn dp,
A A

= sup h(gnw) A /\ qk(kaka+lw)
weA:w(0)=z k=0

Qk(ka7Xk+1w)

>

= sup ( sup (W) A q(w')) A

weA:w(0)=z \w'€Q:w(0)=w(n) k=0

Il

= Ex (h) dP,.
]£ Xn(l>

Thus we obtain (2.1) in the same arguments as the proof of the uniqueness in Proposition
1.2. Further, for § € F(FE), we have

E(3(Xmin) | My) = E(3( X 06,) | My) = FEx,(3(X,)) = Pn3(X,) as. for m,n € N.
Therefore the proof is completed. O
Theorem 2.2. For h € F(M), the following strong Markov property holds :

E(hob.| M.,)= Ex_(h) as. fora finite E-stopping time T; (2.3)
Further for § € F(E),

E(3(Xs4r08,) | Mo) = Pr8(X,) a.s. for finite E-stopping times o and 7. (2.4)

Proof. Let h € F(M) and 7 be a finite E-stopping time. Let A € M, and put
A, :=AN{r =n} for n € N. Then, using Markov property and Lemma 1.2(ii), for all
xz € I we have
][ BE(hof, | M,)dP, = \/ ][E(hoﬁT | M,) dP,
A neN JAn
=/ fhoo,dp,

neN“An

= \/ fhob,dP,

neN An

=V ][Exn(h) dP,

neN An
- ][EX,(h) dp,.
A

So we obtain (2.3). Since (2.4) is trivial from (2.3), we obtain this theorem. O
Corollary 2.1. It holds that

P,P, = Py, 05, on F(E) for finite E-stopping times o and T. (2.5)

12



From now on, we call {X, },en a Markov fuzzy process, because of Theorems 2.1 and
2.2. For Sections 3 and 4, we extend the state space E, referring the theory of Markov
chains in Revuz [11, p.23]. Let A be not a point of F and put Fn := E U {A} and
Qa = [1i2o Ea. Since {E} € E(FEa) and {A} € E(EA), we can consistently extend the
state space F to /o and the path space () to Q. We also extend Markov fuzzy process
{X, }nen and the shift {0, },en :

P X, on{r=n} forneN
Tl A on{r=oc0}

o (w) = On(w) forn € N and w € Q4
I wa for n = co and w € Qa,
where wa = (A, AJA, ) € Qa. We let ( be an entry time to {A}, which is called the

death time :

C(w) =inf{n |n € N, X, (w) = A} forw € Qa.

Then ( is an E-stopping time. A fuzzy set § € F(FE) is also extended to a fuzzy set on
EA .

0 if x = A.
Then the possibility measure P,, « € E, is extended to P,, © € EA, by

(z) = { f(z) fz€E

1 if wp & A
0 otherwise

PA(A) = { for A € o(Xo, X1, Xg, ).

Since Ex and Q5 are compact by Hausdorfl’s one-point compactification, the same results
hold for the extended Markov fuzzy processes without assuming (E.i) in the definition of
E(S). From now on, this paper deals with the Markov fuzzy processes on the extended

state space Fa.

3. An extension of the fuzzy expectations

Let S be a metric space. For fuzzy sets § and 7 on S5, a relation § > 7 means that
§(z) > Hz) for all z € S. Then > becomes a partial order. The possibility measure P

has the following properties.

Lemma 3.1. Let {h,,}2_, C F(M). Then :
(1) VOO Ex(hm) = Ex( ?,f___-o hm) for z € E;

m=0

(ii) If {hn}5_¢ is non-decreasing (with respect to the order >), then
limy,—co Eu(hm) = Ep(limy—oo hy) for z € E;

(iil) V_o E(hm | My) = E(N g b | M) forn € N;

13



(iv) If {hm}°_, is non-decreasing (with respect to the order >), then

limpy—oo E(hp | My) = E(limp—co b | M) for n € N.

Proof. (i) For z € I,

\ Ex(hyn) =\ sup  hpw)Aqw)= sup \/ hp(w)Ag(w) = E(\ hn)
m=0 m=0wEQ:w(0)=x w€Qw(0)=2 m=0 m=0
So we get (i). The other equations are similar. O

Let S be a metric space such as S = £ or S = Q. In order to solve Snell’s optimal
stopping problem in the next section, F(.5) is not a sufficient class of fuzzy sets. We extend
F(S) and we define fuzzy expectations for them. Lemma 3.1 guarantees an extension of
the expectations. Let

G(S) := { fuzzy sets § | there exists a sequence {3,},2, C F(5)

such that \/ 5, =3 }.

n=0

Then we can take {3,}:2, C F(S5) to be non-decreasing, considering 3, := Vg, 5
F(S) (n=0,1,2,- ). Further 2(€ G(5)) is B(.S)-measurable and F°(S5) C F(S) C G(S
Using Lemma 3.1(ii)(iv), we define fuzzy expectations for h € G(M) :

S
).

For h € G(M) there exists a non-decreasing sequence {hy }oen C F(M) such that
lim,,— oo hy, = 5. Then we define

Ey(h) == lim Fy(hy) for z € E; (3.1)
E(h | My) = lim E(hy, | M,,) forn e N. (3.2)

(3.1) and (3.2) are well-defined since E,(-) keeps the monotonicity for fuzzy sets (see
Lemma 3.1(i)) and F(M) is directed upwards, i.e. AV g € F(M) for h,g € F(M). Then
we have E.(h) € G(F) and E(h | M,) € G(M,) for an E-stopping time 7. Conversely
for 3(€ G(E)), we can easily check 3(X;) € G(M,) for an £-stopping time 7. Therefore,
from now on, we can use the results in Sections 1 — 3, replacing F(E) and F() with
the extended G(.5) and G(Q) respectively.

4. Snell’s problem for Markov fuzzy processes

As an application of Markov fuzzy processes, we consider Snell’s problem (c.f. Neveu [7,

Sect.VI-2]) :

Let ¢, € F(FE). Find a finite E-stopping time 7, which maximizes the fuzzy ex-

pected value of fuzzy goals E,(N\jZy é(Xx) A 3(X,)) (z € E).

14



We put an optimal value

71
o(z) = sup E, (/\ & Xk) A §(XT)> , T€EFE.
7: £—stopping times k=0

Define a fuzzy transition @ by Q7 := ¢A Prfor 7 € G(E). Further we put fuzzy transitions
Qo := I (identity map) and Qnq1 = Q@) for n € N. We introduce ()-superharmonic
property for fuzzy sets.

Definition ([11]). A fuzzy set $on £ is called Q-superharmonic if § € G(£) and

3(z) > Q3(z) forallz e E.

Lemma 4.1. Then we have the following (i) and (ii) :

(i) For n € N it holds that

n—1

Qui(z) = E, ( {(X5) A g(xn)) , z€E. (4.1)

(i1) We define
i(z) == \/ Qnd(z)=E, ( Y (”/_\ & Xp) A §(Xn))) , z€EE. (4.2)
neN neN \k=0

Then (€ G(F)) is the smallest ()-superharmonic fuzzy set dominating § and satisfies

i=3V Qi (4.3)

Proof. (i) We can easily check (4.1) by induction on n from the Markov property and
Lemma 1.4(iii). (ii) From the Markov property and Lemma 1.4(iii), for z € E, we have

neN \k=0

Qi(z) = #a)A B (Exl (\/ (/_\1 5(Xk)A.§(Xn)))>
= B dx) A (\/ (n_l E(Xk)/\.§(Xn)>> 091>

neN \k=0

= B dXo) AV (n/_\1 5(Xk)/\'§(Xn)>)

n>1 \k=1

Y. (n/—\IE(Xk)/\é(Xn)>>.

n>1 \k=0

15



Together with Lemma 3.1(i), for € E, we obtain
n—1

i(z) v Qiu(z) = E, | 5(Xo) Vv \/ (/\ E(Xk) A §(Xn)>) = u(z).
721 \k=0

Therefore @ satisfies (4.3) and @ is a ()-superharmonic fuzzy set dominating 3. Further

let § be a Q-superharmonic fuzzy set dominating 3. Then we have

neN neN
Therefore we obtain this lemma since it is trivial that @ € G(FE) from (4.2). O

For an E-stopping time 7, by (4.1), we also define

T—1

'Q,3(z) = E, (/\ & Xx) A .§(XT)) , T€E.

k=0

Theorem 4.1. The optimal value is given by

b= (4.4)

Proof. Let z € E. Since constant stopping times are £-stopping times, for all finite
E-stopping times 7, we have

T—1 ' n—1

E, (/\ (X)) A §(XT)> < E, ( \ (/\ &(Xk) A S(Xn))) = u(z).
k=0 neN \k=0

Therefore we obtain #(z) < u(z). Reversely, from Lemmas 1.4(iii) and 3.1(i), we have

i(z) = B, ( v (A 6(Xk>A§<Xn>)) = VB (A ) 4506 < o)

neN_ \k=0 neN k=0

Therefore the proof is completed. O

Lemma 4.2 (cf. [7, Lem.VI-1-6]). It holds that

lim Q6= Tim Q5 (4.5)

Proof. Let z € E. Using the Markov property and Lemma 3.1(i), for all n € N

Quilz) = E. (/\ 5(Xe) A a(Xn>)

k=0
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= \/ E, (m/il é(X5) A §(Xm)> .

m>n k=0

Since % is ()-superharmonic from Lemma 4.1, the limit of the above equality exists when
n — oo and we obtain (4.5) together with Theorem 4.1. O

We give an optimal E-stopping time under the following continuity condition and
condition on § for an initial state z € F.

Condition (I). 3, ¢and §,(k=0,1,2,---) are continuous.
Condition (II). It holds that lim, ., Q,3(z) < 3(z).
Lemma 4.3. Under Condition (I),
7o :=inf{n € N | 5(X,) = §(X,)} (4.6)
is an E-stopping time.

Proof. Suppose that Condition (I) holds. From Lemma 1.5, it is sufficient to check
{v> 38} € E(F) and {0=38} € E(F).
First we have {3 <a} =Ur_{§ < a=1/m} € E(E) for a € (0,1). On the other hand,

from (4.4) and Lemma 1.1(i), we have {0 > a} = Upen U1 {@n3 > a + 1/m} € E(E)
for o € (0,1). Therefore we obtain

{v>3}= QU ({o>a}n{a>3s}) € E(E) for a € (0,1),
«€QN(0,1)

where Q denotes the set of all rational numbers.
Next, from (4.2) for x € E we have

i(z) = Ea,(\/ (n/_\1 a(kag(Xn)))

nelN \k=0

Y (/_\ a(w(k))Ag(w<n))A:/:\ng(w<k),w(k+1))>.

we€Qw(0)=z e N \k=0

From Condition (I), 4 is lower-semicontinuous. Therefore {3 = 5} = {7 < 5} is closed.
Thus 79 is an &-stopping time. O

Theorem 4.2. Suppose that Condition (I) holds. Let x € E. We also suppose that
Condition (II) holds for z. Then 74 is a finite optimal £-stopping time for Snell’s problem.
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In fact 7o is bounded on the optimal paths in the sense that there exists no(= no(x)) € N,

which depends only on x, such that

W(z) = Qrpd(z) = Qrandle) for all n > ng. (4.7)

Proof. We show this theorem, referring the proof of Neveu [7, Prop.VI-1-2]. Since we
have 4(X,) > §(X,) on {n < 70}, from (4.3) and the Markov property we obtain

U X,) = QiU(X,) = &X) A E(i(Xnps) | My) as. for {n < o).

(Tg An

Therefore, from Lemma 1.4(i1)—(iv), {Ap2o )=1 HXk) A U Xrpan) fnen has the following
property like martingales in the probability theory :

(roA(n+1))—-1
E( A angmXWmH»MMJ

k=0

T0—1 n
= F ( /\ 6(Xk) A ZI(X,,-O) A 1{To_<_7l} ' Mn) vV E (/\ 5(Xk) A ﬁ(Xn—H) A 1{7-0>n} t /\/ln>

k=0 k=0

- (To/i E(Xp) AN U( X)) A 1{705?1}) \ (/n\ (Xp) AN E (U Xpgr) | Mp) A 1{¢0>n}>

k=0 k=0

To—1 n—1
= ( /\ 6(Xk) /\ ﬁ(XTO) /\ 1{¢0§n}> V </\ E(Xk) /\ ﬁ(Xn) /\ 1{7’0>n})
k=0 k=0
(roAn)—1
/\ E(Xg) AN w(Xrgan) ass..

k=0

Il

First we consider a case of x € {# > §}. Together with Lemma 1.2(ii), for n € N we

obtain
(ToAn)—1 :
u(z) = Ex( /\ E(Xg) N W(Xogan)
k=0

‘: Ea«‘ (To/il 6(Xk) A ﬁ(X‘ro) A l{To<n}) Vv Eft (n/—\1 6(Xk) A ﬁ(Xn) A 1{70271}) . (4‘8)

k=0 k=0

From Condition (II), we have lim,_.., Q,3) < #(z) holds since z € {% > §}. So there
exists ng(= no(z)) € N such that

V' Qnd(z) < o). (4.9)

n>no

From (4.9), we have

E, <n/—\ (X)) A U(X,) A 1{702,,1}) < Qui(z) = \/ Quni(z) < o(z) = a(z) for alln > ny,

k=0 m>n
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(4.8) follows
T0—1
u(z) = E, ( /\ E(Xp) A a(X50) A 1{T0<n}> for all n > ny.
k=0
Together with Theorem 4.1 and the definition of 74, we obtain
To—1
oz) = F, </\ EXk) AS(Xp) A 1{¢0<n}> < Qroand(z) < 9(z) for all n > ny.  (4.10)
k=0

Therefore 9(z) = Qrand(z) for all n > ny.
Further, noting

To—1 ’ T0—1
/\ E(Xk) A g(XTo) A 1{70<n} 7 /\ 6<Xk) A §(X70) A 1{7'0<oo} as n — oo,
k=0 k=0

by Lemma 3.1(ii), (4.10) follows

'ﬁ(:v) = lim F, (To/i 5(Xk) N SN(*XTO) A 1{To<n}>

n— 0O
k=0

To—1
= E, ( N e Xe) A S(X5,) A 1{70@0})

k=0

= Q'rog(x)'

Consequently we get #(z) = Q,,5(z) = Qrand(z) for n > ng in the case of z € {7 > §}.
Since it is trivial that 9(z) = §(z) = Qos(z) if @ € {v = 3}, we obtain (4.7). O

Remark. We give an example satisfying Conditions (I) (II), using the dynamic fuzzy
systems Yoshida et al. [14]. Let d be a positive integer, let R? be a d-dimensional Euclidean
space and let 0 be its origin. Suppose that §is linear, convex and contractive in the sense
of [14, Assumption A-and B]. Then we may consider that the state space is the positive
orthant R% := {(a',2%---,2%) € R | 2* > 0 (1 = 1,2,---,d)} and that 7 is continuous
on R x R4\ {0,0} ([14, page 285]). 0 is a kind of irregular point since §(-,0) = 1o}
from [14, (2.4)]. For simplicity, we suppose an absorbing assumption for 0 : ¢(0,-) = 140}
(see [14, Fig.2 of Sect.4]). Then 0 becomes an isolated absorbing point in the sense that

Xﬂ{:O(n:1,2,-~) Pas. ifz=0 (4.11)

€ Ci (n=1,2,---) Ppas. ifze C‘i,

where C% := R%\ {0}. Let ¢ and 3 be continuous with 5(0) = 1. Then Condition (I) holds
on the state space C%. Further Condition (II) also holds for all = € R since, from (4.11)
and [14, Th.3.1], we have P,5 € ]'_O(R‘i) and lim,—co @5 < limy_.oo P8 = lioy <5 A
numerical example is given in [14, Sect.4].
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5. An application to fuzzy dynamic programming with stopping
times

Esogbue and Bellman [4, Sect.7] studied fuzzy dynamic programming under a transition
possibility measure and they also studied fuzzy dynamic programming with a few kind
of stopping times. We deal with fuzzy dynamic programming with finite stopping times
depending on paths under a transition possibility measure.

We take state spaces F and E, (n € N) as before. Let an action space U be also
a finite-dimensional Euclidean space. Let Uy, Uy, U,,--- denote copies of U. Then the
controlled path space is  := [132 (£ X Uy). We also put Q,, := 132, (Ex x Uy) forn € N.
An element w = (w(0),7(0),w(1),7(1),w(2),7(2), ) € Q is called a path controlled by
a decision 7 = (7(0),7(1),7(2),---). We define maps X, (w) := w(n) and II,(w) := 7(n)
for w € Q and n € N. We put o-fields by M,, := o(Xo, Uo, X1,3, -, l,-1,X,,) for
n € N and M = 0(Upen Ma). Let ¢, == §(€ F(E, x U, X Ent1)) be time-invariant
continuous fuzzy relations (n = 0,1,2,---) satisfying the following normality condition :
For all n € N,

sup ¢ (z,u,y) =1 ((u,y) € Up X Epy1) and sup (7, u,y) =1 (z € Ey).
z€FE, (’U»yy)EUnXEn-{-l

It is easy to find such a fuzzy relation ¢ :

For example , take £ = U = R! and let f : E x U — E be a continuous function.
Define
Hovwy) = (L= o = fn)) VO, (5,uy) € B x U x .

Then the fuzzy relation ¢ satisfies the conditions (c.f. [6, Fig.1],[14, Fig.2]).
We take ¢ := AiZq G, (X, I, Xp1) € F(M) and P(A) := sup,¢, g(w) for A € M. For

h € F(M), we similarly define fuzzy expectations by the possibility measure P.
Now we consider the following fuzzy dynamic programming :

Let a fuzzy goal § and a fuzzy constraint ¢ be continuous on £. Let a fuzzy constraint
it be continuous on U. Let # € E. The problem is to find decisions ug, uy, ug, -,
paths xg, z1, 22, -+ and a finite optimal stopping time 7 maximizing

T—1

A (&(@n) A filun)) A S(z-) (5.1)

n=0

under the Markov fuzzy processes with the fuzzy transition :

E.(h)= sup h(w)A 75\0 g (w(n),m(n),w(n + 1)). (5.2)

ww(0)=x
Then, from (4.3) and (4.4), we obtain an optimality equation : For n € N,

(z,) = 8(x,) V sup {e(@n) A f(un) A (@pgr) A @@, Un, Tasy) }

(vn,@nt1)EUn X Eng
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Especially taking ¢ = 15, it follows

73(3'71) = ‘§($n) N sup {[L(un) A ﬁ(xn—}-l) A q(xm Un,y :L'n—i-l)}‘ (53)
(un,n41)€Un X Ent1
In [4, (34)], they studied non-stopped fuzzy dynamic programming. We deal with the
case with optimal stopping times when the state space F and the action space U are
finite-dimensional Euclidean spaces. Under Condition (II), there exists no(= no(z)) € N
satisfying (4.9). From Theorem 4.2, we obtain the following fuzzy dynamic program :

W(x,) = 3(zn) V sup {fi(un) A 5(2ng1) A @(@py Un, Try1)}  for n < ny,
(un ,znt1)EUnX Enti

and  9(x,) = §(z,,) for n > ng.

By solving the program backward, we can obtain an optimal path w* = (z,u, «7, u}, x5, u3, - -

an optimal decision 7* = (ug, u},u3, -+, u; ), and an optimal stopping time 7o(w*)(< no).
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