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Abstract : This paper constructs a Markov fuzzy process, which represents tran- 
sitions of grades of fuzzy sets, with a transition possibility measure and a general 
state space. We analyse Snell's optimal stopping problem for the process and we 
apply the results to solve fuzzy dynamic programming with optimal stopping times 
and with general state spaces and action spaces under fuzzy transitions. 
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Introduction 

Bellman and Zadeh [l] has first studied a fuzzy decision process. The problem with 

optimal stopping tiines is studied by Kacprzyk [5] and Stein [12]. Esogbue and Bell- 

man [4] developed various kinds of fuzzy dynamic programming with finite state spaces 

and finite action spaces. Especially, [4, Sect .5] studied fuzzy dynamic programming with 

terminal times and [4, Sect. 71 studied finite-stage fuzzy dynamic programming under a 

fuzzy transition. These fuzzy dyiianlic prograininiilgs are different froin the classical dy- 
namic programming, in the point of using grades of fuzzy sets instead of reward functions. 

Therefore the systems for fuzzy dynamic progranxnings are generally non-linear. This pa- 

per deals with fuzzy dynamic programming with optimal stopping times and with general 

state spaces and action spaces. 

Kurano et al. [6] and Yoshida et al. [14] studied dynainic fuzzy systems, which are 

transit as follows : 

Let S be a metric space. We write a fuzzy set on S by its membership function 

9 : S H [0, 11. Let p ( S )  be the set of all fuzzy sets on S, which are upper semi- 

continuous and have a compact support. For any j. E p ( S ) ,  we define 

ij(9)(x) := sup {ij(x, y) A S(y)), x E S ;  
YES 

and 
p(9)  : = S  and ijn(S) := ij(ijn-I(;)), n =  l ,2 ; . .  . (0.2) 

Then ijn(9)(x) is called a transition possibility from a point x to a fuzzy set 9 a t  

nth-step ([14]). 



From tlie reason explained in tlie latter part of tliis section, we need to define the tran- 

sition possibility for a certain class of fuzzy sets containing p ( E ) .  We consider a fuzzy 

expectation as an exteiisioii of the transition possibility for tlie class. 

Expectations by fuzzy measures are studied by Sugeno [13]. However, when we deal 
with uncountable state spaces, it is known that there is an essential difference between 

fuzzy measures aiid possibility measures (see Puri and Ralescu [S]). Cooman and I<erre [3] 
studied tlie expectations by possibility measures. However 131 does not take account of the 

measurability of expectations. This paper iiitroduces a fuzzy expectation of measurable 

inembership functions by a possibility measure induced by fuzzy relations, preserving the 

measurability. We also introduce a path structure for a dynamic fuzzy system with a 

possibility measure induced by fuzzy relations and construct a non-linear Markov fuzzy 

process representing transitions of grades of fuzzy sets. This enables us to deal with 

stopping times depending on patlis analytically. 

We consider Snell's optimal stopping problem (Neveu [7, Sect.VI-21) for the Markov 
fuzzy system. Tlie probleiii is to find patlis aiid stopping times maximizing tlie grade of 

fuzzy sets. The aim of tliis paper is to study fuzzy dynamic programming with general 

state spaces and general action spaces and with optimal stopping times depending on 

paths, using tlie solutioiis of Snell's problein for tlie Markov fuzzy system. We derive an 

optimality equation for tlie probleiii and we give an optimal stoppiilg time bounded on 

an optimal path. 

First of all, we consider about a class of fuzzy sets, containing p ( S ) ,  which admits 

stopping times. We put tlie collectioii of all closed subsets of S by C(S) and the Borel-o- 

field of S by B(S). We write an ordinary set A(c S) by its indicator function I A  : S H 

{O, 1). Tlie a-cut ;a of a fuzzy set S is written by 

5 a : = { x ~ S ! S ( x ) 2 a ) ( a ~ ( 0 , 1 ] )  and 5 0 : = c l { z ~ S / S ( x ) > 0 ) ,  

where cl denotes tlie closure of a set. The fuzzy set S E p ( S )  is characterized by its 

a-cuts : 

(C.i) So is compact; 

( i )  E C(S) for a E [O, 11; 

C . )  n,,, ial = sa for a E (O,1]. 

What kind of measurable fuzzy sets can we define stopping times for 7 For an answer to 

this question, we here consider about an essential difficulty i11 optimal stopping problems 

for fuzzy systems (more generally, fuzzy decisioii processes) with general state spaces, 

through the followilig one-stage example : 

Let At and A2 be subsets of a state space S .  We suppose that a return Z1 is given 

if we stop tlie process and a return Z2 is given if not to stop. We consider a decision 



that we stop when the present state is i11 Al and we do not stop when the state is 

in A2. The return obtaiiied by the decision is given by 

Then Al and A2 must have the following property : 

However, when we construct a fuzzy system for fuzzy sets of P (S ) ,  A1 and A2 must be 

closed because of (C .ii) and Z1, Z2, Z E .Fo(S). This fact contradicts (0.4) when S is a 
general metric space. Therefore this paper extends p ( S )  to some class of measurable 
fuzzy sets admitting stopping times. In order to preserve a measurability of fuzzy sets 

regarding a fuzzy expectation by a possibility measure induced by fuzzy relations, we 
find, in Section I ,  that the ineasurability must be preserved regarding projections from 

a product space. For example, Borel ineasurability is not proper since a projection of 
a Borel set in a product space is in general not Borel aiid but analytic (see Bertsekas 
and Shreve [2,  sect.?.^]). The collectioil of analytic sets is not also proper. Because 

analytic sets are in general not Borel and but universally measurable. However a 0-field 

of universally measurable sets ca.11 not be represented by a completion of Borel sets by 

possibility measures. We adopt the collection of &-sets (see Parthasarathy 18, Def. I .  I])  
and coilstruct a Markov fuzzy systeiil with a transition possibility measure. Using the 

results, we solve fuzzy dynamic prograininiiig under a fuzzy tra~isitioil and Snell's optimal 
stopping problein for the Markov fuzzy systein. a 

In Sectioii I we introduce a path structure like the theory of stochastic processes. We 
also introduce a fuzzy expectatioil by a transition possibility measure and an admissible 
class of stopping times. I11 Sectioii 2 we prove a strong Markov property for the stopping 

times and construct, as a fuzzy process, a Markov fuzzy systelii under the possibility l e a -  

sure. In Section 3 we extend the expectatioil in the preparation for Section 4. In Section 
4 we solve Snell's optiinal stopping probleiii for the Markov fuzzy system. I11 Section 5 
we apply the results to fuzzy dyiiainic prograiiiiiiing with stopping times depending on 

paths under the fuzzy transition. 

1. Fuzzy expectations and stopping times 

For a metric space S, we put the collectioii of F,-sets by E(S) := {A / A = !Jr=o C,, C, E 
C(S) (n = 0,1,2,  . .)), where C(S) is defined in Introduction. F(S) denotes the set of all 

fuzzy sets on S satisfying the followiilg coiiditions (E.i) - (E.iii) : 

(E.i) go is compact; 

(E.ii) go E E(S) for a E [O, 11; 



(E.iii) n,,, S,! = Sa for a E (0,1]. 

We note that C(S)  c £(S) c B(S) aiid p ( S )  c F ( S ) .  

Lei~lina 1.1. The collection of  &sets, £(S), has the following properties : 

(i) £(S) is closed under finite intersectio~ls and countable unions; 

(ii) Let S1 and Sz be metric spaxes. Let A E £(S1 x S2)  Then its projection from 

S1 x S2 to ,El, projs, (A), has a property : projs, (A) E £(S1). 

Proof. (i) Let { A m ) k o  c £(S). Then there exists Cm,, E C(S) (m, n = 0 ,1 ,2 , .  . .) such 

that Am = Uzo C,,,, for all m. Therefore U:=, Am = U:,,=, Cm,n E £(S). 

Next let {Am);,=, c £(S) for some 1 = 0,1,2,  - .. Then there exists Cmln E C(S)  (m = 

0,1,2,  . . . , I; n = 0,1 ,2 , .  . v )  such that Am = U;=, Cmln for all m = 0,1,2,  . - ,1. Here we 

may assume that {Cmp)r=o C C(S)  is lion-decreasing, considering C',,, := U;=, Cmlk E 
1 C(S) .  Now we show nm,our=oC,,n = Ur=,nk=,C,,,. Let x E n ~ = o u ~ = o C m , n .  Then 

for each m there exists n, = 0,1,2,  satisfying x E CmTn for all n 2 nm, since 
I {Cm,,)r=, is lion-decreasing. Put 72" := inax,,=0,1,2 ,..., nm (< a). Then x E nm,, CmTn* c 

U,"=, nk=, Cmln. Therefore we obtain n;=, U;=, CmTn c U,M_, nkz0 Cm,n. The reverse in- 
clusion is clear. Thus we get n:,=, A, = n:,=, U:=, Cm,n = U:=, n;=, Cmln E £(S). 

(ii) Let A E £(S1 x S 2 )  Then A = U:=, Cn for some Cn E C(Sl x S2)  (n = 0 ,1 ,2 , .  . -). 
We have projs,(A) = U,,s,{x E 5'1 I (x, Y )  E A} = UyEs2 Ur=0(5 E S1 I (x, Y )  E Cn) = 

ur=oUyEsz{~ E SI I ( Z , Y )  E CnJ Sillce UyES2{x E S1 I ( x , ~ )  E Cn) E C(Sl),  we obtain 

p r o j s , ( A ) ~ £ ( S ~ ) .  a 

The following proposition illustrates a regularity of £(S) when 1-dimensional case. Let 

R1 denote the set of all real nuinbers. 

Propositioil 1.1. Assume S := R'. Denote the set of all intervals by 

I(,?) := { intervals I I I = (a, b),  [a, b], (a,  b], [a, b) for a ,  b E R' (a 5 b)}. 

Then U;=, In E £(S) for {In):='=, c Z(S). 

Proof. It is trivial that [a, b] E £(S) for a, b E R1 (a 5 b). Further, from Lemma I . l ( i ) ,  

(a,  b] = Uz=, [a + 1 l m ,  b] E R' ( a  5 b). Considering about the others similarly, we obtain 
Z(S) c I ( ,? ) .  Therefore we get this proposition, using Lemma l .l (i). 

Now we coiistruct a fuzzy process with a transition possibility measure. In Section 
2 we show tlie fuzzy process has a strong Markov property. Let a discrete time space 

N := {O, 1 ,2 ,3 ,  a )  and := N U {m). Let a state space E be a finite-dimensional 

Euclidean space. Let EO, El, E2, . - denote copies of E .  Then tlie path space is 0 := 

nEo Ek, wliicli is iiietrizable by the product topology. We also put S-2, := nrzn Ek for 

n E N. An eleineiit w = (w(0), w(l) ,  w(2), . . .) E 0 is called a sailiple path. We define a 



map X,(w) := o ( n )  and a shift Q,(w) := (w(n), w(n + I ) ,  . 0 )  for w E fl and n E N. We 

put a-fields by M, := a(Xo,Xl ,eee ,X, )  ' for n E N and M := a(UnENM,) 2 .  For a 

sub-a-field N of M,  +(N) deilotes the set of all N-measurable fuzzy sets of F ( Q ) .  

Let tj, := tj  be a time-invariant upper seini-continuous fuzzy relation on En x En+1 
( n  = 0,1,2,  . - )  satisfying the following nornlality coildition : For all n E N, 

We define operations and VrZ0 by h, (w) := inf,=o,l,2,... h,(w) and VrZo h,(w) := 

 SUP^,^,^,^,... h,(w) for {hn)r=o c F ( J M )  alld w E 0. w e  defille q := @n(Xn9Xn+l) E 
F(M) and P ( A )  := supwEh q(w) for A E JM. The11 P becomes a possibility measure on 

JU with a density q (see Puri and Ralescu [9]) and has the followiilg properties (P.i) - 

(Peiii) : 

( P i )  P(0) = 0 and P(0) = 1; 

( P i )  If A,  I' E M satisfy A c I?, the11 P ( A )  5 P(I ' ) ;  

( P i )  If {A,);='=, c M, then P(Ur=o A,) = V,M_'=, P ( A n ) .  

For h E F(M),  we define a fuzzy expectatioil by the possibility measure P : 

h(w) dP(w) 
WER:W(O)=Z) 

- - sup h(w) A q(w) for s E E ,  
w ~ Q : w ( O ) = x  

where { d P  denotes Sugeiio integral and the supremum on the empty set is understood 

to be 0 (see Sugeno [13], Ralescu a.nd Adains [10]), and a A b := min(a, b )  and a v b 
:= nlax{a, b )  for real numbers a ,  b. For x E E we also define a possibility measure 

Px(A)  := E,(lA) (A E M). 
Here we consider the rneaniilg of the fuzzy expectation. Froin (0.1) and ( 0 . 4 ,  for 

S E p ( E )  we can easily check 

E,(g(X,)) = r ( S ) ( x )  f o r s  E E ,  n E N, (1.1) 

which is a possibility of transition from a point x to a fuzzy set g at nth-step. Therefore 

we can define the trailsitioil possibility for the class F(E) , co~ltainiilg P ( E ) ,  by means 

of the fuzzy expectatioil E,(g(X,)). 

Next we take g = A;:: l~x,+lEA,+l~ E F(M) (n E N).  From the definition of the 
fuzzy expectation, we have 

IIt  denotes the smallest a-field on L? relative to which Xo , X I ,  . . . , Xn are measurable. 
21t denotes the smallest cr-field generated by UnEN Mn . 



Then we observe a path w which is starting from Xow = x, stays at Xlw E Al at  Ist- 

step, stays at  X2w E A2 at 2"d-step, . a, and arrives at Xnw E An at nth-step. (1.2) is 
a maximum possibility over all these paths w. The representation (1.2) of the transition 

possibility by paths enables us to introduce stopping times depending on paths in this 

section. Therefore the fuzzy expectation is an exteilsion of the transition possibility and 

admits stopping times depending on paths. We call (Xn)n,N a fuzzy process with the 

possibility measure P .  The fuzzy process {XnInEN transits based on the fuzzy transition 
in the ineanings of (1.1),(1.2), which is corresponding to the transition of the grade of 

fuzzy sets. 

Lemma 1.2. Let h E F ( M ) .  Then : 

(i) the map z I---+ Ex(h) is an element o f F ( E ) ;  

( i  = v:=, E,(h A In,) 
for x E E and c E(0)  such that ( A , ) ~ = ,  is a partition o f  f2. 

Proof. (i) Since h ,  q E F ( M ) ,  from Lenlina 1. l (i) (ii), we have 

for a E [O,1]. (ii) can be easily checked from the definition. CJ 

Definition. For M-measurable fuzzy sets h, g : fl I-+ [O, 11 and x E E ,  h and g are called 

Px-equivalent if h(w) A q(w) = g(w) A q(w) for all w E 0 : w(0) = z. Then we write h = g 
Px-almost surely (Px-a.s.). Further we represent h = g a.s. when It = g Px-a.s. holds for 

all x E 141" 

We introduce another fuzzy expectation. 

Definition. Let h E F ( M )  and n E N. We define a fuzzy expectation of h with a 

sub-0-field Mn by 

00 

- - sup h(wt) A A ijle(Xkwf, X k + l ~ f )  for w E 0, 
w'~0:w' (k )=w(k) (k=O, l , . . . ,n )  k = n  

where 

Pw,n(A)  := SUP /\ qk(Xkwf,Xk+l~ ' )  for w E 0, n E N and A E M. 
u'~A:w'(k)=w(k)(k=O,l,...,n) k=, 

Leinina 1.3, It holds that 

(Xn E A) E £(R) for. all 12 E N and A E £(E) .  



Proof. Let n E N. If C is a closed subset of E ,  the11 {X, E C )  = n;!: Ek x C x n;P=,+, Ek 
is closed in 0. Therefore for A = Ug=o Cm E E(E) (C, E C(E),  rn = 0,1 ,2 ,  a -), we have 

{Xn E A) = Ug=o{Xn E C m )  E E(0).  

The following proposition shows tliak the fuzzy expectation E (h  I M,) has the prop- 
erties like the coliditioiial e~pecta~tions in tlie probability theory of Neveu [?]. 

Proposition 1.2. Let h E F(M) and n E N. Then E(h  I JM,) is a fuzzy set in F(Mn) 
and is the unique Mn-measurable fuzzy set ( in the sense of  a s .  ) such that 

i E ( h  M )  d 1 d f ~ i a l l  A t JU, and x t E" 

Proof. For all A E Mn and n: E E, we have 

/ 00 1 n-l 

Therefore E ( h  / Mn) satisfies tlie equation (1.3). Next let cu E [O,1]. Noting 

n-l 00 

h E F ( M )  alld /\ ~ E ~ x E , + , ( X ~ ~ ~ ~ + I ) A  r\ Gk(Xk7Xk+l) E F ( M ) ,  
k=0 k = n  

(1.4) 

we have I' := {w' E 0 I h(wf) A AEn ik(Xkwl, X k + l ~ f )  2 a )  E £(a). From Lelnnia l . l(ii),  
we obtain 

By (1.4) and Leinma 1.1, we get E (h  I JM,) E F(Mn). 
Finally we show the uniqueness of solutioils of (1.3). Put g = E ( h  I Mn) and let 

another JM,-nieasurable fuzzy set g' also satisfy (1.3). For t > 0 and x t E we put 

f' n-l n- l  'I 



Let 6 > 0 and s E E .  If A,>, + @, the11 we have 

/ n-l \ 

= sup ( y ( w )  A @ k ( x ~ ~ , x k + l ~ )  
wERc,z k=O 

> - sup (y l (w)  A A @ k ( x ~ ,  xk+lw)  6 
wEAe , z  k=O 

So we get A,,, = 0 for all t > 0 and x E E.  Therefore 

n-1 n-l 

9 A @,(xk,Xk+l) 5 S' A A @ k ( x k ?  X k f l ) s  
k=O k=O 

Since the reverse inequality holds simila,rly, we obtain y = 9' a.s.. 

Lemma 1.4. Let h E F ( M ) .  Then : 

( i )  E ( E ( h  1 M,) I M n )  = E ( h  M,) f o r m , n  E N (rn 2 n);  

(ii) E ( h  A l A  I M,) = E ( h  I M,)  A l A  a.s. for n E N and A E £ ( a )  n M,; 

(iii) E ( h  A g ( X o , X l ,  , . . . , X n )  I M n )  = E ( ~ J  I M n )  A Y ( X O ~ X I ~ . . . , X ~ )  
for n E N ;tiid g E F ( E o  x El x * . *  x En);  

( )  E ( h  1 M n )  = VmEm E ( h  A I A ,  / J M ~ )  
for n E N and c £(a) such that {Am}:=, is a partition o f  a. 

Proof. ( i )  Let rn, n E N (nz 2 n) .  From the definition, we obtain 

- - SUP E ( h  1 JM,,) (w') A A &(Xkw9, Xk+lw ' )  

wl~R:w'(lc)=w(k)(k=O,l,-..,n) k=n 

m-l 

A Gk(Xk~'9 X k + l ~ ' )  
k=n 

L7i) 

- - sup h(w') A A @k (Xkw', Xk+1w9) 
w1~S1:w'(k)=w(k)(k=0,1,--.,n) k=n 

= E ( h  I M,)(w)  for w E fl. 

(ii) Let n E N and A E £ ( a )  n JM,. From Proposition 1.2, for I' E M ,  and x E E ,  we 

have 

~ ( h  A l A  I M , )  ilP, = f it A l A  dP, = 1 M,)  dP, = f E ( h  / M,) A 1, dP,. 
r r 



Therefore we obtain (ii). 
(iii) Let n E N and g E F(Eo x El x . . . x En).  Then 

= E ( h  I Mn)(w)  A g ( X o , X l , e . . , X n ) ( w )  for w E Q. 

(iv) can be easily checked froin the definition. 

Next we consider stopping times. 

Definition. A map T : Q H N is called a ({Mn)nEN-adapted) stoppillg time if 

{T = n} E Mn for all n E N. 

And we call a map T : Q H N an E-stopping tiine if 

It is trivial that a constant stopping time, i.e. T = no for sollie no E N9 is an £-stopping 
time. Further t lie followii~g lemina,s hold. 

Definitioil ([I l l ) .  For a set A E B ( E ) ,  we define a first entry time, TA, and a first hitting 
time, Q, of A by 

~ ( w )  = infin 2 1 / n E N,Xn(w) E A} for w E $2, 

where the iiifima of the einpty set are understood to be +GO. 

Lernil~a 1.5. For a set A such that A E E(E) and AC E £ ( E ) ,  TA and a* are £-stopping 
times. 

Proof. Froin Leinma 1 . l  (i), we have 

n-1 

{TA = 72) = n { X k  E Ac> n {Xn E A} E Mn n E ( R )  for all n E N. 
k=O 

Therefore T* is an £-stopping tiine. We can check OA similarly. CI 

Lernina 1.6. Let a and T be E-stoppiz~g times. Then a V T ,  a A T and a + T o 0, are 

E -stopping times . 



Proof. Let o and r be £-stopping times. Then we obtain that o V r and o A r are 
£-stopping times froin Leinma l . l ( i )  and the following facts : For all n E N ,  

n n-1 

{a = n )  = U({o = n)  n {r = k)) U U({o = k) n {r = n))  E,£(Q) nM,; 
k=0 k=O 

00 00 

{ o v ~  = n)  = U ( { o  = n )  n{r  = k))U U ({o = k) n { ~  = n))  E E ( 0 ) n  M,. 
k-n k=n+l 

Further since {r = n - k) E £(fl) f l  MnAk (k = 0 ,1 ,2 .  * .  , n),  B;'{T = n - k) = 

{W I T ( w ( ~  + l ) ,w(k + 2);-) = n - k) E £ ( a )  n M,. Therefore 
71 

{O + T o 0, = n)  = U ({Q = k> n 0;'{~ = n - k)) E £(Q) n M,. 
k=O 

So o + r o 0, is an £-stopping time. 

Definition ([7]). Let r be a stopping time. We define a sub-o-field M, of M by 

M, := {A E M I A n  { r  = n )  E M, for all n E N).  

For an £-stopping time r ,  we call define a fuzzy expectation with M,. 

Propositioil 1.3. For h E F ( M )  and an £-stopping time r, we define 

E ( h  I M,) = E(h  I M,) on {T = n)  for n E N. 

Then E ( h  I M,) is a fuzzy set in F ( M , )  and is the unique element in F(M,) ( in the 
sense o f  a.s. ) such that 

Proof. Let /2 E F(i2) and let T be an £-stopping time. Let A E M, and put A, := 

A n { r  = n )  for n E N. Froin Lemma 1.2(ii) and Proposition 1.2, for any x E E 

Thus E ( h  I M,) satisfies (1.5). Further, using Lei~iiila 1.1 (i) and Proposition 1.2, for all 
n E N and a E [ O , l ]  

{E(h  I M,) 2 a) n { r  = n)  = {E(h I M,) 2 a) (7 {T = n )  E E(0)  n M,. 

Therefore we obtain {E(h ( M,)  2 a) E £(a) n M, for all a E [0, I]. The other property 
can be checked in the same line as Propositioii 1.2. CI 

Corollary 1.1. Let {YnjnER be a sequence satisfying Yn E F ( M n )  (n  E N) and let T 

be an E-stoppiilg time. Define 

Y, = Y, on { r  = n) for n E N .  

Then Y, E F ( M , ) .  



2. Markov property for the fuzzy process 

In this section we show a Markov property for the fuzzy process {XnInEN with the 
possibility ineasure P. 

Definition. Let T be an £-stopping time. We define 

X, = Xn on {r = n )  for n  E N. 

Lemma 2.1. Let E F ( E ) .  Then : 

(i) i(Xn) E .F(Mn) for n E N; 

(ii) .F(X,) E F(M ,) for an £-stopping time T .  

Proof. (i) Let S E F(E) and n  E N. Since {x E E I S(x) > a )  E £(E), for cu E [ O , 1 ]  

Therefore S(Xn) E F ( M n ) .  (ii) Let s" E F(E) and let T be an £-stopping time. From (i) 

and Corollary 1.1, we obtain S(X,) E F(M,). 

Owing to Lenlilias 1.2(i) and 2.1, we may iiltroduce the following fuzzy transitions. 

Definition. For n E N and an £-stopping tiine r, we define maps, Pn and P,, F ( E )  I-+ 

F(E) by 
PnS(x) := Ex(S(Xn)) ( X  E E) for S E F(E); 

P,S(x) := E,(s"(X,)) (x E E) for S E  .F(E). 

We call Pn and P, fuzzy trailsitions. 

Regarding the fuzzy process {Xn)nEN, we obtain a Markov property and a strong 
Markov property like the theory of Marltov chains in Revuz [II]. 

Theorem 2.1. For h E F ( M ) ,  the following Markov property holds : 

E ( h  o 8, 1 Mn) = Exn(h) a s .  for n  E N; 

Especially for s" E F( E) , 



Proof. Let h E F ( M ) .  Then for all i\ E M ,  and all x E E we have 

00 

= sup h(0,w) A A c i , ( X ~ , X k + l ~ )  
WEA:W(O)=X k=O 

Thus we obtain (2.1) in the same arguments as the proof of the uniqueness in Proposition 

1.2. Further, for S E F ( E ) ,  we hapve 

E(S(X,+,) I M,) = E(Z(X,  0 O n )  I M,)  = Exn(S(X,,)) = P,,S(Xn) a.s. for rn, n E N. 

Therefore tlie proof is completed. 

Theorem 2.2. For h E F(iM); the following strong Markov property holds : 

E ( h  o 0, I M ,) = Ex, ( h )  a.s. for a finite E-stopping time T ;  (2.3 ) 

Further for S E F ( E ) ,  

E(S(X,+,osG) I JM,) = P,S(X,) a.s. for finite E-stopping times a and T .  (2.4) 

Proof. Let h E F ( M )  and T be a finite £-stopping time. Let A E M ,  and put 

An := A n { T  = n) for n E N. Then, using Maxkov property and Le~nrna 1.2(ii), for all 

x E E we have 

= Jn Ex, ( h )  dPZ. 

So we obtain (2.3). Since (2.4) is trivia.1 from (2.3), we obtain this theorem. LI 

Corollary 2.1. It holds that 

P, P, = P,+,osG on F ( E )  for finite £-stopping times a and T .  (2.5) 



From now on, we call {Xn)n,N a Markov fuzzy process, because of Theorems 2.1 and 

2.2. For Sections 3 and 4, we extend the state space E, referring the theory of Markov 

chains in Revuz [I 1, p.231. Let A be not a point of E and put Ea := E U {A) and 

:= nEO EA.  Since {E) E £(Ea) and {A) E £(Ea), we can consistently extend the 

state space E to EA and the path spa,ce 0 to Ra. We also extend Markov fuzzy process 

{Xn)n,N and the shift : 

O,(w) for 72 E N and w E flA S,(W) := 
wa for n = oo and w E SIA, 

where wa = (A,  A ,  A , .  . .) E Ra. We let C be an entry time to {A), which is called the 

deatla t iine : 

((w) := inf{n / n E N,X,(w) = A )  for w E 0 a .  

Then C is an E-stopping time. A fuzzy set 9 E F(E) is also extended to a fuzzy set on 

& :  

Then the possibility ineasure P,, x E E, is extended to P,, x E EA, by 

1 i f w A E A  
P A ( A )  := O otherwise for A E o ( X o , & , X z , . . . ) .  

Since EA and flA are coinpact by Hausdorff's one-point ~ompa~ctification, the same results 

hold for the extended Markov fuzzy processes without assuining (E.i) in the definition of 
E(S).  From now on, this paper deals with the Markov fuzzy processes on the extended 

state space E A .  

3. An extension of the fuzzy expectations 

Let S be a metric space. For fuzzy sets i and i. on S, a relation S 2 F ineans that 

i (x)  2 ffx) for all r E S. Then 2 becomes a partial order. The possibility measure P 
has the following properties. 

Leinina 3.1. Let {h,);=, c F ( M ) .  Then : 

(ii) If {h , )~=o  is non-decreasing (with respect to the order >), then 
lim,,, Ez(hm) = E,(lini,,, Iz,) for x E E ;  

(iii) VZzo E(h, I M,) = E(Vz=o l ~ , ,  I ILL,) for n E N ;  



(iv) If { I L , ) ~ = ~  is non-decreasing (with respect to the order >), then 

liin,,, E (hm I M,) = E(lim,,, h,  1 JW,) for n E N. 

Proof. (i) For z E E, 

V Ez(l~,) = V sup h,(w) A q(w) = sup V h m ( w )  A q(w) = V h d  
m=O nz=O WES~:W(O)=X w ~ R : w ( O ) = z  m = r ~  m=O 

So we get (i). The other eclua.tioiis axe siiiiila,r. CI 

Let S be a metric. space such as S = E or S = 0. In order to solve Snell's optimal 

stoppiilg problein in tlie next section, F(S) is not a sufficient class of fuzzy sets. We extend 

F(S) and we define fuzzy expectatioils for thein. Leinina 3.1 guarantees an extension of 

the expectations. Let 

G(S) := { fuzzy sets S I there exists a sequence {i?n}T=o C F(S) 
00 

sucli that V 2, = 9 ). 
n=O 

Then we call take {Sn)z=O c F(S) to be non-decreasing, considering 2; := VkSn Sk E 

F(S) (n = 0,1,2,  . . .). Further h ( ~  G(S)) is B(S)-iiieasura,ble and P ( S )  c F(S) c G(S). 

Using Lemma 3 . l  (ii) (iv), we define fuzzy expectatioils for h E G(M ) : 

For h E G(JM) there exists a lion-decreasing sequelice {hnjnEN c F(M) such that 

limn,, h, = 2. Then we define 

E,(h) := n-00 lim E,(h,) for z E E ;  

E ( h  I M,) = liiii E(h, / M,) for n E N. 
nz --+ 00 (3 -2) 

(3.1) and (3.2) are well-defined since Ex(.) keeps the moiiotonicity for fuzzy sets (see 

Lemma 3.1 (i)) and F(M) is directed upwards, i.e. h V g E F(M ) for h, g E F(M). Tlieii 

we have E.(h)  E G(E) and E(h  / MT) E G(iUT) for an £-stopping time T .  Conversely 

for S(E G(E)), we can easily check S(XT) E G(MT) for an £-stopping tinie T. Therefore, 

from now on, we can use the results in Sections 1 - 3, replacing F(E) and F ( 0 )  with 

the extended G (S) and G(!J)  respectively. 

4. Snell's problem for Markov fuzzy processes 

As an application of Markov fuzzy processes, we consider Siie119s problem (c.f. Neveu [7, 
Sect .VI-21) : 

Let E ,  S E F(E). Find a finite E-stopping time T,  wliicl~ maxiiiiizes tlie fuzzy ex- 

pected value of fuzzy goals E,(A;=; E(Xk) A S(&)) (x E E ) .  



We put an optimal value 

Define a fuzzy transition & by & i: := FA Pi: for i: E G(E). Further we put fuzzy transitions 
Qo := I (identity map) and := QQ, for n E N. We introduce Q-superharmonic 
property for fuzzy sets. 

Definitioii ([I l l ) .  A fuzzy set S oil E is called Q-superharmonic if .5 E G(E) and 

g(x) 2 QS(x) for all x E E. 

Lemma 4.1. The11 we have the following (i)  a i d  (ii) : 

(i) For n E N it holds that 

n-1 

E X )  A ( X )  x E E.  ? 
(ii) We define 

Then G(E (E) ) is the sma,llest Q-superharmonic fuzzy set dominating Z and satisfies 

Proof. (i) We call easily check (4.1) by inductioil on n from the Markov property and 
Lernina 1.4(iii). (ii) From the Markov property and Leniina 1.4(iii), for r E E, we have 



Together with Leinrna 3.l(i), for s E E ,  we obta,in 

Tlierefore ii satisfies (4.3) and li is a Q-superliarinonic fuzzy set dominating 2. Further 
let ij be a Q-superharmonic fuzzy set dominating d Then we have 

Tlierefore we obtaiii this lemma since it is trivial that ii E G ( E )  from (4.2). 

For an E-stopping time T ,  by (4.1), we also define 

Theorem 4.1. T l ~ e  optimal value is given by 

Proof. Let x E E. Since coiistaiit stopping tiiiies are £-stopping times, for all finite 
I-stopping times r, we have 

Tlierefore we obtain G(x) 5 ii(x). Reversely, from Lernrnas 1.4(iii) and 3.l(i), we have 

n-l 7.1,- P 

 lier ref ore tlie proof is completed. 

Le~nma 4.2 (c.f. [7, Lem.VI-1-61). It holds that 

liin Qn6 = TEG Qni'. 
n--100 n-00 

Proof. Let z E E. Using tlie Marltov property and Leinina 3.1(i), for all n E N 



Since ii is Q-superhari~~onic from Leinilla 4.1, the liinit of the above equality exists when 

n - t o o a n d w e o b t a . i n ( 4 . 5 )  togetherwithTheorem4.1. 

We give an optimal E-stopping t iine under the following continuity condition and 

condition on s" for an initial state s E E. 

Condition (I). S, F and jk (k  = 0,1,2, . .) are continuous. 

Condition (11). It liolds that End, Qn3(s) 5 S(z). 

Lemma 4.3. Under Condition (I), 

is an E-stopping time. 

Proof. Suppose that Condition (I) holds. Frorn Leinilla 1.5, it is sufficient to check 

{ G  > S} E E(E)  and { C  = S) E E(E).  

First we have {s" <.a) = UE=,{S< a-l lnz)  E E(E) for a E (0 , l ) .  On the other hand, 

from (4.4) and Leixima l . l ( i ) ,  we have {li > a )  = UnEN UE=I{QnS 2 n + l l m )  E £ ( E )  
for a E (0 , l ) .  Therefore we obtain 

{ G  > S) = U ({C > a) n {a > 5)) E E(E) for CY E (0, I ) ,  
a ~ Q n ( 0 , ~ )  

where Q denotes the set of all rational numbers. 

Next, froin (4.2) for z E E we have 

/n-l n-l \ 

Froin Condition (I), ii is lower-semicontinuous. Therefore { C = 5) = {li 5 S) is closed. 

Thus 7-0 is an E-stopping time. 

Theorein 4.2. Suppose that Colldition (I) holds. Let s E E .  We also suppose that 

Condition (11) holds for s. Then 70 is a finite optimal E-stopping time for Snell's problem. 



In fact 70 is hounded on the optimal paths in the sense that there exists no(= no(.)) N; 
which depends only on z ,  such that 

i ( x )  = QTo.?(z) = QroAnS(z) for all n 2 no. (4.7) 

Proof. We show this theorem, referring the proof of Neveu [7, Prop.VI-1-21. S' ince we 
have l i (Xn)  > S(Xn)  on { n  < T O ) ,  froin (4.3) and the Markov property we obtain 

i i (Xn)  = Qii(Xn) = c ( X n )  A E(G(Xn+l) / M,) a.s. for { n  < 70). 

(ro An)  - 1 Therefore, from Lemina 1.4(ii)-(iv), {Ak,.o C(Xk) A G(XTo has the followi~ig 
property like martingales in the probability theory : 

(roA(n+l))-1 
E E(Xk) A ,c(XTo/\(n+~)) ( Mn 

k=O 

70 - I  

= 6 ( A  z (Xk)  c(*To) A { , in}  1 n )  V ( ( )  ( n )  A l o >  1 Mn 
k=O k=O 

70 - 1 
- 
- (Lo ( ) ( ) o n  v A E ( X k ) A E ( G ( x n + l )  1 Mn.)Al{To>n} 1 Lo 

First we coilsider a case of z E { f i  > 5). Together with Lemma 1.2(ii), for n E N we 
obtain 

Froill Condition (II), we have limn,, QnS(z)  < G(x) holds since z E (i3 > g}. So there 
- 

exists no(= n o ( x ) )  E N such that 

From (4.9), we have 

Ex [x E E ( X )  A i i (Xn)  A ijTOLn) < On"(" = V Q,,;Z(x) < 6 ( x )  = G ( x )  for all n 2 no ,  
k=O m2n 



(4.8) follows 

7-0-1 

c(g) = F: (A ~ ( x k )  A 6(xT0) A l{,<n) 1 for all n 2 no. 

Together with Theorem 4.1 aiid the defiiiition of 70, we obtain 

TO - 1 

F(Xk ) A g(XQ ) A 1 {, <,I 5 QTOAnS(x) 5 G(x) for all n > no. (4.10) 
k=O 

Therefore G(x) = QmAnS(x) for all n 2 no. 

Further, noting 

by Lemma 3.1 (ii) , (4.10) follows 

G(x) = lim E, Z(Xk) A ;(X,) A I{,<,) 

Co~iseclueiltly we get ir(x) = Q,S(x) = QmA,5(z) for n 2 no in the case of x E {G > S}. 
Siiice it is trivial tliak ,E(x) = 5(x) = QoS(x) if x E { E  = 9)) we obtain (4.7). CI 

R e m a r k .  We give an example satisfying Coiiclitioils (I) (11)) using the dynamic fuzzy 
systems Yoshida et al. [14]. Let d be a positive integer, let Rd be a d-dimensional Euclideaii 
space and let 0 be its origin. Suppose that ij is liiieaGr, coilvex and contractive in the sense 
of [14, Assuiiiption Aaiid B]. Theii we may coilsider that the state space is the positive 
ortliant R$ := {(s', s 2 , .  . -  , xd )  E Rd 1 xi > 0 (i = 1 ,2 , .  . , d)} and that ij is coiitinuous 
on R$ x R$ \ (0, 0 )  ([14, page 2851). O is a kind of irregular point since ij(., 0)  = 

from [14, (2.4)]. For simplicity, we suppose an absorbing assumption for 0 : @(0, .) = llo) 
(see [14, Fig.2 of Sect.41). The11 0 hecoilles an isolated absorbing poiiit in the sense that 

where C $  := R$ \ {O). Let 2 and S be coiltiiluous with s"(0) = 1. Then Condition (I) holds 
on the state space c:. Further Coiiditioii (11) also holds for all x E R$ since, froin (4.11) 
and 114, Th.3.11, we have PnS E P(R$) and L,,, Q,S 5 En,, PnS = ljo) 5 S. A 
numerica,l exa~iiple is given in [I 4, Sect .4j. 



5 .  An application to fuzzy dynamic programming with stopping 
times 

Esogbue and Bellina,il [4, Sect.71 studied fuzzy dyiiamic programming under a transitioil 

possibility measure and they also studied fuzzy dyilailiic programmiilg with a few kiiid 

of stoppiiig times. We deal with fuzzy dyi~a~i~iic p rograming  with finite stopping times 

depeiidiilg on paths under a trailsitioii possibility ilieasure. 
We take state spaces E and En ( n  E N )  as before. Let an action space U be also 

a finite-dimensional Euclideali space. Let Uo, U1, U2, denote copies of U .  Then the 

controlled path space is 0 := nrz0(Ek  x Uk).  We also put 0, := jJr=n(Ek x Uk)  for n E N .  
An element w = (w (0 )  , .rr ( 0 )  , w ( 1 ) , T (  1  ) , w (2 ) ,  ~ ( 2 ) ,  a . .) E fl is called a path coiltrolled by 

a decision n = (n (O) , . r r ( l ) ,~ (2) , -6 . ) .  We define maps Xn(w) := w(n)  and II,(w) := ~ ( n )  
for w E 0 and n E N. We put 0-fields by M n  := 0 ( X o 9  no, X1,  111, . , IIn-l, X,) for 

n E N and M := a(UnEN M,) .  Let ljn := i j ( ~  F ( E n  x Un x En+1)) be time-invariant 

continuous fuzzy rela,tioils ( n  = 0,1,2,  - )  sa#tisfying tlie following normality coiiditioll : 

For all n E N ,  

SUP i jn(x,u,y)  = 1 ( ( I u , ~ )  E Un x En+r) ancl SUP i j , ( z , u , y ) = l ( z ~ E , ) .  
&En ( ~ , Y ) E &  xEn-+~  

It is easy to find such a fuzzy relation @ : 

For exalllple , talte E = U = R1 and let f : E x U H E be a contiiluous function. 

Define 

4(.-,.7-4, y) = (1  - 11: - f (7-4 ,  Y ) I )  V 07 ( 2 7  7 - 4 9  Y) E X U X E* 

Then tlie fuzzy relation i j  satisfies the co~lditioiis (c.f. [6, Fig.l],[14, Fig.21). 

We take q := ijn(X,, II,, X,,,) E F ( M )  and P ( A )  := supwEA q(w) for A E M . For 
h E ~ ( J U ) ,  we similarly define fuzzy expectatioiis by the possibility ineasure P .  

Now we coilsides the followiilg fuzzy dyilainic programming : 

Let a fuzzy goal S and a fuzzy constraint i? be coiltii~uous on E .  Let a fuzzy constraii~t 

jl be continuous on U.  Let .?: E E .  The problem is to find decisions u0, ul , u2,  . . S r  

paths 20, XI, 2 2 ,  . . . and a finite optiilial stopping time r maximiziilg 

under the Markov fuzzy processes with the fuzzy trallsitioii : 

Then, from (4.3) and (4.4), we obtain an ~ptiina~lity equation : For n E N ,  



Especially taking F = lE, it follows 

G(xn) = i'(xn) V sup { h ( ~ n )  /I 'G(xn+~) @(xn, un7 xn+~)}* 
( ~ n , z n + ~ ) E U n  xEni-1 

(5.3) 

I11 [4, (34)], they studied lion-stopped fuzzy dynainic programming. We deal with the 
case with optiinal stopping tiines when the state space E and the action space U are 
finite-dimensional Euclidean spaces. Under Condition (11)) there exists no(= no(x)) E N 
satisfying (4.9). Froin Theorein 4.2, we obt ail1 the following fuzzy dynamic program : 

and f i x )  = ( )  for n 2 no. 

By solving the prograin backward, we ca1n obta6in an optiinal path w* = (x, u:, x;, u;, x;, u;, . . . , xzo) 
an optiinal decision T *  = (ug, ui, ?A;, . , uzo ), and an optimal stopping time T ~ ( w * )  ( 5  no). 
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