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Abstract

In this paper we propose tree expressions which express transition diagrams
of finite dynamical systems by algebraic formula. And we consider the cartesian
product of dynamical systems and get the product formula of tree expressions.
By the product formula we easily get the tree expression of the product of
dynamical systems represented by tree expressions.
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1 Introduction

In nature there exist many natural dynamical systems and many researchers investi-
gate them. Many artificial dynamical systems are devised by engineers and scientists.
They investigate dynamical systems and applied them to many fields. Generally
dynamical systems are represented by a pair (X, f) of an non empty set X and a
transition function f on X. It is difficult to understand behaviors of a dynamical
system (X, f). So in order to understand behaviors of dynamical systems more easily
we describe their transition diagrams which are graphs showing their transition. If
the number of X is small then we can easily describe the transition diagram. But if
the number of X is large then we cannot describe it.

So we consider special dynamical systems such that they can be separated or are
composed by several dynamical systems. If a dynamical system can be separated, then
analysing small separated dynamical systems is aclue to understand global behaviors.
Two dynamical systems have simple behavior but often their combination behave
complexly. It goes without saying that a combination of complex dynamical systems
have more complex behaviors. So we investigate a product of dynamical systems.

There are several studies on a cartesian product of dynamical systems. Kumamoto
and Nohmi analysed behaviors of integral affine dynamical systems[1]. In [1] they
studied the cartesian product of systems, and they got that the transition diagrams
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of integral affine dynamical systems are the cartesian product of a system whose
nodes are all on a limit cycle and a system having a fixed point. And Lee and
Kawahara presented tree expressions and their product formula in 1996[2]. In [2]
they investigated behaviors of cellular automata and got the result that transition
diagram of some cellular automata can be represented by the cartesian product of
transition diagrams of cellular automata with smaller cells. But their tree expressions
can represent only dynamical systems with fixed a point. And their product formula
is limited on dynamical systems such that they have a fixed point and their height
is less than 2. So their product formula can’t apply to dyncamical systems having a
limit cycle of period lenght p and more than 3 height.

In this paper we introduce new ’tree expressions’ which represent a transition dia-
gram of dynamical systems in algebraic formulae. New tree expression can represent
transition diagrams of all finite dynamical sysytems. And we investigate the cartesian
product of finite dynamical systems, and present their product formula. The product
formula presened in this paper can be applied to all finite dynamical systems.

2 Finite Dynamical Systems

In this section we define a finite (dynamical) system and notations.

A (dymanical) system (X, f) is a pair of a nonempty set X and a transition function
f:X — X. Asystem (X, f) is finite if X is a finite set. A dynamorphism ¢ : (X, f) —
(Y, g) from a system (X, f) into another system (Y, g) is a function ¢ : X — Y such
that gp = ¢f. A dynamorphism ¢ : (X, f) — (Y,g) is called an isomorphism of
system if there exists an inverse dynamorphim ¢ : (Y, g) — (X, f) such that ¢ = idy
and Y = idy where idy and idy are identity function on X and Y, respectively. It
is trivial that isomorphic systems have isomorphic transition diagrams.

Definition 2.1 Let (X, f) be a system. A subsystem S of (X, f) is a subset of X
such that f(x) € S for every x € S. (That is, the restriction f|S of f on S defines a
function S — S.)

Definition 2.2 A system (X, f) is connected if for every x,y € X there exist non-
negative integers m and n such that f™(x) = f"(y).

We first show that every system can be decomposed into a disjoint union of con-
nected ones.

Proposition 2.3 FEvery system (X, f) is a disjoint union (coproduct) of connected
subsystems. That is, X = Xy + -+ + Xy, where X; is a connected subsystem for
1=1,---,k.
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Proof. Let (X, f) be a system. A connection relation ~ on (X, f) is a relation on
X such that z ~ y for z,y € X if and only if f™(z) = f"(y) for some nonnegative
integers m and n. It is clear that ~ is an equivalence relation on X. Assume that
the set {X,} of all equivalence classes by ~ is given. Then f(x) € X, for all z € X,
and each subsystem (X, f|X)) is connected, where f|X, : X, — X, is a restriction
of f: X — X onto X,. Therefore (X, f) has been decomposed into connected
subsystems. O

Let (X, f) be a system. For n > 0 n-th images f"(X) of f is a subset of X such
that z € f"(X) if and only if there exists 2 € X with x = f™(z). Note that f"(X) # 0
for each n > 0 since X # (), and the following descending chain condition holds:

X=(X)2f(X)2--- 2 fUX)D [ (X) D

Define f(X) = Mysof™(X).

Lemma 2.4 If (X, f) is a finite system, then
1. 3n>0: f2X) = f(X),
2. f>(X)#0,
3.¥zefoX)In>0:z=f(z),

4.V re fX)Nye f2X):x= f(y),
5. 0 € fo(X) e ()N foX) 0.

Proof.

1. Because of the finiteness of X the descending chain

X=X)2f(X)2f(X)2--- 2 fM(X) D f"*(X)D---

should be finite, that is, f*(X) = f*(X) = f**(X) = --- and f*(X) =
f™(X) for some n > 0. (Neotherian Property)

2. Tt is a direct result of (1).

3. Let z € f*°(X). By means of (1) we can inductively define a sequence {x¢, x1, -, Zp, - -}
in f*(X) such that 2o = z and f(x;11) = =z; for all ¢ > 0. First note that
fi(x;) = x for all i > 0. As X is a finite set, there exist integers ¢ and j with
z; =xj and 0 < i < j. Hence z = fi(x;) = f77" f'(z;) = f77"(x).

4. Assume that f*(X) = f*(X). If z € f*(X), then z € f**(X) and there exists
z € X such that x = f""!(z). Hence f*(z) € f~'(xz) N f<(X). Conversely,
if 2 € f~'(x) N f°(X), then z = f(2) and 2z € f*(X), which implies z €
frHX) = fe(X).
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5. Let z € f°(X). Then (1) asserts x = f(y) for some y € f°(X). Next assume
that + = f(y) = f(z) for y,z € f°(X). By (3) we have y = f™(y) and
z = f™(z) for some positive integers m and n (m < n). We can choice the least
positive integer n such that z = f™"(z). If m < n, then z = f"(z) = f"(y) =
frmfm(y) = P f(y) = f"~™(z), which contradicts to the minimality of n.
Hence m =n and y = f™(y) = f"(z) = 2.

O

Corollary 2.5 Let (X, f) be a finite connected system. If x € f*(X) and m =
min{k > 0;z = f*(x)}, then f°(X) = {z, f(2), -, f* (x)} and |f>°(X)| = m.

Proof. It is clear that {z, f(z),---, f™ (z)} C f*°(X). So in order to prove
(X)) = {x, f(x), -+, f™ ' (x)} we show that

fOO(X) - {xaf($)7 o 'afmil(x)}‘

Assume that y € f°(X). By lemma 2.4 (3) y = f*(y) for some positive integer k and
the connectedness of (X, f) claims fP(z) = f%(y) for some nonnegative integers p and
q. Take a positive integer r with kr > ¢. Then

y= 1) = ) = F ),

which indicates y € {z, f(z), -, f™ '(x)}. Next we prove |f*°(X)| = m. Assume
that fi(z) = f/(z) for integers i,j (0 <i < j <m—1). Then fi7%(z) = fI7"™"(z) =
fmifi(x) = fmifi(z) = f™(z) = x, which contradicts to the minimality of m.
Hence | f>*(X)| = m. O

Let (X, f) be a connected finite system, x € f*°(X) and |f*(X)| = m. Then
<z, f(x), -, [ (x) > is called a limit cycle of (X, f). In particular if m = 1, then
< x > is called a fixed point.

Definition 2.6 Let (X, f) be a finite system. For an element x € X the height of x
from limit elements f(X) and the root below x are defined as follows:

hx(z) = min{k > 0; f*(x) € f>°(X)}

and
rx(z) = [ ().
And the height H(X, f) of (X, f) is defined by

H(X, f) = min{n > 0; f*(X) = [*(X)}.

Proposition 2.7 1. The following three conditions are equivarent;

e r € f(X),
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1. (z € f*(X) = hx(z) =0) Assume that z € f>°(X), then
0€ {k>0;fx) € f2(X)}

So we have
hx(z) = min{k > 0; f¥(z) € f*(X)} =0

(hx(z) =0 = rx(x) = x) It is trivial.
(rx(z) = x = = € f°°(X)) By the definition of rx(z) and hx(z) we have
v =rx(z) = f*(z) € f2(X).

2. If hx(z) = 0, thatis, z € f*°(X), then f(x) € f°°(X). This indicate hx(f(z)) =
0.

3. Assume that hy(x) > 0. Then

hx(f(z)) = min{k > 0; f*(f(z)) € f>(X)}
= min{k > 0; fF*!(2) € f*(X)}

Since hy () = min{k > 0; f¥(x) € f*(X)} >0,

min{k > 0; f*(z) € f*(X)} -1
= min{k — 1> 0; f¥(x) € f°(X)}
= min{h > 0; f"(z) € f(X)}

So we have hx(f(x)) = hx(z) — 1.

Definition 2.8 Let (X, f) be a system. Define f' by

[ @) = fH (@) = f2(X).
And for every x € X define
X@)=fT )+ Y X

ue fol(z)

and
Xi(z) ={z} + X(2)
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Lemma 2.9 Let (X, f) be a system and i a positive integer. Then the following hold;

~

Afx @ fo(X), then [ (x) = f~H ().
2. x ¢ X(x) for every x € X,

3. If x € X(y), then X(x) C X(y),

4. Ify & f°(X) and y = fi(x), then x € X (y).
5. If v € X(y), then X(f(x)) C X(y).
Proof.

1. We assume that x ¢ f*°(X). Then f~(z) N f*°(X). So we have
@) =) = (X)) = [ (@)
2. It is trivial.

3. Assume that u € X (). If u € f,'(z) it is clear that X (u) C X(x). Otherwise
there exist y € X (z) such that f(u) =y. Then X (u) C X(y). To repeat several
times derive X (u) C X ().

4. Assume that y € f°°(X) and fi(x) = y for some positive integrer 7. Then if i =
1, thenx € f7'(y) C X(y). Ifi > 2, then we have the chain {x, f(z),-- -, f'(z)
y}. For any integer k (1 < k < i) we have f*(z) € X(f*(x)) and by (3
X(fFH(x)) € X(f*(2)). Sox € X(f(x)) C X(f*(x)) C -+ C X(f'(x))
X(y)-

5. Assume that z € X (y) and x ¢ f°°(X). Then there exists a positive integer i
such that f'(z) = y. If i = 1, then f(x) = y. So we have X (f(z)) C X(y). If
i > 2, then f"=!(f(z)) = y. By (4) f(z) € X(y). So we have X(f(z)) C X(y)
by (3).

~—

O

Proposition 2.10 Let (X, f) be a connected system with a limit cycle < g, -+, xp_q >
of period length p. Then (X, f) is the disjoint union of X,(z;) for0 <i <p—1. That
18,

p—1

X =Y X.(v;) (disjointunion).

i=0
In particular, X = X, (xq) for any tree X with a limit cycle (or fized point) < xo >
of period length 1.
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Proof. It is trivial that X D X?_JX,(z;). Now we show X C Y/ X,(z;). Let
x be an arbitraly element in X. If x € f>°(X), then z € X,(x;) where z = z;. So
we let  be an element in X — f°°(X).Then by connectedness of (X, f) there exist
non negative integers k and h such that f*(z;) = f"(x) for any integer i. And since
f¥(zi) € f*(X) There exists non negative integer j such that z; = f"(z). So there
exists non negative integer h such that z; = f"(z) for any j. We let s = min{h >
0;z; = f"(z) for any j}. Then since f*~'(z) ¢ f*(X) we have z € X (f*~'(x)) by
lemma 2.9 4. Let 2, = f*(z), then f*~'(z) € f7'(z). So

e X(f ) C fMM )+ Y. X(u) C X(zy) C Xulzy).

u€ o (z)
Hence for any element z there exists ¢ such that 2 € X, (z;). That is,

X C pz_:lX*(xi).

1=0

3 Tree Expressions

In this section we define tree expression which is a special dynamical system. And
we present a transformation function v which transform a dynamical system into tree
expression.

Let N be the set of all positive integers, N* the set of all finite strings of positive
integers including the empty string ¢, and N7 the set of all nonempty strings in N*. As
in formal language theory we use two operations + (set union) and - (concatenation)
on subsets of N*, that is, S; + Sy = {w € N;w € S;orw € So} and Sy - Sy =
{wy - wy € N*;wy; € Sy and wy € Sy}, where S; and Sy are subsets of N*. Define a
function p: N* — N* by p(e) = € and p(wk) = w for all w € N* and k € N. Then
(N*, ) is a infinite system. We often write n for a singleton set {n}.

Definition 3.1 A p-set (pretree set) is a finite subset of Nt defined as follows:
1. [0] =0 is a p-set,

2. If m is a positive integer and F1, Ey,---, E,, are p-sets, then

m+> E]={1,2,---,m} + > _iE; (disjoint union)

i=1 i=1

1S a p-set.

Usually a p-set [m + m]0]] is denoted by [m] for short.
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Definition 3.2 An ordering relation < on the set of all p-sets is defined as follows:

1. [0] < E for each p-set E,

2. [m+ X B < [n+ X0, Fj] if m <n, orm=n and
(B, By, -+, Ey) <iex (F1, By, - -+ F,), where < is the lexicographical ordering
defined by a fragment of the ordering < already defined.

The following illustrates the basic feature of the ordering defined above.
[0] < [1+[0]] < [2+[0] + [0]] < [2+ [0] + [1 + [0]}] < [2+ [1 + [0]] + [0]]

<24+ [1+[0]]+[1+][0]]] <[34+[0]+[0]+[0]] < ---

Also note that Ey < E; < --- < E, < --- < [2+4[0] + [0]] for Ey = [1 + [0]] and
En+1 = []_ + En]

Definition 3.3 A normal p-set is a p-set recursively defined as follows:

1. [0] is a normal p-set.
2. If m 1is a positive integer and Ey, Fs, -+, E,, are normal p-sets such that Ey <

Ey <--- < E,, then [m+ X", E;] is a normal p-set.

For example, [0], [1+[0]], [2+[0]+[0]], [2+[0] +[1+[0]]], [2+ [1 +[0]] +[1 +[0]]] and
[34[0]+[0]+[0]] are normal, but [2+ [1+ [0]]+[0]] and [3+[2+[0]+[0]] + [1+[0]] +[0]]
are not.

If By = By = -+ E, = [0], then a p-set [m+ Y7, E;] is denoted by [m+>7", ., Ej]
for short.

Definition 3.4 An equivalence relation ~ on the set of all p-sets is defined as follows:

1. 10] ~ [0,

2. [m+ X, Ei] ~ [n+ 35, Fj] if m = n and there is a permutation T on the set
{1,2,---,m} such that E; ~ F.g for eachi=1,2,---,m.

Proposition 3.5 The following hold;

1. Two equivalent normal p-sets are identical.

2. Every p-set is equivalent to a unique normal p-set.

Proof.
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L. Assume that [m + 3", E;] and [n + 37, Fj] are two equivalent p-sets. Then
by the definition of equivalence we have m = n and a permutation 7 on the
set {1,2,---,m} such that E; ~ F,; for each i = 1,2,---,m. But from the
induction hypothesis E; = F,; for each i = 1,2,---,m. Noticing that 1 < 7(1)
and 1 < 77'(1) it follows that F; < F,q) = F, and By < E,-q) = Fi.
Hence F; = Fy. Next assume that F; = F; fori=1,--- k (1<k<m-—1). If
7(k+1) > k+1and 77" (k+1) > k+1, then Fjyy < Frq1) = Epy1 < Er-1p41) =
Fiy1. I 7(k 4+ 1) < k, then there is an integer i such that 1 < i < k and
7(i) > k + 1, which shows that Ey 1 = Frpi1) < Frp1 < Frpy) = B < Eppq. If
771 (k+1) < k, then there is an integer j such that 1 < j < kand 77'(j) > k+1,
which shows that Fi 1 = Fr-141) < Exp1 < Ero1(jy) = Fj < Fryqa.

2. Trivially [0] is itself normal. Let F = [m + S, E;] be a p-set. Assume that
each p-set E; is equivalent to a normal p-set E! for ¢ = 1,---,m. We can sort
E,---, B, sothat ] <--- < L] . Thenap-set E' = [m+;", £ ]is normal
one equivalent to E. The uniqueness has been shown in 1.

Definition 3.6 A t-set (tree set) is a subset of N* recursively defined as follows:
1. (1], = {e} is a t-set,

2. If m is a positive integer > 2 and E1, Fs,---, E,,_1 are p-sets, then

[m+2 Ei]*:{s}+[(m—1)+2 E;]

15 a t-set.

Definition 3.7 Define the following notation for short;
o [b1:s]° =[0]
) [bl : bQ]k = [bl + bQ[bl . bQ]k_l]

° [bl . bg]f = [bl + (bg - 1)[b1 . bg]k_l]*

We call a p-set P uniform if P = [b; : by]*. And if T = [by : by]* then we call the
t-set 7" uniform.

Definition 3.8 Define TT = TNN™ for at-setT. Note that T+ = [(m—1)+>X"7" E}]
(a p-set) when T = [m + X "' E].. A t-set T is normal if a p-set T is normal.
Two t-sets T and T are equivalent if two p-sets T and T'" are equivalent.

Proposition 3.9 Let FE be a p-set and T a t-set. Then the following hold;
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1. Ifw € E and |w| > 1, then u(w) € E.

2. For two equivalent p-sets E and F there is a bijection f : E — F such that
|f(w)| = |w| for allw € E and p(f(w)) = f(u(w)) for all w € E with |w| > 1.

3. If w e T, then p(w) € T (that is, T is a finite subsystem of (N*, ) ),

4. Two equivalent t-sets are isomorphic as systems. (That is, T ~ T' implies
T=T".)

Proof.

1. Let E = [m+ X", E;] (m > 0) be a p-set and w € F with |w| > 1. Then
w = jw' for some integer ¢ such that 1 > i > m and w’ € E;. If |w'| = 1, then
p(w) =1 € {1,2,---,m} C E. If |u'| > 1, then u(w') € E; by the induction
hypothesis and so p(w) =ip(w') € iE; C E.

2. Let £ = [m + X" Ej] and F = [m + X7 _, F;] (m > 0) be equivalent p-sets
and tau a permutation such that E; = F,;. Assume that f; : E; — Fr
is a bijection (i = 1,---,m) such that u(f;(w;)) = fi(p(w;)) for all w; € E;
such that |w;| > 1. Define f : E — F as follows: f(¢) =&, f(i) = 7(i) and
fliw;) = 7(3) fi(w;) for i = 1,---,m and w; € F;. Finally it is easy to check
that f : E — F'is a desired bijection.

3. It is trivial from 1.

4. It immediately follows from 2.

O

Definition 3.10 Let Ry, Ry, -+, R,_1 be t-sets. Then a tree expression < Ry, Ry,--+, R,_1 >
is a subsystem P70 iR; of (Z(p)N*, pup), where py(i) = i + 1(modp) and pu,(iw) =
i-p(w) fori € Z(p) and w € R And < Ry, Ry,---, R, 1 > is called normal if t-sets

Ry, Ry,-++, Ry—1 are normal

The tree expression < Ry, Ry, -+, Ry,_; > is called uniform if for any ¢ the t-set R;
is uniform.

Definition 3.11 Let (X, f) be a connected system with a limit cycle < xg,-- -, 2,1 >
of period length p. Then a transformation function v is defined as follows;

V(X)) =<y (Xi(20)), ¥ (Xul21)) -+ ¥ (Xi(p1)) >,
Y X@) =7 @)+ 1+ > (X (W)

ueft(z)

and

YX @) =[If" Wi+ > v(X (W)

u'€f=1(u)
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Theorem 3.12 Let (X, f) be a connected system with a limit cycle of period length
p. Then the system (y(X), pp) is isomorphic to (X, f), that is, (v(X), up) = (X, f).

Proof. Let (X, f) be a connected system with a limit cycle
< Zg, X1, -, Tp—1 > of period length p.

1. In the case that H(X, f) = 0, that is, (X, f) is a system such that X =

{@o,x1,--+,p—1} and f(2;) = Ziy1(mod p)- Then we have
Xo(zi) = Az} + 71 (@) + Zpepripe) X (w)
= {zi}

forany i (0>i>p—1). We have

7(X) =

I
M A A
=
=
vV

Therefore we have (X, f) = (y(X), up)-

2. In the case that H(X, f) = 1.
Then X.(z;) = {z;} + f, ' (x;). So we have

1X) = < W(X( 0)), V(Xu(z1)), -+, Y (Xa(mpa)) >
Zz oi V(X ()

0" [|f ($z)|+1+|f{1(fvi)|[0]]*
= Zz: g i [ )| L () | [O]].

From (1) we have

(foo(X)’f’foo(X)) = ({0,1,---,p— 1}’/Lp|{071a"'ap_ 1})

Now we show

(fy @), f1f ()
(- [ @) + [ @) [[0]], ppli - [1f, (i) |+ £ () |[0]])

for any i (0> i >p—1). It is clear that
[f7 @)l = i (L7 (o) |+ [ £ () [[O]]]-

For any z € f7'(z;) f|f7"(z;)(z) is undefined and for any y € 7 - [|f, " (z;)] +
£ @) [O]] papli - [1f ()| + [ £ (@) |[0]](y) is undefined. Thus we have

(f (@), £ ()
(i (L7 @)l 4+ 1 @a)l[00), mpli - (17 (o)l + L () 10])).
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Now we let k& and h; be an isomorphism from f*°(X) to {0,1,---,p — 1} and
from f, 1 (z;) to i [|f, (z)] + | f. (2:)][0]] respectively. We define the function
h: X — v(X) as follows;

| k(2) if xe foX)
hlw) = { k(zi) - hi(z) if x€ f7 (i)

We show that the function h is an isomorphism. First we assume that =z €

f(X). Then we have

hf(x) h(f(z))
k(f ()
pp(k(2))
( )

)

)

AAH

ol

E%

Next we assume that z € f, '(z;). Then we have

hf(x) h(x;)
pp(k(@i)hi(2))
piph(z)

Thus the function h is an isomorphism. So we have (X, f) 2 (y(X), up)-

. In the case that H(X, f) > 2.

First we show that the system (X(z), f|X (x)) is isomorphic to
(v(X (x)), u|y(X(2))) for any z € X — f~1(f*°(X)) by induction. Let x be in

— fHfX)).

(a) Assume that f~!(z) =

0.
Then we have X (z) =0 and v(X(z)) = [0] = 0. So

(X (), FIX () = (v(X(2)), plry(X ()

(b) Assume that f~!(z) # 0 and f2(z) = f}(f 1(z)) =
Then X (x) = f, () +Zu€f;1(m)X( u) and f|X(x)(y)
y € X(z). And we have

7(X(2))

0.
is

undefined for any

(£ (@) [+ 17 (=)][0]]
{O’L B |f*_1(33)| - 1}

and p|y(X(x))(2) is undefined for any z € v(X(z)). So

(X (), FIX () = (v(X (), ply(X ()
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(c) Assume that (X(y), fIX(y)) =
J7Hf(X)) such that f (y)

Then
)+ Y X(u)
uef ()

(y)), p|v(X(y))) for any y € X —

(v(X
=0 and f,""(z) #0 and f,"(z) =

X(z) =

*&h

and

Y(X (@) =@+ X v(X@W))
ue f ! (x)
By the induction hypothesis we have

(X (u), FIX () = (7(X (), ply(X (u)))

for any u € f;'(x). Now we let the function h, : X (u) — (X (u)) be an
isomorphism, and define the function h : X (z) — v(X(x)) as follows;

s i ver®
h(y) = { s(u) - hy(y) if ye€ X(u)andue 7 (x)

where s : f,1(x) — N is a set function. It is an isomorphism. Thus This
derive

(X (2), f1X () = (v(X(2)), ulr(X (2)))
for any x € X — f71(f°(X)).
From (2)

(f = 0), fLF (X))
= (Y(fTH) mply (7 (X)),

and so we let £ be an isomorphism. We define the function g : X — v(X)
as follows;

(z) = k(x) if we fHfeX))

g k(u) - ky(x) if x€ X(u)andu e f71(f*(X))

where k, : X (u) — v(X(u)) is isomorphism for v € f~(f*°(X)). Then
the function ¢ is an isomorphism.

4 Products of Dynamical Systems

In this section we discuss the product of connected dynamical systems, and present
the product formula of tree expressions.

Let X = (X, f) and Y = (Y, g) be two systems. The (cartesian) product X x Y of
X and Y is a system
(X XY, fxg),
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where (f % g)(z,y) = (f(z),g9(y)) for x € X and y € Y.

Kumamoto and Nohmi analysed the transition diagram of integral affine dynamical
systems and de cided the transition diagram of any integral affine dynamical They
represented transition diagrams with the cartesian product. So they presented the
product formula of transition diagrams of integral affine dynamical systems.

And we investigate the product of connected dynamical systems, and presented
the product formula for tree expressions of any dynamical systems.

4.1 Product of The Integral Affine Dynamical Systems

In this subsection we introduce the results of the analysis of integral affine dynamical
systems by Kumamoto and Nohmi[l]. They investigated the integral affine dynamical
systems defined as follows;

Definition 4.1 Let m be an arbitrary integer and Z,, = {0,1,2,---,m — 1}. An
integral affine dynamical system K, .p 15 a system Ky, .p =< Zpy, f >, where f :
Zm — Zm 18 defined by f(x) = ax +b (mod m).

Kumamoto and Nohmi asserted that the transition diagram of any integral affine
dynamical systems can be expressed by the product of uniform tree expressions. For
the product of integral affine dynamical systems (uniform tree expressions) the fol-
lowing theorems hold;

Theorem 4.2 Let < Ty, Tj,---,T; | > and <T§,T{',---, T, | > be two tree expres-
sion with a limit cycle of priod length p and q respectively, where T! = [b; : bg]’,f' and
T} = [c1 : &o]¥". Then the product of < T3, T},---,T, | > and < Ty, T{,---, T/ | >
15 1somorphic to the disjoint union of

! 1 ! 1
<Ty x T, To X Ty, -,

!
n mod p

where 0 < i < ged(p, q) and if k' > k" then

% 1

w T"
i+lem(p,q) mod q

'
i+n mod ¢ """ 771lcm(p,q) mod p >

[b1 2 0] X [e1 1 o)t = [brcy < bacy]t .

4.2 Product of Finite Dynamical Systems and Product For-
mula

In this subsection we discuss the cartesian product of connected dynamical systems
nad present the product formula of tree expressions.

Let X = (X, f) and Y = (Y,g) be two systems, and < zg,-+, 2,1 > and <
Yo, '+, Yq—1 > be two limit cycles of X and Y with period length p and g, respectively.
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Then X x Y have ged(p, q) limit cycles of period length lem(p, q). Limit cycles of
X X Y can be known if limit cycles of X and Y are known, where ged(p,q) and
lem(p, q) are the greatest common devisor and the least common multiple of p and g,
respectively. So applying of trensformation function v to X xY we have its isomorphic

tree expression.

Note that
(f > 9)i H(wiyyy) = ft(wa) < g () + £ (@) < {yga}) + @i} < g0 ().
Then we have

V(X X Y. (3, 5))
= [I(f x9) (@i, yp)l + > (X X Y)(u, 0))]

(u0)€(fx9)7  (@iy;)

= [IF " @a)llg ()] + > X(u) @Y (v)

(uw)e it (zi)x g (y5)
+ Z X(’LL) X Y(yjfl) + Z X(l‘ifl) X Y(U)]*,
ue f (zs) vegr ' (y))
where X (u) @ Y (v) = v((X X Y)(u,v)).
For all (u,v) € f,'(2) x g, (y)

X(w) @Y (v) = [If '(wllg "(v)| + > X(u) @Y (0]

(W) ef~H(u)xg—1(v)
For all u € f7'(z) we have
(f % )7 (uyyj—1) = 71 (u) x g7 (1) + F 7 (u) % {yj-0}
and so

X(w) @Y (yj-1)

= (I @llg™ (-1 + > X(u) @Y ()]
(w0 E(fxg)x (uyj—1)
= [ g™ (-] + > X(u) @Y ()

+ Y X(W)®Y(y-2)]

wef(u)

Similarly, for all v € g;!(y) we have

X(l‘i_l) X Y(’U)
= [If M(@i-)llg ()] + > X(u)®Y()
(u',v’)ef*_l(mi_l)ngl(v)

+ Z X(:Eifz) (024 Y(U’)]

v'eg(v)
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From above discussin and the transformation function v the following formula can
be found out.

Theorem 4.3 Let E =< Ey,Es,--+,E, > and D =< Dy, Ds,--+,D, > be two tree
expressions with limit cycles < ej,eq,---,e, > and < dj,dy,---,d, > respectively
where B; = [m; + E} +---+ E™"], and D; = [n; + Dj+-- -D}',. Then a subtree
(E x D)(e;,d;) of the cartesian product E x D such that its root is (e;, d;) is shown
recursively as follows:

(E x D)(e;, d;)
= [minj+mi+nj+1

m;—1m;—1 n;—1
+ > Y EfeD!+ Z EF®@ D, + ZEZ 1 ® DY,
k=1 h=1 = =

where

i=1j=1
m m nj—1
[m+Y Fl®D;= an+ZZFk®Dh+ZFk®DJ 1,
i=1 k=1 h=1
m;—1 n
n+ZF mm+ZZEk®Fh+ZEZ1®Fh]
k=1 h=1 h=1

Corollary 4.4 For the product of tree expressions with a fixed point the following
formula is acquired;

m—1 n—1
<m+> El.>x<[+> Fl>
i=1 j=1
m—1n—1
=< mn+ZE®n+ZF] +Z[m+ZE] QF+ Y Y EQF. >
i=1 j=1

where

i=1 j=1

[m+§:Ei]®[n+EFj]*:[mn+§:Ei®[n+EFj]*+§:%lEi®Fj],
[m+ZE] ® n+ZF]_ mn+Z[m+ZE] ® F; +mzlznjEZ®F].

=1 i=1 j=1
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5 Conclusion

In this paper we introduced tree expressions which can represent transition diagrams
of finite systems, and presented their exprcite product formula. Tree expression can
represent transition diagrams of all finite systems, and make us be able to deal with
transition diagram of finite systems by algeblaic methods. And our pruduct formula is
useful for analysis and applications of finite systems which can be separated or is the
product of finite systems. But there exist several weak points. First tree expressions
have redundancy. For uniform tree expressions we defined the notation, and we can
represent efficiently. But for other systems the larger the number of nodes of a system
is, the longer the lenght of its tree expression is. Secondly a system don’t have an
unique tree expression. All tree expression have the equivalent normal tree expression
uniquely. But we cannot get the normal tree expression of a system. by appling
the transformation function v to it. And lastly the tree expression of the product of
normal tree xpressions to be got by appling product formula is not always normal.
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