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Abstract

In 1984, Raoult proposed a formalization of graph rewritings using pushouts in the

category of graphs and partial functions. This note generalizes his method and formulates

algebraic graph structure to introduce a more general framework for graph rewritings and

to give a simple proof of existence theorem of pushouts using relational calculus.

1 Introduction

There are many researches about graph grammars and graph rewritings using the cate-

gory theory. The structure of a directed graph is a function from the set E of edges to

the product set V � V of the source vertices set and destination vertices set. Ehrig[4]

characterized the graph grammar and rewriting rules using two pushout squares and

pushout complements in the category of graphs. As the category of graphs is considered

as a functor category over the category of sets and functions, it becomes a topos and

has various useful properties. The existence theorem of pushout complements in a topos

including the category of graph was generally proved by Kawahara[7].

L�owe and Ehrig[3, 11] also formulated graph rewritings using a single pushout in the

category of graphs based on sets and partial functions.

Raoult and Kennaway's approach[13, 9] was di�erent from Ehrig's formalization of

graph rewritings. The graph structure in [13] is a function from a vertex set V to the set

V

�

of �nite strings of vertices and Raoult de�ned graph rewritings by a single pushout

square using partial functions.

This paper generalizes Raoult's method. For an endofunctor on the category Pfn of

sets and partial functions we consider a graph structure as a function V ! TV from a

vertex set V to TV , where T is an endofunctor on Pfn. That is, we treat the coalgebras

over Pfn. In the case TV = V

�

the structure is the same as Raoult's one. We prove an

existence theorem of pushouts in our general settings avoiding many kind of conditional

checks and case divisions by using the relational calculus. The relational calculus, a theory

of binary relations, has been originally applied to the area of topology and homological

algebra[1, 2, 5]. Recently it has been used in the area of computer science for representing

the notion of nondeterminism in automata theory[6], the theory of assertion semantics

of programs[8] and characterization of pushouts in the theory of graph grammars[7].

Our main result on the existence theorem of pushouts produces a modi�cation of

Raoult's result (Proposition 5,[13]) which lacked a condition. A counter example to his

result is given.

�

Dept. of Control Eng. and Sci., Kyushu Inst. of Tech., Iizuka 820, Japan. (Email: ym@ces.kyutech.ac.jp)

1



2 Preliminary

In this section, we recall some relational notations and properties of the category Pfn of

sets and partial functions.

Let A, B and C be sets. When � is a subset of A � B, we call � a relation from

A to B and denote it by � : A + B. For relations � : A + B and � : B + C, we

de�ne a composite relation �� : A + C by �� = f(a; c) 2 A � Cj(a; b) 2 �; (b; c) 2

� for some b 2 Bg. For relation � : A + B, we de�ne the inverse relation �

]

: B + A

by �

]

= f(b; a) 2 B � Aj(a; b) 2 �g. We identify a function f : A ! B with a relation

f(a; f(a)) 2 A � Bja 2 Ag (the graph of f). The unique function from a set X to one

point set 1 = f�g is denoted by 


X

: X ! 1. We de�ne a subset dom(�) of A for a

relation � : A + B by dom(�) = fa 2 Aj(a; �) 2 �


A

g and a relation d(�) : A + A by

d(f) = f(a; a) 2 A � Aja 2 dom(�)g. For two relations �; � : A + B, � [ � and � \ �

denote the set union and intersection, respectively.

A partial function is a relation f : A + B satisfying f

]

f � id

B

and denote it by

f : A! B, where id

B

: B ! B is a identity function of B. A partial function f : A! B

is a (total) function if it satis�es id

A

� ff

]

.

Lemma 2.1 Let �; �

0

: A + B, and �; �

0

: B + C be relations.

(1) If � � �

0

and � � �

0

, then �� � �

0

�

0

.

(2) If � � �

0

, then �

]

� �

0]

.

(3) �(� [ �

0

) = �� [ ��

0

and (� [ �

0

)� = �� [ �

0

�.

(4) d(�) � d(�

0

) i� dom(�) � dom(�

0

) i� �


B

� �

0




B

.

Lemma 2.2 Let f : A! B, g : A! B, h : B ! C be partial functions.

(1) f is a total function if and only if f


B

= 


A

.

(2) If f � g and f


B

= g


B

then f = g.

(3) fd(h) = d(fh)f .

Proposition 2.3 (Law of Puppe-Calenko) If � : A + B, � : B + C and 
 : A + C

are relations, then �� \ 
 � �(� \ �

]


).

Fact 2.4 The category Pfn has pushouts.

Let

A

f

���! B

?

?

y

g

?

?

y
h

C ���!

k

D

be a pushout square in Pfn. For any functions x : B ! S, y : C ! S satisfying fx = gy,

there exists a unique function t : D! S such that ht = x and ht = y, where t = h

]

x[k

]

y.

Lemma 2.5 For the pushout square in Fact 2.4,

(1) h

]

h [ k

]

k = id

D

,

(2) (B � f(A)) � dom(h) and (C � g(A)) � dom(k).

3 Graphs over Pfn

In this section, we introduce an abstract de�nition of a category which represents graphs

and graph homomorphisms. Graph rewritings are de�ned by using a single pushout in

the category. We prove a necessary and su�cient condition for existence of pushouts.

Some concrete categories of graphs including Raoult's[13] de�nition are shown.
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Let T : Pfn ! Pfn be an endofunctor. A graph constructed by T is a pair (A;a)

of a set A and a total function a : A ! TA. A graph morphism f : (A;a) ! (B; b) is

a partial function f : A ! B satisfying fb = d(f)aTf . The graph category G(T ) is the

category of graphs and graph morphisms associated with T .

Lemma 3.1 Let T : Pfn! Pfn be a functor, a : A! TA, b : B ! TB and c : C ! TC

total functions and f : A ! B and g : B ! C partial functions. If fb = d(f)aTf and

gc = d(g)bTg then fgc = d(fg)aT (fg). That is G(T ) is in fact a category.

Proof. It follows from a simple relational computation:

fgc = fd(g)bTg

= d(fg)fbT g (Lemma 2.2)

= d(fg)d(f)aTfTg (fb = d(f)aTf)

= d(fg)aT (fg) (d(fg)d(f) = d(fg)):

Choosing a suitable functor T , we consider the several kinds of graph structures.

Example 3.2 (Kleene functor) We de�ne the Kleene functor � : Pfn ! Pfn as fol-

lows. Let A;B be sets and f : A ! B a partial function. �A = A

�

is the set of �nite

strings over A. We de�ne �f(= f

�

) : A

�

! B

�

as follows:

f

�

(w) = f(a

1

)f(a

2

) � � � f(a

n

) (where w = a

1

a

2

� � �a

n

2 (dom(f))

�

); and

f

�

(") = ":

An object of G(�) can be seen as a kind of directed graph and a morphism of G(�)

is a node-mapping which preserves out-edges but not in-edges. The category G(�) is

equivalent to what is considered by Raoult[13].

Example 3.3 (Powerset functor) We de�ne the power set functor P : Pfn! Pfn as

follows. Let A;B be sets and f : A! B a partial function. P (A) is the set of all subsets

of A and Pf : P (A) ! P (B) is de�ned by Pf(X) = f(X), for all X � A. An object

of G(P ) is a kind of directed graph in which the out-edges of a node are not orderd and

there cannot be multiple edges between the same nodes.

Example 3.4 A set N

A

of functions from A to the setN = f0; 1; : : :g of natural numbers

is de�ned by N

A

= ff : A ! N j�

x2A

f(a) is �nite.g. We de�ne the functor W : Set !

Set as follows. Let A;B be sets and f : A ! B a partial function. W (A) = N

A

and

Wf : N

A

! N

B

is de�ned as Wf(�)(y) = �f�(x)jf(x) = y; x 2 Ag, (� 2 N

A

; y 2 B).

An objects of G(W ) are a type of edge-weighted directed graph.

We can treat labeled graph structure choosing a functor like next two examples.

Example 3.5 (L-labeled Kleene functor) We �x a set L of labels for edges. We

de�ne a functor (L��)

�

: Pfn! Pfn as follows. For a set A, (L�A)

�

is the set of �nite

strings of pairs of a label and an element of A. Other de�nition of the functor is similar

to Example 3.2. An object of G((L � �)

�

) is similar to the closed term hypergraph of

Kennaway [10].

Example 3.6 (L-labeled powerset functor) We similarly de�ne a functor P (L��) :

Pfn! Pfn like Example 3.3 and Example 3.5.
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Theorem 3.7 Let f : (A;a) ! (B; b) and g : (A; a)! (C; c) be morphisms in G(T ). If

the square

A

f

���! B

?

?

y

g

(1)

?

?

yh

C ���!

k

D

is a pushout in Pfn, then there exists a unique partial function

d = (h

]

bTh) [ (k

]

cTk)

such that hd = d(h)bTh, kd = d(k)cTk. When that is so, the square (2)

(A;a)

f

���! (B; b)

?

?

y

g

(2)

?

?

y
h

(C; c) ���!

k

(D; �)

is a pushout in G(T ) if and only if � = (h

]

bTh) [ (k

]

cTk) and � is a total function.

Proof. We �rst show fd(h)bTh = gd(k)cTk.

fd(h)bTh = d(fh)fbTh

= d(fh)d(f)aTfTh

= d(fh)aTfTh

= d(gk)aTgTk

= d(gk)d(g)aTgTk

= d(gk)gcTk

= gd(k)cPk

Since the square (1) is a pushout in Pfn, there exist a unique partial function d : D ! TD

such that hd = d(h)bTh and hd = d(k)cTk, where d = (h

]

bTh) [ (k

]

cTk), by Fact 2.4.

Assume the square (2) is a pushout. Graph morphisms h and k satisfys h� = d(h)bTh

and h� = d(k)cTk. Since h

]

d(h) = h

]

, k

]

d(k) = k

]

and (h

]

h [ k

]

k) = id

D

, we have �

= (h

]

h[k

]

k)d = (h

]

bTh)[ (k

]

cTk). Conversely, assume � = (h

]

bTh)[ (k

]

cTk) is a total

function. Let (S; s) be an object in G(T ), and x : B ! S, y : C ! S morphisms in G(T )

satisfying fx = gy. Since the square (1) is a pushout in Pfn, there exist a unique partial

function t : D ! S such that ht = x and ht = y, where t = h

]

x[k

]

y, by Fact 2.4. We only

need to show that t is a graph morphism. Since h

]

x


S

= h

]

d(h)d(x)


B

= h

]

d(x)h


D

and k

]

y


S

= k

]

d(y)k


D

, we have d(t) = h

]

d(x)h [ k

]

d(y)k. Since

h

]

d(x)h�T t = h

]

d(x)h�Tt

= h

]

d(x)d(h)bThT t

= h

]

d(x)d(h)bTx

= h

]

d(h)d(x)bTx

= h

]

d(h)xs

= h

]

xs

and k

]

d(y)k�Tt = k

]

ys, we obtain d(t)�T t = h

]

xs [ k

]

ys = ts. That is t is a graph

morphism. So the square (2) is a pushout in G(T ).

Corollary 3.8 Let f : (A;a)! (B; b) and g : (A; a)! (C; c) be morphisms in G(T ). If

the square

A

f

���! B

?

?

y

g

(1)

?

?

y
h

C ���!

k

D

is a pushout in Pfn, then the following conditions are equivalent:
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(1) d = (h

]

bTh) [ (k

]

cTk) is a total function.

(2) b(dom(h)) � dom(Th) and c(dom(k)) � dom(Tk)

(3) dom(h) � dom(bTh) and dom(k) � dom(cTk)

Proof. If b

]

h


D

� Th


TD

then h


D

� bb

]

h


D

� bTh


TD

. If h


D

� bTh


TD

then

b

]

h


D

� b

]

bTh


TD

� Th


TD

. We have c

]

k


D

� Tk


TD

if and only if k


D

� cTk


TD

.

So we have shown that (2) and (3) are equivalent.

Next we show the equivalence of (3) and (1). Assume h


D

� bTh


TD

and k


D

� cTk


TD

. Since h

]

h [ k

]

k = id

D

by Lemma 2.5, we have 


D

� (h

]

h


D

) [ (k

]

k


D

)

� (h

]

bTh


TD

) [ (k

]

cTk


TD

) � d


TD

. This means d is a total function. Conversely,

assume d is a total function. Since hd = d(h)bTh means d(h) = d(h) \ d(bTh), we have

d(h) � d(bTh). Similaly d(k) � d(cTk).

We note that if T = P , T = W and T = P (L � �), then Tf : TA ! TB is a

total function for any partial function f : A ! B. This property is very convenient for

existence of pushouts.

Corollary 3.9 The categories G(P ), G(W ) and G(P (L��)) have pushouts.

4 Observations

In this section, we provide the proof of Raoult's proposition 5 in a view point of our

framework.

Let f : A! B and g : A! C be partial functions. We de�ne a relation �

(f;g)

: A! 1

by �

(f;g)

= [f� : A! 1jff

]

� = � and gg

]

� = �g, that is �

(f;g)

is the maximum relation

satisfying ff

]

�

(f;g)

= �

(f;g)

and gg

]

�

(f;g)

= �

(f;g)

.

Lemma 4.1 Let

(A; a)

f

���! (B; b)

?

?

y

g

?

?

y
h

(C; c) ���!

k

(D; d)

be a pushout in G(T ). Then �

(f;g)

= fh


D

(= gk


D

).

Proof. It is obvious ff

]

fh


D

= fh


D

and gg

]

fh


D

= fh


D

. Asuume a relation

� : A ! 1 satis�es ff

]

� = � and gg

]

� = �. Since f

]

� : B ! 1 and g

]

� : C ! 1 are

partial functions and D is a pushout, there exist a unique function � : D ! 1 such that

h� = f

]

� and k� = g

]

� hold. We obtain fh


D

� ff

]

� = �. So fh


D

is the maximum

relation.

We note that �

(f;g)

= fh


D

means f

�1

(dom(h)) = fa 2 Aj(a; 1) 2 �

(f;g)

g. By

Lemma 2.5, dom(h) = (B � f(A)) [ f(A

0

) where A

0

= fa 2 Aj(a; 1) 2 �

(f;g)

g.

Lemma 4.2 Under the situation of Theorem 3.7, consider the functor T = �. Then

following �ve conditions are equivalent:

(1) b(f(A

0

)) � dom(Th)(= (dom(h))

�

),

(2) c(g(A

0

)) � dom(Tk)(= (dom(k))

�

),

(3) Tf(a(A

0

)) � (dom(h))

�

,

(4) Tg(a(A

0

)) � (dom(k))

�

, and

(5) a(A

0

) � (A

0

)

�

,

5



where A

0

= fa 2 Aj(a; 1) 2 �

(f;g)

g.

Proof. Since d(f)aTf = fb and d(f)f = f , we have b

]

f

]

fh


B

= (Tf)

]

a

]

fh


B

.

This means b(f(A

0

)) = Tf(a(A

0

)). So (1) and (3) are equivalent. (3) and (5) are

equivalent by (Tf)

�1

(dom(h)

�

) = (A

0

)

�

. Similarly, (2),(4) and (5) are equivalent, because

of �

(f;g)

= gk


D

.

Using the last lemma, condition (2) in Corollary 3.8 is replaced to the form in the next

proposition. The next proposition which was originally proved by Raoult(Proposition 5,[13])

is a special case of Theorem 3.7.

Proposition 4.3 Let the square

A

f

���! B

?

?

y

g

(1)

?

?

y
h

C ���!

k

D

is a pushout in Pfn. A commutative diagram

(A; a)

f

���! (B; b)

?

?

y

g

?

?

y
h

(C; c) ���!

k

(D; d)

in G(�) is a pushout in G(�) if and only if the following conditions (1), (2) and (3) hold:

(1) b(B � f(A)) � (dom(h))

�

,

(2) c(C � g(A)) � (dom(k))

�

, and

(3) a(A

0

) � (A

0

)

�

,

where A

0

= fa 2 Aj(a; 1) 2 �

(f;g)

g.

The next example is a counter example of Raoult's proposition 5[13] which lack a

condition (3) of Proposition 4.3.

Example 4.4 Let A = fx

1

! x

2

; x

3

g, B = fy

1

! y

2

g and C = fz

1

! z

2

g be graphs.

De�ne graph morphisms f : A ! B and g : A ! C by f(x

1

) = y

1

, f(x

2

) = f(x

3

) = y

2

,

g(x

1

) = z

1

and g(x

2

) = z

2

. The value of g(x

3

) is unde�ned(cf. Figure 1). It is easy to

check A

0

= fx

1

g. and the condition in Proposition 4.3(3) does not hold. Consider the

pushout

A

f

���! B

?

?

y

g

?

?

y
h

C ���!

k

D

in the category Pfn. Since D is a one point set, h and k are not graph morphisms.
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X1

X2 X3

Y1=f(X1)

Y2=f(X2)=f(X3)

Z1=g(X1)

Z2=g(X2)

g(X3):undefined

U=h(Y1)=h(Y2)

=k(Z1)=k(Z2)

f

g
h

k

Figure 1:

References

[1] M.S. Calenko. The structures of correspondence categories. Soviet Math. Dokl.,

18:1498{1502, 1977.

[2] M.S. Calenko, V.B. Gisin, and D.A. Raikov. Ordered categories with involution.

Dissertations Mathematics, 227:111pp., 1984.

[3] H. Ehrig, M. Kor�, and M. L�owe. Tutorial introduction to the algebraic approach of

graph grammars based on double and single pushouts. In Proc. 4th Intern. Workshop

on graph grammars and their application to computer science, pages 24{37, 1990.

(LNCS 532).

[4] H. Ehrig, M. Nagl, G. Rozenberg, and A. Rosenfeld, editors. Graph-grammars and

their application to computer science, volume 291 of Lecture Notes in Computer

Science. Springer-Verlag, 1986.

[5] Y. Kawahara. Relations in categories with pullbacks. Mem. Fac. Sci. Kyushu Uni-

versity, Ser.A 27:149{173, 1973.

[6] Y. Kawahara. Applications of relational calculus to computer mathematics. Bull.

of Informatics and Cybernetics, 23:67{78, 1988.

[7] Y. Kawahara. Pushout-complements and basic concepts of grammars in toposes.

Theoretical Computer Science, 77:267{289, 1990.

[8] Y. Kawahara and Y. Mizoguchi. Axiomatic semantics in elementary toposes. Re-

search Report of Math. of Computation 63{13E, Kyushu University, 1988.

[9] R. Kennaway. On \On graph rewritings". Theoretical Computer Science, 52:37{58,

1987.

[10] R. Kennaway. Graph rewriting in some categories of partial morphisms. In Proc.

4th Intern. Workshop on graph grammars and their application to computer science,

pages 490{504, 1990. (LNCS 532).

7



[11] M. L�owe and H. Ehrig. Algebraic approach to graph transformation based on single

pushout derivations. In Proc. 16th Intern. workshop on graph-theoretic concepts in

computer science, pages 338{353, 1990. (LNCS 484).

[12] Y. Mizoguchi and Y. Kawahara. Graph rewritings without gluing conditions. RIFIS

Tech. Report CS{42, Kyushu University, 1991.

[13] J.C. Raoult. On graph rewritings. Theoretical Computer Science, 32:1{24, 1984.

8


