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Abstract 

Let H = (V, E) be a hypergraph. The valence of a vertex v E V is the number 
of hyperedges which contain v. We give an NC algorithm for finding a maximal 
independent set in a hypergraph of bounded valence. 

Introduction 

A hypergrah H = (V, E) consists of a set V of vert ices  and a collection E of subsets of V 

called hyperedges.  The d i m e n s i o n  of H is the maximum size of a hyperedge in E and the 

valence of a vertex is the number of hyperedges which contain the vertex. An i n d e p e n d e n t  

se t  in H is a subset of V which does not contain any hyperedge of E. The hypergraph 

maximal independent set problem (HMIS) is, given a hypergraph H ,  to find a maximal 

independent set in H. The purpose of this paper is to give an NC algorithm for finding a 

maximal independent set in a hypergraph of bounded valence. 

A maximal independent set in a hypergraph is easily computed in polynomial time by a 

straightforward greedy sequential algorithm. However, the algorithm is hardly parallelizable 

since it is P-complete [3, 91. On the other hand, the problem of finding a n y  maximal 

independent set of a graph (or hypergraph of dimension 2) was shown to be in NC 16, 7, 



91. We have studied a way of employing the parallel algorithm for finding any maximal 

independent set in a graph to solve maximal or minimal problems in NC [lo]. 

Berger et al. [2] showed an NC approximation algorithm for the minimum set cover 

problem, which is known to be NP-complete [5]. Since the minimum set cover problem 

is easily reduced from HMIS, their algorithm also computes a maximum independent set 

approximately. But their algorithm does not necessarily produce a maximal independent 

set. Recently, Dahlhaus et al. 14, 81 studied the HMIS whose dimension is bounded by 

constant. They showed that if the dimension is at most 3 then HMIS is computable in NC 

by using the same technique as Goldberg and Spencer [6]. Moreover, an RNC algorithm 

is presented for the HMIS when the dimension is greater than 3 but bounded by constant 

[8]. But it is not known that HMIS can be parallelized efficiently if the dimension is not 

bounded. 

In this paper, we give an HMIS algorithm which runs in O((1og n)"+lTMIS(n)) time 

on PMIS (n) processors if the maximum valence is 0 ((log n)") for some fixed s ) 0, where 

TMIS(n) and PMIS(n) are the time and the number of processors needed to find a maximal 

independent set in a graph with 72 vertices. Consequently, by using Luby's MIS algorithm 

[9], our algorithm runs in an O((1og n)"+'(log(n + rn))2) time 011 EREW PRAM with n2m 

processors. 

2 Finding a Maximal Independent Set in a Hyper- 

Let H = (V,E) be a hypergraph where V = (1,s-  , n )  and lEl = rn. We also let 

p = max{ldeg(i)l 1 i E V), where deg(i) = {e E E I i E e). 

Lemma 1 The algorithm HMIS (Figure 1) correctly computes a maximal independent set 

in a given hypergraph Ho = (Vo, Eo) . 

The variable W gets a maximal independent set. Let I,, Ei, U,, W; and V,  be the 

contents of the variables I, E, U,  W and V just after the ith iteration of the while-loop, 

respectively. For convenience, let Wo = 0 and Uo = 0. Let U,' = Uo u - . . U U,. We also 

let Xi be the set of edges constructed during lines 7- 11. Then from the algorithm we can 

easily see that Vo, X-1 and Wi are represented as the following disjoint unions: 



/* A hypergraph Ho = (Vo, Eo) where Ho = (1, ..., n) and Eo = {el, ..., em) is given. */ 
/* We assume that Vo = UeEEo e and leil 2 2 for i = 1, ..., rn. */ 
1 begin 
2 V t &; E t Eo; 
3 W t 0; /* W gets a maximal independent set */ 
4 while V # 0 do 
5 begin 
6 x +- 0; 
7 par e E E do 
8 begin 
9 Choose two distinct vertices v, w from e n V; 
10 Add the edge {v, w) to X 
11 end; 
12 Find a maximal independent set I of the graph G = (V, x); 
13 W t W U I ;  
14 V t V - I ;  
15 U t {u E V I e n  V W U {u) for some e E E ) ;  
16 par e E E do if e n U # 0 then delete e from E ;  
17 V t V - U ;  
18 - U ~ E E  
19 W W U Y  
20 V - V - Y ;  
21 end 
22 end 

Figure 1: Algorithm HMIS 

(1) V,  U Wi U u: = v,. 
(2) V,-, = I, u ui u x  u v,. 
(3) Wi = Wi-l U Ii U Y,. 

Claim 1 For e E Ei, e n r/, contains at least two elements. 

Proof. By the assumption on the input, Claim 1 obviously holds for i = 0. Assume that 

the claim holds for i and V,+l # 0. Let e be in Ei. Then en  Ui = 0 from line 16 and en Y ,  = 0 

from line 18. Therefore from (2) we see that e n V,  = e n (V,-1 - I,). If e n V,  = 0, then 

Ui = V,-l - Ii from line 15. This yields V,  = 0 from line 17. This is a contradiction since 

V,  is assumed not empty. On the other hand, if e n  V,  = {u), then e n  V,  C Wi-, u Ii u {u}. 

This means that u is in Ui and, therefore, e n Ui # 0, a contradiction. Thus / e  n V,I 2 2. CI 

Claim 2 Wi is an independent set for Eo. 



Proof. We assume that V,-, # 0. Obviously, Wo = 0 is an independent set for Eo. Assume 

that WiW1 is an independent set for Eo. Let e be in Eo. 

Case 1. e $ Ei: e was deleted during the j th  iteration for some 1 5 j < i. Then 

e n Uj # 0. Hence there is u in e n Uj C Ur. By (1) u is not in Wi. Therefore we have 

e g Wi. 

Case 2. e E Ei: e is also in Ei-,. Then by Claim 1 there are v, w in e n Ei-, with 

v # w and {v, w) E Xi. Since I, is an independent set, v $ 1; or w @ 1,. Since Wi-I is 

an independent set for Eo, we have e 9 Wi-,. Since no element in V,/;_,, hence no element 

in I,, is in Wiml, v or w is not in WiW1 U I,. Therefore e g Wi-I U I,. On the other hand, 

e n  I: = 0 by line 18. Therefore e g W;-, LJ I, U I: = Wi. 

Claim 3 For any u E Ui, there is e E Ei-, such that e c W1. 

Proof. By line 15, for u E Ui there is e E Eiml such that e fl (T/,-l - I,) Wi-, U Ii U {u). 

Then e n l/;-l WiV1 U I, U {u). Note that for e E Ei-, we have e n U t ,  = 0 by line 16. 

Then 

e = e n (V, -1  U Wi-, U U:,) (by (1)) 

= (e n V,-,) u (e n Wi-,) u (e n U L , )  

Wi-, u I, u {u). (by e n UL, = 0) 

Proof of Lemma 1. Let t be the integer such that & = 0. Then by (1) = Wt u U;. 

From Claim 2, Wt is an independent set. Claim 3 asserts that for any u E U,* there is some 

e with e C Wt LJ {u). Therefore Wt is a maximal independent set for Ho. 

The part of finding a maximal independent set can be implemented on an EREW PRAM 

in O ( ( l ~ ~ ( n + r n ) ) ~ ) )  time using ?22rn processors [9]. The other steps can also be implemented 

with at most the same amount of time and processors.0 

3 Finding a MIS in a Hypergraph of Bounded Va- 
lence is in NC 

We show that the algorithm HMIS runs in O((1og n)"+'TMIS(n)) time on PMIS(n )  pro- 

cessors if the valence is O((1og n)")  for some fixed s 2 0. This analysis is done by using a 



classical graph theorem [I]. 

The alogorithm have a following top-level description: 

/* Let Ho = (h,Eo) be a hypergraph. */ 
1 begin 

2 H +- Ho; (i.e. E +- Eo; V +- &;) 

3 W c 0; /* W gets a maximal independent set. */ 
4 while V f 0 do 

5 begin 

6 G t MAKE-GRAPH(H); 

7 I t FINDMIS(G); 

8 V t V - U; / *  U contains I which is found at line 7. */ 
9 W t W U U'; /* U' contains I which is found at line 7. */ 

10 H +-- MAICENEW-HYPERGRAPH(H); 

I 1  end 

12 end. 

It is easy to show that the while-loop of an algorithm with such a top-level structure 

iterates O ( ( l ~ g n ) ~ + ' )  times if every FINDMIS produces an independent set I such that 

11 = a(&) for some s 2 0. Thus) if FINDMIS can find sucli a maximal independent 

set I, an algorithm with the structure runs in O((1og n)"+'TMIS(n)) time. By using Luby's 

MIS algorithm [9], every application of FINDMIS runs in O((1og n ) 2 )  time. Thus, we can 

have an 0 ((log n)sf 3, time parallel algorithm for HMIS . 

Lemma 2 [I] L e t  G = (V, E) be a n  undirected graph  w i t h  IVI = n a n d  IEl = m, a n d  A be 

t h e  m a x i m u m  degree o f  G. F o r  a n y  m a x i m a l  i n d e p e n d e n t  se t  I o f  G, 

Then, if a graph made by MAKE-GRAPH has the maximum valence A = O((1og /V/)') 

then FINDMIS always produces a maximal independent set I with 111 = Q( 

Let H = (V,E)  be a hypergraph with V = { I , .  . . ,721 and IEl = m and also let /3 be 

the maximum valence of H ,  i.e., /3 = max{ldjl I j = 1, ..., n),  where dj  = {e E E I j E e). 



Lemma 3 Let G = (U,X) be a graph constructed b y  our version of MAI iEGRAPH (line 

7-11 of the algorithm HMIS), that is, U = If and X = { {u i , v i )  I ui and vi are arbitralily 

chosen from ei E E for i = 1 , .  . . , rn). Let A be the maximum valence of G .  Then, 

Proof. It is easy to see that l{j I {i, j) E X)/  5 I{e E E I i E e ) / ,  for i E U = V = 

{ l , . . .  , n ) .  

Therefore, 

A = max l{j I { i , j )  E X)I 5 maxl{e E E i E e) /  = p. 
2 2 

The maximum valence of a graph made by MAKE-GRAPH depends on the valence of 

each instance for HMIS. The next theorem follows from Lemmas 1, 2 and 3: 

Theorem 1 Let H = (V, E) be a hypergraph with V = (1,. . . , n) and 1.231 = rn and 

/? = max{ldeg(i)l I i E V), where deg(i) = { e  E E / i E e). I f / ?  = O((10gn)~) for some 

fixed s > 0, then Algorithm HMIS (Figure. 1) computes a maximal independent set in 

O((1og n)"+'TMIS(n)) time on an ERE W PRAM with PMIS(n )  processors. 

Thus we have the following collorary: 

Corollary 1 The hypergraph maximal independent set problem is in N C 3  for a hypergraph 

with n vertices of constant valence. 

We have shown that parallel MIS algorithms are useful to compute a maximal indepen- 

dent set in a hypergraph. However, the idea of using MIS does note seem to work unless 

the valence is bounded. It seems that new approaches are needed for computing a maximal 

independent set in a hypergraph with no assumptions. 
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