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Abstract. After the work of Griffin in 1990, there have been many
works to extend the Curry-Howard isomorphism for classical logic. Most
of these research uses sequent calculus with multiple conclusions. In this
paper, we introduce a new natural deduction formulation with one con-
clusion for implicational classical logic. The idea of the formulation is
based on proof by “case analysis”. It is natural and captures our in-
tuition in logical reasoning. We define reduction rules and prove weak
normalization. As a corollary, we have the subformula property for nor-
mal proofs. The natural deduction systems proposed so far does not
have subformula property. We also explain some computational meaning
of our calculus by showing the simulation of 8-reduction, disjunction and
catch/throw.

1 Introduction

The Curry-Howard isomorphism[6] is one of the foundation in logic and computer
science. It says that normalization of proof in intuitionistic logic corresponds
to B-reduction of A-calculus[2, 3]. After the work of Griffin[1] there have been
many works to extend the isomorphism for classical logic and to understand

computational meaning of classical logic[8-11, 14].

Most of these research uses sequent calculus with multiple conclusion. How-
ever, in sequent calculus, we need a new concept of list of formulae in right side
which is not logical. It is regarded as disjunction in semantics, but it contains the
axiom |— a which means that any formula can be inferensed from falsehood
and double-negation-elimination rule implicitly. Therefore we cannot separate

implication and other connectives, which prevents us to analyze the distinction



of intuitionistic part and classical part clearly. For example, in Gentzen’s se-
quent calculus LK, the right weakning rule allows the axiom |— a implicitly.
In Parigot’s Ap-calculus[10], the right elimination rule of falsehood are allowed
implicitly. Instead of sequent calculus, we can obtain classical logic by adding
the formula for intuitionistic logic. We can prove the formula in NK — Gentzen’s
original natural deduction system for classical logic which has the law of ex-
cluded middle aV —a. But the proof contains negation and disjunction. Griffin’s
type system[1] uses double-negation-elimination rule =—a — a. It also contains
negation. Sato[14] introduce a classical natural deduction system NK./; with the
catch and the throw rules. But the conclusion of the throw rule is contains dis-
Jjunction. Therefore we cannot separate implication from disjunction. Read[13]
focuses disjuction and formulates a deduction system with single conclusion. But
implication and disjunction cannot be separated. The distinction of classical logic
and intuitionistic logic can be clarified without negation and disjunction. The
formula of Peirce ((a« — ) — a) — « is an example which distinguishes clas-
sical logic from intuitionistic logic. Hirokawa et al.[4, 5] introduce a formulation
of classical implicational logic with this formula. But this system does not have

subformula property.

Therefore, we choose natural deduction formulation with single conclusion.
It captures our intuition of logical reasoning such that we infer a conclusion
from a set of assumptions. We consider implicational fragment in this paper.
Because, it lies at the core of the isomorphism and we can clarify the distinction
of classical logic and intuitionistic logic by considering implicational fragment.
As an approach to obtain computational meaning of classical logic, we introduce
a formulation of classical implicational logic and its normalization. The normal

form proof we obtain satisfies subformula property.

We begin by Gentzen’s natural deduction system for intuitionistic logic NJ
[12]. Since we consider implicational fragment, there are only two inference rules
I and E. It is known, e.g., [4], that classical implicational logic is obtained by

adding Peirce’s formula as an axiom or by adding the inference rule P.
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We can consider this inference P as an implicational representation of the
classical absurdity rule. In this paper, we introduce the following rule C instead

of P.
«=f [a]
i

5 C

This reasoning is not an intuitionistic proof, because we do not know if «a
holds or not. The inferences P and C are equivalent in the sense that one is

derived from another. P is derived from C as follows.

[a — gl

C is derived from P as follows.

Therefore the three rules [,LE and C is a formulation of classical logic.

The inference C is a formulation of proof by “case analysis”. Typical case
is when 8 =_1. Imagine that we are confirming some conjecture . We begin
considering a typical case first, then other cases later. This is a proof by case
analysis. We pay our attention to some property a for typical case. Then we
analyse the situation into two cases — case 1 where a holds and case 2 where a
does not hold, i.e., @ —_L holds. If we succeed to confirm our conjecture v in

both cases, we have a proof for ~.



For technical reason, we modify the I-rule such that the assumption a is not

discharged. We name such a modified rule as K.

B

a—

The original I-rule is derived by K and C as follows.

[o]
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Finally, we use K, E and C as our formulation of classical logic. Note that

only C-rule discharges the assumption.

2 Terms for Case Calculus and Type Assignment

In this section, we introduce the terms to represent proof figures with the infer-

ence rules K, E and C and define the type assignment system.

The set of terms for our case calculus is constructed from variables and the

constant K with application and “case”-construction.
Definition 1 (term).

A variable © is a term.
If M is a term, then KM is a term.
If M and N are terms, then M N 1is a term.

If M and N are terms and x is a variable, then case x.M + N is a term.

™t v o~

A term which is constructed by 1, 2 and 3 (namely, contains no case) is called

case free.

The set of formulas is constructed from type variables a, b, ¢, - - - with impli-
cation “—”. We use the word “types” and “formuas” with the same meaning in

this paper.



A type assignment formula is an expression of the form M : a where M is a
term and « is a type. The following is the type assignment formulation for the

inference rules K, E and C.

Definition 2 (type assignment).

:c_:a—>,3 ag+:a

M:a M:d—),@ N':aE M':’y N':’y
KM: - a MN: 3 case .M + N : v

C

Note that the variable  in the case rule C has two kinds of occurrences in M
and in N. The occurrences in M is signed negative (—) and the occurrences in
N is signed positive (+). A variable signed by case rule is called bound variable,
otherwise called free variable. The variable z is assigned differently according to
its sign. The same variable  does not appear free with positive and negative at

the same time.

Our main concern is to find appropriate reduction rules for classical logic and
to find a criterium to decide which reduction rules for proofs we should accept.

In the present paper, we consider the subformula property as a criterium.

It is known that the formulation with I,E and P does not satisfy the subfor-
mula property.! The following is a normal form proof for a = ((a — b) — ¢) —
((6 = a) = ¢) — c. The P-rule is shown as a different abstraction AZ.M.

z:a
y:(b—>a)—c Awz:b—a
z:c—b y(Aw.z) : ¢
z(y(Aw.z)) : b
u:(a—=b)—c Az.z(y(Aw.z)):a o b

u(Az.z(y(Aw.z)) : ¢
AZ.u(Az.z(y(Aw.z)) : ¢
Auyz.u(Ae.z(y(Aw.2)) : a

I*

Note that z : ¢ — b is not a subformula of a. Detailed analysis of possible

proofs reveals that any normal proof of a with I,E and P requires ¢ — b. 2

! This fact might not be known widely.
2 The authors thanks for the comment from Prof. Uesu and Prof. Shiraishi.



According to the equivalence, explained in the previous section, between I +
E + P and K + E 4+ C, we have the following proof for a in K + E + C. We
are applying the “case” rule for z= : ¢ — b and zt : c. The variable z: ¢ — b
occurs as an assumption before the case inference, but it does not remain in
the conclusion of the case inference. This is where subformula property fails. If
there is no such an occurrence of negative variable z of the form zM, such a
negative variable is applied to some non-case variable, i.e., to the variables of
A-abstraction. Therefore a type of such negative variables is a subtype of usual A-
term. So, our goal is to delete such occurrences of negative variables. Note, here,
that the argument y(Kz) : ¢ has the type ¢ and that it is derived without using
the negative assumption z~ : ¢ — b. If we substitute this proof y(Kz) : ¢ on the
top zT : ¢ of proof for positive case, we have a proof without the case inference
with respect to z. This process erases a negative occurrence case variable z~ of
the form zM. In this way, the subformula property of the proof is derived from

that of normal form proof of intuitionistic natural deduction system.

zt:a
y:(b—oa)—c Kz:b—a
z7:iec—>b y(Kz) :¢c
z(y(Kz)) : b
z”:a—b K(z(y(Kz)):a—>b
u:(a—=b)—c case z.z + K(z(y(Kz))):a — b
u(case z.z + K(z(y(Kz)))) : ¢ 2zt ¢

case z.u(case z.z + K(z(y(Kz)))) + z) : ¢
Auy.(case z.u(case z.z + K(z(y(Kz))))+2): a

Ix

3 Weak Normalization and Subformula Property
3.1 Case postponement

We formalise the intuitive idea of normalization explained in the previous section.
We prove weak normalization. As a corollary, we have the subformula property

for the normal form proofs.

The first reduction rules we introduce is to postpone the application of case

rule. By repeating the postponement, a thread in a proof separates into intu-



itionistic part and classical part. Note that all the case rules have the same type

in the result of postponement.

Definition 3. (case postpone rules)

kp: K(case .M + N) —, case . KM + KN
Ip: L(case .M + N) —. case . LM + LN

rp: (case .M + N)L —. case e ML+ NL

The one step reduction relation — is the compatible closure of this reduction
relation —., and reduction relation = is the reflexive and transitive closure of

one step reduction relation —.

A term is called a case postponed form (cp-form) iff no K-rule or E-rule appear

below a C-rule.

If we consider the terms KM and P@ as product and case z.5+7T as sum, the
case postpone rules represent the distributive laws (P+Q)(R+S) = PR+ PS+
QR+ QS. We can describe the case postpone rules in more general distributive

rules in terms of contexts.

A context is a term with a hole [ ]. The set of contexts is defined as follows.
Definition 4. (context)

[] s a context;

KCJ[ ] is a context, if K is a constant and C[ ] is a context;

MC]] and C[ |M are contexts, if M is a term and C[] is a context;

case z.M + C[] and case z.C[ |+ M are contexts, if ¢ is a variable, M is

R

a terms and C[ ] is a context;

A context constructed by 1, 2 and 3 is called an applicative contezt, and a context
constructed by 1 and 4 is called a case contexrt. They are denoted by C,[] and
C.[ ], respectively.

A cp-form M is constructed from case free terms Ny,---, N, by case rules
and can be represented as M = C.[Ny, -+, N,]. Now we have a general form of
case postponement. If it is surrounded by an applicative context C,[ ], we can

move case rules C.[,---, | out of applicative context C,[ ].

Ca[cc[Nla Tt Nn]] = Cc[Ca[Nl]]a Tt Ca[Nn]]



Then we have the following case-postponement theorem as an easy conse-

quence.

Theorem 1. (cp-form) Any term has a cp-form, i.e., for any term M, there

exists a cp-form M' such that M reduces to M'.

Proof. By induction on the structure of M.
1. M ==z

Since z is a cp-form, Thorem holds for M’ = z.
2. M = KM,.

By induction hypothesis, we have a cp-form M{ such that M; = M. Since
Mj is a cp-form, M, has the form M| = C.[Py,---, P,] for some case free
term Py,---, P, and a case context C.[ ,---, |. Then we have M = KM; =

KM{ = KC.[P,---,P,] = C.KPy,---,KP,]. Since Py,---, P, are case free,
KPy,---,KP, are case free. Therefore, M' = C.[KPy,---,KP,] is a cp-form.

3. M = MM,

By induction hypothesis, we have cp-form M{ and M4 such that M; = Mj
and M2 = Mj. Since M{ and Mj are cp-form, M| and M have the form M{ =
C.P,---,P,] and M} = C.[Q1, -, Qm] for some case free term P;,---, P,
and @1, --,Q,, and a case context C.[ ,---, |. Then we have M = M1 M, =

M{Mé = Cc[Pla"'7Pn]cc[Q17"'an] = Cc[Plcc[Qla"'an]a"'aPnCc[Qla"

'an]] =

CC[CC[Plle"'a-PlQm]a'"aCc[Pana"'v-Pan]]'Sincepla"'vpnandQla"'an

are case free, P1Q1, - -, PiQm, -, P,Q1, -, P,Q,, are case free. Therefore,
M = Cc[cc[PlQla ) PlQm]a o 7Cc[PnQ17 ) Pan]] is a Cp-fOI'IIl.
4. M = case z.M; + M,

By induction hypothesis, we have cp-forms M{ and Mj such that M; =
M{, My = Mj. Therefore, M’ = case x.M{ + M is a cp-form and we have

M = case z.M; + My = case z.M{ + M;. Thus Theorem holds for M’ =
case z.M{ + M;. QED



3.2 Weak Normalization

In addition to case postponement rules, we introduce the following three reduc-
tion rules. A term M is called normal form iff no reduction rules can be applied

to M.

Definition 5. (reduction rules)

K: KMN —-. M
v: case z.C.[Cylz~ M]] + N —, case z.C,[N[zt := M||+ N
erase: case .M+ N —. M ife” ¢ FV(M)

The reduction rules represent the following normalization steps of proof fig-

ures.

M:a

KM:,‘B—>a N:j3 :
KMN : « —e M: «
T ta—f M:a :
a:M,B M:a
Ca[fbj:‘/-r]")’ zt Nla* T MI:y ot :a
Cc[Ca[a;M]]:’y Ny C.[N[zt - M]]: v Ny

case z.C,[CylzM]|+ N : v —e case z.C.[N[zt := M]+ N]: v

M':’y N':’y :
case .M + N : v —e M:y

A term of form KM N is called K-redez, and a term of form ¢~ M in case z.C.[C, [z~ M]]+
N is called y-redex. We call both of them redez.

The weak normlisation holds for the reduction rules.

Lemma 1. (normal form) Any cp-form has a normal form, i.e., for any cp-

form M, there exists a normal form M' such that M reduces to M'.
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Proof. First note that a term obtained by applying K or 4 reduction to a cp-form
is a cp-form. We define the degree deg(R) of aredex R by deg((K(M*))P~*NP) =
|3 — a| and deg(a:_a%ﬁMo‘) = |a — B[, where |a] is the number of occurrences
of — in a. Then we can show that the degree of a new redex is smaller than

that of the redex which creates such a new redex.

In the following two cases, a K reduction makes a new redex.

1. (K(KP)P7o)1=>P=aN1QP = (KP)?7>QP. Then, we have deg((K(KP))"?#72N) >
deg((KP)P7=Q).

2. (K$_a_>ﬁ)7_’(a_’ﬁ)N7Qa = :c_a_on‘ Then, we have deg((Kz~ )"~ (>AN) >
deg(a:_a_mQ).

In the following two cases, a 4 reduction makes new redexes.

3. case a:.C’c[C’a[a:_(ﬁ_m)_W(KP)ﬁ_’O‘]]—I—N = case a:.C’c[N[a:‘l'ﬁ_m = (KP)P~2]|+
N, where zt takes the form of a:+ﬁ_>aQﬁ in N. Then the result contains a

K redex of the form (KP)?~2Q’. However, we have deg(a:_(ﬁ_m)_w(KP)) >
deg((KP)P~>Q").

4. case a:.C’c[C’a[a:_(a_}ﬁ)_wy_a_}ﬁ]]—|—N = case a:.C’c[N[a:+a_>ﬁ = y_a—>ﬁ]])_|_

N, where 7 takes the form of a:+a_>ﬁQ°‘ in N. Then the result contains a 4 redex

of the form y‘aﬁﬁQ'. However, we have deg(a:_(a_w)_wy_) > deg(y‘a%ﬁQ').

Thus the degree of a newly created redex is smaller than that of the old
redex. Therefore, we can decrease the maximal degree of redexes or the number
of occurrences of redexes with maximal degree, by reducing the rightmost redex.
Eventually, we have a term which has no redex. Since an erase reduction makes

no redex, we have normal form by applying erase reductions. QED
Theorem 2. (weak normalization) Any term has normal form.

Proof. By Theorem 1, any term can be reduced to a cp-form. Then by Lemma

1, the cp-form can be reduced to a normal form. QED

3.3 Subformula Property

The normal form proof satisfies the subformula property.
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Theorem 3. (subformula property) Let M be a normal form and II be a
type assignment to M : £. Then any type which occurs in II is either a subtype

of an assumption or a subtype of the conclusion §.

Proof. Let I be the assumption set of the conclusion of IT.

1. M is case free. We prove Theorem by induction on the structure of II. Since

M is case free, IT is an axiom or the last inference rule of IT is K or E.

1.1. II is axiom. The type assignment I7 has the following form.
z:€Fx: &

Thus £ is a subtype of the conclusion.

1.2. The last inference rule of I7 is K. Then the type assignment II has the

following form.

Fl—Ml:a
I'-KM;:8— a(=¢§)

K

By induction hypothesis, any type in IT except for the last line is either a subtype
of an assumption in I'" or a subtype of the conclusion a. Since « is subtype of
B — a, any type in II is either a subtype of an assumption in I" or a subtype of

the conclusion &.

1.3. The last inference rule of I is E. Since M is a normal form, M has the form

M = aM,--- M, and II has the following form.

m 1,
ziay > —oa, ~€éFeiag > —a, €8 IIEFMy g - IEM,:a,

{z:a1 > —a, > &&UNU---UlFaMy--- M, : €

Let II; be the type assignment for I3 F M; : a; (1 <4 < n). By induction hy-
pothesis, any type in I1; is either a subtype of an assumption in I; or a subtype
of the conclusion «;. It is clear that «; and a; — - -+ — a,, — & are subtypes of
ar —~ - Sa, > € Since '={z:a1 > > a, > EUNTU---UT,, any

type in IT is a subtype of an assumption in I'. Therefore, Theorem holds.
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2. M is not case free. Let P be case free and maximal subterm of M, the type

assignment I has the following form.

2 (0)
I'HM:¢

By the definition of C, the type of P is same as one of M. The assumption set
I' equals to the assumption set Ij minus assumptions which are discharged in
C. Then, it suffices to show that the type of variable which discharged in a C
rule is either a subtype of an assumption in I" or a subtype of the conclusion £.
We only have to show for the type which is maximal among such types. Let
be an occurrence of variable which has such maximal type. Since M is normal
form (for erase), z is negative occurrence of the variable. We prove Theorem by

case analysis of the occurrence of  in M.

2.1. case y.z + N. Then P = z and II has the following form.

NFe:6 DFEN:¢E
NnNulykFcaseyxz+ N : ¢
: (C)
I'HM:¢

C

Since the type of z is &, it is a subtype of the conclusion.

2.2. case y.N + z. By the same way as the case 2.1, we have that the type of =
is €.

2.3. Kz. Then Kz is a subterm of P and IT has the following form.

FQI—'a::a
LhFKz:B—>a

Fll_Pf
: (0)
I'-M:¢

Since P is case free, 3 — « is either a subtype of an assumption in I's or a

subtype of £. Since « is maxmal among types which are discharged by C, 8 — a
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is not a subtype of type which is discharged. Therefore, 8 — ais either a subtype

of an assumption in I" or a subtype of £, hence so is a.

2.4. xN. Since M is a normal form, M dose not contain a vy-redex. Since M
contains a case-rule with respect to the variable , M dose not contain such an

occurrence zN.

2.5. Nz. Let the type of z be a. Then the type of N is a« — 3. By the same
way as the case 2.3, we have that a is either a subtype of an assumption or a

subtype of £. QED.

4 Computation in Case Calculus
4.1 Simulation of B-reduction

Case calculus with K+E+C may look strange as an extension of A-calculus,
because it does not contain I-rule, i.e., A-abstraction. But as we explained in
introduction, the A-abstraction can be described by K and C with the following

type assignment in case calculus.
[z : a]

M:b
[z-:a—>b KM:a—b
case z.x + KM :a — b

We can define Az. M = case z.z + KM . Moreover, we can simulate 3-reduction

by the reduction rules of case calculus.

(Az.M)N = (case z.c + KM)N
— case z.2N + KMN by rp

— case z.2N + M by K
— case z.M[zT = N|+ M by v
— Mzt = N] by erase

4.2 Simulation of Disjunction

It is known that disjunction can be defined by implication in classical logic as

aVpB = (a — B) = B. The following is a formulation of calculus for disjunction.
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wia] [y:6]
M:a M:3 P:avp M::Py N::'y
IM:avp rM:aVp j(Pye.M,y.N): v

There are two reduction rules for this calculus.
j(lP,z.M,y.N) —» M[z := P]
j(rP,a.M,y.N) — N[y := P]

We can translate this disjunction calculus into case calculus by IM = case z.z+
K(zM),rM = KM and j(P,z.M,y.N) = case z. N[y := Pz~ |+ M. This trans-
lation preserves the types and the two reduction can be simulated with the

reduction of case calculus.

4.3 Failure of Church-Rosser and Simulation of Catch/Throw

Consider the the reduction rule 4 for the case context C.[ | =[], N = @. Then

we have the following reduction.

case z.C.[z" M|+ 2T — case z.zT[z" := M] + 2" — case 2.M + 2zt - M

Therefore, if the negative variable = has multiple occurrence, say, zM; and
x My, the term reduces to M1 and My. Thus, case calculus does not have Church-

Rosser property.

We see a similarity in the above reduction sequence with global exit control
in conventional programming. The expression M represents an exceptional exit
with the value M. On the other hand, case z.C,[ ] captures this control. This

intuition leads to simulation of catch/throw.

The following is a simple example of catch/throw from [7].

prd(l) = catch(z,prd2(l))

prd2(l) = if null(l) then 1
else if hd(l) = 0 then throw(z,0)
else hd(l) * prd2(ti(1))
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We have the following computation.

prd[2,3,0,4, 5]
— catch(z,prd2[2,3,0,4,5])

= catch(z,2 % prd2[3,0,4,5])

h(z,
= catch(z,2 * 3 * prd2[0, 4, 5])
= catch(z,2 * 3 * throw(z, 0))

=0

We can define catch and throw by

catch(z, M) = case .M +z, throw(z,M)=azM.

Then, the last step of the computation of prd[2,3, 0,4, 5] can be simulated by

catch(z,2 x 3 x throw(z,0)) = case 2.2 %3 x 20+ z — case 2.0+ z — 0.

More generally, we have the following.

catch(z,Clthrow(z, M)]) = case z.C[zM]+«
— case .M + 2 by ~
— M by erase

References

1.

2.
3.

4.

T. Griffin: “A Formulae-as-Types Notion of Control”, Conference Record of 17th
ACM Symposium on Principles of Programming Languages, pp. 47 — 58, 1990.

J. R. Hindley: “The Basic Type Theory”, Cambridge University Press, 1996.

J. R. Hindley and J. P. Seldin: “Introduction to Combinators and A-Calculus”,
Cambridge University Press, 1986.

S. Hirokawa, Y. Komori and I. Takeuti: “A Reduction Rule for Peirce Formula”,
Studia Logica, 56, 3, pp. 419 — 426, 1996.

S. Hirokawa: “Right weakning and right contraction in LK”, Proc. CATS’96, Aus-
tralian Computer Science Communications, 18, 3, pp. 168 — 174, 1996.

W. A. Howard: “The Formulae-as-Types Notion of Construction”, reprinted in The
Curry-Howard Isomorphism (de Groote, Ph. ed.), Academia, 1995.

Y. Kameyama and M. Sato: ”Strong Normalizability of the Catch/Throw Calculi”,
Theoretical Computer Science, to appear.

C. Murthy: “An Evaluation Semantics for Classical Proofs”, Proc. 6th Annual
IEEE Symposium on Logic in Computer Science, pp. 96 — 107, 1991.

C. -H. L. Ong and C. A. Stewart: “A Curry-Howard Foundation for Functional
Computation with Control”, 24th ACM Symposium on Principles of Programming
Languages, 1997.



16

10. M. Parigot: “Au-calculus: An Algorithmic Interpretation of Classical Natural De-
duction”, Lecture Notes in Artificial Intelligence, 624, pp. 190 — 201, 1992.

11. M. Parigot: “Classical Proofs as Programs”, Lecture Notes in Computer Science,
713, pp. 263 — 276, 1993.

12. D. Prawitz: “Natural Deduction, A Proof-Theoretical Study”, Almqgvist and Wik-
sell, Stockholm, 1965.

13. S. Read: “The Harmonious Classicist”, manuscript, 1994.

14. M. Sato: “Intuitionistic and Classical Natural Deduction Systems with the Catch
and the Throw Rules”, Theoretical Computer Science, 175(1), pp. 75-92, 1997.



