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A PARALLEL ALGORITHM FOR
THE MAXIMUM 2-CHAIN EDGE PACKING PROBLEM

Shuji SHIRAISHI

Department of Applied Mathematics
Fukuoka Unwersity, Fukuoka 814-01, Japan

We present a parallel algorithm for finding a maximum 2-chain edge packing of
an undirected graph G = (V| E). It runs in O(log n) time using O(n+m) processors
on a CRCW PRAM, where n = |[V| and m = |E|.
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1. Introduction

A k-chain is a simple path of length £. A k-chain edge packing of an undirected
graph G = (V, E) is a set of k-chains which are pairwise edge disjoint in G. The
task of selecting a maximum subset of such k-chains is called the mazimum k-chain
edge packing problem.

The edge packing problem has been studied as a generalization of the bin packing
problem [6,8,9]. It is shown [8] that the maximum k-chain edge packing problem
for £ > 3 is NP-complete but the maximum 2-chain edge packing problem can be
solved in linear time by using the depth first search technique. However it should
be noted that the depth first search is not known to be in NC [1,10].

In the present paper, we give an efficient parallel algorithm for the maximum

2-chain edge packing problem which runs in time O(log n) using O(n+m) processors
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on a CRCW PRAM. The algorithm employs spanning trees instead of depth first
search trees and then exploits the Euler tour technique [2,12].

2. Algorithm and its complexity

A spanning tree of G is a tree that contains all vertices of G. An FEuler graphis a
connected graph in which at most two vertices are of odd degree. An Fuler tour
in a graph is a circuit (path) that traverses every edge exactly once. It is known
that Euler tours in graphs can be found in O(logn) parallel time using O(n + m)
processors on a CRCW PRAM [2,13]. We remark that if G is an Euler graph, the
maximum k-chain edge packing problem is solvable in O(log n) parallel time with
O(n + m) processors on a CRCW PRAM. A circular succession assignment of a
tree 7' is defined as follows [2]: Let deg(z) = d in T and let {z,yo}, ..., {Z, ¥a—1}
be the edges adjacent to z. Then we assign NEXT ((vi,z)) := (T, Yi+1 moa a) for
0 <i:<d—1. An Euler tour of 7’ (antiparallel directed graph of T') is computed
into array N EXT.
The main result of this paper is the following:

Theorem 1. A mazimum 2-chain edge packing of an undirected graph can be

computed in O(logn) time using O(n + m) processors on a CRCW PRAM.

The main idea of our algorithm is quite simple. First we consider a graph as a
rooted tree. Second we compute the number of descendants of each vertex in the
tree using Euler tours [2,12]. Finally we get 2-chains for each vertex following the
vertex parity check.

The whole algorithm can be outlined as follows:

Algorithm

Input: A connected graph G = (V, E) with |V| =n and |E| = m.

Output: A maximum 2-chain edge packing of the graph.



1. Find a spanning tree S of G.

2. Replace each non-tree edge {z,y} of G — S by {z,y'}, where ¢’ is a new
vertex. Add every replaced edge {z,%'} to the spanning tree S. We denote
the resulting tree by 7.

3. Get the directed graph 7" from T' by replacing each edge {z,y} by a pair of
antiparallel edges (z,7) and (y,z). 7" is an Euler directed graph since each

vertex in 7" has even degree.
4. Find an Euler circuit of 7" using the circular succession assignments.

5. Determine the root of the tree 7" and compute the number of descendants,

denoted nd(z), of each vertex z in T'.
6. Get 2-chains in the following way:

Let y1,y2, ..., yx be children of a vertex z and let z be the parent of z.
Case 1. nd(z) is odd.

(a) Get the 2-chain {z,z}, {2, vi, }, where nd(y;,) is even.

(b) Get the 2-chains using all edges in {{z, y; }|nd(y;) is even} — {z, y;, }.
Case 2. nd(z) is even.

Get the 2-chains using all edges in {{z, y;}|nd(y:) is even}.

In order to evaluate the complexity of the algorithm, we use the following two

facts and lemma.

Fact 2 [11,12]. Let G be an undirected graph with n vertices and m edges. Then
a spanning tree of G 1s computed in O(logn) time using O(n + m) processors on a

CRCW PRAM.



Fact 3. Let T be an undirected rooted tree with n vertices. Then the number of
descendants of each vertex is computed in O(logn) time using O(n) processors on a

EREW PRAM.

The above fact uses the Euler tour technique in [12]. We construct a circular
list corresponding to an Euler tour by Step 3 and Step 4. To determine the root of
the tree, we cut the Euler tour at an arbitrary edge, say (z,y). Then (z,y) is the
first edge of the list and vertex z becomes the root of the tree. The resulting list
is called the traversal list. We number the edges of the traversal list. Of two edges
(z,y) and (y,z), we take the lower-numbered one. Let y be the parent of z, then
nd(z) is just the number of the lower-numbered edges from the first edge of the list
to (z,y) minus the number of lower-numbered edges from the first edge of the list
to (y, z).

The following lemma guarantees that Step 6 of the algorithm is correct.

Lemma 4. Let y1, 9, ..., yx be children of a vertex z. Then nd(z) is odd if and
only if |{y:|nd(y;) is even}| is odd.

Step 1 uses Fact 2. Step 2 takes O(1) time and O(m) processors. Step 3 takes
O(logm) time and O(m) processors. Step 4 takes O(1) time and O(n) processors
using the circular succession assignments. Step 5 takes O(logm) time and O(m)
processors. To compute the number of descendants nd(z), we need the preorder
numbering of the rooted tree. Step 6 takes O(1) time and O(n + m) processors.

Hence the whole algorithm requires O(logn) time using O(n + m) processors.

3. Concluding remarks and open questions

We have presented an efficient parallel algorithm for finding a maximum 2-chain edge
packing of an undirected graph. It takes O(log n) time and O(n + m) processors on
a CRCW PRAM.



However, the maximum k-chain edge packing problem does not seem to allow
feasible algorithms for k& > 3 since the problem is NP-complete [9]. Instead of a
maximum size k-chain edge packing, we can deal with a mazimal k-chain (k£ > 3)
edge packing in the sense that no k-chain can be added. The problem may be not
solved by the maximal independent set (MIS) technique [5,7] and remains open.

Also a maximum k-chain verter packing problem has been studied in [9]. If
k = 1, the problem is well-known as the maximum matching problem that is in
RNC [4]. If £ > 2, the problem becomes NP-complete [9]. By the same reason as
the edge packing, we can consider a maximal k-chain vertex packing problem. The
maximal matching problem is solved in O((log n)?) time and O(n+m) processors on
a CRCW PRAM [3]. But if £ > 2, no parallel algorithm is known. The technique
used in Theorem 1 does not work for the maximum k-chain edge packing problem

for £ > 3.
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