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Abstract 

Analogical reasoning derives a new fact based on the analogous facts previously 
known. Inductive inference is a process of gaining a general rule from examples. 'VVe 
propose a new reasoning system using inductive inference and analogical reasoning. 
which is applicable to  intellectual information processing and we characterize its power. 
Given an enumeration of paired examples. this system inductively infers a program 
representing the paring and constructs an analogical union. It reasons by analogy 
nesv facts in the limit, i.e., reasons them correctly from some time on, by using a 
deducibility of them from the analogical union. 

1, Introduction 

Analogical reasoning is one which derives a new fact based on the analogous facts pre- 

viously known. Of many researches on analogicai reasoning, Barag~lchi and i2rika.cva's 

theory [1,2,3] is effective. According to  this theory, analogical reasoning finds an analogy 
or a similarity between some objects and predicts a new fact by transferring facts and 

knotviedges in one object to another object, The reasoning system ARTS based on this 

theory reasons by analogy, not using an analogy given a priori but calculating an analogy 

when given an unknown fact which may be true. In order to reduce the computational 
complexity, the analogy the current ARTS system admits is confined. Given the descrip- 

tions of t\r57o worids and an unknown fact. it determines whether the fact holds or not 
based on an analogy and answers it. 

Although an automatic analogicai reasoning described above is very useful, whether 
one identifies or not an object in one svorfd with an object in another world heavily 

depends on time, place and his subjectivity. Thus the system ahich infers an analogy, 
given examples of pairs of similar and unsirnilar objects by a user; and reasons based on 

the anaiogy is also useful. Since the system reasons given neither an analogy a priori nor 

no analogy, it is realistic. It infers an analogy by using inductive inference which can gain 

a general rule from examples. 

In order to  make the framework of the system mentioned above, In Section 2 we define 

U-paring by extending the notion of paring [2j and show that the relation between ana- 



logical reasoning and deduction also holds under the extension. In Section 3, we propose 
a new reasoning system which receives examples of corresponding terms and inductively 
infers the program representing U-paring and, using the above relation: correctly reasons 

in the limit; i.e.. correctly reasons from some time on. 

2 .  Analiogical Reasoning using U-paring 

First we give the notion of logic programs [4]. Let a, bi ( 0  < i < n) be an atom. A r d e  or 

a definite cha.se is a formula of the form 

A logic program (program, for short) is a finite set of rules. Let S be a program. LT(S); B ( S )  
and i14iS) denote the Iierbrand universe of S ,  the Merbrand base of S and the least 
Herbrand mode! for S, respectively. 

Second tve summarize the points of the Haraguchi and Arikairia's theory. Let S1 and 
S2 be programs. A parifzg 4 is a finite subset of U(S1) x U(Sz). The relation 4+ of terms 

is defined to  be the smallest one satisfying the following conditions: 

(2) For any function symbol f appearing in both S1 and 3 2 ,  

< t,,ii;>E ~5'(1< i <  n) * <  f ( t l : . . . ; tn) . f ( t i ,  * . - , t h )  > E d t  

Terms t and t' such that < t , - k b > ~  t$+ are conceived to  be corresponding ones. Haraguchi 
and Arikawa [a] show that the Proposition 1 and Theorem 1 hold when we substitxte d+ 
defined above for the G-paring @ in Definitions from 2 to 5. Furthermore they j l ]  have 

implemented a reasoning system ARTS which detects a paring 6 such that t$$ is a one to 
one relation, and simultaneously reasons a new fact by analogy based on 4. 

Here we consider a new reasoning system stated in Section 1. Given an enumeration 

of the corresponding etements in q5 C U ( S 1 )  x EI(S2). it inductively infers the expression of 

#, i.e.; the program for the predicate representing the correspondence. In order to make 

the framework of this system, we extend the definitions appearing in [2j by substituting 
U-paring for d+. 

Definitisll 1. A U-paring is a subset of t'(Sl) x U(S2). 

Definition 2. Let t j  E CTjSl) and ti E U(S2) for j (1 < j < n). Let p be a U-paring, 

a E -tf(S1) and a' E i M ( S a j .  Then a and a y s  identi$sd by 4, denoted by adai, if for some 

predicate symbol p 

a = p(t l , .  . . : t,), a' =  ti,. . . ; t",>and < t j ,  ti > E d (I < j I n) 



Degmition 3. Let d be a U-paring and Ii B(S;) .  Let R = a + b 1 3 . .  . , b, and 

R' = a' +- b i : .  . . , bk be rules containing no variables. Then Rf is a (4, 11, 12)-analogue of 

R if 

b j  E I ~ ,  b: E I2 (1 < j < n ) ,  a&" bbj4b; (1 < j < n ) -  

De-firaition 4. Ilf,(.+.) is defined as fo3loivs: 

M,(*j = uC&I2(n), 
M Z ( o )  = :t4(S,). 
M,(n + I) = ( a  E B(S,)  / R,(n) U M,(n) b S, i- a) ,  
R,(n) = {R' = a" b i , .  . . ,bk 1 there exists a ground instance R of a rule of S,(j  # z) 

such that R' is a (0. J4 jn) .  iW3(n))-analogue of R ) .  

We call a E A.I,(.+.) a fact reasoned by analogy based on a U-paring 4. The following 

proposition asserts that this definition is admissible. 

Proposition 1. Mi(*) is an  Herbrand model joy S; ( i  = 1,2) .  

PROOF. A proof similar to that of Proposition 2.2 121 holds. 
'5Ve define an analogicd union based on a paring extended above. Let be a predicate 

symbol which never appears in Sl nor 5'2. A program S such that i%f(S) = ( S  .- t j <  
s7 t  > E  d) is a program for C-paring 4. Suppose a = p(tl , .  . . . t,) be an atom. We denote 
p t ( t l ,  . . . , t,) b y  ( a ) ,  . where p, is a new predicate symbol wit11 a suffix i, WTe de5ne copy( S,) 
as follov~s: 

copy(S,) = ( ( a ) ,  + ( b l ) ; ,  . . . , (b,) ,  1 a + h, . . . , b, E S,).  

Let lV17..  . , W,? V1, . . . 8/;2 be variables never appearing in S1 nor S2. The set tran(S;) 
which consists of rules transforming the rules in S j ( j  # i) to those in S,  based on 03 is 

defined as follows: 

tran(Sl)  = {p l (w l ,  - .  . ; W n )  +- . . . 
%vl w t l j . . . , W 7 1 w t ? Z 9 v l  / l s l ? ~ . ~ : v k N s k :  
q2(s1, ..., s ~ ) , Q ~ ( ~ / ~ ; s . . , ~ ' ~ ) , . . -  

1 p( t l ; .  . . , t,) - . . . , q(sl, .  . . ? skj,. . . 
is a rule in S2 with a none-empty body], 

tran(S2) = {p2(%,. . . , W,) - . . . 
il N PVl,. .. ;t, - CVn,sl - V1: .  . a  )sk - Vk, 
q l ( s l , - .  ,sk),q2(Ii1, a ,Vk)?. 
1 p(i1, . . . ,in) - . . . q(si.. . . , sk),  - . . 
is a rule in S1 with a none-empty body). 

Deffnition 5. L.et S1 and Sp  be programs, 4 be a U-paring and P be a program for 4. 
Then the anabgieal union of S1 and S2 based on a program P for a U-paring 4, denoted 

by S I P S 2 ,  is 



We have the following results analogous to  the one of [2] under the extension of the 
notion of paring. Thus an analogical reasoning based on U-paring 6 is characterized as a 

deduction from the analogical union, if a program for $ is known in a sense. 

Theorem 1. Let a(t-1,. . . , t,) be an  atom and P be a program for a U-paring 4. Then 
the following two conditions are equivalent: 

(1) .($I,-. - ,tn) E iWi(*). 

( 2 )  S I P S ~  l- a;(tl,. . . , t,). 

In order to  prove this theorem we need a proposition, 

Proposition 2. [4j Let P be a progmm and 1 be an Beerbrand interpretation of P .  Let 
mapping T(P) : 2B(PI + 2B(Pj is defined as follows: 
T(P)(I) = { A  E B ( P )  1 A t Ax,. . . , An is a ground instance of a rule in P and 

(Al, .  . . A,) I). Then the fo'Olkowing three conditions are equivalent: 

(1) I is  a model for P .  

(2) T(P)(I) I. 

(3) T(P)((C])(B) c 1 for any rule C i n  P 

PROOF O F  THEOREM 1. First we show that (2) implies (I). It suffices to  prove that 
~VI(SIPS~) C 114;(*) U Ad;(+) U M ( P ) .  where -lI;(n) = (u,(tl,. . . . t,) j a(t;, . . . . t,) E 
l\f$(n)) and n is a natural number or +. Since -%f(SIPSz) is the least Berbrand model for 

SIPS2, it suffices to  prow that ,@I;(*) u Mi(*) LI 11f(P) is a model for SIPS2. Let Ibf'(*) 
deaote ilf;(+) LI A l l (+ )  u iVI(P). By Proposition 2. it suffices to prove that 

T(P)((C)j(lW'(*)) C _U'(j* for any rule C in S1 PS2. 

We assume, for simplicity, that each rule in Pi has at  most one literal in the body. We 
have three cases. 

(a) C in ecpy(S,). 
By Proposition 1, we have T(f  j((C))(Jf;(*)) CI &I;(*). Since T(P)((C))(,$f;(*)> = 

T(B)((C))(IVI'(+)). T(P)({C))(iMf(+)) C ,airr(+) for any rule C in copy(S1). Similarly, it 
follows that T(P)((C))(&IP(+)) C M1((*)  for any rule C in eopy(Sa).  

(b) C in t ran(S , ) .  
Suppose that C E i'ran(Sl j has a form: 

We show that T(P)((C))(L1ff(+)) iWi(*). From the definition of analogical union, the 

rule p(tl,. . . , t,) +- q(sl,. . . ,s,) is in S2. 



Put  A E T(P)((C))(i14"+)). Thus there exists a substitution B such that 

Clearly, 

Hence, there exists a natural number N such that 

q2(slOY. . . , smB) E A~~(IV) and ql(VIB, . . . , V,B) E Af;(N). 

So R1(Y) has a rule p(tiTIB, . . . , kVn6) - q(rJ16,. . . . VmB). Thus p(T&B, . . . , SVn8j E 

~%f~( iV  + 1). Hence -4 = pl(W18,. . . ,i$7nB) E M i ( M  + 1) C Mi(*)  C Idf(*). Thus we 
have shown that T(P)({C))(Lt4'(*)) f -Ifi(*) for any rule C in trun(Sl:,). Similarly, It 
follows that T(Pj({C))(il/ir9(+)) C Af"+) for any rule C' in tran(Sz).  

( c )  C in P. 
Clearly, T(P)((C))(,?/I(P)) M ( P )  for any rule C in &f(F')~ Since T(P)({C))(i24(P)) = 
T ( P  )({C))(114'\*)), it folloavs thax T(P)((C))(&I1(*)) C _h4'(*) for any rule C in P. Thus 

we have shown that (2) implies (I). 
Next we show that (1) implies (2). It suffices to  prove that 

= ~ ~ > ~ A f ~ ( n )  & dl(S1BS2); for i = 1.2: 

where 

M(S1PS2)i = (u(tl , . .  . , t,) / a,(tl,.  . . , t,) E ik_I(SIPSa)). 

We prove that ,%ft(n) ,41(S1PS2), for all n > 0 and i = 1.2,  by induction on n. 
Suppose first that n = 0. iVe have Aft(0) = Jd(5,) & i%f(S1PS2), fcr i = 1,2. N e s t  

suppose that 1 ! z ( ? 2 )  C I % I ( S ~ P S ~ ) ,  holds b r  i = 1.2 and some n > 8. We prove that 

i%f2(n. + 1) & IVI(S1PS2)2 holds. By the definition, M2(n + 1) = M(R2(a)  U d12(nj o S2) .  

It suffices to  proare that ilI(SrBSz)2 is a model for Rz(n) il Jf2(r,) b S2. So we show that 

T(P)({C)><lW(SlPS2 j,> _l,jr(SlPS2)2 for any rule C in Rz(n) ~ i ? / i ~ ( n )  u S2. ZZie consider 
three cases. 

(a) c E Rz(32). 
For simplicit3i; we assume that C has a form p(sf) +- q(t1). By the definition of R2(n),  there 
exist a rule C1 : p(s)  - q(t) in S1 and a substitution B such that q(t8) E Ml(n) ,  q(t9 E 
M2(n). sB N S' and tB N it. Since pis') is a ground atom, T(f)((C))(lW(S1PS2)zj C 
{ p ( s l ) ) .  From the definition, SIPS2 has a rule Cz : p2jtiV) - s kV. t 17. qgl(i, q 2  (ti) 
.where the variables IV' and V never appear in s nor t .  Let a = B U (W +- si.V - ti). 
Tl-ius sve have 

s o  - kP-a = sB N S' E -U(SaPS2). 



Furthermore, by the induction hypothesis, we have 

Since Cz E SIPS2. we have m ( 1 V a )  = p2(sP) E A;I(SIPSp). Thus we have T(P)({C))(,M(S1PS2)2j C: 
ilf(S1PS2)2. 

(b) G f -V12(n). 
By the fact that G is a ground atom and the ixductioa hypothesis, T(P)({C))(i14(Slf Sz)2) C 
(e) c I&(%) MjS1PS2)2. 

(c) C E S2. 
Since ,l/rjSz) C, iW(S1PS2)2. the results holds. 

This shows that i l& (n  $ 2 )  C iW(SIPS2j2. Similarly, it follows that rVIl(n + I) 

n/;I(S1PS2)1. Thus we hasre shown that (1) implies (2). 

3.  A Reasoning System using Inductive Inference of Analo- 
gial Union 

Now consider the following programs: 

'The current ARTS system partially computes a paring 

9 = (< juice(appie),  j-rricejorange) >, < tom, jerry  >; < f ru i t (apple) ,  whole(sr6tnge) >) 

and reasons backsvard a new fact 

i i k e ( j e r r y ,  jztice(orangej) 

?em&: based ox the foilowing basic scl, 

where the upper real line, the broken line and the lower real line denote an Instantia- 
tion, a rule transformation based on 4 and modus ponens, respectively. 



Suppose that apple, orange, frui-t(Xj and whoie (X)  denote apple. orange, a fruit of 
X and a whole X , respectively. Some identify apple with orange since they are fruits, 
and some not since they are different fruits. In this case we cannot decide which way of 

thinking is trae. One may analogically reason based on each way of thinking. 

Now we propose an algorithm MA. Given the examples by a user which are paired 
facts about two objects with signs of whether they are analogous or not. it inductively 

infers a U-pairing intended 3 y  the user. Therefore it analogically reasons a new fact by 

deducing the fact from the analogical union constructed by the U-pairing, 

First u7e give some necessary definitions and results of inductii~e inference, especially 

l?aodei inference for logic program [5.6]. Let L be a first order language. Given examples 

of an unknourn model M ,  a model inference algorithm ZA infers a program P such that 

llif is the least Herbrand model of P. An example given to  I A  is a pair < a ,  l7 >, called 

a fact of 31, where a is a ground atom of 6, and V is a truth value of a with respect to 

iP/J (i.e., lf = t r ee  if a E iW, V = false otherwise). An enumeration of a model fi! is an 

infizaite sequence of facts in which every fact of 44 appears a t  least once. An output of I A  
is a program and called a conjecture. A model inference algorithm I A  is said to  identify 

in $he limit if I A ,  given any enurneration of 1U7 outputs a same program P from some 

time 012 and &I is the least Berbrand model of P. 
Next uTe give the concept of h-easiness in order to characterize the power of a model 

inference algorithm. Let h be a recursive function, T be a program and a be an atom, SV-e 

write T P, if a is deducible from T in n steps, Let a1 . az7 . . . be a fixed effective enumeration 

of the all ground atoms of d;. A program T is h-easy if min(j 1 T a,) < hjn) holds for 
all except a finite number of n > (3 such that T I- a,. An Herbrand model &f is h-easy if 
there exists an h-easy program T such that ilfjT) = _%f. 

Shapiro gives an enumerative model inference algorithm and characterizes its power 

[5,61. 

Let h be a recursive function and TI, Tz, .  . . be a fixed effective enumeration of 
all programs in E .  
SJadse := { " I 3  Strue := { ), k := 1. 
rep eat 

read the nest fact F, = < a ,  >. 
Sv := $V ii (a). 
while there exist a E such that Tt, I- a 

or there exist ai 5 St,,, such that Tk ijh(i) a; do 
k := 5 + 1. 

output Tk. 
forever 

An Enumerative Model Inference Algorithm 



Proposition 3. [5j 

( 1 )  Let h be a recursive function, be an h-easy Herbrand model of L.  Then an  enu- 
meratice rnodei inference algorithm identi6es ,&I in  the limit. 

(2) Lei' I be an  enumerative model inference algorithm. Then there ezists a reevrsive 
function k uniform in I such that if I identifies a n  Berbrand model i%f then i?I is 
h-easy. 

Let S1 and S2 be programs, and q5 be a U-paring. 1t7e give an algorithm AfA, proposed 

in Section 1, which receives examples of corresponding terms and inductively infers a 

program representing the correspondence, and reasons by analogy using a deducibility 
from the analogical union. Algorithm AfA receives as an input an enumeration < sl 

tl, $5 >>; < s2 N t2 ,  V2 >, . . . of ( S  t /< S ,  t >E q5] and calculates a conjecture for the 
program of q, bj- using an enumerative model inference algorithm, and outpus conjectures 

fi, P2,. . .. When the algorithm is asked a t  point n whether a ground atom a E B(S,) is 
a fact reasoned by a analogy based on 4, it will check the following deducibility holds or 

not: 

eopy(Slj U copy(S2) U tran(S1j  U t ran(S2)  U Pn t- ( a ) ,  

and if it confirms the above deducibility it say that u is a fact reasoned by analogy, 

Taking Theorem 1 into consideration. we may define the correctness of algoriti:rn dfr l  
as follows: Algorithm 1444 based on t, correctly reasons i n  the limit if the model inferelice 

algorithm incorporated in M A  identifies a model ( s  - t I <  5. t >f @) in the limit. 

Let h be a recursive function. A U-paring d is h-easy if there exists an h-easy Berbrand 
model for 0. 

Pn this framework, the correctness of M,4 and the characterization of it^s power are 
reduced to  those of Q by a model inference algorithm. 

(I) Let h be 61 recursive function, 6 be an h-easy U-pairing. Then algorithm M A  correctly 
reasons i n  the Eirnit. 

( 2 )  Jet  # he a G-paring, There exists a rectwsive function k uniform in  iMA such that if 
M A  correctly reasons in the limit based on 4 then 4 is h-easy. 

PROOF or THEOREM 2. The results follow from Proposition 3 and the definition of the 
correctly reasoning in the limit. 

'5Ve think ildA is realizable by adopting Shapiro's IWTS as the model inference aigo- 

rithrn. 

4. Concluding Remarks 

TVe have proposed a reasoning system A/lA using illductive inference of analogical union 

and characterized its power. MA is a simple algorithm constructed by serially connecting 



two algorithms of a model inference and an analogical reasoning. Moreover it is powerful 
since it needs to  receive infinitely many examples from a theoretical point of view. Resuits 
in Section 3 say that even such powerful M A  can analogically reason only between two 

worlds which have the similar structures whose correspondences can be represented by 

h-easy Nerbrand model. In this sense the results show a limitation of the power of an 
analogical reasoning system by a computer. 

TVe need to  extend a current ARTS system and construct an algorithm which: given a 

ground atom, backward and interactively finds an analogy intended by a user and reasons 

based on the analogy. Such algorithm is applicable to a transference of knowledges between 
two worlds and conjectured to  be as po~~lerful as ,%/%A. 
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