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This paper studies two-dimensional cellular automatma ca—90(m,n) having states
0 and 1 and working on a square lattice of size (m—1) x (n—1). All their dynamics,
driven by the local transition rule 90, can be simply formulated by representing
their configurations with Laurent polynomials over a finite field £, = {0,1}. The
initial configuration takes the next configuration to a particular configuration whose
cells all have the state 1. This paper answers the question of whether the initial
configuration lies on a limit cycle or not, and, if that is the case, some properties
on period lengths of such limit cycles are studied.

I. INTRODUCTION

Dynaimical behaviors of finite additive cellular automata were investigated by
many authors.!™ In their pioneer work! Martin, Oldlyzko, and Wolfram studied
many fundamental properties of additive cellular automata with cells arranged
around a circle, by using Laurent polynomials which algebraically represent config-
urations of these automata. Guan and He® showed formulas for the length of limit
cycles of additive cellular automata of such types using primitive roots of unity
1. Recently dynamical behaviors of cellular automata on square lattices, namely
two-dimensional cellular automata, have been extensively investigated by many au-
thors. For example, Manna and Stauffer* analyzed phase transitions of all nearest
neighbor cellular automata on square lattices without memory, and da Silva® stud-
ied critical behavior at the transition to chaos of several binary mixtures of cellular
automata and fractal dimensions associated with the damage spreading and the
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propagation time of damage. Among elementary cellular automata in which the
cells can take the values 0 or 1 and only nearest neighbors interact, there are eight
additive local transition rules, namely, the rules R = 0, 60,90, 102, 150, 170, 204, 240
by Wolfram’s rule labeling scheme. It is well known that elementary additive cel-
lular automata with rules 90 and 150 are the simplest nontrivial ones. Based on
an extensive numerical study of basin and attractor sizes of the 88 distinct ele-
mentary cellular automata, Binder® proposed a topological classification of cellular
automata, complementary to that of Wolfram derived from the attractor globality.
Kawahara” studied one-dimensional cellular automata ca—90(m) (m > 1) having
states 0 and 1 and working on a linear array of size m — 1 with the local transition

rule 90.

Local Transition Rule 90
111 110 101 100 011 010 o001 000
0 1 0 1 1 0 1 0

The global transition function of ca—90(m) computes simultaneously the next state
of a cell by adding the present states of its neighboring cells to the left and right
and taking the result modulo 2 under the null boundary condition. Trivially a
cellular automaton ca—90(m) has 2™~! possible configurations. Figure 1 illustrates
a configuration of ca—90(7).

@Cl—02—03—04—05—06@

FIG. 1. A configuration of ca—90(7).

Formally a configuration of ca—90(m) is an (m — 1)-dimensional vector
c=(e1,¢2, y Cr_2yCrm1)
with all entries 0 or 1, and its global transition function 7,, is given by
Tm(c) = (co+ea,e1 4¢3, €3+ Cn1,Cn_2+¢,) mod 2,

where ¢y = ¢,, = 0 (the null boundary condition). In a similar fashion the global
transition function é,, of ca—150(m) is given by é,,(¢) = 7,,(¢) +¢ mod 2, which is
a reason why ca—90(m) can be considered as more elementary cellular automata.
On the analogy with Ref. 2 all configurations of ca—90(m) can be represented by
Laurent polynomials and its global transition function 7, is given by multiplying
each configuration by a simple Laurent polynomial 2 +271. The notion of Laurent
polynomials discussed here is a modification of those in Ref. 1. Polynomial repre-
sentation of configurations of finite additive cellular automata was systematically
investigated by Nohmi.® Usage of Laurent polynomials enables us to effectively
compute and analyze iterative transitions of cellular automata ca—90(m). For ex-
ample, it is easy to see that the initial configuration a,, of ca—90(m) whose all cells
have the constant state 1 is on a limit cycle if and only if m is odd. Also Ref.7 dealt
with the period length of a limit cycle on which the next configuration 7,,(a,,) to
a,, lies, and gave some formulas concerned with the period length, which is called



the characteristic number associated with ca—90(m).

This paper is a continuation of Ref. 7 and we study two-dimensional cellular
automata ca —90(m,n) having states 0 and 1 and working on a square lattice of
size (m — 1) x (n — 1). All their dynamics, driven by the local transition rule
90, can be simply formulated by representing their conifgurations with Laurent
polynomials. Exactly speaking this transition rule computes the next state of a
cell by adding the present states of its neighboring cells to the north, east, south,
west and taking the result modulo 2 under the null boundary condition. Trivially

m=1)(n=1) possible configurations. Figure
2 illustrates a configuration of ca—90(5,6).

€11 C1,2 €13 C1,4 €15

C1 |— €22 — €23 |— €24 — C25

€31 |— €32 — €33 |— €34 — (35

C41 — C42 — C43 — Ca44 — C45

OOO O

FIG. 2. A configuration of ca—90(5,6).

a cellular automaton ca—90(m,n) has 2(

PPYY

000

This paper is especially concerned with the problem of whether a given initial
configuration of ca—90(m,n) is on a limit cycle or not, and, if it is the case, certain
possible multiples of the period lengths of such limit cycles will be given.

Now we formally introduce two-dimensional cellular automaton ca—90(m,n)
for integers m,n > 1. A configuration of ca—90(m,n) is a two-dimensional array,
namely, an (m — 1) x (n — 1) matrix,

€11 C1,2 te Cln-—2 Cln-1
C21 C292 te Con—2 C2n—1
= . . . . :
Cn-21 Cm-22 " Cp—2n-2 Cm-2n-1
Cmn-11 Cm-12 " Cm—-1n-2 Cm-1n-1

where ¢; ; = 0 or 1 for all ¢ and j. The global transition function 7, ,, of ca—90(m,n)
is defined by

Tmn(C)ij = Cic1,j + Cij1 + ¢ijy1 + ¢ip1; mod 2

for all integers 2,7 with 1 <: < m —1,1 < j <n—1, where ¢;g = ¢;,, = ¢o; =
¢m,; = 0 (the null boundary condition). ;jFrom the above definition two-dimensional
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automaton ca—90(m,2) [or ca—90(2,m)| is identical to one-dimensional cellular
automaton ca—90(m), and ca—90(m,n) is isomorphic to ca—90(n, m).

Now let «,,, be the next configuration to a particular configuration of ca —
90(m,n) whose cells all have the state 1. For example

01110
w0001
1100 0 1

01110

Consider another global transition function 7, , of ca—90(m,n) transforming each

configuration of ca—90(m,n) into the next configuration to its reversed configuration

by Ty, that is, 7, .(¢) = Tn(€) + @y . Our original problem is as follows.
Problem A: Find a necessary and sufficient condition that there is a positive

integer h such that 7% (c) =7/ (c) for all configurations ¢ of ca—90(m, n).
It is easy to see that 7 (¢) = 7/ (c) for all configurations ¢ if and only

if Z?;S T%7n(am7n) = 0. Hence the above problem is equivalent to the following
problem, which is the subject of this paper.

Problem B: Find a necessary and sufficient condition that the configuration «
of ca—90(m,n) lies on a limit cycle. (What is the period length of the limit cycle
when that is the case?)

As ca—90(m,n) is a finite automaton, the configuration a, , of ca—90(m,n) lies
on a limit cycle if and only if there is a positive integer & such that Tﬁm(amm) =
Q- 1 such k exists, the least positive integer k = K (m,n) with T£7n(am7n) = Qo
is the period length of a limit cycle on which «,, , lies. Hence we say that the period
length K(m,n) of ca—90(m,n) exists if e, , lies on a limit cycle. And the period
length K(m,n) of ca—90(m,n) does not exist if o, ,, does not lie on a limit cycle.
With these terminologies the main result of the paper can be stated as follows.

Main Theorem: The period length K(m,n) of ca—90(m,n) exists if and only
if there exists no integer D > 1 such that 2D|m and D|n, or D|m and 2D|n. Sup-
posed that m and n are odd integers > 1 and k is a positive integer, then

-

m,n)|2"¥ —1,
m72k) | 2k_1(2u - 1)7
m,2kn) | 28(2¥ — 1) if m and n are mutually disjoint,

2m,2) | 2(2* - 1),

O
~— — ~— ~— ~—
B~ B~ N\ B~ B~
~~ —~ ~ ~~ ~~

((2m,2n) | 2(2* — 1) if m and n are mutually disjoint,
where u 1s the multiplicative suborder of 2 modulo m, v is the multiplicative
suborder of 2 modulo n, and w is the least common multiple of u and v. (The
multiplicative suborder of 2 modulo m is the least positive integer u satisfying
2" =41 mod m.) O
In Sec. II we recall some fundamentals on one-dimensional cellular automata
ca —90(m) for the later study of two-dimensional cellular automata ca — 90(m, n).
In Sec. III we provide an algebraic reformulation of ca—90(m,n) using Laurent
polynomials and some results on ca—90(m) needed in the later sections. In Sec.
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IV we prove the existence theorems of period lengths K(m,n) by explicitly giving
some multiples of the period lengths. In Sec. V nonexistence theorems of the
period lengths are shown. The appendix at the end of the paper is a table of the
period lengths K(m,n) (1 <m < 20, 1 <n < 20) calculated by computers.

II. ONE-DIMENSIONAL CELLULAR AUTOMATA ca—90(m)

In this section we recall some fundamentals on one-dimensional cellular au-
tomata ca — 90(m) for the later study of two-dimensional cellular automata ca —
90(m,n).

In what follows we assume that m is an integer > 1. Let Fy, = {0,1}(= Z/2Z)
be the prime field of characteristic 2, F,[z] be the polynomial ring over F, with
an indeterminate z, and Fy[z]/(2*™ — 1) be the quotient ring of F3[x] by the ideal
(x*™ — 1) generated by a polynomial 2*™ — 1. For non-negative integers ¢, k, r with
i = 2mk +r and 0 < r < 2m it easily follows that z* = (z*™)*z" = 2". Further,

2m—r .t 2m(k+1)

T b= % 2m—r

=landsoz™" ==z . Thus any monomial z' is equal to
one of 1,z,2% -, 2**'. A polynomial in the quotient ring Fy[z]/(z*™ — 1) is
sometimes called a Laurent polynomial (cf. Ref. 1). Define Laurent polynomials
tn(1) = 2° + 27" in Fyfz]/(2*™ — 1) for all integers 7. In particular, we set ¢,, =
tm(1)(= z+271). The following proposition gives elementary formulas on Laurent
polynomials ¢,,(7).

Proposition 2.1: In the quotient ring Fy[z]/(2*™ — 1) the following holds for
integers ¢, 7 and a non-negative integer k:

(a) 1,(0) =t (m) =0,

(f) tm(m +1) =t,(m—1). O

The next lemma indicates a fundamental relationship between cellular automata
ca—90(m) and the quotient ring Fy[z]/(x*™ — 1).
Lemma 2.2: Let f be a function assigning a Laurent polynomial

m—1
fle)=>_ cituli)
i=1
in Fy[z]/(z*™ — 1) to each configuration ¢ = (¢, ¢z, "+, ¢z, 1) of ca—90(m).
Then f is an additive and injective function such that f(7,.(c)) = t,,f(¢) for all
configurations ec.

Proof: First note that the addition on configurations of ca —90(m) is trivially
defined by component-wise (modulo 2). It is easy to see that f is additive, that
is, flc+ ) = f(e)+ f(). For the injectivity of f it suffices to show that ¢ =0
if f(¢) = 0. Assume that f(¢) = 0 in the quotient ring Fy[x]/(2*™ — 1). Since
tm(1) = 2 + 2% for an integer 7 with 1 < i < m — 1 an identity

m—1

> cila’ + 2™ = pla) (@™ — 1)

=1



holds in the polynomial ring F[x] for some polynomial p(x). Comparing with the
degrees of = on both sides of the identity, it turns out that it is impossible unless
p(x) = 0. Hence we have ¢; = ¢; = -+ = ¢,,_2 = ¢,,_; = 0. [The injectivity
of f means the linear independence of the family {t,,(1),%,,(2),---,t,,(m — 1)}
of Laurent polynomials.] An easy computation using Proposition 2.1 shows the
following equation:

' z__j citm (i) = z__j (it + cian)tn(i) (co= e = 0),
which claims ., f(¢) = f(7m(c)). O

The last lemma ensures that the following reformulation of cellular automata
ca—90(m) with Laurent polynomials ¢,,(¢) is the same as the combinatorial one
stated in the Introduction.

Definition 2.3: A configuration ¢ of a cellular automaton ca—90(m) is a Laurent

polynomial
m—1

in the quotient ring Fy[x]/(2?™ — 1), where ¢; = 0 or 1 for all integers ¢ with
1 < ¢ < m—1. The global transition function 7, of ca—90(m) is defined by
Tm(c) = tne for every configuration c¢. A configuration a,, of ca —90(m) is a
particular configuration whose cells all have the state 1, that is, a,, = >7"¢,,.(2).
O

The following is the basic properties of cellular automata ca —90(m) useful for
the later discussion.

Lemma 2.4: The following statements hold in a cellular automaton ca—90(m):

(a) tmam = tn(m — Day, = tn(l) + tn(m — 1). In general, t,,(7)a, = t,(¢) +
tm(m — 1) for each integer 1.

(b) If m = 2 for a positive integer k, then tfrl;_lam = 0. In general, t,,(m/2)a,, =
0 if m is even.

(c) If 2D|m for a positive integer D, then ¢, (D) ZZ/IZD_I tn(20D) = t,,(D)ay,.

(d) If m is odd, then t,,¢ = 0 is equivalent to ¢ = 0 for a configuration ¢ of
ca—90(m). [That is, if m is odd, then the global transition function 7,, of
ca—90(m) is a bijection and so all configurations are on limit cycles.]

(e) If m is odd and 2* = £1 mod m for a positive integer u, then t* ~la,, = a,,.

Proof: (a) Using the formulas 2.1 we have

m—1 m—1
bty = Y (i —1)+ > ta(i+1)
=1 =1



and

m—1 m—1
tmw(m —1)a,, = tmz—m—l—l)—l—Ztm(i—l—m—l)
=, =t 2m—2
- b () 4t (=1) + tm(m + 1)+ Y2 1)

1=2—m t=m-+2

= (1) +tn(m — 1),

because of

-2 2m—2
ST ta(i) = D (i) by 2.1(e).
1=2—m t=m-+2

(b) It follows directly from (a) that t,,(m/2)a, = t,(m/2)+t,,(m—m/2) = 0.
(c) Using the formulas 2.1 we have

m/2D-1 m/2D-1 m/2D-1
L(D) S .(2iD) = 3 4,(2D-D)+ S 4,(2D + D)
=1 =1 =1
= 4 (D) 4ty (m — D)
= tn(D)ay,.
m—1

(d) Assume that t,c = 0 for ¢ = Z ¢itm(1). Then we have ¢;_1 = ¢;4q

=1

for ¢ = 1,2,---,m — 1 (where ¢, = ¢,, = 0). Hence, noticing that m is odd,
Co=C =C =+ +==Cp_qand ¢, =Cp_9==Cp_y =-++=c3 =cy. Lhis shows that
c=0.

(e) As 2% = +1 mod m there is an integer r such that 2* = m(2r —|— 1)+
Hence by Proposition 2.1 3 = ¢, (2mr + m £ 1) = t,(m £ 1) = t,(m — 1)
and so t2'a,, = t,,(m — )a, = t,(1) + tm(m — 1) = t,a,, by (a), which proves
tat? ~ta,, = t,a,,. Therefore the desired equation follows from (d). O

Denote a configuration ¢ of ca—90(m) (with the combinatorial definition in the
introduction) by a column vector

\_/\_/

&1
Co
c =
Cm—2
Cm—1
and define an (m — 1) x (m — 1) matrix
0 1
1 0 1
1 1
T, = )
1 0 1




Then the global transition function 7, of ca—90(m) is represented by

01 Cy
1 0 1 Cy
1 1 :
Tm(c) = : |
10 1] e,
1 Cm—1

or simply by 7,.(¢) = T,c. Now let ,,(z) be the characteristic polynomial (in
Fy[z]) of T, that is,

— N
— =

SOM(Z): |Tm—ZEm—1| = . . . )

where F,,_; is the (m — 1)-dimensional unit matrix.

The following lemma states the important properties of the characteristic poly-
nomial ¢, (z) of T,,.

Lemma 2.5: (a) @r2(2) = zop41(2) + @i(z) for all non-negative integers k.

(b) @m(tm)c =0 for all configurations ¢ of ca — 90(m).

Proof: (a) Expanding the determinant |1y o — zEyyq| twice by Laplace’s ex-
pansion theorem it follows that @i 2(2) = z¢r11(2) + @r(z). A direct computation
shows that wa(2) = 2z and ¢3(2) = 22 + 1. [Define po(z) = 0 and ¢;(2) = 1. Then
all ¢i(z) are computed by the recursion formula ¢rya(z) = zpr41(2) + wr(2).]

(b) From a well-known theorem of Cayley—Hamilton it follows that ¢,,(7,,) =
0(zero matrix). Recall that the function f defined in Lemma 2.2 satisfies an equa-
tion f(T,,¢) = t,f(c) for all configurations ¢ of ca — 90(m). Generalizing this
equation one can see that f(¢(T,,)e) = ¥(t,)f(c) for any polynomial #(z) in
Fy[z]. {Note that ¥(T,,) = boEpm_1 + biT + bT2 + -+ + b, T* for a polynomial
V(2) = bo+byz+byz? 4+ -+ by in Fyfz].} Hence ¢,,(1,, )e = 0 for all configurations
¢ in ca —90(m), because @,,(t,,)f(c) = f(on(Tn)e) = f(0) =0 and f(c¢) can be
identified with c. O

The lemma below is a crux for analyzing the kernel of global transition functions
of two-dimensional cellular automata ca—90(m,n).

Lemma 2.6: Let ¢ be a configuration of ca—90(m).

a) If wp(t,)c = 0 for a positive integer k, then o (t,,)c = or_i(t,,)c for each
14 g Ph+ 14
integer ¢ with 1 < ¢ < k.

(b) Assume that ¢(t,)ec = 0 and r is an integer with 0 < r < k. If ¢ is odd,
then @gptr(tm)c = @r—r(tm)e, and if ¢ is even, then @upir(tn)c = @ (tn)c.

(c¢) Let D be the least positive integer such that ¢p(t,,)c = 0 in ca—90(m). Then
ok(tm)c = 0if and only if D|k. In particular, D|m.



Proof: (a) Assume that ¢g(t,,)c = 0. Then by the recursion formula Lemma
2.5(a) we have

Crr1(tm)e = tnpr(tn)e+ or-1(tm)c = pr_1(tn)e.

Assume that @rii—2(tn)e = @roite(tm)c and @rpim1(tm)c = ©r—iy1(ty)e for an
integer ¢ with 2 < ¢ < k. Then it follows that

Chti(tm )€ = tn@rtiz1(tm) et Vrtri—2(tm)e = tmpr—it1 (tn ) et @r—iva(tm)c = pr_i(tm)e.

(b) As @r(t,)e = 01t follows from (a) that war(tm)c = woltm)ec = 0, @sx(ty)e =
ok(tm)c = 0, and so on. Hence @,k (t,)c = 0 for all positive integers ¢. If ¢ = 2¢'+1
(¢" =2 0), then

Partr(bm )€ = Pl anhtghr (b )€ = P(grsyh—gri—r (tm )€ = pr_r(tn)c,

since @ (gq1)k(tn)e = 0. 1f ¢ = 2¢' (¢ = 1), then

Partr(tn)C = @larryhtg=1)h+r (I )€ = Ggr1yh— (g =1)k=r (En )€ = Proy (k=) (L )€
= Prk—(k—r) (tm)c = @T(tm)cv

since @g4n)k(tm)c =0 and @y(t, )e = 0.

(c) It has been showed in the proof of (b) that @i(t,,)c = 0if D|k. Next assume
that i(ty)e=0and k= ¢D+r(0 <r < D). If ¢ is even, then p(t,)c = @ (tm)c
by (b) and so r = 0 by the minimality of D. If ¢ is odd, then p(¢,,)ec = ¢p_.(t,)c
by (b) and so r = 0 by the minimality of D. O

Let D be a positive integer. The substitution operator

op : Byla]/(2¥" — 1) = Byfa]/(a>"P 1)

is a function defined by op(p(x)) = p(xP) for all Laurent polynomial p(z) in
Fylz]/(z*™ —1). Assume that p(z) = ¢(z) in Fylz]/(z*™ —1). Then p(z) — q(z) =
u(z)(z*™ — 1) for some polynomial u(z) and so p(x?) — ¢(xP) = u(2xP)(x*"P — 1)
(by substituting = into x), which shows that p(z?) = ¢(2”) in Fy[z]/(x?™P —1).
Hence op is well defined. It is easy to see that op is a ring homomorphism, namely,
op(p(x) +¢(z)) = op(p(z)) + op(q()) and op(p(z)q(r)) = op(p(x))on(q(x)) for
all p(x),q(z) in Fyfz]/(x*™ —1).

The reduction operator

pp : Bola] /(2™ — 1) — Fyfa]/(z*" = 1)

is a function defined by pp(p(z)) = p(z) for all Laurent polynomial p(z) in Fy[z]/(2*™P —

1). Assume that p(x) = q(x) in Fy[z]/(z?™P —1). Then p(z)—q(x) = u(z)(z*"P 1)
for some polynomial u(x) and so

pa) = gle) = ula) (@ = (0D 42O g gt 1),

which shows that p(z) = ¢(z) in Fy[z]/(2*™ — 1). Hence pp is well defined. Tt
is also easy to see that pp is a ring homomorphism, namely, pp(p(z) + ¢(x)) =
po(p(x)) + pplq(x)) and pp(p(x)q(z)) = pp(p(x))pp(q(x)) for all p(z),¢(z) in
Fy[z]/(2*™P —1). The following is the basic properties of the substitution and
reduction operators.

Proposition 2.7:



(a) op(tm(2)) =tmp(iD) for e =1,2,--- ,m—1. In particular, op(t,) = tnp(D).
(b) op(am) = 75" twp(1D).

(c) If t* a,, = a,, in ca — 90(m), then {t,p(D)}*op(a,) = op(a,) in ca —
90(mD).

(d) pp(t,p(e)) =t,(2) fori=1,2,--- ;mD — 1.
(e) If D is even, then pp(a,,p) =0, and if D is odd, then pp(a,p) = a.

Proof: The proposition follows from the following simple computations.

(a) op(tm(1)) = op(at + 2¥") = 2P0 4 22mP=D = ¢ (i D).

(b) op(am) = 5" op(tn (i) = TiLy' tmp(iD).

(¢) op(an) = op(ty,an) = {on(tn)} on(an) = {tup(D)} op(an). |
(d)( /;D(tmp( 1)) = pp(ai+a?mP=1) = gl gt P=i = gl g 2m(D=l) g 2m=i — gig g2m—i —
ol

(e) pplamp) = Z?;?_l pp(tmp(t)) = Z:nlf Y (1) = Day,. O

In Ref. 7 the inner product has been found to be a useful tool for not only
vector analysis but also theory of cellular automata. Here we recall some basic
facts on inner product of configurations of ca—90(m). Let ¢ = 377" ¢;t,,,(7) and
d ="t (1) be two configurations of ca—90(m). The inner product {c, ') of
¢ and ¢ is defined by

m—1

(e, ) = Z ¢;id; mod 2.

=1
Proposition 2.8: The following statements hold for configurations ¢, ¢’ and ¢’ of

ca—90(m):

{

(e, + ") = (e, )+ (e, ).

(e, tn(1))y =¢ foralli=1,2,--- ,m— 1.
I

fle,t,(2)) = ( (1)) fore =1,2,--- ,m — 1, then ¢ = ¢.

(g) If (c,tn(2)) = (e, tm(m — 1)) for all ¢ = 1,2,---,m — 1, then (t,¢,t,,(2)) =

(tme, tm(m — 1)) for all integers «.

(h) (tF apm,t,m(2)) = (t* apm,t,n(m —1)) for all integers 7 and a non-negative integer
Proof: (a)—(d) are clear. (e) If ¢ = 77" ¢;#(2), then
m—1 m—1
(¢ an) = <Z ciz{t(i)}Q,am> = <Z > Z ¢i = (C tm).
=1 =1

(f) <th, cl> = Z;(r;;l(ci—l + ci—|—1)cli = Z;m 11 ¢ ( 1—1 +c z—|—1) = <C, tmcl>-
(g) For an integer ¢ with 0 < ¢ < m we have

<tmcatm(l)> =Ci—1F Ci41 = Cp—it1 t Cy—i—1 = <tmcatm(m - Z)>
10



Otherwise let ¢ = 2mk +r (0 < r < 2m). Then if 0 < r < m, then ¢,,(:) = t,,(r
and t,,(m—1) =t,(m—r)and so (the t,(1)) = <tmc,t (r)) = (tme, tm(m —r)) =
(tme, t(m—1i)). lfm < r < 2m,thent, (¢) =1,2m—r)and t,,(m—1i) =t,(r—m)
and so (t,,¢,t,,(2)) = (tue, tn(2m — 1)) = (tae b, (r—m)) = et (m —1)).

(h) It is simply a corollary of (g). O

III. TWO-DIMWNSIONAL CELLULAR AUTOMATA ca—90(m,n)

In this section we provide an algebraic reformulation of two-dimensional cellular
automata ca—90(m,n) using Laurent polynomials and some results on ca—90(m)
needed in the later sections.

In what follows we assume that m and n are inetegers > 1. Let Fy = {0, 1}(=
Z/27) be a prime field of characteristic 2, Fy[x,y] be the polynomial ring over F,
with two indeterminates x and y, and Fy[z, y]/(2*™ —1,y** —1) be the quotient ring
of Fy[z,y] by the ideal (z*™ —1,y*"* — 1) generated by two polynomials 2™ —1 and
y*" — 1. A polynomial in the quotient ring Fy[x,y]/(2*™ — 1, y** — 1) is sometimes
called a Laurent polynomial. Define Laurent polynomials t,,(:) = 2 + 2~
3,(7) = vy +y 7 for all inetgers 7 and j. In particular, we set t,,, = t,,(1)(= z+27!)
and s, = s,(1)(=y +y~'). Further we set a,, = >7,"¢,.(:) and b, = Z?;ll $n(7).

The following proposition gives elementary formulae on Laurent polynomials t,,(¢)

and

and s,(j). [We will omit suffixes m and n in ¢,,(¢), tm, $.(J), Sns @m, and b, unless
confusion occurs.]

Proposition 3.1: In the quotient ring Fyz,y]/(x*" — 1,y*" — 1) the following
holds for integers ¢, and a non-negative integer k:

(a) 1(0) = t(m) = 0, s(0) = s(n) = 0;

(b) t(=2) = 1), s(=J) = s(5);

=125, 1) = 1(2M), 8 =s(28), s()” = s(2%);
LHG) = i = 3) + Ui +7), s(1)s(5) = s(0 = 7) + s(0 4 J);
e) 1(2m +1) = U(i), s(2n +j) = s(j);

f

C

)
)
()
(d)
(e)
(1) t(m +) = tm — i), s(n +j) = s(n = J). O
The following lemma indicates a fundamental relationship between cellular au-
tomata ca—90(m,n) and the quotient ring Fy[z,y]/(z*™ — 1,y — 1).
Lemma 3.2: Let f be a function asigning a Laurent polynomial

m—1n—1
f(C) = Z & ]t(l)S(])
i=1,7=1
in Fylz,y]/(a* — 1,y** — 1) to each configuration ¢ = (¢;;)1gicm—1,1<j<n—1 of

ca—90(m,n). Then f is an additive and injective function such that f(r(c¢)) =
(t+ s)f(c) for all configurations c.

Proof: First note that the addition on configurations of ca—90(m,n) is trivially
defined by component-wise (mod2). It is easy to see that f is additve, that is,
fle+ ) = fle)+ f(). For the injectivity of f it suffices to show that ¢ = 0 if

11



f(c) = 0. Assume that f(c) = 0 in the quotient ring Fy[z,y]/(2?™ — 1,y** — 1).
Since (i) = 2* + 2¥™~* and s(j) = v’ + y?"7/ an identity

m—1n—1

Yo @ 2T v ) = play) (@7 = 1) + (@ y) (- 1)

i=1,7=1

holds in the polynomial ring F3[x, y] for some polynomials p(x,y) and ¢(x,y). How-
ever, comparing with the degree of both sides of the last identity with respect to =
and y it turns out that it is impossible unless p(x,y) = ¢(«,y) = 0. Hence we have
¢;; = 0 for all ¢,j. [The injectivity of f is equivalent to the linear independence of
the family {#(i)s(j) : 1 <i<m—1,1 <j <n— 1} of Laurent polynomials.] An
easy computation using Proposition 3.1(d) shows the following equation:

m—1n—1 m—1n—1
(t+s) Do ait(i)s(l) = Do (s +cijor 4 cije + cipn)H(1)s()),
i=1,7=1 i=1,7=1

where ¢; 0 = ¢;, = ¢oj = ¢m,; = 0, and hence this claims f(7(¢)) = (t + s)f(¢). O
Lemma 3.2 ensures that the following reformulation of cellular automata ca—
90(m,n) with Laurent polynomials #(¢) and s(j) is the same as the combinatorial
one stated in the Introduction.
Definition 3.3: A configuration ¢ of a cellular automaton ca —90(m,n) is a
Laurent polynomial

c= ’_Z ciit(1)s(7)

in the quotient ring Fy[z,y]/(2*™ — 1,y** — 1), where ¢; ; € F, for all 7 and j with
I<i<m—1and 1 < j <n—1. The global transition function 7(= 7,,,) of
ca—90(m,n) is defined by 7(c¢) = (t+ s)c for every configuration ¢. A configuration
ab of ca—90(m, n) is a particular configuration whose all cells have the state 1, that

18,

The next configuration to ab is denoted by a(= ay, ), that is, « = (t + s)ab. O

Lemma 3.2 points out that the configuration space ca—90(m,n) consisting of
all configurations is an (m — 1)(n — 1)-dimensional vector space over Fy with a
basis {t(:)s(j) : 1 <i<m—1,1 <j <n—1}. With the above reformulations our
original problem? is as follows.

Problem A: Find a necessary and sufficient condition that there is a positive
integer h such that #"(c) = 7"(c) for all configurations ¢ of ca—90(m, n).

It is easy to see that

and so #"(¢) = 7"(c) for all ¢ (or, equivalently for some ¢) if and only if Z?;S i (a) =

0. Assume that Z?;S 7/(a) = 0. Then

h—1

™a)+a=r1 (Z Tj(Oé)) + 2#(@) =0,

J=0

12



which claims that 7"(a) = a. Conversely if 7"(a) = a, then

2h—1 h—1 h—1

S ria) = Yo r(a) + 3 rr(a) = 0.

=0 =0 =0
Hence Problem A is equivalent to the following problem, which is the subject of
this paper.

Problem B: Find a necessary and sufficient condition that the initial configura-
tion « of ca—90(m, n) lies on a limit cycle. (What is the period length of the limit
cycle when that is the case?)

As ca—90(m, n) is finite, the initial configuration « lies on a limit cycle if and
only if there is a positive integer k such that 7%(a) = a. If such k exists, the least
positive integer k = K(m,n) with 7%(a) = a is the period length of a limit cycle on
which « lies. Hence we say that the period length K (m,n) of ca—90(m,n) exists if
a lies on a limit cycle. And the period length K (m,n) of ca—90(m,n) does not exist
if a does not lie on a limit cycle. It is immediate that K(m,2) = K(2,m) = K(m),
where K(m) is the period length of one-dimensional cellular automata ca—90(m)
studied in Ref. 7. [Recall that the period length K(m) of one-dimensional cellular
automaton ca—90(m) is the least positive integer k such that tfntmam = 1,4, 1N
ca—90(m).]

Let D and E be positive integers. The substitution operator

op.g: Fof,y]/ (@ = 1,y*" — 1) = Fyla,y]/ (¥ — 1,4 — 1)

is a function which assigns a Laurent polynomial p(z”,y%) in Fylz,y]/(z*™P —
1,y**E —1) to each Laurent polynomial p(x,y) in Fy[z,y]/(z*™ —1,y** — 1), that is,
op.r(p(z,y)) = p(a?,y?). Trivially op g is well defined and a ring homomorphism

such that op p(p(v)) = op(p(x)) and op p(q(y)) = orlq(y)).
The reduction operator

pp.g: Foley]/ (2P = 1,y*F — 1) = Fyla,y]/(2™ — 1,y"" — 1)

is a function which assigns a Laurent polynomial p(z,y) in Fylz,y]/(2*™ — 1, y*" —
1) to each Laurent polynomial p(z,y) in Fylz,y]/(z*™P — 1,y?"F — 1), that is,
pp.E(p(z,y)) = p(x,y). Similarly pp g is well defined and a ring homomorphism

such that pp g(p(x)) = pp(p(x)) and pp E(q(y)) = prlq(y)).

At the end of the section we define inner products of configurations of cel-
lular automata ca —90(m,n). The inner product (c¢,¢’) of two configurations
c = Z?SIJZII ¢ ;t(2)s(j) and ¢ = Z?SIJZII diit(e)s(y) of ca—90(m,n) is defined
by

m—1n—1

(e, ) = Z ¢;;¢'i; mod 2.

i=1,7=1

Proposition 3.4: The following statements hold for configurations ¢, ¢, and ¢”

of ca—90(rm, n):
(a) (e.d) = ().
(b) (e, + ") = {e,¢) + {c, ).
(¢) (e, tm(i)su(j)) = cijforall i=1,2,---,m — Land all j = 1,2,--+,n — 1.
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(d) If {c,tm(2)sn(y)) = (¢ tm(2)su(g)) for all ¢ = 1,2,---;m — 1 and all j =
1,2 n—1, then ¢=¢. a

s Lyttt

Remark that for a configuration ¢ of ca—90(m) and a configuration d of ca—90(n)
the multiplication cd gives a configuration of ca—90(m,n).

Lemma 3.5: If ¢, ¢ are configurations of ca—90(m) and d, d" are configurations
of ca—90(n), then (cd, dd’) = (¢,c){d, d").

Proof: Let ¢ = Y77 city(i), ¢ = Y07 (i), d = 521 ¢jsu(j), and d' =
S0 s, (7). Then

(ed, ddy = <m_f_ cditn()sali)y 3 c;d;tm(z)sn(j)>

i=1,7=1 i=1,7=1
m—1n-1 m—1 n—1
= > adidd = (Z cic;) o did | = (e, d)d, d').
i=1,7=1 =1 7=1
O

IV. EXISTENCE OF PERIOD LENGTHS K(m,n)

In this section we disscuss existence theorems on the period lengths K(m,n)
of two-dimensional cellular automata ca —90(m,n). The least positive integer u
satisfying 2* = +1 mod m is called the multiplicative suborder of 2 modulo m and
denoted by sord(2;m). It easily follows from the Euler—Fermat theorem that the
multiplicative suborder of 2 modulo m exists if and only if m is odd.

Theorem 4.1: If m and n are odd integers, then K(m,n)[2*¥ — 1, where w
denotes the least common multiple of u =sord(2;m) and v =sord(2;n).

Proof: Tt follows from Lemma 2.4(e) that t**~'a = a in ca—90(m) and s> ~1b = b
in ca—90(n). As 2" —1|2% —1 and 2¥ —1]2* — 1 we have {*" “'a = a and s*" ~'b = b.
Hence

(t+ S)Zw_loz =(t+ S)Qwab =t*"ab+ as® b =tab+ ash = «

in ca—90(m,n). O
Theorem 4.2: Let m be odd and k a positive integer. If ta,, = a,, in ca—
90(m) for a positive integer H, then K (m,2%)[2¥=1H. In particular, K (m,2%)[2*1(2v—

1) for u =sord(2;m).
Proof: Since t"a = a by the hypothesis and s
have

') — 0 from Lemma 2.4(b) we
(t+ S)Qk_lHab = (tzk_l + 52k_1)Hab — 12T Hyh — b

in ca—90(m,2%). Hence (¢ + S)Zk_lHoz = «. Finally remark that u =sord(2;m)
satisfies 12" 71a = a by Lemma 2.4(e). O
Lemma 4.3: Let D be the greatest common divisor of m and n. If a configuration

of ca—90(m,n) satisfies (¢ 4+ s)e = 0, then

0 if¢’!=00rj; =0

ey 0 <, 0<y’, k:even and [ : even
¢j=2% copp_y H0<, 0<y’, k:evenand ! :odd

cp—py 0 <, 0<y, k:odd and [ : even

cp—ip—jy H0<, 0<y, k:odd and [ : odd
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where t = kD +4¢,5=ID+7 (0</ <D, 0<j < D).
Proof: Define a sequence cg, ¢y, -+ -, ¢, of configurations of ca—90(m) by ¢; =
St eist(i) for j =1,2,---,n —1 and ¢y = ¢, = 0. Then a computation

(ths)e = (1+5) T cisli) = L {tess(i) bess(=1+ess(iH1)} = Ltertesibei)s()

shows that ¢;41 = te; + ¢;_1() = 1,2,---,n — 1) because of (f + s)c = 0. Hence
¢;j = ¢;(t)e; for all j = 0,1,---,n. Let E be the least positive integer such that
cg = ¢p(t)ey = 0. Then by Lemma 2.6(c) E|lm and E|n since ¢,(t)e; = ¢, =0
(the null boundary condition). Hence F|D and so ¢p = ¢ap = --- = 0 by Lemma
2.6(c). Therefore ¢;; = 0 if j/ = 0. Moreover, if [ is odd, then ¢pyjr = ¢p_j» by
Lemma 2.6(b), and, if [ is even, then ¢;p4;» = ¢;. Similarly set é = Z?;ll ¢ ;s(y) for
1 =1,2,---,m—1and ¢ = ¢, = 0. Then we have ¢; ; =0if ¢/ =0, ¢pps = p_pr
if kis odd, and ¢;pyy = ¢ if k is even. Therefore the proof is completed. O

The following corollary is an important result from the last lemma.

Corollary 4.4: If m and n are mutually disjoint, then an equality (¢ + s)e = 0
implies ¢ = 0 for a configuration ¢ of ca—90(m,n), that is, the global transition
function 7 of ca—90(m,n) is a bijection. O

Theorem4.5: If m and n are mutually disjoint odd integers and k is a positive
integer, then K (2%m,n)[2%(2¥ — 1), where w denotes the least common multiple of
u =sord(2;m) and v =sord(2;n).

Proof: We write t, a, s, b and o for t9x,,, ok, Sn, by and gk, ,, respectively.
Applying the substitution operator oy« to the equality ¢,,>" ~a,, = a,, in ca—90(m)
which comes from Lemma 2.4(e) we have tzk(zu_l)azk(am) = oyk(a,,) in ca—90(2%m)
by Propsition 2.1(c) and 2.7(c). However, by Lemma 2.4(c) and Propsition 2.7(b)
tzk_lazk(am) = 1" in ca—90(2¥m) and so -0ty = 12 in ca—90(2Fm)
from

2k—1 2k—1

tzk(zu_l)tzka t2k—1t2k(2u_1)t2k—1a _ tzk—ltzk(zu_l)tQk—l

ooe(am) =12 17 og(am)

k—1 k—1
22T .

Also s2°71h = b follows from Lemma 2.4(e). Therefore

(t+ S)Zk_l(t + S)Qk(zw_l)oz = (t+ 5)2k+wab = (t2k+w + 52k+w)ab — 127025 g 4 62 2201y
12 ab+ as?'b = (t+ S)Qk_loz

in ca—90(2%m) because of 2% — 1|2 — 1 and 2" — 1]2% — 1. As 2"m and n are

mutually disjoint, the global transition function 7 of ca—90(2%m,n) is a bijection

by Corollary 4.4. Hence (¢ + S)Qk(zw_l)oz = a. 0
Lemma 4.6: If m and n are odd, then an equation

(t+ S)Z(Zw_l)ab = 03(ap )b+ acz(b,) + (¢ + S)z(zw—1)02(am)02(bn)

holds in ca—90(2m,2n), where t = ta,,, $ = S2,, @& = d2m, b = by, and w denotes
the least common multiple of u =sord(2;m) and v =sord(2;n).

Proof: First note from Lemma 2.4(c), (e) and Propsition 2.7(b), (c) that
toy(am) = ta, tz(zw_l)az(am) = 03(ay,) in ca—90(2m) and soy(b,) = sb, 52(2w_1)02(bn) =
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o9(by) in ca—90(2n). Set H = 2(2¥ — 1). Then we have

H

H-1
(t+ s)ab+ (t + s)Hoy(am)o2(b,) = tHab—l—asHb—l—Z( )tH_jsjab—l—tHaz(am)ag(bn)
7=1

+og(am)stoy(by) + Z ( )tH 7 g7 Uz(am)gz(bn)
7=1
= tHoy(a,)b+ asloy(b,) + Z ( )tH Ts'ab

+o3(ay,)oe(b,) + o3(ay, )+ Z ( )tH Il ab
= 09(au,)b+ aoy(b,)

in ca—90(2m,2n). O
Theorem 4.7: If m and n are mutually disjoint odd integers, then K (2m,2n)|2(2"—
1), where w denotes the least common multiple of u =sord(2;m) and v =sord(2;n).
Proof: We write 1, s, a, b and « for 1y, 525, G2, b2y, and oy, 2, respectively.
First note from Lemma 2.4(c) and Proposition 2.7(b) that tos(a,,) = ta in ca—
90(2m) and sog(b,) = sb in ca—90(2n). As m and n are mutually disjoint, the
equality (t, + $,)% ~tamb, = anb, in ca—90(m,n) follows from Theorem 4.1 and
Corollary 4.4. Applying the substitution operator o3, to this equality we have

(t+5)*C" Voy(a)0a(by) = 3( )02 (by)

in ca—90(2m,2n) and so by Lemma 4.6

(t+ S)Q(Qw_l)oz (t+s)(t + S)Q(Qw_l)ab

— (14 o)+ ama(b) + (4 5 Voy(an)on(b))
— (14 ) oalam)b -+ aoa(be) + 72(an)oa(b)

tab + taoy(b,) + taoy(by,) + o2(an,)sb 4+ asb + o9(ay,)sb

(t + s)ab

in ca—90(2m,2n). O
V. NONEXISTENCE OF PERIOD LENGTHS K(m,n)

In this section we will disscuss nonexistence theorems on the period lengths
K (m,n) of two-dimensional cellular automata ca—90(m,n).

Theorem 5.1: If m and n are even and at least one of m and n is a multiple
of 4, then the period length K (m,n) does not exist.

Proof: Assume that n is a a multiple of 4. The m/2th row of a configuration
(t+5)*a (k= 0) in ca—90(m, n) is identical with the configuration s*sb in ca—90(n),
because of the symmetry. Hence, if (£+ s)*a = a in ca—90(m, n) for some positive
integer k, then s¥sb = sbin ca—90(n), which contradicts the fact (Ref. 7, Theorem
2.8) that the period length K(n) of ca—90(n) does not exist if 4|n. O

Lemma 5.2: If m is odd and a configuration



in ca—90(m, m) satisfies (t +s)e =0, ¢11 = 32 =+ = Cp—1m—1 and ¢y ;1 =
C2m—2 =+ = Cm-11, then ¢;; = 0 for every pair (¢,7) with j # 7 and j # m — 1.
Proof: The assumption (f + s)c = 0 means that

Ci—1j +Cijo1+ G+ Gy, =0

for every site (¢,7) with 0 < ¢ < m and 0 < j < n. By the induction the followng
(i)—(iv) can be proved:

(i)ci7i+2]‘ = 0, (ii)CH_Q]"Z' = 0, (iii)cm_i7i+2]‘ = 0, and (IV) ci,m—i—2j = 0

for 0 <j <mand 0 <i < m—2j. Here we prove only (i). From the assumption
(t+ s)c =0 at a site (¢,7 + 25 — 1) we have

Cio1i—142j T Ciipa(j—1) T Ciiv2j T Ciyri4142(-1) = 0.

First set j = 1. Then ¢;_1 41 = ¢ 42 (by ¢ = ¢iy141) and so 0 = coo = ¢13 =

- = Cp_3m—1. Hence ¢; 195 = 0for j =1 and 0 < ¢ < m — 2j. Assume that
Ciipag—1) = 0for 0 <o <m —2(j —1). Then ¢;_y ;1425 = ciipoj for 0 <i <m—2j
(f0<o<m—27, theni+1<m—2( —1) and ¢;42(j-1) = Cig1,i4142(-1) = 0
by the induction hypothesis] and so 0 = ¢p2; = ¢1142; = -+ = €u—2j-1,m—1. Lhis
proves (i). Similarly (ii) follows from

Civa(j—1), T Cic1425i-1 + Cig1q2(j-1),i41 T Ciy2j = 0
at (¢ + 25 — 1,¢), (iii) follows from
Co— (i4+1),i+142(j—=1) T Cm—ijit2(j—1) F Cm—iit2; T Cm—(i=1),i—142; = 0
at (m —14,14 25 — 1), and (iv) follows from
Cilim—(i=1)=2j T Cim—i—2j T Cim—i—2(j—1) T Ciy1,i41-2(j—1) = 0

at (i,m — 1 — 25 +1). Now let (¢,7) be a pair of positive integers such that
0<i<m,0<jy<m,j#1and j #m —:. We have to prove ¢;; = 0. If 1 47 is
even and ¢ < j, then ¢ ; = ¢; ;425 = 0 by (i), where 25’ = j — 4. If i + j is even and
i > j, then ¢;; = ¢yyo50 = 0 by (ii), where ¢/ = 5,25 = ¢ —j. If i 4+ j is odd and
i+ j > m, then ¢;; = ¢,y 425 = 0 by (iii), where ¢/ = m —7 and 25’ = ¢+ 75 —m.
Ifi4jisodd and e+ < m, then ¢;; = ¢; —i—25 = 0 by (iv), where 25’ = m—i—j.
This completes the proof. a

Corollary 5.3: If m is odd, k is a nonnegative integer and u =sord(2;m), then

m—1
ab+ (t+ )" Tab = 3 1(i){s(25) + s(m — 2%0))
=1
in ca—90(m, m).
Proof: Set N = 2" —1 for short. First assume that £ = 0. Two configurations
t/a and s7b of ca—90(m) are essentially the same. Hence, if #(¢) and s(7) [or s(m—1)]
simultaneously appear in terms ¢ 7a and s7b of

(t+s)Nab= ﬁ (N) tN"islab (1)
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respectively, then they also simultaneously appear in #/a and s ~7b, respectively,
and their sum vanishes in (1) since (];7) = (N]ij). Thus all the diagonal components
of ab + (1 + S)Nab are equal to 1. On the other hand, Theorem 4.1 indicates
(t+s){ab+ (t + S)Nab} = 0. Therefore the proof in the case of k = 0 is completed
by Lemma 5.2. Making use of inner products the result in the case of £ = 0 can
be restated as for 0 < ¢, 5 < m:

1 ifj=t0rj=m—u,

(ab+ (14 )V ab, 1(i)s(5)) :{ 0 otherwise,

in ca—90(m, m). For the desired equality in the case of k > 0 it is enough to see
that for 0 < ¢,5 < m,

(ab+ (1 + 52V ab, 1(i)s(j)) = { 1 if s(j) = s(2%) or s(j) = s(m — 2%4)

0 otherwise,

in ca—90(m,m). When s(5) = 5(2%5") (0 < j/ < m), making use of Proposition 2.8
we have

L = (ab+ (t+ Szk)Nab,t(i)s(j» =1+> (N) <tN_T32kTab,t(i)3(j)>

("7 a, 1(0)) (b, s"5(5"))

o)

0
= (ab+ (t+s)Vab,t(1)s(j"))
B 1 ifj =20rj =m-—1
- 0 otherwise.

Hence L = 1if s(j) = s(2%1). If s(j) = s(m — 2%7), then
(s77b,s(5)) = (s27b, s(m — 281)) = (s7"7b, s(2%1))

by the symmetry of s27b [Proposition 2.8(h)] and so L = 1 in the same way.
Now remark that if j is even there is a unique integer j* with s(j) = s(2*5") and
0 < j' < m. [Since 2¥=! and m are mutually disjoint there are integers P, (Q
such that 2*='P + m@Q = 1. As jP/2 is an integer there are integers h, ;' such
that jP/2 = hm + j' and 0 < j' < m. Hence s(2%5') = s(28(Pj/2 — hm)) =
s(5 —jmQ —2%hm) = s(j) since j and 2¥ are even.] Assume that s(j) # s(2%7) and
5(j) # s(m —2%) for 0 < 4,5 < m. If j is even, we can take an integer j' such that
s(7) = s(2%;') and 0 < j' < m, and obviously j’ # i [if ' =7 then s(j) = s(2%5) =
s(2%4)] and 7' # m — i [if ;' = m — 1 then s(j) = s(2%5") = s(2%(m — 1)) = s(2%1)],
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and hence L = 0. If j is odd, we can take an integer j’ such that s(m —j) = s(2%5')
and 0 < j' < m, and j' # i [if 7/ = i then s(j) = s(m — 2%j") = s(m — 2%i)] and
m—j' # 14 [if ' =m —ithen s(5) = s(m —2%5') = s(m —2%(m —1)) = s(m — 2%1)],
and hence L = 0. {Note that ¢,,(¢) = ,,(¢') 1mphes t(m—1) =t,(m—1") because
tm(m —1) =t,(¢)a, +t,.(7) [by Lemma 2.4(a)] = t,,(¢")a,, +1,(¢) = t,,(m —1).}
The proof is completed. a

Theorem 5.4:For an odd integer m the period length K(2m,2m) does not
exist.

Proof: Applying the substitution operator o5 5 to the equation (k = 0) obtained
in Corollary 5.3 we have the equality

m—1

oa(am)oa(by) + (T + 5)2(2u_1)02(am)02(6m) = Z 1(24){s(2¢) + s(2m —2¢)} (2)

=1
in ca—90(2m,2m). Also it follows from Lemma 4.6 that
(t+ 5)2(2u_1)ab = 03(am)b + aoz(by) + (1 + 5)2(2u_1)02(am)02(6m)
in ca—90(2m,2m). Hence we have the following equality in ca —90(2m, 2m):

(t—|—3)2u+1_1ab = (14 8)(1+ )2 Dab

(1 4 5 s )b+ aa(by) + (4 512Dy Jora( b))

(1 + 5 osan)b+ aos(by) + o2(an)os(ba) + R)

tab + taoy(by,) + taoay(by,) + o2(am)sb 4+ asb + og(ay,)sb+ (t 4+ s)R
(t+s)ab+ (1 + )R

= a+(t+s)R,

where R denotes the right-hand side of (2). As Ry; =0 for j =1,2,---,2m — 1
and Ry = 1 it is easy to see that 7(R) = (¢t + s)R # 0, for example,

00000
01 010
R=1002000
01 010
00000

when m = 3. Hence (t—|—5)2u+1_1ab # «. On the other hand (t—|—5)2u+1ab = (t+s)%ab
holds in ca —90(2m,2m) from Theorem 4.1. We now assume that there exists a
positive integer k such that (¢ + S)kOé = «. Then

(t—|—5)2u+1_1ab = (t—|—5)2u+1_2a: (t+ )2u+ _2(t+3) a = (t—l—s)k Lt + )2u+1 b
= (t+ S)k_l(t + s)%ab = (t + 3) a = a,

which is in contradiction to (¢ + 5)2u+1_1ab # a. O

corollary 5.5: If m,n are odd integers with the greatest common divisor > 1,
then the period length K(2m,2n) does not exist.

Proof: Let m, D, E be odd integers such that m > 1, D > 0, F > 0 and D, E are
mutually disjoint. We prove that the period length K(2mD,2mFE) does not exist.
Assume that (Lomp + Some)*CompanE = Qompong 0 ca—90(2mD, 2mE) for some
positive integer k. Then by applying the reduction operator pp r to this equation
we have (ta, + S2m ) Qam 2m = Qam.am i ca—90(2m,2m) making use of Proposition

2.7(d) and (e), since D, E are odd. This contradicts the result of Theorem 5.4. O
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Theorem 5.6: If m is odd and k is a positive integer, then the period length
K(2Fm,m) does not exist.

Proof: We write t,5,a,b and o for tu,,, 5., k., 0, and gk, . Set u =
sord(2;m) and N = 2% — 1. As has been seen at the proof of Theorem 4.5 an
equation

(t+ )Nt +9" o= (145" a
holds in ca—90(2%m,m). Now assume that (¢ + s)"a = a in ca—90(2%m,m) for a
positive integer h. Choose a positive integer M with AM > 2% — 1. Then we have
(t+ S)QkNoz = in ca—90(2km,m) because

(t+3)Na = (t+)"N(t+8)Ma = (1 +s)"M=C =D (1 4 )Nt 4 ) 1a
(t+ S)hM_(Zk_l)(t + S)Qk_loz =(t+ S)hMOé = .

On the other hand, an equality
m—1
b+ (b 4+ 52 VWanb =3 1,,()){s(2"1) + s(m — 2"1)}
=1

in ca—90(m, m) is valid by Corollary 5.3. Applying the substitution operator oy
to this equality we have

m—1
oo ()b + (12 + ¥ Vo (an)b = 3 (25 {s(2%) 4 s(m — 2%)}  (3)

=1
in ca—90(2%m,m). In the proof of Theorem 4.5 it has been seen that t2kNO'2k(Clm) =
ok (am) and t2k_102k(am) = *~1g in ca—90(2"m) and sNb = b in ca—90(m).

Therefore we have

N-1
(t+ S)Qk(zu_l)a = (t+ 5)(t2k + Szk)Nab =(t+s) as?Np + Z tzk(N_j)Sijab}

i=0

N-1

= (t+9) {ab—l— Z tQk(N_j)szkjazk(am)b}
7=0

(t 4 s){ab+ ¥ Nop (an)b + (12 + s N ow(a,,)b)

(t 4 s){ab + op(an)b+ (12 + 2 W oy (ay, )b}

(t+ s)(ab+ 5)

= a+(t+s)S,

where S denotes the right-hand side of (3). As Sy_;,; = 0 for 0 < j < 2%m and
Syk j, = 1 for a unique (even) integer jo such that 0 < jo < m and s(jo) = s(2F), it
is clear that (t + $)S # 0. This contradicts (¢ + S)QkNoz = q. O
Corollary 5.7: If m,n are odd integers with the greatest common divisor > 1
and k is a positive integer, then the period length K (2%m,n) does not exist.
Proof: Let m, D, E be odd integers such that m > 1,D > 0,F > 0 and D, FE
are mutually disjoint and k a positive integer. We prove that the period length
K(2*mD, mFE) does not exist. By Proposition 2.7(e) the reduction operator pp g
satisfies pp p(agkpbmE) = Aok by, since D) E are odd. Assume that (1 + s)fa =
in ca—90(2*m D, mE) for some positive integer k. Then by applying the reduction
operator pp g it follows that (t 4+ s)*a = a in ca—90(2¥m,m), which contradicts
the result of Theorem 5.6. O
The following is a summary of our results obtained above.
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Theorem 5.8: The period length K(m,n) of ca—90(m,n) exists if and only
if there exists no integer D > 1 such that 2D|m and D|n, or D|m and 2D|n.
Supposed that m and n are odd integers > 1 and k is a positive integer, then

(a) A
(b

m,n)[2¥ —

m, 2 >|2’f-1<2“ 1),

(
(d

v(
(
(m,2kn)[2¥(2¥ — 1) if m and n are mutually disjoint,
(2m.2)2(2* — 1),

(

) K
) K
) K
(e) K

where w is the least common multiple of v =sord(2;m) and v =sord(2;n).
Proof: 1t suffices to show that if there exists an integer D > 1 such that

2m,2n)|2(2% — 1) if m and n are mutually disjoint,

(%) 2D|m and Dn, or Djm and 2D|n,

then the period length K (m,n) does not exist, and if there exists no integer D > 1
satisfying the condition (%), then the period length K (m,n) exists. Let m = 2"m’
and n = 2Fn/, where h,k are non-negative integers and m/,n’ are odd integers.
Logically there are the following six cases : (i) h = k = 0, (ii) h = k = 1, (iii)
h=0and k>0, (iii’) h >0and k=0, (iv) h 2 2and k > 1, (iv’)) o > 1 and
k > 2. (i) In this case both of m and n are odd and there exists no D > 1 satisfying
the condition (*). Thus the period length K(m,n) exists by Theorem 4.1, which
proves (a). (ii) An integer D > 0 satisfies (*) if and only if it is a common divisor
of m" and n'. If m’ and n’ are mutually disjoint, then there exists no D > 1 with
(*) and the period length K(m,n) exists by Theorem 4.7 and (Ref. 7, Corollary
3.3 and Theorem 3.6), which proves (e) and (d), respectively. On the other hand
if m’ and n’ have a common divisor D > 1, then D satisfies (%) and the period
length K (m,n) does not exist by Corollary 5.5. (iii) An integer D > 0 satisfies (%)
if and only if it is a common divisor of m and n’. If m and n’ are mutually disjoint,
then there exists no D > 1 such that (%) and the period length K(m,n) exists by
Theorems 4.2 and 4.5, which proves (b) and (¢), respectively. On the other hand, if
m and n’ have a common divisor D > 1, then D satisfies (*) and the period length
K(m,n) does not exist by Corollary 5.7. (iv) In this case 4|m and 2|n, in which
case the period length K(m,n) does not exist by Theorem 5.1. This cpmpletes the
proof. a
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Appendix

A. Table of the period lengths K(m,n) (1 <m < 20,1 < n < 10)
m\ n 2 3 4 5 6 7 8 9 10
2 1 1 * 3 2 7 * 7 6
3 1 1 2 3 * 7 4 7 6
4 * 2 * 6 * 14 * 14 *
5 3 3 6 1 6 63 12 63 *
6 2 * * 6 * 14 * * 6
7 7 7 14 63 14 7 28 7 126
8 * 4 * 12 * 28 * 28 *
9 7 7 14 63 * 7 28 7 126
10 6 6 * * 6 126 * 126 *
11 31 31 62 341 62 | 32767 124 | 32767 632
12 * * * 12 * 28 * * *
13 63 21 126 63 126 63 252 63 126
14 14 14 * 126 14 * * 14 126
15 15 15 30 15 * 4095 60 4095 *
16 * 8 * 24 * 56 * 56 *
17 15 15 30 15 30 4095 60 4095 30
18 14 * * 126 * 14 * * 126
19 511 511 1022 | 87381 1022 511 2044 511 | 174762
B. Table of the period lengths K(m,n) (1 <m < 20,11 <n < 20
m \ n 11 12 13 14 15 16 17 18 19
2 31 * 63 14 15 * 15 14 511
3 31 * 21 14 15 15 * 511
4 62 * 126 * 30 30 * 1022
5 341 12 63 126 15 24 15 126 87381
6 62 * 126 14 * * 30 * 1022
7 32767 28 63 4095 56 4095 14 511
8 124 * 252 * 60 * 60 * 2044
9 32767 63 14 4095 56 4095 * 511
10 632 * 126 126 * * 30 126 174762
11 31| 124 | 2% —1 | 65534 349525 | 248 | 1048575 | 65534 | (2% —1)/7
12 124 * 252 * * * 60 * 2044
13 2%0 1| 252 63 126 4095 | 504 4095 126 262143
14 65534 126 * 8190 * 8190 14 1022
15 349525 4095 | 8190 15| 120 15 « | (276 —1)/3
16 248 * 504 * 120 * 120 * 4088
17 1048575 60 4095 | 8190 15| 120 15 | 8190 2% 1
18 65534 * 126 14 * * 8190 * 1022
19 | (2% —1)/7 | 2044 | 262143 | 1022 | (2°°—1)/3 | 4088 | 2% —1| 1022 511

(The symbol * denotes the nonexistence of the period lengths.)
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