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Abstract

This note presents a relational formalization of Hennessy-Milner properties in Schroder
categories.
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1 Introduction

The modal logic for labeled transition systems due to Hennessey and Milner[2] (Hennessey—
Milner logic, or HM logic for short) specifies behaviors of processes with logical formulae.
This logic presents modality as occurrence of actions in transition systems and actions are
classified into necessity and possibility. Labeled transition systems are used for operational
semantics for parallel programs and concurrent processes which provide a notion of equiv-
alence ’observational equivalence’. Between such logical systems and semantic structure
equivalent correspondences are shown in [2]. It is called Henessey—Milner properties (HM
properties, for short) [1]. This means that HM logic is necessary and sufficient to describe
behaviors of concurrent processes. Moreover choice of logical operations determines seman-
tic structures with respect to observational equivalence and etc. However, investigating the
proof of HM properties in [2], one would notice that their argument is assumed in logics of
2—valued Boolean algebra.

Dedekind category is a general theory of relational calculus (relation algebra). It consists
of category of relations and lattice structures of homsets. In this paper we present an
alternative proof of HM properties in Boolean Dedekind categories. According to our study
it turns out that HM properties are valid also in generally Boolean valued modal logics,
for instance, in a powerset of two point set. For the sake of this generalization one may
guarantees that behaviors of concurrent processes are characterized by logical formulae which
is valid in values between true and false.

HM properties are classified into three levels with respect to semantics of labeled tran-
sition systems; observational level , semi—observational level and experimental level. They
correspond to HM logic with negation and conjunction, with conjunction and only with
modality, respectively. The contents of this paper follow this classification. In section 2
Dedekind categories are introduced. From section ?? to section 7?7 we verify HM property in
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terms of observational equivalence. Especially in section ?? binomial equivalence relations
are introduced as logical equivalence relations over a set of processes. These relations denote
equality of sets of valid formulae in HM logic. Readers may find out that methods of proof
are algebraically unified in Dedekind categories. In section ?? and ?? semi—observational
level and experimental level properties are proved respectively.

2 Dedekind Categories

In this section we recall the fundamentals on relation categories, which we will call Dedekind
categories.

Throughout this note, a morphism « from an object X into an object Y in a Dedekind
category (which will be defined below) will be denoted by a half arrow « : X — Y, and the
composite of a morphism « : X — Y followed by a morphism {3 : Y — Z will be written as
xfp : X — Z. Also we will denote the identity morphism on X as idy.

DEFINITION 1

A Dedekind (Schroder) category D is a category satisfying the following:

D1. [Distributive Lattice/Boolean Algebra] For all pairs of objects X and Y the hom-set
D(X,Y) consisting of all morphisms of X into Y is a distributive lattice with the least mor-
phism Oxy and the greatest morphism Vyy. Its lattice structure will be denoted by

D(X) Y) - (D(X) Y)v E) L, I, OXY) vXY)-

D2. [Converse] There is given a converse operation  : D(X,Y) — D(Y,X). That is, for all
morphisms «, &' : X — Y, f:Y — Z, the following involutive laws hold:

(@) (xB)* = B¥of, (b) (o) =, (c) If « C o, then off C o*

for all morphisms o, ' : X — Yand :Y — Z.

D3. [Dedekind Formula] For all morphisms o« : X — Y, 3 : Y — Zand v : X — Z the
Dedekind formula o My C «(p M oc*y) holds.

D4. [Residues| For all morphisms 3:Y — Z and y : X — Z the residue (or division, weakest
precondition) vy + 3 : X — Y is a morphism such that «f3 C v if and only if « C vy + (3 for
all morphisms oc: X — Y.

An object I in a Dedekind category D is called a unit if Oy # id; = V1. (VxiVix = Vxx)

A morphism f: X — Y such that f*f C idy (univalent) is called a partial function and
may be introduced as f : X — Y. A partial function f : X — Y such that idx C ff* (total)
is called a function. In what follows a word relations is a synonym of morphisms in a
Dedekind category.

3 Observational Equivalences

Let D be a boolean Dedekind category and A a set of labels. An (A-labelled transition)
system over D consists of an object X of D and an A-indexed set of transition relations
0q: X — X (a € A), which will be denoted by (X, 8, : X — X;a € A).



DEFINITION 2
For each relation 0 : X — X define relations 6° : X — X and 6" : X — X by

0° = [ (540 + 5) and 8 = 0* 1 o™,
acA
respectively.

ProPOSITION 1
1. If O is a reflexive trasitive relation on X, then so is 0°,

2. If 0 is an equivalence relation on X, then so is 0.

Two sequences of relations o, Wy, , Un, - : X — X and 0, 07,---,0,,--- : X — X will
be defined as follows:

Ho = 0o = Vxx, Hnt1 = Hn" and On4 = 9n+-

It is easy to see from the last proposition that all relations ., are reflexive transitive,
and all relations 6,, are equivalence relations. Set po =[], 5o Hn and O =[], 50 On.

PROPOSITION 2

If each transition relation &, : X — X is a finite sum of partial functions, then equalities
(Loo)® = oo and (04 )" = 04 hold.

4  Binomial Equivalence Relations

Let D be a boolean Dedekind category.

DEFINITION 3
For every relation p : I — X define relations (,: X — X and §,: X — X by

Cp:pﬂ+pﬂ and Evp:CpﬂCg))
respectively.

LEMMA 1
(o : X — X is a reflexive transitive relation and &, : X — X is an equivalence relation.

DEFINITION 4
A sequence Ly, Ly,---, Ly, - of sets of formulas will be defined as follows:

1. Lo = {true},

2. IfFe L, thenFe L,
IfFe £, and a € A, then a.F € £,4;4,
IfFe L., then “F€ L, 1,
IfFH,F,be Ly, then FAF € L,45.

DEFINITION 5
A sequence My, My, -+ M, --- of sets of formulas will be defined as follows:

3



1. My = {true},

2. IfFe M,, then F e M, 4,
IfFe M,, and a € A, then a.F € M1,
If F],Fz c Mn+], then F; AF, € Mn+].

DEFINITION 6
For each formula F in £ or M its interpretation [[F]] : I — X will be defined as follows:

[true]l = Vi, [[a.F] = [F18%, [=F] = [F]~, and [[F; AF,]l = [Fy]] 11 [[F2.
For each formula F € £ we then have a binomial equivalence relation & : X — X.

DEFINITION 7
For each natural number n a reflexive transitive relation ¢, : X — X and an equivalence
relation &, : X — X will be defined as follows:

=[] dn and &=[]é&m.

FEM FeLln

5 Hennessy-Milner Properties

ProposITION 3
u, C ¢, and 0,, C &,, hold for each natural number n.

THEOREM 1
If each transition relation 6, is a finite sum of partial functions, then inequalities (, C u,
and &, C 0,, hold for each natural number n.

6 Experimental Equivalences

DEFINITION 8
Define a relation ¢, : X — X by

En = I_l {3 Vx1 + 8w Vx1) M (8w V1 + 80 V1)),

weAMml
&n = |_| Gy V1)

weAml

where A™ is the set of all strings with length |w| < n.

It is trivial that ¢,, is an equvalence relation on X such that ¢,,,1 C €.

DEFINITION 9
A sequence Ny, N7, -+, Ny, - of sets of formulas will be defined as follows:

1. Ny = {true},

2. If FEN,, then F € N1,
If FE N, and a € A, then a.F € N, 1,
PRrRoOPOSITION 4

For each natural number n an equality e, = [ |rc,. &) holds.
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7 Conclusion

We presented an alternative proof of HM properties in Boolean Dedekind categories, so that
HM properties hold in more than two Boolean valued modal logics. This seems to be im-
portant for concurrency theory. Because, considering behavior of communicating concurrent
processes one cannot determine their logical semantics with either true or false. It is worth
studying logical semantics of concurrency in general Boolean algebras and lattice—valued
logical semantics.
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Appendix

Proof of 1. (a) First the reflexive law idyx C 6* follows from idx C 8,0 + 8, by idxd, C 60,.
The transitive law 0°0° C 0° can be seen from (8,0 + 04)(040 +~ 84)0a T (8,0 + 84)0.0 C
5,00 C 5,0.

(b) First note that the symmetric law 0 = 0 implies 67 = 0° 1 6°%. The reflexive law
idyx C 0% follows from the reflexive law idx C 0° of 8°. The symmetric law 0% = 0+ is trivial
by 87 = 0° M 0. The transitive law 070" C 0 can be seen from 870+ C 0°0° M 0*9** C 0+
using the transitive law of 0°.

PROPOSITION 5
Since the hom set D(X,Y) of a Dedekind category D is a complete Heyting algebra, a
distributive law
o ([ og) = (e o)
j€] j€]
holds for all o, 05 : X — Y (j € ]), and so an extended distributive law also holds:

k

k
|_|(|_| xij) = |_| (|_|(Xiji)

i=1 j€J Jr€]ik€l i=1
forally;: X —Y (i=1,---, kandj€]).

PROPOSITION 6

Assume that every hom set of a Dedekind category D satisfies the distributive law in the last
proposition. Let 3;: Y — Z be a decreasing sequence of relations, that is, o J 31 J -+ J
B; 3 Bj+1 2 ---. Then an equality oc(ﬂ).zo B;) = ﬂjzo «f3; holds, if « is one of the following:



1. a finite sum of partial functions,

2. a disjoint sum of finite sums of partial functions.

Proof. (a) Fisrt of all a semi-distributive law ([ ];5, Bj) E [ |5, oB; is trivial. Assume that
o = |, f; for partial functions f;. Then we have

O‘(ﬂjzo B]) - (UE:] fi)(ﬂjzo B])
fl{f' H)>o [3'
21(Miso fi B)

H j1>0,- k>o( i=1 fiﬁji)

and .
[Tiso B = [Tisolllis Ti)B;
= szo(l_l]le fi3s).
Thus we have to see that [_]jzo(l_l‘f:] fiB5) C (LY, fiP;,) for all j; > 0,---,j > 0. Set
jo = max{ji,---,jx). Then B;, C 5, for i=1,--- k, and hence

ML 5y = I_Iffsmz |_|fﬁh,

i>0 i=1
which completes the proof.
(b) (First we assume (N, 1) distributive law [, (Llicr o) = Uenor([ 150 Xe)).) Assume
that o = [ J;c; o, where «; is a finite sum of partial functions such that ocfoclf = Oyy ifi#£1.
Then we have

|_|j20 xB; = szo(l_liel i) B;
[Tiso0(Lier &iBs)
UC:NHI(I_IjEO oe () Bj)
Llier([ 50 iB5)
UiEI[‘Xi(ﬂjzo B;)l
(Lier %)(szo B;)
O‘(szo B))

Note that if c(j) # c(j’), then szo o (5)B; = Oxy, since

c() B3 M &5 By T ote(s) [B5 M ‘X 10 (5) Byl = Oxy.

Proof of 2.(continuity)

(a) It follows from u3, = HaeA{éa(ano Hn)+8a) = HQEA{(HnZO Sakn)+da} = |_|aeA ano(éaun+

0a) = ano HQEA(éaHn +04) = ano Hn = ano Hint1 = Hoo-

(b) By the same way as in (a) it follows that 65, =[5, 65, that is, ([,500n)* =[1aecalda([ 150 On)+
Sa} = aealll a0 8aBn) +8a} =[aeca [ Taz0(0aBn +8a) =Tisol laca(8aOn +8a) =TT150 O3

But by noticing that 0 and 0, are equivalence relations, we have 07 = 0° M 0% =

(MMhs0 O3) T (Miso 6;)" = [Thso(0% T o;h) = [Ths0 05 =T Tiso Ons1 = Bec.

Proof of 1 (a) First the reflexive law idx C (, follows from idx C p* + p* by idxp* C p'.
The transitive law (,(, C (, can be easily seen from (p* = p*)(p* + pf)p* C (p* + p*)p* C pf
by using (v + ) C v. (b) First the reflexive law idx C &, follows from idx C (, 1 CE) by
idx C Cp. The symmetric law Epﬁ = &, 1s trivial by definition. The transitive law £,&, C &,
can be seen from ({, M C4)(Go M CE) T ol MCECE T G 1.
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LEMMA 2
1. CP1 M sz E le_lpz and Em M ‘Epz E Epﬂ_lpz:

2. 8C, + 0 C (ppe for a relation 6 : X — X,

3. & =plpUpFp and &, =&,

Proof. (a) The former follows from (pf + p%) M (ph = p4) C {pf = (p1 M p2)f 1M {ph = (p1 M p2)f} =
(pq M pg) + (p1 M p2)* by ??7?? and the latter is a simple corollary of the former. (b)
8(p*+p*)+8 C (8p"+p*)+5 = 5pF+6pf, since a(B+v) C af . (c) As & = (p* pUp‘p )~
by 77?7, the result simply follows from checking a fact that pfp Ll p#p~ is the complement
of p"p U pfp~.

Proof of 3. The statements will be proved by sturctural induction on formulas.

(a) Assume that w, C (g for all F € M,,. We will show that p,1 C (jgp for all G € M, 4.
(i) If G € My, then pn1 C py C gy (ii) Assume that G = a.F for F € M,, and a € A.
Then from the induction hypothsis u, C (g we have pn1 E dqpn =+ 8q C 8o + 04 C
Clar = Crap- (i) If G = G1 AG; for Gi, G2 € My1, then w1 E Ciai1 M Cean E Ciginga) =
(igp- (b) It suffices to see that 0,1 C &1 can be derived from the induction hypothesis
0, C &.. Assume that 0,, C & for all F € £,,. We will show that 0,1 C &g for
all G € L4 by the structural induction. (i) If G € L, then 6,41 C 6, C &gj. (ii)
Assume that G = a.F for F € £,, and a € A. Then from 6, C &p C (i we have
3aOn + 04 L 8oCr + 84 E (o) and hence

en+1 E (5aen - 6(1) M (6aen o ) E C [a.F] M C[[a]:]] ‘E[[G}]

(111) If G=—-G'for G’ € L1, then 6,1 C E,[[Gl]] = E,[[_.G/]] = ct_, Gl- (IV) If G=G;AG; for
G1,G2 € L1 such that 8441 C &g,7 and 0,41 C &g,y then 0401 C &g, 1M E6,1 C &16,A6,1-

LEMMA 3
Let p,p7,--+,pPx,01,---,0r: 1 — X, and 6 : X — X be relations in D. Then

1. If 0y C p; for i #j, then |_|If:1 (o Upi) = (L o1) U (|_|!f:1 Pi).

2. If R is a finite set of relations p : I — X such that | |,cr p = Vix and p M p' = Orx for
p#p' €R, then ﬂpeR(épti =+ ) = Lyer 50%p.

Proof. (a) Since 07 C p; and o0, C pq, it is trivial that

(prUor) M (p2o2) = (p1 M p2) Loy U Oy,

We now remark that o3 C p; M p; and o7 U 02 C p3, and then also the following is clear:

3
[](piuo) |_|pl
i=1

(b) First note that | |,c» p = Vix, and when p # p’ for p,p’ € R, we have

.:]

5p%p M Vxip' C Vxip M Vxip’' = Vxi(pMp') = Oxx.



Therefore from (b) we have

[Toer (80" + o)

[Toerl(Vxip) ™ U 5pPp)
{(Vxi(Uper 0)} U (Uper 50%p)
Lper 80%.

LEMMA 4
If a transition relation &, is a finite sum of partial functions, then

1. [Trem, (8allFI* = [FIF) C 84ln,
2. Mreg, (8al[FIF = [FIF) T 84&n.

Proof. By the assumtion we can set d, = |-|]f:1 fi, where f; is a partial function for i =
1,k Then Saln = (LUK fi)n = Uiy filn = U 1{f (Mream, G} = L (Mrens, fiCim) =
|_|F1 erMn i= 1 fiCpr,p and also 8,&, = |_|F] el 1_1 fulgra-

(a) Tt suffices to prove [Ty (84l[FIF + [FIF) C LI, f:¢yr, for all formulas Fy,- -+, Fy € M.
Now we will prove [_]]f:] (fiCr) ™ E Uren, (8 [[F]]” - [[F]}”) Since

k k k

[](ficra) =] (V) Uil Gra) 3 =] J{(fiVxx) ™ U RIFIF (R}

and

k k

(8 [[FIF + [FIF)~ = (8a[FIF)[IFI = [ |(FIFIF) [IFD = [ J{(f:Vxa) ™~ W F[FIF}IFT,

i=1 i=1
the right hand side of the last equality is the supremum (sum) of terms(relations)

S

{1, Vxx) ™ |_| ),

p=1

where {i;,---,1s} and {j1,---,j.} is a partition of a set {1,---,k}.

(i) HL] (fiVxx) ™ = (U fiVxx) ™ = (8.Vxx)” = (8.Vx1) Vix = (8alltrue]”) [[truell, where
true € M.

(i) I fFDFIRT = (T fullFD ) (71 [RD) © [T {(fi V)~ U fIFI¥ )], where F =
FrA--- AFp.

(iii)

(T (Fiy Vo) T30 (Mlezy 5, R DR, = (T (Fs, Vo) 7311 ([T i, [0F;, 09 IF]
C ([ (F1, V) 300 (s i, [FTF)IF)
C Ty (fi, Vo) JIFIF 71 (1T 5, [IFF)IIIF]
C [{|‘|§,21 (fi, Vo) IV 1 (Mey 5, [FTF)IIFT
= {2 (Fi, Vx Vo) 7310 ([Ty £, [IFDF)10F]
= [T (£, V) (2 i FDF )T
C [ {(fiVxa) ™ U AT Y]

where F=F, A---AF,.



(b) Recall that 8a&n =T, .. rrcrn LI, & Hence it suffices to see that [, (8allFIF+
[[F]]”) C |_|‘f:] fi&gr, for all formulas Fy,--- Fx € £,,. Now consider the set R of all formulas
Fi/A---AF'suchthat F;' =F or F;' =—F; fori=1,... k. That is,

R={F A A-F e =00r 1i=1,--- k).

Since R is a subset of L., it is enough to show that |_|F€R(6 [F]F = [[F]]ﬁ) C U, fi&gr, for
all formulas Fy,---,Fc € L. It si trivial that [FI*[[F] C [FI*F] U [-F]-F] = &g, for
all F € R. Therefore we have | |rc» [[F]]ﬁ[[F]] C &pr,p and so

Mrer (8allFIF = [[FI%)

|_|Fe7?,6 [FI*[F] { Lemma 5.7(b). }
Sa(llrer [[FIFIFD)

(L ) (Urer [FIFIFD)

LI, fi(Urer [FIFIFD)

|—|1:1 fla [[Fs0-

Proof of 1. (a) We will see that (11 C pn41 can be derived from the induction hypothesis
Cn C un. Assume that ¢, C u,. If Gy C G,°, then Gy C G1° T un® = tng. So it suffices
to prove (41 C (* and so (o1 C 0,0, + 84 for all a € A. But this fact follows from the
following:

i1 1l

i1 B [lrems, Clam
= [Trepq, (SallFIF = 84[[F1F)
= {Mrens, (SallFIF = [F]H)} = 84
L 0aGn+0a { Lemma 5.8(a). }

(b) We will see that &,,1 C 0,41 can be derived from the induction hypothesis &, C 0.
Assume that £, C 0,. If &, C &, ", then &1 C &, C 0,7 = 0,,41. So it suffices to prove
Eni1 C &7, But note that &, C &7 iff & C 848n = 8, for all a € A. But this fact
follows from the following:

|_|Fez:n C[[a.F]]

Mrer, (8allFIF = 84[FF)

Mree, (8allFI* = [FI)} =+ 84

daén + da. { Lemma 5.8(b). }

£n+ 1

I 1m

11l

PrROPOSITION 7
The universal morphism Vi : X — 1 is a function.

Proof. (totality) VXIVXI VxiVix = Vxx J idx by the assumption.
(unvalency) vXIvXI = levXI E VH = ldI.

PROPOSITION 8
For each a € A the equality 6,Vx1 + 8.Vx1 = 0Vxx + 0, holds.

Proof. As Vg is a function, we have 6, Vx1 =~ Vyx1 = 6aVXIV§<I.

3aVx1 +04Vxi = (84Vxi+ Vxi) =+ 84
= (84VxaV) + 8a
= 0,Vxx ~ b,.

Let x: X —Y, B, :Y—Z,v,vy:X— Zand 6:Y' — Y be relations and W an object.
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1. Owxo = Owy and xOyw = Oxw,
2. o(lsey Bi)y = Ujey By,
3. If x C o' and B C B/, then aff C «'p’,
4. If ofoc T idy and J # 0, then o([ ;) B5) = [ic; B,
5. 0%y = Oyx and Vi, = Vyy,
6. (Ues B)* = Liiey B and ([Ti¢; By)* =[igy B,
7. ot = o,
8. (y+BIBCyandy+df=(v+B)+3,
9. ([hervi) = B =[lier(vi = B) and vi + (Lier Bi) = [ Tier (v + B,
10. If B'C Band yC v/, theny =B Cvy' + B,
1L y+B=(y B,
12. If ofox C idy, then (B)” = (aVyz) U ap,
13. If B*B Cidy, then vy + B = (Vxzp*)~ LUy,
14. If B*B C idz, then (Llicrvi) + B = Lier(vi + B),
15. If p: I — X and p; : I — X, then p* + ([T, o!) = Lher (pf + pD).
16. [T, wps = (M ) (T p0)-
17. If I is a strict unit, then («Vvi) Viw = («Vyw) .

Proof. (a) It directly follows from a fact that Owxx C Owy <= Owx C Owy + «, in which
the latter condition is true because the zero relation is the smallest relation.
(b) It follows from

(Uier B5)y Em Liey B En+vy
Vie]l:BiEn+y
VieT:ByyEn
Liey Byy E M.

1117

B M {(aVyz)" LB} {1 (aVyz) JU (xB M)
{oaVyz M {(aVyz) JU (BB

Oxz

I

and
o U{(aVyz) U} = (aVyz) Uoa(BUB)
= (aVyz)" UaVyz
Vxz.
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Hence the result is clear.
(d) Recall that v+ = (y %)~ then it suffices to see that (Vxz ) Uyp* is the complement
of v~ B*. Recall that B is a partial function.

v B {(VxzBY)~ LypY} {y BN (VxzB*) }uU (y B*MypY)
{(VxzB* 1 (VxzBY) U (v~ ry)B*

OXX

1

and

(VxzB*) U (v Uy)pF
(VxzB%)~ U Vxzp*
= Vxy.

v B U{(VxzBH) LIyRH

Hence the result is clear.
(e) It is trivial that the semi-distributive law ([ |;; Bj) C [ ];c; «P; holds by the monotonicy
of the compoition. As J # 0 there is some jo € J. Hence we have

I_lje] o s, 1 (|_|j7éj0 of;)

x{PBj, M “n(ﬂ#jo of;)} { Dedekind Formula }
ofBjo M ([, *xB;)} { The semi-distributivity }
{5, M (Hj#jo Bj)} { fax Cidy }

“(Hje] B;),

which completes the proof. (f) It is enough to see that t;p; M12p2 = (11 M 12)(p1 M p2). But

(T1MT2) (p171p2) T T1p1MT2p2 C (11 MT2p205 ) p1 M (10105 MT2)p2 C (11 M) o 1Ty MT2) o =
(ty M t2)(p1 M p2), since Ty M1, is a partial function. (g)

AT

(aVy1) Viw M aVyw C {(aVy1)™ M aVyw Vi Viw

C {(aVy) MV Viw

= O0xiViz

= Oxz

and
(aVy1) Viw U aVyw = (aVyi) Viw U aVyViw

= {(aVy1)” U aVy}Viw
— VxiViw
= V.
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