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THE RECURRENCE OF DYNAMIC FUZZY SYSTEMS

Yuji YOSHIDA

Faculty of Economics, Kitakyushu University,
Kitagata, Kokuraminami, Kitakyushu 802, Japan

Abstract : This paper analyses a recurrent behavior of dynamic fuzzy systems
defined by fuzzy relations on a FEuclidean space. By introducing a recurrence for
crisp sets, we prove probability-theoretical properties for the fuzzy systems. In the
contractive case in [5], the existence of the maximum recurrent set is proved. As
another case, we introduce a monotonicity for fuzzy relations, which is extended
from the linear structure in [11]. In the monotone case we prove the existence of
the arcwise connected maximal recurrent sets.

Keyword : Recurrence; dynamic fuzzy systems; fuzzy relations; contraction; mono-
tonicity; superharmonic property.

1. Introduction and notations

Limit theorems of a sequence of fuzzy sets defined successively by fuzzy relations are
first studied by Bellman and Zadeh [1]. They considered a sequence of fuzzy numbers in
a finite space and solved a fuzzy relational equation written in matrix form. Kurano et
al. [5] and Yoshida et al. [11], under a contractive condition, studied the limiting behavior
of fuzzy sets defined by the dynamic fuzzy system with a compact space. We, in [5],
proved the existence and uniqueness of the solution for the fuzzy relational equation, and
in [11], developed, under a linear structure, a potential theory of fuzzy relations on the
positive orthant of a Euclidean space.

Our objective is to study maximal recurrence of the dynamic fuzzy systems defined by
fuzzy relations on a Euclidean space. We introduce, for every level a € (0, 1], a recurrence
for crisp sets and we call it a-recurrence. In Section 2 we prove, on the a-recurrent crisp
sets, various probability-theoretical properties in the class of fuzzy sets satisfying a fuzzy
relational inequality, which is a generalization of the fuzzy relational equations in [5] and
which is also satisfied by optimal fuzzy goals in fuzzy dynamic programming of [1], [2], [10].
Further we establish the balayage theorem, which is well-known regarding Markov chains,
for the dynamic fuzzy system. In Section 3 we introduce a-recurrence and represent
the union of all a-recurrent sets by the fuzzy relation. In Section 4 we deal with the
contractive case in [5]. We give an explicit solution of the fuzzy relational equation in [5]
and we prove that the a-cut of the solution is the maximum a-recurrent set. In Section
5 we introduce a certain monotonicity for the fuzzy relation, which is a natural extension
of one-dimensional fuzzy relations with the linear structure in [11]. Then we prove that
at most countable maximal a-recurrent sets exist and that each maximal a-recurrent set

is arcwise connected. In Section 6 numerical examples are given to illustrate our idea.




In the remainder of this section, we describe the notations for dynamic fuzzy systems
defined by fuzzy relations on finite-dimensional Euclidean spaces and give some funda-
mental results for stopping times from Yoshida [10].

Let S be a metric space. We write a fuzzy set on S by its membership function
§: 59+ [0,1] and an ordinary set A(C 5) by its indicator function 14 : S+ {0,1}. The
a-cut 3, is defined by

5,:={2€S5|3=z)>a} (e (0,1]) and & :=cl{zeS|5zx)>0},

where cl denotes the closure of a set. F(.S) denotes the set of all fuzzy sets §on S satisfying
the following conditions (F.i) and (F.ii) :

(Fi) 3, € £(S) for a €[0,1];
(Fii) [) 8w =3 for e (0,1],

a'<a

where

E(S):= {A | A= | Cn, C, are closed subsets of S (n=10,1,2,-- )}

n=0

We also define

G(S) := { fuzzy sets §on S | there exists {3, },en C F(S5) satisfying 5= \/ 5, },
neN

where N := {0,1,2,3,---} and for a sequence of fuzzy sets {3,},en on S we define

N\ $u(z) = inf 5,(z) and \/ Su(z) = sup §,(z) z € S.
neN neN neN neN
Let a time space by N and put N := NU{cc}. Let a state space F be a finite-dimensional
Euclidean space. We put a path space by Q := [[i2, £ and we write a sample path by
w = (w(0),w(l),w(2), ) € Q. We define a map X,(w) := w(n) and a shift ,(w) :=
(wn),w(n + 1),w(n +2),---) for n € N and w = (w(0),w(1),w(2),---) € Q. We put
o-fields by M,, := o(Xo, Xq,+,X,) ' forn € N and M := o0(Up,en My) *. Let A be
not a point of £ and put Ea := EU{A}. We can extend the state space E to Ea, setting
§(A) :=0 for § € G(Ea) and Xoo(w) := A for w € © ([10, Section 2]). Let § be an upper
semi-continuous binary relation on E x F satisfying the following normality condition :
sup g(z,y) =1 (y € E) and sup(z,y)=1(z € E).
el yeEE
We call § a fuzzy relation. We define a fuzzy expectation : For an initial state z € £ and
an M-measurable fuzzy set h € F({),
Eu(h) == ]£ h(w) dP(w),

weQ:w(0)=x}

1t denotes the smallest o-field on € relative to which X, X, -, X, are measurable.
21t denotes the smallest o-field generated by (J, eN M.
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where P is the following possibility measure :

P(A) ==sup A\ §(Xow, Xpp1w) Ae M
weA neN

and ][ dP denotes Sugeno integral (Sugeno [9]). Then the fuzzy expectation has the

following property.

Lemma 1.1 ([10, Section 3]). For an M-measurable sequence {h,},en C G(R2), it holds
that

V Ee(ha) = E(\ hy) z€E.
n€N nelN

We need the first entry times (the first hitting times) of a set, which is adapted to the
dynamic fuzzy system X := {X,},enN, in order to define a recurrence of sets in Section

3. We define
E={A|Ae&(F)and E\ A€ E(E)}

and we call a map 7 : Q — N an E-stopping time if
{r=n}eM,nEN) n € N.

For example, a constant stopping time i.e. 7 = ng for some ny € N, is an E-stopping
time. For A € £ we put

T4(w):=inf{n e N | X, (w) € A} we;

oalw):=inf{n e N|n>1X,(w) € A} weQ,

where the infimums of the empty set are understood to be +00. Then the first entry time
74 of A and the first hitting time o4 of A are also £-stopping times ([10, Lemma 1.5]).

Define a map P : G(E) — G(E) by

P3(z) = E.(3(X,)) = jgg{(}(a,y) AN$(y)} zeFE  forse G(E), (1.1)

where we write binary operations a Ab := min{a, b} and aV b := max{a, b} for a,b € [0, 1].
We call P a fuzzy transition defined by the fuzzy relation §. We also define n-steps fuzzy
transitions P, : G(E) — G(E), n € N, by

P.s:= E.(3X,)) = su};g){(j”(-,y) AN$§(y)} for € G(E),
Y€
where for n € N

¢'(z,y) = g(z,y) and §(z,y) = sup{7*(z, 2) A i(z,y)} = ye€kb.



Further for an E-stopping time 7, a fuzzy transition P, : G(E) — G(FE) is defined by
P.5:= E(3X,)) for $e€G(FE),
where X, := X,, on {r =n}, ne€ N.
The fuzzy transition {P,},eN has the following property :
Py =1 (identity), P =P and Puyn = PrP, (m,n e N).
Further it also has a semi-group property with respect to £-stopping times.
Lemma 1.2 ([10, Corollary 2.1]). It holds that

P,P, = P, .4, on G(E) for finite £-stopping times ¢ and 7.

2. Transitive closures and P-superharmonic fuzzy sets
We define a partial order > on G(FE) : For §,+ € G(FE)

§>7 <= 3$(x)>Hz) ze€kE.

Definition ([10, Section 4]). A fuzzy set 5 (€ G(F)) is called P-harmonic (P-superharmonic)
provided that

= Ps (5> P35 resp.).

w2
W

Clearly a constant fuzzy set, s = § for some € [0,1], is P-superharmonic. We
represent the fuzzy set by f simply.

In this section we investigate P-superharmonic property regarding fuzzy sets and we
show the balayage theorem for P-superharmonic fuzzy sets. Using the results, we give
a simple characterization for hitting possibilities of a set A(€ &) by transitive closures.
First we prove preliminary lemmas for P-superharmonic fuzzy sets, which are well-known
property in the classical probability theory ([8]).

Lemma 2.1.
i) If 5, and 3, are P-superharmonic, then 3 A $, is also P-superharmonic.
p

(i) If {5.}neN is a sequence of P-harmonic (P-superharmonic) fuzzy sets, then \/,en 3,
is also P-harmonic (P-superharmonic resp.).

Proof. (i) We can easily check §; A $; € G(F), using [10, Lemma 1.1]. Since the fuzzy
transition P preserves the order > on G(FE), we have

'5:1 2 Pgl Z P(gl N §2) and §2 Z P§2 2 P(§] N §2).



Therefore 3 A 8, is P-superharmonic.
(ii) It is trivial that VN 8, € G(E). By Lemma 1.1,

\V &>\ Ps,=P(\ 3).

nelN neN neN

Therefore \/, en 8, 1s P-superharmonic. The P-harmonic case is similar. O

Lemma 2.2.

(i) If § is P-superharmonic, then

P,5§> P.5 for all £-stopping times o and T such that o < 1.

(i) If § is P-harmonic, then

P,s= P,5 for all £-stopping times o and T such that o < 7 < co.

Proof. (i) We check this lemma along the proof of [8, Proposition II-1.9]. Let o and 7
be E-stopping times such that ¢ <7 <o+ 1. Let A, :=={o=n}N{r=n+1} € M,
and I';, := {oc =7 =n} € M, for n € N. By [10, Theorem 2.1], for n € N

E(3(X,)AN1p,) 2 EL(P3(X,) Aa,) = Eu(3( X)) Ala,) = ER(8(X,)A1y,) z€E.

Using Lemma 1.1, we obtain

P,5(z) = vN(Ez(b*(Xa)A1An)VEx(§(XU)A1pn))
>\ (E(3(X,)A1a,) V E(3(X,) Alr,))
neN
= P,iz) z€kE.

More generally, for £-stopping times o and 7 such that o < 7,
Po-gz P(0-+1)AT§Z 2 P(a+n)AT§Z for n & N. (21)
Here, from [10, Lemma 1.1(i)], we have the following facts :

{r<o4+n<oo}= U {r=Un{oc=m}) € EQ);

I;meN:I<m+n

{r < oo} = U{T:l} € E(Q);
leN

U{r<o+n<oo}={r<oo}.
nelN
By Lemma 1.1 and (2.1),

Pag(m) > \/ P(a—}—n)/\fg(w) > \\/ ET(g(XT)A 1{T§U+n<oo}) = Ex(g(XT) A 1{1’<<><>}) - PT§($)
nelN neN



for z € E. Therefore we get (1). We can check (ii) similarly. O

We show the balayage theorem for the dynamic fuzzy system X. The theorem plays
one of important roles to analyse recurrence for the fuzzy relation ¢ in Section 3.

Theorem 2.1. Let § be P-superharmonic and let a set A € €. Then P, ,$ is the smallest
P-superharmonic fuzzy set which dominates §A 14.

Proof. We check this theorem along the proof of [8, Theorem II-2.1] for the classical
Markov chain. It is trivial that P,,§ = §on A. P, §is P-superharmonic since PP, 5 =
P,,5 < P;,§by Lemmas 1.2 and 2.2(i). Therefore P, 3is P-superharmonic and dominates
5A 14. Further let 7 be P-superharmonic such that #> §A 14. Then

Hz) > Pr,i(z) = E,(H(X;,) AN r,co0y) 2 Eu(3(X7,) A lrucoey) = Pry3(z) z € E.

Thus P;, 3 has the desired property and so we get this theorem. O

We define an operator G := \/,cN P, on G(E). Then we note that

PGlyy(z) =\ Plyy(z) = Sg}fé”(fv,y) z,y € E.

n>1

This is called a transitive closure ([3, Section 3.3]). In this paper we also call PG a
transitive closure. Now we need to investigate the operator GG in order to analyse the
transitive closure PG := V,»; P,. We have the following properties regarding G.

Lemma 2.3 ([10, Lemma 4.1(ii)]). Let § € G(E). Then :

(i) It holds that
Gs5= 35V P(G3);

(1) G'$ is the smallest P-superharmonic dominating 3.

Lemma 2.4. Let §€ G(F). Then 5 is P-superharmonic if and only if
§=Gs (2.2)

Proof. Let § be P-superharmonic. Then
§=8VPsVPs5V---VP,§ foralln e N.

So we obtain (2.2). The converse proof is trivial. O

For A € £(FE) we introduce an operator I4 : G(E) — G(E) by

In5:=5A14 §eG(E).



We define a sequence of hitting times {07 },en of a set A(€ &) by

. |0 ifn=0
A= Uﬁ_l—{—aAoGazq ifn>1.

Then ¢% means the first time to hit A after time oy " ([8]). We investigate an entry
possibility, P;,, of A, and we give a simple and interesting characterization of a possibility,
Pag, to hit A first n times.

Proposition 2.1. Let A€ &. Then :
(i) P,,§=GI,8 for P-superharmonic s;

(ii) Ppnd= (PGI4)"$8 for P-superharmonic § and n € N.

Proof. (i) From Theorem 2.1 and Lemma 2.3(ii) we obtain
P, 5= G(3A14) = GLis.

(i1) We prove the equality by induction on n € N. It is trivial when n = 0. From (i),
P, 3= PP,,5= PGI45. So (ii) also holds for n = 1. Next for every n € N, (PGI4)"*'5s
is P-superharmonic since GI14(PG14)"§is P-superharmonic by Lemma 2.3(ii). Therefore
(PG1I4)"3 is P-superharmonic for all n € N. Let n € N. We suppose that (ii) holds for
n. From (i) and the fact that (PG14)"$is P-superharmonic,

Pii§= Py Ppi= PP, (PGL)"5 = PGIy(PGL)"s = (PGL)"™ 5.

Thus we obtain (ii) inductively. O

3. a-recurrent sets

Definition. Let o € (0,1]. A set A € E(F) is called a-recurrent provided :
(a) A is non-empty;
(b) Ponl > aon Afor all n € N and all non-empty B € £ satisying B C A.
The a-recurrence of a set A means that a possibility to transit infinite times from any
point of A to any point of A is greater than a.
Lemma 3.1. Let 3(€ [0,1]) be a constant fuzzy set. It holds that
G(SANB)=GSANB and PG(SAB)=PGSAN[ for§e G(E). (3.1)
Especially,
GIA(B) =Glanp and PGI4(p)=PGlaNpB for Ae E(E). (3.2)
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Proof. By induction we show
P*(3NB)=P*sANpB for3€ G(E)andn € N. (3.3)

First (3.3) holds clearly when n = 0. Next we have (3.3) for n = 1 since

P(3AB)(z) = zgg(é(w,y) A3(y) AB) = (ztelg gz, y) A §(y)> ANB=Piz)ANB z€k.

Further let n € N. Assuming that (3.3) holds for n, we have
P (5N B) = PP*(3AB) = P(P"3AB) = P35 A B.
Thus (3.3) holds for all n € N. Therefore we get (3.1). We also obtain (3.2), taking
§=14 (A€ &(E))in(3.1). 0O
We give simple necessary and sufficient criteria for a-recurrence by the transitive
closure PG.

Proposition 3.1. Let a € (0,1] and let non-empty A € E(E). Then the following
statements are equivalent :

(i) A is a-recurrent;
(ii) PGlgp > aAl, for non-empty B € E(E) satisfying B C A;
(i) PGlyy 2 aNly fory € A

Proof. First we check
{y}e& foryek. (3.4)

Let y € E. Then {y} C E(E). Put By(y) :=={z € E | d(y,z) > 1/m} form = 1,2,---,
where d denotes a metric on E. From [10, Lemma 1.1}, £\ {y} = Up—; Bu(y) € E(E).
Therefore we obtain (3.4). Next we prove the equivalences of (i) — (iii).

(ii) = (i) : Let non-empty B € & satisfying B C A. By induction we show

(PGIg)"1 > aNly for n € N. (3.5)

Inequality (3.5) is trivial for n = 1. We assume that (3.5) holds for some n € N. From
Lemma 3.1,

(PG]B)WHl = (PGIB)H(PGlB) 2 (PGIB)"(a/\lA) = (PGIB)R(OZ) - (PGIB)”/\a = Ot/\].A.

So (3.5) holds for all n € N. Therefore we obtain (i), using Proposition 2.1(ii).




(iil) = (i1) : Let non-empty B € E(F) satisfying B C A and let y € B. Then
PGlg > PGl{y} > ally.

Therefore we obtain (ii).
(i) = (ili) : It is trivial from Proposition 2.1(ii).
Thus we complete the proof. O

We gives, by the fuzzy relation ¢, a representation of the union of all a-recurrent sets.

Theorem 3.1. It holds that

U A:{xEE|sup§”(:v,m)2a} for o € (0,1].

A€E(E) : o—recurrent sets nz1

Proof. Let A € £(F) be a-recurrent. From Proposition 3.1, for z € A
PGl{z} ZalNlyzally.
Therefore

AC{z e E|PGlyy > alNlyy} = {x € E|sup *(z,z) > a}.
n>1
Conversely let z € E satisfy sup,s; §"(z,2) > a. Then PGlyy > a A lgy. From
Proposition 3.1, {z} is a-recurrent. Therefore

{z} C U A.

A€E(E): a—recurrent sets

Thus we obtain this theorem. O

4. The contractive case

In this section we consider the contractive case in [5] and we give the maximum a-
recurrent set for the dynamic fuzzy system X.

Let E, be a compact subset of E. We deal with a dynamic fuzzy system restricted
on the compact space E, according to [5]. Let C(FE.) be the set of all closed subsets of
E. and let p be the Hausdorff metric on C(E.). Let F°(E.) be the set of all fuzzy sets
5 on E, which are upper semi-continuous and satisfy sup,cp 5(z) = 1. Then we note
FOE,) C F(E,). Let py, € F°(E,) be a fuzzy set. Define a sequence of fuzzy sets {p,}52,
by

Py (y) = sup {p.(z) N §(z,y)} ye€E. forn>0. (4.1)

The fuzzy set py, in [5], is called an initial fuzzy state and the sequence {p,}>°, is called
a sequence of fuzzy states. The fuzzy relation ¢ 1s also restricted on E, x F, and it
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is assumed to be continuous on E, x E, and satisfy ¢(z,-) € F°(E). Define a map
o : C(E:) — C(E:) (e € (0,1)) by

fo(D) =< {y | ¢(z,y) >0 for somex € D} fora =0, DeC(E,),

E. for0<a<1, D=29.

?

{ {y | g(z,y) > o forsomez € D} fora>0, DeC(E.), D #0,
D#0

In the sequel we assume the following contractive property for the fuzzy relation § (see
[5, Section 2]) : There exists a real number 3 € (0,1) satisfying

p(Ta(A), 7a(B)) < B p(A,B) forall A,B € C(E.) and all o € (0,1).
Then we have proved a convergence of the sequence of fuzzy states {p, }, defined by
(4.1).
Lemma 4.1 ([5, Theorem 1]).

(i) There exists a unique fuzzy state p € F°(E,) satisfying

ily) = max{((z) A dw,9)} v € B (42)

(ii) The sequence {p,}°2, converges to a unique solution p € F°(E.) of (4.2) indepen-
dently of the initial fuzzy state p,. Namely,

lim p, = p,

n—oo

where the convergence means sup ,ejo1] PPy a1 Pa) = 0 (n — o) provided p,, ., p,
are a-cuts (o € [0,1]) for the fuzzy states p,,, p respectively.

First we give a solution of (4.2).

Proposition 4.1. The a-cut of the solution p of (4.2) is

ﬁa:d{l’EEcISUP §(z,2) Za} for o € (0, 1].

n>1

Proof. First we prove

sup 7'(2,2) < pla) € . (4.3)
n>1

Let o € (0,1] and = € E, satisfy sup,5, §"(z,2) > a. For each o/ < « there exists n’ > 1

such that
v € i({z}),

10




#H = 7,.(7%,) for n > 1. Then, by induction, we shall check
(4.4)

v € " ({a})
We assume that (4.4) holds for m

where 7, := 7, and
for all m > 1.

= 1,2,---,[. From the

(4.4) is trivial for m = 1.
7l ({y)) = iV {a)).

definition,
vei/{ahc U
ver (=)
Therefore we obtain (4.4) inductively. On the other hand, considering a case of p, 1= 1.3
(z € E.) in (4.1), from Lemma 4.1(ii) and [5, Lemma 1],
lim p(7.({z}),p,) =0  forall z € E,. (4.5)

T— OO

From (4.4) and (4.5), we obtain x € p,. for ¢/ < «. Therefore we get z € p, using Lemma
4.1(1) and [5, Lemma 3(i,b)]. Thus we get (4.3).
Let 2 € E.. Next, considering a case of p, := 1,y in (4.1), we can easily check

7 (z,2) = p,(2) for alln > 1.

Together with (4.3), we obtain
Pn(@) < Slilf §"(z,2) < plx) z € E, for all m > 1.
By Lemma 4.1(i1), we get _
z € E, |sup ¢*(z,z) > a} - forall a € (0,1].

pea]
n>1

Therefore the proof is completed. O

Finally we prove that the closure of the union of all a-recurrent sets equals to a-cuts of

the limit fuzzy state p. Now we compare (1.1) and (4.1). Using the inverse fuzzy relation

g ([3, Section 3.2]):
(v, y) = qly,z) =,y € L,

we find that (4.1) follows
Punr(e) = sup {4e,) A ,()} 2 € B forn >0
Therefore we can apply the results in Sections 1 — 3 to a dynamic fuzzy system defined

by the inverse fuzzy relation g.

Theorem 4.1.
A) for a € (0, 1].

U
(4.6)

by = cl{:c € E.|sup {*(z,z) > a} =cl (
n>1 A€E(E) : a—recurrent sets

11




Further it is the maximum «-recurrent set for X.

Proof. From the definition of the inverse fuzzy relation ¢, we can easily check
§"(z,2) = " (z,2) a2 € E, n>1,

where, in the same way as {§"},>1 of Section 1, we define

g'(z,y) = q(z,y) and §"(z,y) = sup{¢"(2,2) A (=, y)} @y € Bey 2 1.
ZEH.

From Proposition 4.1,

by = cl{a: € E, |sup *(z,2) > a} = cl{a; € E,|sup*(z,z) > a} for a € (0,1].
n>1 n>1

This equality means that the closure of the union of all a-recurrent sets for the fuzzy

relation ¢ equals to one for the inverse fuzzy relation ¢, considering Theorem 3.2 for the

dynamic fuzzy systems defined by the fuzzy relations ¢ and §. Therefore we obtain (4.6).

Finally (4.5) means that p, is the maximum a-recurrent. O

5. The monotone case

In general, there does not always exist the maximum a-recurrent set for the dynamic
fuzzy system X, however we can consider the existence of the maximal a-recurrent sets.
In this section we deal with a case when the transition fuzzy relation ¢ has a certain
monotone property (see Section 6 for numerical examples). Then we prove the existence
of at most countable arcwise connected maximal a-recurrent sets.

In this section we use the notations in Sections 1 - 3. Further we introduce the
following notations of a-cuts ([5, Section 2]) :

i,(z):={y € E| jlz,y) > a} forz e F and a € (0,1];

in(A) = G.(z) for A€ E(E) and o € (0,1];

z€A

Go(A) == cl( U i,(A)) for A€ E(E).

a>0

For a € (0,1] and @ € E we define a sequence { ¢ (z)}m=12, :

~m—+1 ~m

gi(x) = ga(a’)7 and 4y (‘,1’) = ga(([a (:L)) for m = 1727 )

We also need some elementary notations in the finite dimensional Euclidean space E:
x + y denotes the sum of z,y € E and vz denotes the product of a real number v and
xe€FE. Wepat A+ B:={a+y|ac A ye B} for A, B e E(E). Then we define a half
line on E by

l(z,y) :== {y(y — 2) | real numbers v > 0} for z,y € E.
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Definition. We call a transition fuzzy relation § unimodal provided that ¢ (z) are
bounded closed convex subsets of £ for all & € (0,1] and all z € E.

Definition. We call a unimodal transition fuzzy relation ¢ monotone provided that

0o (y) C () + l(z,y) foralla € (0,1] and all z,y € E.

From now on we deal with only unimodal fuzzy relations ¢, which is monotone and
continuous on F x K. The monotonicity is a natural extension of one-dimensional models
with the linear structure in [11] and means that the fuzzy relations § keeps the partial
order of fuzzy numbers (see (C.iii’) in Section 6).

Lemma 5.1. Assume that § is monotone. Let o € (0,1]. If z € E satisfies x €
Um—l Qa( ) then x € (ja(g;)'

Proof. Let z(€ FE) satisfy = & §,(z). We put

Cyi= U {@u(z)+U(z,y)}.
veq, ()

Since ¢ is monotone, we can easily check C, is convex and we have

Z)= U @y cO;. (5.1)
veq, (z)
Here we show
U ga(y) C O+' (52)
yeCy

Let z € Uyec, G5(y). Since g is monotone, there exists y; € C, such that z € §,(z) +
[(z,y1). So there exists y, € ¢,(z) such that y; € §,(2) + {(z,y2). From the definitions,
there exist z; € §,(z) and a real number 4; > 0 such that

2=z +mn(n -z (5.3)
and there exist z3 € §,(2) and a real number v, > 0 such that

Y1 = 29 + 72(y2 — ). (5.4)
Since ¢ is unimodal, from (5.3) and (5.4) we obtain that

)(7122 +772y2 z) €C,

if vy >0
Y1+ 7172 '

z=a+n(ntn-2)-2) =2+ +nmn
and that z = z; € C if 93 = 0. Thus we get (5.2). Therefore from (5.1) and (5.2)

&)= U @l c U aly) oy

o yec
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Thus using (5.2) inductively, we obtain

U @(z) C Cy. (5.5)
m=1
On the other hand we show = ¢ C,. If z € (4, then there exist z,y € §,(z) and a real
number 4 > 0 such that = z + v(y — @). Therefore

s
T = € q,(x).
T, € )

This contradicts the assumption on z at the beginning of this proof. Therefore we get
z & Cy. Together (5.5), this implies

Thus we obtain this lemma. O

When ¢ is monotone, Theorem 3.1 is reduced to the following representation (5.6),
which is easy to calculate.

Theorem 5.1. Assume that § is monotone. Let o € (0,1]. Then

U A={z e E| {z,z) > a}. (5.6)

A€E(E): a—recurrent sets

Proof. Let 2y € {z € E | §(z,z) > a}. Then Plyy(z1) > a. So PGly,y > Plyyy >
ol . Therefore {z;} is a-recurrent and so we obtain

{z € E|jz,2) >a} C U A.

A€E(E) : o—recurrent sets

Conversely let A(€ E(E)) be a-recurrent. Let z, € A. From Proposition 3.1,
PGl y 2 aly = alg,).

Therefore -
1€ |J @2(z1) forall o <a.
m=1
From Lemma 3.2 we obtain

Ty € §u(zy) forall o < a.

Namely we get ¢(z1,21) > o for all &' < a. So we get ¢(z1,z1) > «. Therefore
AC{z € E| ¢(z,z) > a}. Thus we establish this theorem. 0O

We need the following assumption on ¢, which is technical but not so strong. It means
that the function ¢ does not have flat areas as a curved surface (Section 6).

14




Assumption (A). For a € (0,1),
int {(z,y) € Ex B | §(z,y) > a} = {(z,y) € EX E | {(z,y) > a},
where int denotes the interior of a set.

Since ¢ is continuous, {x € F | §(z,z) > a} is represented by a disjoint sum of at
most countable arcwise connected closed sets ([4]), we represent it by

{z€E|jxa)>a}= | F.. forac(0,1),
neN(a)

where F, , are arcwise connected closed subsets of £ and we put the index set N(«) (C N).

Lemma 5.2. We suppose Assumption (A). Let a € (0,1) and n € N(«). Then F,, is
a-recurrent.

Proof. We write the interior of F, , by Fy . First we prove that Fy  is a-recurrent. Let
zo € FJ,. Let c¢(xo) be an arc in Fy,, which is connected from zo to a boundary point
of F, . We consider along the arc ¢(z). Then we show

c(zo) NFY, C | @ (20). (5.7)
m>1

Let z; be the first point arriving at the boundary of ¢,(z¢) along c(zo). If either there do
not exist such points or z; is a boundary point of F, ,, then ¢(zq) C ¢,(z0) and clearly
(5.7) holds. Therefore it is sufficient to consider a case of z; € Fy . Since zo € Fy,
we have zo € (§,(20))? and d(zg,z1) > 0 from Assumption (A). From z; € F7, N c(zo),
we also define z, the first point arriving at the boundary of §,(z;) along ¢(x). If either
there do not exist such points or z3 is a boundary point of F, ,,, then similarly c¢(z¢) C
4o(71) C @(zo) and (5.7) holds. Therefore it is sufficient to consider a case of z; € FY .
Thus it is sufficient to check a sequence {z;}i=0,12,.. which is defined successively in such
a manner and which has the following three properties (Fig. 5.1) :

(a) 21 € F2,Nc(xo) (1=0,1,2,--);
(b) x4, is the boundary point of §,(z;) (I =10,1,2,--);
(C) d($z,$l+1) >0 (Z = 071727° )

Then there exists a limit point = limy_. 2; since §,(zo) is bounded and ¢(zg) is so.
From the property (b) and Assumption (A), §(z1,2141) = « ({ = 0,1,2,--+). Using the
continuity of ¢ and Assumption (A), we obtain §(z,2) = o and z is a boundary point of
F,.n. Therefore (5.7) also holds for this case. Thus we obtain (5.7) in any cases. Since
zo(€ FZ ) and the arc c(zo) are arbitrary in (5.7), we have

Fo.clJ @e) forallzeF?2 . (5.8)

m>1
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This implies that F, is a-recurrent for all o € (0,1) and all n € N(a).
Next from the continuity of ¢ and (5.8), for all @ € (0,1) and z € F??, we obtain

a,n

Fon= (N FooC () U @L(z)={yek| sup §"(2,9) > a}.

o' <o o'<am>1
Using this result and Proposition 2.1(ii), for o € (0,1) and = € F, = Narco F3r,, we get
Foz,n - ﬂ Foz',n

a'<a

C N{yeElsupi(z,y) 20}

o' <o
= {ye k| sup i"(z,y) > o}
= {y e E|PGlyl(z) > o}
= {yeb|F, z)2>a}

This means that F, , is a-recurrent. O

Fig. 5.1. The arcwise connected set F, , and the sequence {z;}i=01,2,..-

Theorem 5.2. We suppose Assumption (A). Let o € (0,1). Then maximal a-recurrent
sets for X are F, , (n € N(a)).

Proof. We show that a-recurrent sets F,, (n € N(«a)) are maximal. It is sufficient to
prove that F, , U F, .+ is not a-recurrent, assuming that IN(c«) has at least two elements
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n,n’ (n # n'). Now we suppose that there exist n,n’ € N(«a) (n # n') such that F, ,UF, ./
is a-recurrent. Then there exist sequences {2, }m=01.2, and {z, }m=012,.. satisfying (a)

- (d):
(a) o € Flop and im0 T € Fly 5
(b) 2y € Fopn and limy, oo 20, € Fy p;
(C) Tyl € (}a(CL’m) (m =0,1,2,-- .);
(d) 25,4y € Gu(al,) (M =0,1,2,---).

We consider the following three cases :

Case when there exists a point z,,, such that z,, ¢ §,(2,/): Then we have

e {2 | 4(z,2) 2 a}. (5.9)

Since F,, and F,, are a-recurrent sets, together with (a) — (d), there exists a
path from z, to itself through F,, and F, ./, keeping a level of ¢ greater than
a. Therefore {2, } U F,, U Fy o becomes a-recurrent. By Theorem 5.1, this fact
contradicts (5.9).

Case when there exists a point 2], such that 2/, & ¢,(2],): We can derive a con-
tradiction in the same way as the previous case.

Case when z,, € {,(z,) (m=0,1,2,---) and 2/ € g, (a}) (m=0,1,2,---): From the
assumption that Fy , U F, » 1s a-recurrent, there exists m’ such that z,,, € F, , and
Tmiyr € Fopnr. Therefore

T/ +1 € qa(flfml) N 6a($m'+1)' (510)

There exists a point y € F, , U F, v such that y = Az + (1 = N2 (0 <X < 1)
since F, , and F, , are arcwise connected, closed and disjoint. Then we may take

y €{z | i(z,z) = a}. (5.11)
On the other hand, since ¢ is monotone, we have
Qa(:cm"{'l) C (ja(y) + l(ya ajm’-!—l) = éa(y) + l(xm’y 3:m’-}-l) (512)

and
(@) C Qu(y) + Uy, 200) = Gu(y) + U@ mrs1, o) (5.13)

From (5.10), (5.12) and (5.13), we obtain
Tt € (Go(y) + Ums, Trig1)) N (66 (y) + Uemir, Tmr)) = G0 () (5.14)
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Further since ¢, (x,,) is convex, from z,, € §,(2,/) and (5.10), we have

Y= A + (1 = Napgr € G, (2m). (5.15)
From (5.14) and (5.15), we get

Tra1 € Galy) and Y € go(Tm).

Since F, , and F, . are a-recurrent sets, together with (a) — (d), there exists a path
from y to itself through F,, and F, ./, keeping a level of ¢ greater than «. By
Theorem 5.1, this fact also contradicts (5.11).

Therefore F,, (n € N(a)) are maximal a-recurrent. By Theorem 5.1, we obtain that

maximal a-recurrent sets are only F, , (n € N(«)). O

Remark. When a =1, Theorem 5.2 does not hold in general. We consider the following
non-contractive numerical example : Let a one-dimensional state space £ = R (the set
of all real numbers). We give a fuzzy relation by

jz,y)=(1—ly—=2z[) V0, =zyeR.
Then we have
{zeR|§z,2)=1} =R.

Further we can easily check that every one point set {z} (z € R) are maximal 1-recurrent
sets since {z} = §(z) (= € R).

6. Numerical examples

Let a one-dimensional state space £ = R. We consider one-dimensional numerical
examples. In Section 5 we have assumed the following conditions (C.i) — (C.iv):

is continuous on F x F;

(C.i

(C.iii

) q

(C.ii) ¢ is unimodal;
) ¢ is monotone;
) q

(C.iv) g satisfies Assumption (A).

When F = R, F°(R) means all fuzzy numbers on R. From (C.ii), §,(z) are bounded
closed intervals of R (a € (0,1],2 € R). So we write ¢,(¢) = [min ¢,(z), max ¢, ()],
where min A (max A) denotes the minimum (maximum resp.) point of a interval A C R.
Then (C.iii) is equivalent to the following (C.iii’) :

(C.iii") min ¢,(-) and max §,(-) are non-decreasing functions on R for all o € (0, 1].

Next we consider the following partial order < on F°(R) (Nanda [6]) : For 3,7 € F°(R),
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§< 7 means that min3, < min7, and max &, < maxf, for all & € (0, 1].
Then we can easily find that (C.iii) is equivalent to the following (C.iii”) :
(C.iii”) If 8,7 € FO(R) satisfy § < 7, then Q(5) < Q(7),
where @ : F°(R) — F°(R), see (4.1), is defined by

Q3(y) = 1;16%{5(1‘) Aglz,y)}, yeR forie FO(R).
(C.iii”) means that @ preserves the monotonicity on F°(R) with respect to the order <.
Finally (C.iv) means that the a-level sets {z € R | §(z,z) = o} (o € (0,1)) are drawn
by not areas but curved lines. The linear case of [11, Fig. 2] clearly satisfies the above
conditions (C.i) — (C.iv), taking the state space £ = (0, o0).
We give an example of monotone fuzzy relations, which is not contractive and does
not have the linear structure in [11]. Then we calculate its maximal a-recurrent sets.

Example 6.1 (monotone case). We give a fuzzy relation by
Q(m,y):(l—}y——x3|)V0,' -I,yER.

Then §(z,y) satisfies the conditions (C.i) — (C.iv) (see Figure 6.1 for the fuzzy relation
j(z,y) and Figure 6.2 for the 2-level sets).

Fig. 6.1 : The monotone fuzzy relation §(z,y).
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2 1 T 2

Yy = max Q%(m

Fig. 6.2. The 3-level sets {(z,y) | §(z,y) = 3}.

Then we have
f(z,2) = (1— |z “:L’3I)VO, z € R.
Therefore N(2) = {0,1,2} and

{:U €R| (}(’L,:L) > %} = F%,O U F’i"’l U F%J
~ [—1.10716, —~0.837565]) U [—0.269594, 0.269594] U [0.837565,1.10716].

By Theorem 5.2, the maximal %«recurrent sets are given by three intervals

Fso A [-1.10716,—0.837565],
Fsy 0 [=0.269594,0.269594],
Fs, ~[0.837565,1.10716)

Finally we consider the following numerical example, which is not monotone.

Example 6.2 (non-monotone case). We consider a fuzzy relation

1 1
)\/O,min{(l———— Yy — -

3
21 >VO,§|$]/\1}}, z,y € R.

1
c}(a:,y)zmax{(l—Q!y—Zx

Then §(z,y) satisfies the conditions (C.1), (C.ii) and (C.iv) except for (C.iii) (see Figure
6.3 for the fuzzy relation ¢(z,y) and Figure 6.4 for the %-level sets).
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1.5¢ yzma,xq}%(:c) y==2
11
0.5¢
1.5 -1 <05 0[5 1 1.5 °
-0.5¢ ‘
1t
yzminé%(x)_l.s_ y=-T
Fig. 6.4. The 2-level set {(z,y) | 4(=,y) = 2}
Then
r€R| (j(:c,x)zz = xER[ig}l)(}"(x,x) ZZ = ““%,"“% U —é—,%

We can easily check the maximal %—recurrent sets are

11 PO S P
6'6] " 3' 2] 7123

21
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Therefore, in non-monotone case, Theorem 5.2 does not hold in general.
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