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Abstract 

We show that ( A )  If G = (V,  E) is an Euler circuit, then the number of the 

maximum uniform partition of the line graph L(G) is (114) CuEV dt(-l)(-1 is added 

when I El is odd), where d, is the degree of v. ( B )  If G is not an Euler circuit, then 

the number of the maximum uniform partition of L(G) is (1/4) 4 - 1, where 

I is the number of vertices of odd degree. 
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A uniform partition of a graph G = (V,  E) is a partition of V into two disjoint 

subsets h,& such that lVol = I & I  or lbl = IVII + 1. We denote by (Vo,Vl) the 

uniform partition of G and (Vo, Vl) represents the set of all edges in G join with 

h. A uniform partition (Vo, Vl) of G is maximum if I (b, Vl) 1 2 I (q, Vi) 1 for any 

other uniform partition (V,', V:) of G. The line graph of G, denoted L(G) is defined 

as follows: The vertices of L(G) are the edges of G, with two vertices of L(G) 

adjacent whenever the corresponding edges of G are. An Euler graph is a connected 

graph in which at most two vertices are of odd degree. An E d e r  tour in a graph is 

a circuit (path) that traverses every edge exactly once. 

In general, the number of the maximum partition of a graph is not known well. 

In the present paper, we derive the number of the maximum uniform partition of 

the line graph exactly by the application of algorithmic reasoning. The algorithm 



used in the Theorem 1 is in NC[1,2]. The main result is the following: 

THEOREM(A)  If G is an Euler circuit, then the number of the maximum uniform 

partition of the line graph L(G) is (114) CvEV (d;j(-l)(-1 is added when rn is odd), 

where dv is the degree of v .  ( B ) I ~  G is not an Euler circuit, then the number of the 

maximum uniform partition of L(G) is (114) CvEV 4 - 1, where 1 is the number of 

vertices of odd degree. 

PROOF. We consider the following maximum uniform partition algorithm using 

the Euler tour technique. 

INPUT: A connected graph G = (V, E). 

OUTPUT: A maximum uniform partition (Vo, 6) of the line graph L(G). 

1. Compute the degree of each vertex in G. 

2. If G is not Euler graph, make G a graph of even degrees G* by connecting all 

odd degree vertices to a dummy vertex v*. 

3. Find an Euler circuit in G*. 

4. Label the edges of G* from v* by 1 and O alternately following the route 

determined by its Euler circuit. 

5. Let Vo = {eledge e labeled 0 in G) and Vl = {eledge e labeled 1 in G). 

We remark that if G is an Euler graph, we start at any vertex v when labeling. 

Let E(v, label) = { { v ,  x)l{v, x) in G*and {v, x) has label(= 0 or 1)). Then the 

following two facts and fact 3 guarantee that Step 5 of the algorithm is correct. 

FACT 1. If v is a start vertex, then E(v, 0) = E(v, 1) or E(v, 0) + 2 = E ( v ,  I) ,  

else E(v, 0) = E(v, 1) or E ( v ,  0) = E ( v ,  1) f 1. 

These two facts are obtained by 1 - 0 labeling of Step 4. E(v, 0) + 2 = E ( v ,  1) 

holds when G is an Euler circuit with an odd number edges. 



FACT 3[3].G is a line graph iff the edges of G can be partitioned into complete 

subgraphs in such a way that no vertex lies in  more than two of the subgraphs. 

Each vertex of G corresponds to a complete subgraph of L(G), so that by Fact 

l(except for E(v, 0) + 2 = E ( v ,  1)) each such subgraph is partitioned uniformly, and 

L(G) itself is also partitioned uniformly by Fact 2. By Fact 3, each such complete 

subgraph is edge disjoint, therefore the maximum uniform partition is guaranteed. If 

E(v, 0) + 2 = E ( v ,  1) holds, the corresponding complete subgraph is not partitioned 

uniformly. However the maximum uniform partition holds. It is easy to show. 

By the definition of the line graph, each edge in E(v, 0) joins all edges in E(v, I) ,  

so that the number of the joins about the vertex v is IE(v, 0) I IE(v, 1) 1. Therefore the 

number I (h, K )  I of the maximum uniform partition of L(G) is EVE, IE(v ,  0) I IE(v, 1) 1. 

If G = (V, E) is an Euler circuit with an even number of edges , then for any 

vertex v in G, IE(v, O)I = IE(v ,  1)1 = dv/2 and therefore I(h, &)I = (1/4) CvEV 8. 
Otherwise IEl is odd, then it is the same as the even number case except for exactly 

one vertex v. Since IE(v, O)I + 2 = IE(v, 1)1 and IE(v,  O)I + IE(v, 1)1 = d, hold, we 

get I ( & ,  Vl) l = (1/4) Cv,, d: - 1. 

If G is not an Euler circuit and v is the odd degree, then IE(v ,  O)IIE(v, 1)1 = 

(dv - 1)/2 (d, + 1)/2 holds. Therefore we get I(Vo, h)I = (114) CUE, 4 - 1, where 

1 is the number of vertices of odd degree. 
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