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A PARALLEL ALGORITHM1 FOR 

THE M-AXIhqUM 2-CHAIN EDGE PACKING PROBLEM 

Depilri.ment of Appi ied  i14aihe1?2?zatics 

Fukuoka li?bzversiiy, Fz~kuoka 814-01, Japan 

?TTe present a parallel alguritilm fur finding a maximum 2-chain edge packing of 

an undirected graph G = ( i / :  Ed. It runs in O(log 7 1 )  time atsing Ojn+m) processors 

on a CRCtlT PRAM, ~~~a-lrere rz = j T 7 j  and m = [El. 
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1. Introduction 

-4 k-chair1 is a simple liatl-1 of length k .  , a - c h a i n  edge prir;kiqg of an ulldirected 

graph G = (17. E )  is a set of k-chains which are pairwise edge disjoint in G, The 

task of selecting a rnaxiEum subset of such k-chains is called the r72~~2mum k - c h a m  

edge packirzg prohle?~. 

The edge packing problem lnas been studied as a generalization of the bin packing 

problem [6,8.9]. It is si~owli [Sj that the rnaGl~~x~rn X:-chain edge packing problem 

for k 2 3 is NP-complete batt the madn-ium 2-chain edge packing problem can be 

solved in linear xime by using the depth first search technique. Hoa;vever it should 

he noted that the depth first search is not known to he in KC [ l , l G ] .  

In the present paper, tire Five an efficient parallel aigolithrn for the maximx~rn 

%chain edge packing problem which runs in time Oilog n) using O(n+ m) processors 



on a CRCW f RAli .  Tile algorithm employs spanning trees instead of depth first 

search trees and then exploits the Euler tour technique 12,121. 

2. Afgoritkln and its complexity 

A spannzng tree of G is a tree that contains all vertices of 6. An E?iler graph is a 

connected graph in which at most t-ct7o vertices are of cdd degree. An E u l e r  f c u r  

in a graph is a circuit (path) that traverses every edge exactly once. It is known 

that Euier tours in graphs call be foranii in B(iog n) parallel time using O(iz i rn] 

processors on a CRCW PRA3.i: [2,13]. We sennark that if G is an Euder graph. the 

rnaxirnrtln k-chain edge packing problem is solvable in O(fog n) parallel time with 

Q(12 4- rn) processors on a CR6;'lt- PR-411. A terc~clur silceesszon a s s i g n m e n i  of a 

tree T is defined as folior~~s [2j: Let d e g ( z )  = d in T ai-ict let (3, . . . 3  (x, yd-; 3 
t ~ e  the edges adjacent to z. Then t.;e assign IV-EXT((~,, x)> := (xi yZ+l ,,$ for 

O 5 i 5 d - 1. An Etiler tour of TI (antiparailel ciirected graph of T )  is computed 

into array NEXT. 

The main result of this paper is the folio~~ing: 

Theorem 1, A muxi~nun~ 2-chain edge packi'ag of an ~ ~ n d i r e c t e d  y m p h  can be 

canzpwted in O(log n) t i m e  us.ing Ojn  + mj  processors on a G'P;'CT,.t7 PRAI I~ .  

The main idea of our algorithm its quite simple. First we consider a graph as a 

rooted tree, Second we compute the number oi descendants of each vertex in the 

tree using Euler tours [2,12]. Finally we get 2-chains for each vertex follou~ing the 

vertex parity check. 

The 1%-hole algorithm can be o~atlined as follotvs: 

Afgori-tS~m 

Input: A connected graph G = jl: Ej with jVI = n and /El = rn. 

Output: -4 maximiam 2-chain edge parking of the graph. 



1. Find a spanning tree S of G. 

2. Replace each non-tree edge (2, y )  of G - ,S' by (z, y'), where y' is a new 

vertex. Add every replacecl edge (x, g') to the spanning tree S. JVe denote 

the resulting tree by T. 

3. Get the directed graph TI from T by ~epdacing each edge (a,  y) by a pair of 

antiparallel edges (x, y) and ( y ,  x). T' is an Euler clirected graph since each 

oree- vertex in T' has even cle, 

4. Find an Euier circuit of T1 using the circlrlar succession assignments 

5. Determine the root of the Tree I' and compute the number of clescendants, 

cle~lotecl n d j r ) ,  of each vertex z in T .  

6. Get 2-chains in the follor~ing vat-: 

Let y,, yar ...; y~;- be children of a vertex z and let ,- be the parent of x. 

C a s e  1. n J ( z )  is odd. 

(a) Get the 2-chain ( z , ~ ) ,  (2. yZo 3- where rzd(y,,) is even. 

(b) Get the 2-chains using all edges in ((2, jnd(y,) is even) - (x, 

C a s e  2, ndjz) is even. 

Get the 2-chains using all edges in ((x, y,)jnd(y,) is even). 

In order to evaluate the complexity of the algorithm, tve use the fouowing tavo 

facts 1emma. 

Fact 2 [ l l . l f ] .  Lei- G be a72 u n d i r e c t e d  g r a p h  with n lierlizces and rn edges .  T h e n  

a s p a n n i n g  f r e e  of  G 2s coirrputeil 172 O/iogn) t2rn2 11521~g Tj(n + m) proces sor s  o n  a 

C!? Cii7 PRAM, 



Fact 3. 1,ei 7 be an t~nr i i r~ec ted  Tooted tree z~~%lh  n aer-tices. T h e n  the n u r n h e ~  of 

descendarz ts  of each  v e r t e x  is com?i.uted in Ojiog n,) t i m e  ,using O(n) ~ T G C ~ S S O T S  cn a 

ERE PRA :l'd. 

The above fact uses the Euler tour technique in [12]. TvTk'e construct a circular 

list corresponding to an Exile1 tour by Step 3 and Step 4. To determine the root of 

the tree, we cut tlie Elder tour at an arbitrary edge, say (x, y). Then (x, y j  is the 

first edge of the list and ~ e r t e s  a becomes the root or" the tree. The resulting list 

is called the t r m e r s i  list. Tire n tu~~be r  the edges of the traversal list. Of two edges 

( 2 ,  y) and (', x), we take the lo117er-nr111ibere one. Let ?_i be the parent of x, then 

ndiz) is jusi the number of the fower-nua1113e.ed edges from tlie first edge of $he list 

to  (z, y) minus the n-rpmnlxl of ioxver-numbered edges from the first edge of the list 

to 6 p . d .  

The follo~ving lenlrna guaral~tees that Step 6 of the algorithm is correct. 

Lemma 4. Let $1, y?, .... y k  he children of a vertex z. Then ncl(lc) .is odd if a n d  

o n l y  7f I(yp jnn'iy,) is even)/ zs odd.  

Step 1 uses Fact 2. Step 2 takes Of 1) time and O(mj  processors. Step 3 takes 

Ojlog m) time and O ( m )  processors. Step 4 takes O l  I) time and O ( n )  processors 

using the circular succession assignments. Step 5 takes Oilogs-n) time and O ( m )  

processors. To compute the nt~mber of descendants ndjxc.), we need the preorder 

nunhering of the rooted tree. Step 6 takes &)(I) time and Oin + rn) processors. 

Nence the whole algorithm requires O(!og n,j time using CPjn -k m)  processors. 

3. Co~~eludilrag relmarks al-nd open questions 

t5e have presented an eficient parallel algorithm for finding a maAmmm '-chain edge 

pacliing of an undirected graph. It takes Oilog n) time and O(n + m) processors on 

a GRCIV PR-4M. 



Hom~e~er, the maximum k-chain edge pacl;ing problem does not seem to allow 

feasible algorithms for k > 3 since the problem is NP-complete 191. Instead of a 

maximum size k-chain edge packing, we can deal with a naazimi,al k-chain ( k  2 3)  

edge packing in the sense that no k-chain can be acided. The problem may be not 

solved by the maximal independent set (MIS) technique [5,7] and remains open. 

Also a maximum k-chain ?~ertex  paclung problem has been studied in 591. If 

k = 1, the problem is well-knos~n as the rnaxim~xrn matching problem that is in 

RNC [4]. If k > 2, the problem becomes XP-complete [9]. By the same reason as 

the edge packing, we can consider a maximal k-chain vertex packing problem. The 

maximal matching problem is solved in O((log nI3) f ime and e3{n + rn) processors on 

a GRCU7 PRAM [3]. But if k 2 2; no parallel algerithm is lmos17n. The kechlziqe 

used in Theorem 1 does not t\-o;k for the rnaxil~mm J:-chain edge packing problem 

for k 2 3 ,  

The author modd lilie to  thank Satoru Miyrano for helpful discussions. 
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