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Abstract. The Vapnik-Chervonenkis (VC) dimension is known to be the
crucial measure of the polynomial-sample learnability in the PAC-learning
model. This paper investigates the complexity of computing VC-dimension
of a concept class over a finite learning domain. We consider a decision prob-
lem called the discrete VC-dimension problem which is, for a given matrix
representing a concept class F and an integer K, to determine whether the
VC-dimension of F is greater than K or not. We prove that (1) the dis-
crete VC-dimension problem is polynomial-time reducible to the satisfiabil-
ity problem of length J with O{log® J) variables, and (2) for every constant
C, the satisfiability problem in conjunctive normal form with m clauses and
Clog? m variables is polynomial-time reducible to the discrete VC-dimension
problem. These results can be interpreted, in some sense, that the problem
is “complete” for the class of n°U°8™ time computable sets.

1 Introduction

The PAC learnability due to Valiant [8] is to estimate the feasibility of learning a
concept probably approximately correctly, from a reasonable amount of examples
(polynomial-sample), within a reasonable amount of time (polynomial-time). It is
well-known that the Vapnik-Chervonenkis Dimension (VC-dimension) which is a
combinatorial parameter of a concept class plays the key role to determine whether
the concept class is polynomial-sample learnable or not [2, 3, 5].

This paper settles a complexity issue on VC-dimension of a concept class over a
finite learning domain. We remark that the complexity of computing VC-dimension is
of independent interest from the polynomial-time learnability, since it is not directly
related to the running time of learning algorithms.

Linial et al. [3] showed that the VC-dimension of a concept class over a finite
learning domain can be computed in n°U°8™) time, where n is the size of a given
matrix which represents the concept class. Nienhuys-Cheng and Polman [6] gave
another n®U°87)_time algorithm, although they have not analyzed its running time.
On the other hand, Linial et al. [3] pointed out that the decision version of the
problem called the discrete VC-dimension problem may have some connection with
the problem of finding a minimum dominating set in a tournament, which is shown
by Megiddo and Vishkin [4] to be a kind of “complete” problem for the class of
n00°87) time computable sets.

Along this line, we show that the discrete VC-dimension problem is also “com-
plete” for the class of n©(8 n) time computable sets in the same sense. That is,




we give the following two reductions: (1) The discrete VC-dimension problem is
reducible in polynomial time to the satisfiability problem of a boolean formula of
length J with O(log? J) variables. (2) On the other hand, for every constant C,
the satisfiability problem in conjunctive normal form with m clauses and Clog®m
variables is polynomial-time reducible to the discrete VC-dimension problem. There-
fore we can interpret that the discrete VC-dimension problem is one of the natural
problems which seem to be neither N P-complete, nor in P.

2 Preliminaries

For a matrix M, let M;; denote the element on row ¢ and column j of M, and the size
of M is the number of elements in M. The length of a boolean formula %, denoted
by |1, is the total number of variable occurrences in 1. For a boolean formula 9, we
denote [1, 1] = 9 and [4,0] = ). For any integers 7 > 1 and t > 1, let b(7,t) denote
the t-th binary digit of (+ — 1), that is, i = tﬂ:olg i gt-1 -b(i,t) + 1. For example,
b(7,1) =0, b(7,2) =1, and b(7,3) = 1.

Let U be a finite set called a learning domain. We call a subset f of U a concept.
A concept f can be regarded as a function f : U — {0,1}, where f(z) =1if z isin
the concept and f(z) = 0 otherwise. A concept class is a nonempty set F C 2V. We
represent a concept class F over a finite learning domain U, by a [U| x |F| matrix
M with M;; = f;(z;). Each column represents a concept in F. For a {0,1}-valued
matrix M, let Fj; denote the concept class which M represents.

Definition 1. We say that F shatters a set S C U if for every subset T C S
there exists a concept f € F which cuts T out of S, i.e., T = SN f. The Vapnik-
Chervonenkis dimension of F, denoted by VC-dim(F), is the maximum cardinality
of a set which is shattered by F.

Lemma 2. [5] For any concept class F, VC-dim(F) < log|F|.

By this lemma, Linial et al. [3] immediately claimed that a simple algorithm which
enumerates all possible sets to be shattered shall terminate in n°{(°8™) time, where
n is the size of a given matrix.

Definition 3. [3] The discrete VC-dimension problem is, given a {0,1}-valued ma-
trix M and integer K > 1, to determine whether VC-dim.F,; > K or not.

Definition 4. [4] The classes SAT) i, and SATP N, for k > 1 are defined as
follows:

(1) A set Lisin SATy,», if there exists a Turing machine M, a polynomial p(n),
and a constant C, such that for every string I of length n, M converts I within
p(n) time into a boolean formula ¥; (whose length is necessarily less than p(n))
with at most C logk n variables, so that I € L if and only if ¥; is satisfiable.

(2) The definition of SATS)SE n is essentially the same as that of SAT, x, except
that the formula ¥y is in conjunctive normal form.

From the definitions, it is easy to see that for each k£ > 1,

P C SAT N, € SAT, 41, C NP.




3 Discrete VC-dimension Problem is in SAT)=,

In this section, we show that the discrete VC-dimension problem is polynomial-time
reducible to the satisfiability problem of a boolean formula of length .J with O(log? J)
variables.

Theorem 5. The discrete VC-dimension problem is in SAT 42 ,,-

Proof. Let M be an m X r matrix and K be an integer. By Lemma 2, we can assume
that K < logr without loss of generality. Moreover, we can also assume that m = 2!
for some integer [; if m < 2! for | = [logm], then we enlarge M by duplicating the
last row of M until the row size reaches 2!. It is easy to see that the size of the
enlarged matrix M’ is less than twice as large as that of the original matrix M, and
VC—dim(]:M/) = VC-dim(fM).

We now construct a boolean formula ¥;; which contains K-l variables vy (1 <
k<K, 1<t<]) as follows:

25\ r
U = Nor Vj:1 Bsj»
Boj = Nicalows (s, k)] (1<s<2K, 1<j<n),
Qpj = V’L‘G{i'Mij:l} (7% (1<k<K,1<j<7),
Vi = Ny [ver, (i, )] (1<k<K,1<i<m).

Note that the length of ¥y, is

Ty <1-m-K-r-2K
<logm-m-logr -r-2°87"

< n?log?n,

where n = m - r is the size of the given matrix M. Also note that ¥y, can be
constructed in polynomial time with respect to n.

Let U = {z;,%s,...,Zm} be the learning domain and Fpr = {f1, fa, -+, fr} € 2Y
be the concept class which M represents. We will show that the formula Wy, is
satisfiable if and only if F)s shatters a set S C U of cardinality K.

For a formula 1) and a truth assignment o to the variables of 1), let o(¢) denote
the truth value of ¢ evaluated under o. We denote truth values by 0 and 1. For each
assignment o, we define a set S, C U as follows:

!
Se ={2(oky | 1 < k< K}, where (0,k) = ZZt“l-a(vkt) +1.

t=1

It should be noticed that the cardinality of S, is not always equal to K, since there
may be two distinct k; and kp with {0, k1) = {0, k) in general.

We now show through a sequence of equivalences that an assignment o satisfies
Wy, if and only if |S;| = K and S, is shattered by Fy,.




First, for any k € {1,...,K} and any ¢ € {1,...,m},
o(hri) =1
<> o([vre, b(3,t)]) =1 foreach t € {1,...,1}
Cf1 ifa(i,t) =1
<= o(vk) = {O i b(it) = 0 for each t € {1,...,1}

<= b(i,t) = o(vp:) for each ¢t € {1,...,1}

l 1
= ) 2T =) 25 o (vke)
t=1

=1
= 1= (0,k).
Next, for any k € {1,..., K} and any 5 € {1,...,7},
o(ag;) =1
< o(¢pi) =1 and M;; = 1 for some 7 € {1,...,m}
< i=(o,k) and z; € f;
= T(o,k) € fj.

For an integer s € {1,...,2K}, the s-th subset Skl of S, is defined by SI} =
{Z@wr | b(s,k) = 1,1 < k < K}. For example, s = 0, skl — {#(s,3)} and

Sl = {2(s,1),T(0,3)}- Then, for any s € {1,...,2X} and any j € {1,...,7},

O'(,st) =1
<= o([og;, b(s,k)]) =1foreach k€ {1,...,K}
1 ifb S,k =1
< o(ay;) = {O ifbés,k’; -0 for each k € {1,...,K}
x(a,k) S f] if b(S, k) =1
T{o,k) ¢ fj if b(s,k) =0
= {o(op | bs,k) =1, 1<k <K} C f; and
{w(a,k) | b(s,k) =0, 1<k<K}CU-f;
= S, Nfj= 5([;] and

for each k € {1,...,K}

b(s, k1) # b(s, k2) implies {0, k1) # (0, k) for any ki, ke € {1,...

Finally, we get the following equivalence:
g ('pM) =1

= d(\/ Bs;) =1 for any s € {1,...,25K}
j=1

<= for each s € {1,...,25},

there exists f; € Fjr with S; N f; = S([f] and

b(s, k1) # b(s, ko) implies {0, ky) # {0, k=)
<= ki # ko implies {0, k;) # (0, k2), and

for each s € {1,...,2%} there exists f; € Fir with S, N f; =
< |S;| = K and S, is shattered by Fy,

glsl




Thus the formula W), is satisfiable if and only if VC-dimF,; > K. ]

4 Discrete VC-dimension Problem is SATSY _hard

log®n

This section shows that every set in SAngfn is reducible to the discrete VC-
dimension problem in polynomial time, i.e., the problem is SATglgfn—hard.

Theorem 6. Every L € SA longn is polynomial-time reducible to the discrete VC-
dimension problem.

We use the following lemma in the proof of Theorem 6.

Lemma 7. Let F be a concept class over a learning domain U, and S be a subset of
U with |S| =d > 2. If S is shattered by F, then for any two distinct © and y in S,
the number of concepts which contain exactly one of either x or y is at least 2471,
i.e.,

[{f € F | f(=) # f@)}| > 247

Proof. Let Fzy = {f € F | f(z) =0, f(y) = 1}, and Foy = {f € F | f(z) =
1, f(y) = 0}. Then {f € F | f(z) # f(y)} = Fay U Fug, and Fzy N Fpy = 0. It is
easy to see that if S is shattered by F then the set S — {x,y} is shattered by both
Fey and Fog. By Lemma 2, |S — {z,y}| < log|Fszy| and |S — {z,y}| < log|Fy4l-
Thus |Fzy| > 2472 and |Frg| > 2772, which yield |{f € F | f(z) # fW)}] =
| Fayl + | Fagl 2 2472 + 2972 = 2471, O

Proof of Theorem 6. Let L € SATglngn. Then there is a constant C, and a poly-
nomial pr(n) such that every string I of length n can be reduced in pr(n) time
to a boolean formula in conjunctive normal form with at most Cf log? n variables,
whose satisfiability coincides with the membership I € L. Therefore we have only
to show that, for any C, there is a polynomial-time reduction from the satisfia-
bility problem in conjunctive normal form with at most Clog®n variables to the
discrete VC-dimension problem. Let ¥ = Ey A --- A E,, (m > 2) be a boolean
formula where each E; is a disjunction and the total number of distinct variables
occurring in ¥ is not greater than Clog? m. Without loss of generality, we can as-
sume that m is a power of 2. We can also assume that the number of variables
is exactly C'log?m, and let us rename them, for convenience, with double indices
v (1 < s <logm,1 <t < Clogm). We first construct a matrix My which
has (m® + 1)logm rows and m? + m(logm — 1) columns, and then prove that
VC-dim(Fyy, ) = 2logm if and only if ¥ is satisfiable.

The learning domain U corresponding to ¥ is defined as U = X UY with XNY =
0, where Y = {y, | 1 < u <logm}and X ={zg | 1 <s<logm,1<1<
mC}. Let Xy = {zy € X | 1 <1 < m®} for each s € {1,...,logm}, and let
XUl = U X, for each k € {1,...,m}. The i-th subset Y of Y is defined by

s€{s|b(k,s)=1}

YU = {y, € Y| b(3,u) = 1} for each i € {1,...,m}.

The concept class F C 2V is defined as the union of distinct subclasses Fi, . .., F,,,
and G. Here, the structure of G depends only on the number m:




1 : ] s :
811812813 814 815 816 817/ 1 f12 [131821 822823 824 825 826 827if21 [ [131831 8328338348358 75 876 87771 Jr2 J131881 852 853 84 885 836 8s7ifin Sz fxag

2 E3 7 ; £

Fig. 1. Structure of the matrix My reduced from a boolean formula ¥ = E; AEsA--- A Eg
with C = 1. In this case, K = 2log8 = 6. The only elements marked ‘*’ depend on the
structure of each clause F; in V.

G={gix |1 <i<m, 1 <k<m—1}, where g; = ylly xtH,
On the other hand, each concept in F; reflects the structure of the clause E; in ¥:
F,={fi;|1<j<logm}, where f;; = vy (X - X;) UX;(E;) with

E; contains a positive literal v;; with (1,¢) =1, or
X7 (E;) = zj € X; | E; contains a negative literal —w;; with b(1,t) =0 .
for some t € {1,...,Clogm}

Figure 1 illustrates the structure of the matrix My.
Clearly the cardinality of learning domain, i.e., the row size of the matrix M
representing F is

|U| = |X]| + Y] =mC -logm +logm = (m + 1) logm,
and the cardinality of the concept class F, i.e., the column size of M is
|71 =G|+ |F1] + -+ + | Fou| = m(m — 1) + m - logm.

Moreover, it is easy to see that My can be constructed in polynomial time with
respect to the length of given formula W.

Now we prove that if the formula ¥ is satisfiable then VC-dim(F) = 2log m. For
an assignment o which satisfies ¥, we consider the set S, =Y U X, with

Clogm
Xo = {205 € X |1 < s <logm}, where (g,s) = Z 2o (vg) + 1.
t=1

It is clear that |S,;| = |Y| + |X,| = 2logm. We will show that S, is shattered
by F, i.e., for every T C S,, there exists an f € F with S, N f = T. Let ip =
Ypeerny 2971 + 1. It is easy to see that i € {1,...,m} and TNY = ylirl,
According to T'N X, = X, or not, we have the following two cases.



(1) In case of TN X, ; X,: Let kr = Z 2°71 4 1. Then we can see that
Ts(o,6) ETNX
kre{l,...om—-1}and TN X, = X1l n X,. Therefore the concept gy g, €
G C F cuts T out of S, as follows:

Giz kp N So = (YITly Xty (v U X,) = (VI nY)u (X7l 0 X,)
=(TnY)u(T'nX,)="T.

(2) In case of TN X, = X,: Since o satisfies ¥, the disjunction E;, in ¥ is also
satisfied by o. That means F,;,, contains either positive literal vy, with o(vs) = 1,
or negative literal —wg; with o(vs;) = 0, for some s and t. Let us take such an s
(not necessarily unique), and let j7 = s. Then by the definition of {7, j7), we see
b({o,j7),t) = 0(vjp 1) for each t. Thus z;, (5 ;) is included in X3 (E;;), and
moreover, X} (Ei;)NXs = {%;; (5,jr)}- Therefore the concept fi, . € F;p CF
cuts T out of S, as follows:

figjr NS = (YFTIU(X - X;,) UXS (Bip)) N (Y UX,)
=il ny)yu (X - X;,)nX,)u (X3.(Bip) N X,)

= (T n Y) U (Xo- — {:EjT’(oij>}) U {ij,<0'7jT)}
=(TNY)UX,=TnY)u(TnX,)=T.

In each case, T is shown to be cut out of S, by some concept in F. Therefore S, is
shuttered by F.

Now we show the converse. Suppose that VC-dim(F) = 2logm. Then there is a
set S C U of cardinality 2logm which is shattered by F.

Claim 1 S contains exactly one element from each X; (1 < s < logm), and all
elements fromY .

Proof of Claim 1. Case m = 2: The learning domain is U = {y;} U X; and the
concept class is F = {fi1, 91121, 921} Since |F| = 4 and g11(z) = go1(z) = 0 for
any z € X3, no two elements from X; can be included in S which is to be shattered
by F. Moreover, since |Y} = |{y1 }| = 1, the claim holds.
Case m > 3: Let s € {1,...,logm} be fixed arbitrarily, and x;, 2> be distinct
elements in X;. Suppose that S contains both z; and zs. Then by Lemma 7,
m2

[{h € F | h(z1) # h(z2)}| > 22l ™ 1 = =

On the other hand, let us consider a concept h € F with h(z;) # h(zs). Since
gix(z1) = gix(z2) = b(k, s) for any g;x € G, the concept h is not in G. Moreover,
since fij(x1) = fij(z2) =1 for any f;; € Fy U---U F,, with j # s, thus h must be
one of the concepts from {fis, fas,-- -, fms - Therefore

|{h eF | h(ml) 7é h(xQ)}I < I{fls,stv tee ,fms}l =m,
which yields a contradiction since %2 > m for any m > 3. Thus S can contain
at most one element from X, for each s € {1,...,logm}. Since |S| = 2logm and
|Y] = logm, the set S must contain exactly one element from each X and all
elements from Y. O




Therefore for each s € {1,...,logm}, there is a unique [ = I(s) € {1,...,m¢}
such that z, ;) € S, and we can assume that S =Y U X(;), where X(;) = {z, ) |
1 < s<logm}. Let os be an assignment corresponding to S with

o5(vst) = b(l(s),t) (1< s<logm, 1<t< Clogm).

Now we show that og satisfies all disjunctions E; in ¥. Let 1 € {1,...,m} be fixed
arbitrarily. Since S is shattered by F, for the subset T} = Y1 U Xy of S there is a
concept h; € F with SN h; = T;. Since SN h; = (Y N hy) U (X N h;), the concept
h; must satisfy the following two conditions:

(1) Ynh; =YL
(2) X(l) Nh; = X(l).

Note that no concept in G satisfies the condition (2), and no concept in Fy with
1 5 i satisfies the condition (1). Therefore such an h; € F is in F}, and thus we can
assume h; = f;; for some j € {1,...,logm}. The above condition (2) requires that
fij contains all elements from X(;). Especially, remark that ;) € X(;) is included
in f;; for the above j. By the definition of f;;, the element x; ;) is in X} (E;). Thus
the clause E; satisfies either (a) or (b):

(a) E; contains a positive literal v;; with b(I(j),t) = 1.
(b) E; contains a negative literal —w;; with b(I(5),t) = 0.

By the definition of o5, we see 05(vj;) = 1 in case of (a), and o5(v;;) = 0 in case of
(b). In each case, 0s(E;) = 1. Therefore o's satisfies every disjunction E; in ¥. Thus
¥ is satisfiable. i

5 Conclusion

We showed that the discrete VC-dimension problem is in SAT),,2,, and SAngfn—
hard. Therefore we may interpret that the discrete VC-dimension problem is, in
some sense, “complete” for the class of n°1°8™) time computable sets. It remains
open that the discrete VC-dimension problem is in SATE?}? 5 or SATy 2 ,-hard.

As a dual to the VC-dimension, Romanik [7] defined the testing dimension of a
concept class F as the minimum cardinality of a set .S C U which is not shattered
by F. We can see that testing dimension problem is also in SAT),z ,,, by a similar
reduction in the proof of Theorem 5. It is open whether the problem is SATﬁI;fn—
hard or not. It is also interesting to evaluate the complexity of computing another
various dimensions of the class of multi-valued functions introduced in [1].
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