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Abstract 

This paper presents a unifying 1rame.irorli lor language leanling, especially 
for inducti-~e inference of various ci;lsses of languages. The elementary formal 
systen~s (EFS for short), S rnxll~an inr-entcd to cieveiop his recursive function 
theory, are proved suita'i~ic. to gen ern! e languages. 

In this paper we Grst poilit out that EFS can also work as a logic program- 
ming language; ancl the lesolutiolz pruccc!ure [or EFS car1 i3e used to accept 
languages. M e  give a tlacorcticai foundation to E l 3  from the t-icwpoint of 
semantics of logic progral-ils. IIence, Yilapi~o's ti~cory of ~noclrl inference can 
slaiurally be applied lo our Ialigi~agc Iearning 11y E F S ,  

We introduce some subclai;cc; uf EFS's rvilicll corrtspond to d'!lornsli~ hier- 
archy and other i~a~portarit classes ol  lallg~iagr:s. IVii cliscuss tile computations 
of unifiers between two ttrr-ili. Tlleil \\e give. i r i  a u:liform %\-as; inductive 
inference algorithms including rehnemclit oparaiors for these subclasses and 
show their completeness. 

P Introduction 

In Colnputer Science and i2rtiGcial I~ltc.!ilgcnre, icar~zillg or inclucti~e infcrcnicc is attract- 
ing much attention, hlaiiy contlibutioils liavc been x ~ a d c  iii this fieid for the last 25 years 
[4]. Theoretical studies of language learning , originated in tlie so called gralx~natical in- 
ference, are now laying a firm fox~liciation Tor t i ; ~  other approaciirs to learning as the theory 
of languages am1 automata did for Ciompuier Science in general [7, 1, 2; 4. 141. Bo~vewr, 

*This paper was supported by Grant-in-Aid for Scic.ntific Restiarcll 011 f riority Areas (No.03633011), 
The  Xlii~istry of E;ducation. Scieilee and Cuitrsre of Ja.pan. 
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most of such studies cicveiopeci in their oxv,.;ll hanacwori;~ sracl~ as patterns, regular 
grammars, contest-free and -sensitive grammars, phrase struck ure gramnars, many kinds 
of automata, anci so on. IIellee they had to devise also tllcir own proccclures for generating 
hypotheses from exala-iplcs so far given and for tesii~ig each Ilypotllesis on them. 

In this paper we introclilce a nen- unilying fram~worli called arialsle-bounded EFS to 
Language learning, especially to induci i~e  inference of fa nguagcs. The EFS , elementary 
formal system [17, 61, that ~ ~ ' 8 s  ~ C V C I I ~ ~ C I  13)' Sillitlljan to des-eiop his recursive function 
tlzeory is also a good framen-ork for gcnera t ing iangtiages [Z]. 

Recently some new approaclles to icarliing are ploposed [ i 3 , l S ,  3, 81 and being stucliecl 
extensix-eiy as seen, for example, in COLTP8&. R'e ~ C I C  pa-\ our sttention to Shapiro's the- 
ory of model inference systclil (MIS for short) j13j that satcceedcc! in unifying the mrious 
approaches to l~mductive inference sucli as program synll1esis from esampicsi autolnatic 
kaoivfedge accluisitioa, and autolnatic debugging. It has "rleorctical backgrounds in tile 
first order logic and logic program~ning. iiis sirstem also deals \~ir;i"ill language learning 
by using the so calicd diirerence-lists, which seems unnatural to dct7elop the tileor:- of 
language learning. 

This paper combines EFS anti hIIS in order that we can iaiie full acivantage of tile- 
oretieal results of them and esteild our prc>rioL~s n.ork [it]. First we give definitions of 
concepts necessary for our discussions, 111 Section 3 we SI~OTX- tlictt the ~ariable-hounded 
EFS has a good bacl;grot~uci in the theor-\- of logic progranuning, ancl also 41 has an egcient 
derivation pmcerlure for tcsiilig ?lie gues.;cci liypotlnest-s 011 tsamples. In Section 4, ir-e 
prove that the varidble-bouncled EFS's z1c n<:turai a i d  proper s-b~l~class of tile ftd! EFS's. 
but they are poit-erf~~i enough to clerinr. ali the recursively enumezaisle sets of -svords, Then 
we describe in our frarncworii many ;mpoltnrlt subclas,cs of languages including Gl~om- 
sky hierarchy and pattern languages. W e  also clisc~isa tile compu~atior-is of uuifiers w"v'hicI1 
plaj7 a key role in the clerivations -for the al~os-e ~nerltionecl testing hypotheses. In Section 
5 we give the indt:ctive infcreilce a!goriti~:lrs i:lciudi~~g contradictioli hacktracing and re- 
finement o2erators lor tlicse sub~f~tsses in a uiiibrln wa?; allrl prove their completeness. 
Thus we conclude that our ~arinbfe-bounded E1:S is an efficient uiiifying framework for 
Language iearning. 

2 Preliminaries 

Let C, X; arid E be mutually disjoiilt 5 t . t ~ .  \I> aSsLme tlint 3 aild If are fiiiite . We refer 
to C as w l ~ ~ h a b e f .  ancl to each elclncl~t of it  as syinbol. .\~iiiclr i t  ill l ~ e  cienlotecl by u ,  b, c ,  . . ., 
to each element of X as 1-nriablt. delroiecl by .z. ! j .  2. ,c1. r2, . . . and to cacll eie~rlelit of TI as 
predicate syi>zbol. denoted by p. q7 (Il. q2. . . ., XS~ICI-c edcir of !hem Bas an arity. denotes 
the set of ail rionemnpty -trords oi-er a set A. Let S b t  an EFS that is being defilieci below. 

Definitiol~ A term of S is an elr~~lci i t  oS ( S J ~ ~ ) ~ .  EC~cLi term is cieaoted by* T ,  T ?  TI, nz, . . . , 
71, y2? . . .. A gr*onnd tci.?tz of S is an cletnlm-t of Yi. Ternis are also called patterns. 

Defillition An atomic fon,)ula (or niotn for silorl) of $5 is ar: es;aressio~l of the for111 
p(.r,.;l,. . . . T ~ ) ,  -rvhere 2) is a prcdicare sya~iboi in I1 with ari.iy 3% arld TI .  . . . , .s, are terms of 
S. The atom is groz~zii  if ail the 71, . . . . T, ale gsouild. 

TC7ct17-formed form ulns, ciu rr.:c.s, t nlyiy c ln  u.cr i D), yrsiilzcl cli~lisc~s and s l l b j l i i f i i o l z ~  are 
defined in the ordir~ai ways [ i O j .  



Defilsitfon (Slaullyan [I?]) An rle9nental.y iorfrzal sys i t in  (EFS for short) S is a 
triplet (E. II, F). where r is a finite set of definite C ~ ~ L L I S ~ S ~  Tile definite clauses in F 
are called axioms of S. 

We denote a substitution by ( r l  := T ~ ; .  . . , x, := T,), tviicre z, are mutually distinct 
variables. 14'e also define p ( ~ ~ ,  . . . ,.;,, j O  = p(rlO, . . . , ~ , 0 )  anit 

-for a substitutio~z 8, au atom p j r l , .  . . ,.r,) anel a clause -1 i- B 1 , . .  . B,,. 

Definition A clause &: of a n  EFS -5' = ( S .  11, ?') is pro~lnblc. deliolcd by T t C ,  if 
it is either an  axiom in r ,  or ob~a in id  from i?le aslorlls in f by Gnitc applications of 
substitutio~is and modus porieils. 

Definition For ail EFS ,S = i Y, 17, T j and 11 E II ~ v i r l r  arity T I ,  v;.e define 

In case n = 1, L(S,p)  is a Language over S, if fal~guagc L C SS is deJinrible by EF'S 
or an EFS Iclngsictge if such S anti 13 exist. 

Now we will give tiyo interesting srabclasscs of EFS-s. 51'e need some notations. Let 
v(-4) be the set of all variai~les in an atom -4. For a term 7i ,  j i r j  denotes the lcilgth sf T, 
that is, the number oC all occurrence.; of s y~m~bois and variables in 7;. and o(x> i ~ )  denotes 
the number of ail occurrences of c?, variai~ie n. iii a term 5; ,  For an atom l:(rl,. . . rn), let 

Definition1 A definite clause +- Bl,. . . . BJi i.; t 9 r ~ l . ~ a b l t . - b 0 u n ~ i f ~ ~  if o(A) > .v(B,) ( i  = 
1, ..., n ) ,  and an  EFS is uariabke-bouizdecl if its axioms are all variable-borrnded. 

Definition A variable-bounded EFS ,S' = jY, rb, Tj is Icngfl~-bori,xiltd if 

for an? x E ~ ( ~ 4 )  and any axiom A + B1. . . . . Unirl I?. 

Example 2.4 An EFS li;' = ( ( a ,  b. c ) ,  {p. q ) ,  T j with 

is length-bounded a,nd ciefines a. language L(S,  q j  = (il,'"b"cn 1 n 2 1). 

We can easily cllaracterize the concept of iengt-11-boullcincss as follows. 

L e l ~ r ~ ~ a  2.1 A ~:nriablc-bou:~cltrl EFS .9 = ( Y .  r1,r) 1.5 / inqtJt-b0~~j1~Ecd i f  artd 01219 i '  

for  any c~z ion t  ,4 - Bl, . . . , B, i n  r a ~ ~ d  rang s ! iZ l .s i i / l l t i o~~ 0 .  



3 EFS as a Logic Programming Language 

In this section we show tiiat EFS is a logic programnling language. !$ye give a ref~~tat ion 
procedure for EFS and shosv its coll~pletel~ess Isy giving s e~e ra l  kinds of selnalltics for 
EFS. Then we show that negation as failure rule for variable-bounded EIFS is complete 
and it is coincidellt wit11 Rerbrand rule. 

3.1 Derivation procedure far EFS 

DeGl-nition Let a ar,d ,@ bc a pair of iernis or alor:-is. Then a suhstit~rtion 6" is a unifier 
of cr and B if a0 = P O .  

If terms x and .r are iderrticdl except rtnan:inf; of variables, that is, .7; = TO and 51-8' = T 

for some substitlltions O al;d O', we say 4i- is a 1 ~ 1 1 . l i ~ 1 i t  of T aad write 7; r T, Similarly we 
write C f 6, for clauses. 

It is often tlie case that there ale inf~~litely many rn:tsimaliy general unifiers. 

Exa~~lple 3.1 (Paotkin[ll]) Let ,S = ( { a ,  A>; ( p ] ,  r). Tlicn {n. := a" for every i is the 
~~nif ier  of p(urc) and ~ ( x o ) ,  --Ill the unificss are m2siallaiig gcncral. h i  case C = ( r t ) .  the 
empty substitution is the moqt gcircral xrniher of the two atoms. 

We formalize the derivation for an EFS n-it11 no reqi~ircnlent that every unifier should 
be  nos t general. 

Definition ,A clause (or gorri for ihort) of ,C is ci clause of the form 

\Ye assume a com~~zitrt i ion j ~ i l c  2 to selccl an aLom l':.om e-s-cry goal, 

Definition Let ,S be an EFS. anci G bc a goal of 5'. -4 dci.ionl-ion frionl G is a (finite or 
infinite) secjucnce of triplets {C,. 0,. C,) ji = 0.1,.  . .) which satisfies the foilowing condi- 
tions: 

i3.1) G, is a goal, 0 ,  is a substitution, C, is a ~ a r i a n t  @f an axiom of S ,  and Go = G. 

( 3 . 2 )  c(C,) n u j C j , )  = 9 (i f j ) .  and c(C:,j n u jd ; ' )  = q lor every i. 

(3.3) If G, is + -Al.. . . . --Ib a id  _a,,, ib tile atom selected by R. then 6, is A t 
B1, . . . . B,, and 0, is a unifier of -4 and A,,  , and Cihil is 

A, is a sei~ricn' iltorn of G,, and G',+l i s  a rc.-olrle~ji of G, alld C, by 0;. 

Defillitisn A ~ e f i t a t i o ~ ~  is a finite cterivation enciillg with empty goal D. 

To control the ~~oncleterministic algorithm of u~~ifiiicatjon. lilnaanoio [19] gave another 
for~nulation of tire cleri~ation. 11-e call 01-ercome the problem with the following proposi- 
tion. 

 proposition^ 3.1 Let a nltd -3 bc a piiit. of tcrni.5 or aionzs. [f ootzr of them is ground) 
then every unifier offa and /3 ;a ground n?z:l i i l c  .id o js i i l  nnif icr.~ is $?site and computable. 

By this proposition. i r e  can make tlie uniiicn tion dcterl~linistic for variable-bouncled 
EFS's because every goal ill a dcri~atiou fro111 a groiiad goal is ground. It suffices to deal 
with variable-bounded EFS's and ground goals for o ~ t r  disc~~ssions. SZk can implement 
the derivation in nearly the same -,yay a,< in tlre tradiiiolral logic plogramrning languages. 



3 2  Csmpleteraess s f  refutation 

We describe the semantics of refutatioil accordillg to JafFar. et a1.[9]. They l-ia-ve given a 
genera1 framework of x-ariorts logic programmir-ig languages by representing their rznifica- 
tion algorithm as an equality thcorg-. To represent the unification in the refr1ta"ion for 
EFS ii-e use the equality theory 

where cons is to be iiiterpretcd as tlie ca te~~a t ioz~  oi' terms. 
The firsx senlaatics for an EFS $9 = (2.  ll. f )  9s its model. To interpret, well-formeci 

formulas of S tve can restrict the ciomains to the modeis of E. Then a model of S is 
an interpretation t~vl,.ilich n~alies every hxiom in r true, W e  can usc the set of all ground 
atoms as the fIe1-brntzcl bcrsc cicisoted b y  B(,3). Every sul~ser I of B ( S )  is called IIerbrand 
i n t e ~ p r e t n t i o ~ t  in tlse sense that .-I E I nieans _"Is true and A 6 1 means il is false for 
A E B(S) .  Then 

is an Herhrand modcl of S, and svcry groiand atom ill I \ i (S )  is %rue in any nlodel of S. 
The s e c o ~ ~ d  semantics is ~ I i e  Icast Espoirit IjpjT') of the f~ll~ction Ts : 2BIS) -+ 2B(S)  
ciefined bg- 

1 tiicre is a ground insmnce of an axiom 
+ Bl,. . 0 .  B,% 

The third senlal~tics using reftxtalioll is defined l ~ p  

S S ( S )  = (:I E B(Sj1therc exists a refi~tation from c- ). 

These three semantics arc si ioi~n to Ijc identical I,?- Jaii'ar, er, al.{Sj . 
Nobt~ we give anotllcr sc~ilandics of EFS usirrg tile prox-ability as ?he set 

PS(,S) = (A E B ( S )  1 F k A). 

Theorem 3.1 For emry EFS S. 

Proof I f p ( T s )  is identical to Ts &, the set of a!i atoms in the Herbrand interpretations 
construclecl by finite applicatioas of T, to r2mpty set o. T1:cn clearly from definitions 

Ts i; = (-4 E B(S) 1 r i- ill, 

Thus the refutation is cornpletc as cl procedure of accepting EFS languages. 

3.3 Negation as failure for EFS 

Now n-e discuss the inference of negation. ITP prepair some iiciil~itions, 

Definition A deri~*ation is finite/$ joilcd tciih Ir  ngth l i  if its iellgtil is ?a and there is no 
axiom which satisfies tile col~clition j3.:3) lor the seieciecl atom of the last goal. 



Defi~~it ion X derivation (G;,  tl,, C', j ( i  = 0,1, .  . .) is fair if it is finitely failed or, for each 
atom pi in G;. there is a k 2 i such that _A0, a O k W l  i~ the selected atom of Gk. 

In the discussio~i of negation, we assulnr that ariy compuratiol~ rule R makes all 
derivations fair.  1Ve sii y stlch a computa~ion rule lo  he jail: 

The negatior~ us  faidztt-e i.ulr is the rule that illfers 7 -2 mheri a ground atom A is in tile 
set 

lor any fair computation rule. tilere is an 12 such that 
all cieris-ations Irori~ c- il are finitely hiled iVithill 1engtl-f n 

- 
Put  0 = (zl = TI A . . . A n., = T ~ T , )  for a substitution O = {zl := 71,.  . . ,zP1. := and 

for an  crnpty 6, 8 = -true, By Jaf'ar. et al. [0], negation as f:tiiure for EFS is complete if 
the follou:ing two are satir;ficd: 

- 
(3.4) There is a theory E* such that. for i'\-i'ry In-o terilis T i111c1 T ,  (T = T )  + v:=~S~ is a 

logical conseqrreI-ice, where O1. . . . , iiz are all uliifiers of ;i. and r ,  and the disjui~ction 
means if k = 0. 

(3 .5 )  FF(S) is the identical .io tile set 

for ally faif c o m p u t ~ t i o ~ ~  rule, ail derirrations 
from c _-I are finitely failed 

111 general, we can easily construct arm EFS sucll tliht F F ( S )  f GF(S) .  
We sfio\v that negation as failure rule for variable-ho~irced EFS's is complete. To 

prove the completeness. we need the foilo-cvillg set 

for any fair colnprntaticrn xrxie. all derir-ations 
il E B ( S )  from t :l sucll that all goals in the111 

I 1 are grou~ld are finitelj. hiled 

The inference rule that infers 7rZ for a grourid atom rl if i-1 is not in GGFIS) is called 
NerBrand rube[lO]. 

Theorem 3.2 For a n y  ?*n,.iabtc-a)o.it~~dcd EFS ,5. 

Proof Since S is variable-bounciecl, c\-c:r.y goat iierivcd from a ground goal is ground, 
rvliich means G F ( S )  = GGF(,S'). The11 from Proposition 3..1 the l~unlber of such goals is 
finite. Thus FF(,S)  = G E ( S )  holn K6nig.s Lemma. 

By tlrls tlieorella x e  call usc the faliotring ccluationai t i lemy instead of (3.1): 

T l~us  the negation as failure is complete a1:d icicantical to Iferi~rand rule for variabie- 
boui~dcd EFS's. 



4 The Classes of EFS Languages 

IYe describe the classes of our languages com~sariiig ~vtri!l.i Tlro~ns!cg. hierarchy and some 
other classes. Tliroughout, the pa per ix:e do no; dc.al i~i t i l  the  c111pty ~rord .  

4.1 The power of EFS 

The first theorem shows the variable-bouncled EF S's are poi~era'ul enougll, 

TL~eorenl 4.1 Let 3 be an d ~ ! p I i ~ b t t  w i i l ~  at Eer~st a" u-o symtols. Then rr Innguage % C St 
is deyiirzable by a ~sariutir-buu~zcitd EF,S ij' tiaid o ~ f y  i j  L IS recz~r:sivel,y e9zlhmernble. 

Proof A Turing machine witli Iclt ant? right enclrnaricers to indicate the 1;oti-n ends of 
ce~rrently used tape can Ise simulated in a va~i2-~ble-bounde_d EFS 33:; eslcoding tape sylibols 
to worcis of Y+. The conr-crse is clear from Smuliyan [I?!. 

The left to right part of Tlicorem 1..1 i.s still i;aliii in case alphabet X is singleton. 
Hoxt-ex-er, to shoii- the coxverse i ~ e  need to rvectiieil the stntei~ie~lt slightly just as in Theo- 
Tern 3..2(2) below. 

Sow we show relations between length-bounded EFS and CSG. 

Theorel= 4.2 (2) A j ~ y  ie~ig-th-boz~?zded EF,$ Icisigriage is c o n i c r t - s e n s i t i r e ,  
(2) For any co~~test-sensitiL.e /angelage L 2 Y+, the re  ex i s t  n superse l  Co of C ,  a 

length-boan~ied E,FS S = (Xu, TI, P )  nild y E 11 silcii that  L = L(S. 11) 0 St. 

Proof (1) Any derir-ailon in a lengtli-ljoundcd EFS from a ground goal can be si~nulated 
by a noncletcrminislic linear bouncleci &utor.iiaioii, because all ille goals ill the derivation 
are kept gro-und and the total lcltgth of the ncxv1y adclcti subgoals in each resolution step 
does not exceed the length of the selected arsm h-v Ler?ima 2.A. 

(2) can also be proved b!. a simuiation. 

The Yo above corresponr2s to tl~i: ausiliarp a2pilahi:t 1ii-w tape sylnbois or non-terminal 
s jim'uois. TVe can show another theorem related io the conlve~sc of Tlieorem 4..2(lj. 

Definition A f111iction ~r fro111 S+ into itqc4S is lcngi!t-bor:~~rlrii li:FS rtalizubie if there exist 
a length-bo~~nded EFS So = (2 ,  nu, Fa) and a binnr:- predicate sj-lnbol p E Ifo for which 
ko i- P ( U ,  ~ 1 )  L') i=$c = ~ ( t i j .  

Tfieorela 4.3 Let  Y be a?z nl~~lircttf rivll~ at Jtmt iiiw .sgrubol.~. Tlieti for at234 contexi- 
sensitive Ia~rguuge L c Y. l1zfr.c esisf ci Iengl1~-borindtd EF,S ,,5 = (T. Ti, r), a l"engf1z- 
bounderi EFS' l.ealizubie funriton sr i i i~r i  1) E li associaled t~liiil a sltrh ihui 

4,2 Smaller classes s f  EFS languages 

Now we collipare EFS langrtages with some olllcr smaller classes of languages. 

Defiliition A Icngth-bo-itnded EFS ,C = ( 2 ,  PI, IT) is slmji2c if I1 consists of itnary predicate 
syn113ols and for each ax ion^ in r is of tile form p(7;j + ~ f ~ j . ~ ' ~  j, . . . . ( in j xn ) .  wilere TI. . . . , z,; 
are rnutualiy distirict rariabics. 



Exaniple 4.1 An EFS S = ( ( i t ) ,  jp), T) with r = {y i \a)  c, pjxt.a) t pjz)) is simple 
anct L(S,  p) = (a2" 1 n > - 0). 

It is known that s i~~apie EFS languages are context-sensitive [5]. 

Definition A pattern .ir is regwlcrr if o ( x i x )  5 1 lor any variable rc. ti simple EFS 
S = (C, ha7 I?) is regzrlnf- if the pattern in the liead of each clcfiuite clause in T is regular. 

Exaixple 4.2 An E F S  S = j (a ,b) . (y) , I ' )  witii F = (p (ub)  t. y(azb) e- p(z)3 is 
regular and hi($ pp) = {anbn 1 97 2 1). 

Definition1 A regular EF9 $5 = (2. E , r j  is r*rgh f - / i n i t~ i  (ld?-iinear.) if each axiom in F is 
one of the follov~ing forms: 

where ir is a regular palscrn arld u E P,+. 

A regular EFS is one-sirieli Eiwecrr if ir is right- or left-linear, 

Tlieorelx 4.5 -4 language is ilcfinnble b y  n oue-sidcil f i i ieav  EFS dejinable if a n d  only if 
i t is regukar. 

The pattern languages 11, 2. 14. 151 t~lzicll are important in inciuctix~e inference of 
languages from positive data are also dehn<~bie bv special sinlple EFS9s. 

As we have stated in Section 3. all the goals in tile derivation Goln a ground goal are kept 
ground, because n7e deal wit11 on!?; the variable-boursderi EFS's. Hence, every rmi-fication 
is made between a term ant1 a gro~lnd term. To fincl a unifier is to get a solution of 
equatio~i ?LLI = $;. \%:here IL* is a g ro~~ ic l  "Lcna~ and ;r is a term possibly with variahies, IE 
general. as is easily seen, the equation can lje solvwi in 0(ju*liTI) time. Bcnce. for it fixed 
EFS, it can be solvecl in time polynomial in tllc 1engli; of t hc groiiild goal. 1Isv:ever. if the 
EFS is not fixed, the problem is XP-co~nplcte. because ii is equivalc~it to the rnembersl~ip 
problem of pattern languagrs [I], 

As for the one-sided linear and r cg~~ la r  LFS's, "iic proijlcm can be proiiecl to have good 
properties. 

Proposition 4 1  The equation w = ;r has ni ?nost o m  solutio,z for every w E CS if and 
sa ly  i f ; ;  eo~rtuz~zs a t  lnosl one uar.iab1~. 

Prcepssitioi~ 4.2 (Shinohara [I411 Let 21- bc n ?i.oi.cl 2 ' 1 ~  I=+ a n d  n be a ~-egatlilr piiftern. 
Then  each unifier of LP C L ? Z ~  ir i.s con2plklc1f ~n O ( ~ I L ' /  $ / T I )  t i i ? ~ t ,  

By these propositions. the ullifier of tc aud T is at lnost unique in one-sided h e a s  
EFS, and each unifier of tllcm can he compuicd in a linear time ill regular EFS. However, 
in tile worst case, thele may exist unifiers in rclguiar EFS as rirarzy as jeci/lTI. 



5 Inductive Inference of EFS Languages 

In this section, sve slzos~ how EFS langraages are iuducti-i-ely learned. To specify inductive 
inference prohiems we need to give 5 i t~ i l l5 .  tlie set of rriles. the relaresentation of rules, 
the data presentation, the ixretl-iod of inierence called i n f i i e n c f  machine, and the criterion 
of successful inference [ $1. 

In our problem, the class of rules are EFS Languages. Tiir examples are groullci atoms 
p(w) st-ith sign $ or - i~~ciicating r~ilether p(w) is provable from tile target EFS or not. 
An esan~ple +pjw) is said ro l3e pos i t~ re .  - J I ( W )  fiegniive. Our criterion of successf~~l 
inference I s  the traclitional i d e ~ j  tlfication in tilt limii j7j. 

Tile inference machine Ire co~lsisler her= is Lased on Shapiro's hIIS jh'lodel Inference 
System) 113;. The foilo-vving procedure IIIEFS J;"\lociel Inference for EFS j describes the 
outline of our inference method, which uses a subprocedure CBA (Contradiction Back- 
tracing Algoritlim) ~ n d  refi:icnlent s of clauses. The Liylao t hesis H is too strong, if H proves 
pjw) for some negati7;e example - p ( w ) .  H is loo .rueilk. if B can not prosre p(w)  for some 
positive example +p(rcjj. 

When hIIEFS finds the current Lypothesis 11 is not co~npatihlr 1t7ith the exanlples 
read so far, it tries to  rnoclify fl as follows. If I1 is too slrong. tiien 314EFS searches H 
for a false clause C by u ~ i u g  GFj-4 and rleietcs C' Go;n U .  Btlierivise 3IIEFS increases the 
power of H by acisli~lg reit~iemcilts of clausr5 cleicted so lit;.. X refinenlent 6' of a clause C' 
is a Icgical consecjmel~ce of C.  Thelefore l!;e hypothesis ob~aiiled by adding a refinement 
C' is weaker than the hypothesi~ 1aei"orr clcleting C'. 

Procedure h%EFS; 
begin 

H := (9); 

repeat 
read nest esaniple; 
while 11 is  too strong 07. too tcenk do beg-in 

while If is loo st?,nng do begin 
appiy CB.4 to H anti detect a inlac ciausc C in 11; 
delete C' flom 11: 

end 
while 11 i.3 too r ~ t a l i  do 

add a rcfiriemeat of ciausc deleteci so far to 11: 
enad 
output H ;  

forever 
end 

To guarantee our proceriure AITEFS succesqfuily idelitihc's EFS langt~ages. it is neces- 
sary to test whether CBX \~orl<s for EFS's or not, exi~d to ciei-ise refine~nent generator and 
show its completeness. 

5.1 Gontradktion backtracing algorithm for EFS 

Contracliction backtracing aigoritl-im (CBA1 for sllorc) dei i5ed by Shapiro[l3] malies use of 
a refutation indicating a h~potuhesis 11 is too strong. It traces sciected atoms backivarcl in 
the refutation. By using an oracle &1S1<. it test5 their truth values to detect a false clause 



ill M. 'vlihen A; is not ground, CBA must select a grounel instalice of A;. i-3osve1-er. in 
5-ariable-bounded E f  S's, A, is always ground, and hence we can silnpiify CGBA as follows. 

Procedure CBAXorBFS; 
input: (Go = G,tlo.C'oj,(G1,01.61ji.. . , iCk = n,Ok,Ck); 

(a refutation of a ground goal G fakc iil 31)  
output: a clause C, false in ,\I; 

begin 
for 2' := k dowllto 1 do begin 

Iet A, be the selected atom of G,-a: 
if ASI<;'IA,'I is fhlsc then return C',-l; 

end 

Tile foilo\~-ing lemma ax1 tlxeore11-i sl~ov; our CBX proceilure worlcs correctl~i. 

Lemx~a 5.1 Let C' tie iize rc.~otuc:z t of a ground tjoal C aurl a variable-bounded clause C' 
b g  a substi-tutio~z i9 and A tie fire sc lec fed  atom ofG. . l i ~ s u ? n ~  G5ts false i l ~  a mode!  111. If 
A is $rue in i"i -then G is ja!sc in ili_(. Bthtr.~i,,c GO is grozfitd a~zil false in ,lI. 

Proof Lei G = i- @I, A, tP2 he a ground goal and C' = A% Q3 be a varialsle-bounded 
clause. where QI, Q2 and Q3 are sequences of atoms, sad A and it' are atonns unifiable 
by a subs t i tu t i s~~  8. Then 6'' = .- @.$. (3, is a ground resoh-ent of G and 6. Since 
ive assume 12' is false in a mocle: PI. all aton~s in 91, Q 2  and \Ir39 are ground and true 
in ?If. Therefore if rf is true in ilf, tlle~i G = +- \PI. '4, Q2 is fa!sc in !II. ottlerwise GO = 
A c Q3B is false ill 111. 

Tfieorexx 5.1 Ltt iZI be a model of n cu~,irrblc-bou~,cIcd EFS S', nrld (Go = G, Oo, Co> 
(GI, 81, Cl), . . ., [Gk = a. CA7 Ok) be a rejatution ky 5 oJ" rt g ~ o n n d  g o d  C: fc~tse in i"l. If 
CBA is given ihe refutation, t h c ~ z  it ,wakes i oracle cails and  ret~rns C,-l false in ,%I jar 
some i = 1,2 . .  . . , k .  

Proof By Lemna 5.1 and an  i:lcluciion on k - i, the null~ber of oracle calls made by 
CBA, we can easily prove th'xt "El-se clause re t~r~icci  bj- CBX is false in 111. 

W e  may assume GU is riot empty. E-iencc X: - 7 i; positive. if CB-4 n~akes the k-th call 
to the oracle ASK. the11 reccil-eci truth value of A L  upon n~h i c i~  GI is resolved must be 
false because A1 is iilelltical to a11 ztorn in GU. TTicrci'ort C"BA airnays returns a clause 
C,-l aRer making a i  most k oracle ca!l~, 

5.2 Refinement operator for EFS 

We assume a structural conlplesity mcasurc size of patterns anci clauses srich that the 
ix~rnber of patterns or clanses whose sizcs are eclual io  12 is finite (except rellarnilzg of 
variables) for a m  integer n .  In svilat ioilo~ji,  n-c identify variants with each other. 

Definitiol~ rklTe define size(;rf = 2x \;;1-1t'(rjj b r  a pattern T .  ancl size(C) = size(ml . . . T,) 
for a clause C = p(x) t Q ~ ( T ~ T ~ ) ,  . . . , q , , ( ~ ,  j. 



For a binary rela-tion R, R ( a )  denoxcs the set j b j ( o ,  I r )  E R) a~lcl R" denotes the reflex- 
ive transitive closure of R. A clarase D is a ~.cjtze?-iltnt of C if D is a logical consecluellce 
of C and size(6) < size(D). A ?-efiizcnzc?~t opemtor p is a subrelation of refinenlent rela- 
tion sucll that the set (I) E pjC) j sizcjl)) 5 o)  is finite and computable. A refinement 
operator p is complete  for a ,set S if pX(G)  = S. ,A refinement operator p is Iocaily f i n i t e  
if pjC) is finite for any clauie C. 

rVow we introduce refincmcnt operators for the classes of EFS's. All refillemeat op- 
erators defaned belox17 have a common Ceat~tre. Thcy ale constructed by tivo types of 
operations, applying a subs"ttntion and adding a Zitelal. 

DeG~~ition -4 substitution O is Cnsic jur r1 cliltise C' if 

(5.1) 8 = (z := y), nhese x E v (C ) ,  y E u(C) and n. $ y, 

(5.2) 8 = (s : = a ) .  whcres E zfC) and a E T. or 

(5.3) B =  (x := yz), x,vlierer E ojC',)). 9 $ ~ I ( C ' ) ,  z $ ~3jC ' )  a l ldg # z .  

Les11l31a 5,2 Let IJ be a basic silbsiiiufioaz for  ie cIause L'. T h e n  sizc(C) < sizejC0). 

Proof If O is of the form (.x := 3 )  or 1.r := ci), tlzcn 1;;(C'9)f = ju(Cj/ - 1. Therefore 
size(C0) = sizejej  $ 1, If 0 is of tile form {:r := yz), thcli lCO1 = !Ci + o ( r i 6 )  and 
j.c(C8)j = l.u(C)/ + i. Sincc o(x. C) > 1, 

Definition Let -4 he an atom. Then an aton] I? is iii p,2i.4) if and only if 

(5.4) A = and B = p ( n )  for p E TI, x E S, or 

(5.5) -48 = B for a substilution 0 basic for A. 

Lemma 5.3 Let  C nlzd D be clc,u,;es sach lhcit C(1 = 6, b u t  CI $ D ~ O I '  . ~ m e  sub~t i iu t io?~ 
0.  The% there esisfs a s t i jne~ice  of saibstitillions &, 0 2 .  . . ., f), .such tdtctt 8, is basic j%?- 

CO1.. . (i = 1,. . . , 7 2 )  a n d  C0,. . .8, = D. 

Theorel= 5,2  pa is u locally finite and  compifi'r ri.jintme?~i ope,-iztoi-for atovzs. 

Shinol-iara [P4] discussed i~lductirre inference of patiern languages from positive data. 
The method he called tree .senr%ch method uses a special version of the refinement operator 

pa. His method first trim to apply substitutions of type (.r := yz) to get the longest 
possible pattern, and then trics so appi-  suiistilutiol:~ of type (.r := a ) ,  and finally tries 
to unify variables by siibstitxtioni of ti-pc { . r  := t ~ j ,  

Definition Ler C' be a variahie-boar,tZcd clauw. Tiler1 a c!ausc %) is in pLr,(C) if ancl only 
if (5.4) or (5.5) holds, or 

C = A c a,, . . . , B,-I ancl D = if c B1,. . . . B,,-1, B,, is variable-bounded, 

Similarly we define pl, for Ieagt~~-i~ouncSecl clauses, 

T11esre111 5.3 p,b is a cort1pl7tte 8.e.finc-rr-e~ izt operaior for ca?.inblc-bonatri"~d cJa uses. 

Theore111 5.4 p I b  i.5 a 10ca11g *finite nncl comylcic ) . i ' f i i z c ~ t j ~ ) b t  op~rtlior f i r  I~r~~tla-botjnded 
clauses. 

Note that p,b is 11of, Ioca115- iiriili: because the number of atolns B, possibly added 
1 ay pub is infinite, ii-hile  pi^ is locally finite. l fTe  can aiio cicfine refinement operators for 
simple or regular clauses and prove they are locallj- Grlitc complete. For simple clauses, 
applicatio~~s of basic substitutions sllouici hc :estricleti ol~ly to atoms. Furtl-ier, for regular 
clauses, substitutiol-is of tltc- form j s  := 9) slloulci he inhiljiiccl. 



FVe have introduced scr-era1 important subcidsses of EFS's by gradtially imposing restric- 
tions on the axioms; arrcl gii-en a tilcorcticai foulidation ol  EFSqs fro111 the viewpoint of 
logic programing.  EFSis work f~~clr acccptiug iangtiages as well as for gel~erating them. 
This aspect of EFS's is pariiculariy useful for indnctive inlere:~ce of languages. We have 
also shown inductire inferelice algorithir~s for the srtbciasses of EFSis in a uiiilbrrn way 
and proved their completeness, Thus. EFS's arc a good unifsng fiame~vorl; for inductive 
inference of languages. 

JITe can introduce pairs of parentheses to sinlpic EFSis just like parenllaesis grammars. 
Kearly the same approaches as i20, 121 ivill be applicaljie to our ind~xctive inference of 
sinlpie EFS lar~guages. T l~x~s ,  we can resolye the romputational hardness of unifications. 

There are Inany other probirms in con~iccl~ion 11-ith computational con;plesity7 the 
iearnil~g models sucl~ as 13. 161, and introcZuction of the empty word 1151 wl1icI1 we will 
discuss elsewflere. 
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