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1 Introduction 1

Lattices in Dedekind Categories

Yasuo KAWAHARA

Department of Informatics, Kyushu University 33, Fukuoka 812-8581, Japan.
kawahara@i.kyushu-u.ac.jp

Abstract. Lattice structures are fundamental and useful in mathematics
and theoretical computer science. It is well-known that lattice structures with
meet and join operations satisfying associative, commutative and absorption
laws are equivalent to lattice structures defined by ordering relations having
joins and meets. This note defines a notion of lattices in Dedekind categories
and tudies on some basic properties on lattice structures with element-free
discussion using relational calculaus.
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1 Introduction

A lattice is a triple (X, V,A) of a set X and two functions V : X x X —» X
and A : X x X — X satisfying:
Associative Law: (L1V) (zVy)Vz = 2V (yVz) and (L1A) (zAy)Az = 2A(yAz)
Commutative Law: (L2V) x Vy =y Vz and (L2A) z Ay =y Az
Absorption Law: (L3V) z A (zVy) =z and (L3A) 2V (zAy) ==
for all elememts z,y and z of X. It is well-known that a lattice (X,V,A) has a
natural ordering < defined by z < y for z,y € X iff zVy = y. Demonstrating
this fact is good exercise for undergraduate students. In detail it mainly
consists of checking that the ordering < is in fact reflexive, transitive and
antsymmetric, and that it has a few alternative definitions such as z < y iff
z Ay = x. Conversely, it is also well-known that the concept of lattices is
obtained from ordered sets with joins and meets.

The motivation of this note is just to demonstrate these facts in categories
[4]. To discuss binary operations suchasV: X xX - X and A: X x X — X
the involved category needs to have (finite) cartesian products. Furthermore
the category has to be equipped a kind of relational structures, as we treat
with an ordering within it. This is a reason why categorical lattice theory is
formalized in Dedekind categories [5]. The modern algebraic theory of binary
relations was founded by Tarski [7], and the categorical study for relations
was initiated by Mac Lane [3]. Thought Dedekind categories in this note
are synonyous as allegories due to Freyd and Scedrov [1] and heterogeneous
relation algebras by Schmidt and Stréhlein [6], the author adopt Dedekind
categories after the historical emergence in literatures. The note is organised
as follows:
In section 2 we define Dedekind categories and relational products, and review



some fundamentals on Dedekind categories. In section 3 a notion of lattices
in Dedekind categories is defined, and some basic facts on a natural partial
ordering on a lattice in a Dedekind category are investigated. In section 4 we
try to construct a lattice from a partial ordering with joins and meets in a
Dedekind category.

2 Dedekind Categories

In this section we recall the fundamentals on relation categories, which we
will call elementary Dedekind categories.

Throughout this note, a morphism a from an object X into an object Y
in a Dedekind category (which will be defined below) will be denoted by a
half arrow a : X — Y, and the composite of a morphism «a : X — Y followed
by a morphism § : Y — Z will be written as a8 : X — Z. Also we will
denote the identity morphism on X as idx.

Definition 2.1. A Dedekind category D is a category satisfying the follow-
ing:

D1. [Distributive Lattice] For all pairs of objects X and Y the hom-set
D(X,Y) consisting of all morphisms of X into Y is a distributive lattice
with the least morphism Oxy and the greatest morphism V xy. Its lattice
structure will be denoted by

D(X> Y) = (D(Xa Y); E; ual_laoXviXY)-

D2. [Converse] There is given a converse operation * : D(X,Y) — D(Y, X).
That is, for all morphisms o, o' : X — Y, 8:Y — Z, the following converse
laws hold:

(a) (aB)f = Biat, (b) (o) = q, (c) If a C o, then of C o'*

for all morphisms o,/ : X — Y and 8:Y — Z.

D3. [Dedekind Formula] For all morphisms a : X — Y, 8 :Y — Z and
v : X — Z the Dedekind formula a3 M~ C a(8 M afy) holds.

D4. [Residues] For all morphisms 8 : Y — Z and v : X — Z the residue
(or division) v + 8 : X — Y is a morphism such that a8 C « if and only if
a C v+ g for all morphisms a: X — Y. O

The following is a basic property of Dedekind categories, which will be
repeatedly used in this paper.

Proposition 2.1. Let a,a' : X — Y and 3,8 : Y — Z be morphisms in a
Dedekind category. If « C o' and B C ', then aff C o'3'.

Proof. Assume a C o’ and 8 C 3'. First we will see a8 C o'3. The character-
istic property of residues leads o' C o/ + 8 from the reflexivity o/3 C o'f.
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Hence we have a C o/ + 8 by the assumption a C «/, and so a8 C o'
again by the characteristic property of residues. Finally we will see a8 C a/3’.
As B¢ C 8" by D2(c), the former result shows Bfaf C 8*af and so we have

af = (Fab)t C (3%af)f = af' by D2(a)-(c). 0

More details on fundamental properties of relational categories is referred
to [2]. The following is a basic lemma [1] in Dedekind categories.

Lemma 2.1. For two relations o : X — Y and 8 : Y — X an equality
idy M (an g (af N B) =idx Naf holds.

Proof.

ianOéﬂ ianidXHOéﬂ
idx M (idxB* Ma)(afidx M B) { Dedekind Formula }
idx M (an B (af N pB)

idx Mag.

e

O

A morphism f: X — Y such that f*f C idy (univalent) and idx C ff*
(total) is called a function and may be introduced as f: X —» Y.

Corollary 2.1. Let a: X — Y and 8 :Y — X be relations in a Dedekind
category D. If aff = idx and fa = idy, then a = (*.

Proof. As a8 = idx we have idy = idx Midx = idx Naf = idx N (a N
B%)(af 1 B) by Lemma 2.1. Hence idx C aaf and idx C 3%3. Also it follows
from idxy C aaf and Ba = idy that 83 C BBaat = pfat = (aB)! = idx.
Therefore 33 = idx and so 3% = f¢8a = a from fa =idy. O

Definition 2.2. A Dedekind category D has relational products if for each
pair of objects A and B there is a pair of functions p : A x B — A and
q: A x B = B such that pfq = V45 and pp* M qq* = ids« 5. The functions
p and ¢ will be called a pair of projections of relational products. |

Throughout the rest of the note we assume that D is a fixed Dedekind
category with relational products.

Proposition 2.2. Let p: AXxB — A and q : Ax B = B be a pair of
projections of A x B. For each pair of functions f : X — A and g : X = B,
a relation fTg = fp* Nge* : X — A x B is a unique function such that

(fTgp=f and (fTg)qg=g.
X

P

A<= AxB—4—58



Proof. Set h = fTg. The univalency (or, single-valuedness) of h simply follows

from
hth = (fp* M gg®)t(fp* M gqt)
(pf* M qg") (fp* N gq*)
pfifp* Naglgg*
pp*Nqq*  (by f*f Cida and gg C idp)
idAxB.

A

Also the totality of A comes from

idx Mhh! = idx 1 (fp* N gg®)(fp* M gg*)*
= idx M (fp")(9q")* { Lemma 2.1 }
= idy M fplqg’
J idx M ffigg { ffg CVap =piq}
= idy {idx C ff* and idx C gg* }

The uniqueness of h follows from h = hidaxp = h(pp® M qq*) = hpp* M hqq®.
(I

Remark. It is trivial that pTqg =idaxB.

Corollary 2.2. For a function k : X — A an equality k(fTg) = kfTkg
holds. O

Proposition 2.3. Let pap : AX B = A and qap : A x B — B be a pair
of projections of A X B, and pga : BXx A — B and qga : BXx B — A a
pair of projections of B x A. The twist function tyg : A X B — B x A is
defined as the unique function such that taABppa = qap and tApqA = PAB-
(That is, tap = (IABP%A r'pAqugA = gaBTpap-) Then taptpa = idaxs
and tBAtAB = ideA-

Proof. By Proposition 2.2 we have

taBtBA =taB(qBATPBA) =taBIBATtABPBA = PAB T qAB = idaxB.

O

In general the pair of projections will be denoted by pap : A x B — A
and gap : A x B — B. The diagonal function d4 : A — A x A is defined
as a unique function such that dapsa = id4 and dagaa = id4. That is,
dg =1id4Tidy = pﬁAA I‘qum. The associative function aspc : (A% B) x C —
A x (B x C) is defined by

aABC = PAxBCPAB T (PAxBCUABT qAxBC)

Another associative function bapc : A x (B x C) = (A x B) x C is defined
by
bapc = (PaBxcTqaBxcqBc)TqaBxCqBC-
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It is trivial that aspc and bapc are mutually inverses, that is, aapcbapc =
idaxB)yxc and bapcaapc = idax(Bxc)-

For a pair of functions f : A - X and g : B — Y we define a function

fxg: AxB = XxY by fxg=papfTaasg(= panfpiyNaapgdky). That
is, f x g is a unique function such that (f x g)pxy = papf and (f X g)gxy =

dABY-

A &£45 pAxp 2B, B

1 e

X +— XxY —— Y.

PXy IXy

The following lemma indicates a well-known example of pullbacks.

Lemma 2.2. An equality p%B(f x idg) = fpg(B holds for every function

f:A— B. .
AxB 15 x B

pABJ/ J/pXB

Proof. Note that p%, pgantkp = Vasdks = Vaxxs by ppias = Van
and the totality of gxp. (Vaxxs T Vaxxpixplyp T Vapdyp =
paBQAB(ﬂ(B')

P&B(f x idp) pﬁB(pApr&B mn QABQ§(B)

C pABpAprXB

c fpg(B { P?L;BPAB Cida }

= frsNphpaandyp { P paapdin = Vaxxn }
C pqu (PAprg(B M qAqu(B) { Dedekind Formula }

Pl (f x idp)
O

Lemma 2.3. Letp: AxB — A, q: AXB = Bandpy : Ax B — A,
qo : A x B" — B’ be projections of products A x B and A x B', respectively.
Then

(a) a=p*(pamq) = p*pa for every relation a: A — B.

(b) If relations &y, 01 : AXB — B satisfy 5o C q and &, C q, then p*doMp?d; =
P*(6o T161).

(¢) If relations vo,7v1 : A x B' — A x B satisfy yo C pop® and v, C pop?,
then phyo M Py = Ph(70 M) and g My = (30 M M)a.

Proof. (a) a = a M pfq C p*(paMq) C pipa C a.

(b)



oo Mp's, C (60 M pp*éy)
= ¥
C
C
= P (50 M 51)
(c)
YgMvig T (v MNnad*)g
= (70 Npop* Ny149q*)q
C
C
C [y Mv(pp* Mag*)lq
= (Mg
3 Lattices

8o M pp*d1 M q)

[vo M (%pop" Mqq*)lq
[vo M y1 (pPhpop® M agh)]g
[

{Dedekind Formula}
{00 E ¢}

pﬁ
ptt [60 M (ppf M q5ﬁ)(51] {Dedekind Formula}
Pi[fso M (pp* M qq*)d]

{61 C ¢}
{pp* N qq* =idaxp}

{Dedekind Formula}
{70 E pop*}
{Dedekind Formula}
{n E pop*}

{phpo T ida}

{pr* Nag* =idaxs}

In this section we will see that lattice structures with meet and join opera-
tions satisfying associative, commutative and absorption laws induce reflex-
ive, transitive and antisymmetric relations. We will write p = pxx, ¢ = gxx,

t=txx,d=dx,a=axxx and b=bxxx.

Definition 3.1. A lattice in a Dedekind category D is a triple (X, V,A) of
an object X, and two functions (binary operations) V : X x X — X and

A X x X — X satisfying
Associative Law:

(Ll\/) (\/ X idX)\/ = a(idX X \/)\/
(Ll/\) (/\ X idX)/\ = a(idX X /\)/\
Commutative Law:

(L2v) tv =V

(L2A) tA = A

Absorption Law:

(L3V) (pTV)A=p

(L3A) (pPTA)V =p

{(zVy)Vz=aV(yVz)}
[y Az=aA(ynz) )

{zvy=yVvaz}
{zny=yAz}

{zA(zvy) =2}
{zv@ay) =2}
0

The above laws for lattices are illustrated by the following commutative

diagrams:

(L1V)
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(X x X)x X iy X xX
al l\/
Xx (X xX)———> X x X ——>X
idx X
(L2v)
XxX — > XxX
x /
X
(L3V)

Recall (pTV)t = VTp by the property of the twist function ¢ and so
(VTp)A = (pTV)EA = (pTV)A = p by (L2A) and (L3V). Hence (L3V')
(VTp)A = p and (L3A") (ATp)V = p are equivalent to (L3V) and (L3A),
respectively.

Proposition 3.1. An identity dV = idx holds in every lattice (X,V,A) in
a Dedekind category.

Proof. First note that d(pTp) = dpTdp = idx Tidx = d by Corollary 2.2.
Hence

dv = d(pTp)V {d=d(pTp) }
= df(pTV)pT(PTVIAI { (pTV)p=p and (L3V) }
= d(pTV)(pTA)V { Corollary 2.2 }
= d(pTV)p { (L3A) }
= dp {(TV)p=p}
= idx

O

Define relations ¢ = p*(¢MV) : X — X andn = (pNA)fg: X — X.
(For concrete relations: Vz,y € X, 2y <= y=zVy <= =z <y, and
my <= rz=zx Ay < v <y.)

Note. It is easy to see the following basic fact on concrete lattices:

(z,

A", y') = (2, (2 ,y))Gp”aHd(( y'),y) €qnVv
A2’ y') e =2a andy—yandx\/y—y
wvy—y

@66 P (gnVv)

<~
<~
<



(z,y) € PV
= 3y = (z,(2,y") € p* and ((¢',y),y) € V
— W uy=zVy'.

(z,y) € n= (PN A)q

A(a',y') = (. (¢, y") € (PN A)* and ((2',y"),y) € q
A, y") mx=2"and ' Ay =z and ¢y’ =y
TANYy==2.

roe

(z,y) € Nq
= 3y) = (z,(2)y) € AFand ((¢/,y'),y) € ¢
— dx'zz=2'Ay.

Proposition 3.2. Let (X,V,A) be a lattice in a Dedekind category and set
€ =p*(qnV): X — X. Then an identity idx MdV = idx M ¢ holds.

Proof.
idx m¢é = idx MNpf(gnv)

= idxnN(pngnv)!(prngnv) {Lemma 2.1}

= idx N(pngq)tv { Lemma 2.1 }

= idxndv. {d=p'ng"}
O

Combining with Propositions 3.1 and 3.1 we have the following
Corollary 3.1. Let (X,V,A) be a lattice in a Dedekind category. Then § =
pH(gnV) : X — X satisfies idx C ¢ (reflexive). O

Proposition 3.3. Let (X,V,A) be a lattice in a Dedekind category. Then
E=p(qNV): X — X satisfies £ M &8 Cidy (antisymmetric).

Proof.

gnegt pHgnv)n(gnv)ip

C (gnV) (gnV)p* Np(gnV)¥(gnV) { Dedekind Formula }
T Vi(gp* Mpgh)V

= Vit {t=q'Npg"}

= Viv { (L2v)}

C idx. { The univalency of V }

O

Proposition 3.4. Let (X,V,A) be a lattice in a Dedekind category, and set
E=pqnV): X — X andn = (pNA)fq: X — X. Then an identity
€ = p*V = Afq =1 holds.
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Proof. First note p = pNp = (pTV)pN (pTV)A = (pTV)(pMA) by (L3V) and
Corollary 2.2. Hence

¢ P (gmV)
PV

[(pTV)
(pMA)
(pMIA)

n.

1

pIA)F®TV)g {p=@TV)(PNA) and (pTV)g=V }
(PTV)*(pTV)q
q { The univalency of pTV }

i
X TN

Similarly it follows from p = pMp = (ATp)g M (ATp)V = (ATp)(gMN V) by
(L3A"), Proposition 2.2 and Corollary 2.2 and so ¢ = tp = t(ATp)(gM V) =
(tATtp)(gNV) = (ATq)(¢MV) by by (L2A). Hence

(1; MA)g

N'q

[(ATOPP(AT@) (@M V) {qg=(ATg)(gnV) and (ATg)p=A}
P(ATQ)*(ATq) (g V)

pH(gm V) { The univalency of ATq }

I3

n

I Il

i

O

Proposition 3.5. Let (X,V,A) be a lattice in a Dedekind category. Then
E=pt(qnV): X — X satisfies £€ T € (transitive).

Proof.
& = prvptv { Proposition 3.4 }
= p'pof(V x idx)V { Lemma 2.2 }
= p'pofalidx x V)V { (L1V) }
= pﬁpoﬁbﬁ(idx X \/)\/ { a = bt }

= (bpop)*(idx x V)V

[(idx x V)pl*(idx x V)V { bpop = p1 = (idx x V)p }
pﬁ(idx X \/)u(idx X \/)\/

piv { The univalency of idx x V }
& { Proposition 3.4 }

1

O

Note. The following three diagrams may help to understand the proof of the
last proposition.
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X
P=PXx X
X x X Y X
PO=PXxXX TP:I’XX
(X x X) x X —/xidx X x X
axxx lv
X xX WX XX ——X

X x (X x X) — 2% (X x X) x X

PlszXxXl lpo

Theorem 3.1. Let (X,V,A) be a lattice in a Dedekind category. Then & =
p(gnV) : X — X is reflexvive, transitive and antisymmetric. Moreover,
€ =pt(gnV) =pfv = Afg = (pN A)fq holds. a

4 Orderings

In this section we will see that orderings having joins and meets induce lat-
tice structures also in Dedekind categories. First we show a technical lemma
needed later.

Lemma 4.1. Let ¢ : X — X and v :Y — X be relations, and leth: Z —'Y
and k : Y — X be functions. Then

(@) h{(€+7)f N7} =(E+hy)fMhy,
(b) Ifidx C € and v¢ = vy, then k T (£ +)* Ny if and only if k& = 7.

Proof.
(a)
ME=y Ny} = h(E+y
= {(E+y
{(¢-
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kE(E+)'Ny < kC((+v)fandkCr
= kfyCéand kT
< ~YLCEkEANEKCy { k is a function }
= 7=k {idx Efand ¢ =7}

O

Definition 4.1. A relation £ : X — X is an ordering on X if idy C £
(reflexive), £€ T ¢ (transitive) and &M ¢F Cidx (antisymmetric). a

For two relations &,¢&' : X — X we define relations £[¢' : X x X — X and
Vo : X x X — X by £l¢' = p& Mg (= (€TEF)?) and Vo = (£ + €€)F M€,
Note that this definition was suggested by Dr. Wolfram Kahl, Universitét
der Bundeswehr Miinchen, when he visited to Kyushu University in August,
1997.

Note. The following may give concrete meanings of relations £|¢ and V.

r<zandy<z
<~ (z,2)€€and (y,2) €&
= ((,9),2) € p¢ and ((2,y),2) € ¢€
= ((z,9),2) e p£ ¢ = &[S

Vlvrx<zZandy<z =>z2<7
), 2") EEE= (2,2") €€
(z,(z,y)) € £+ €€

((z,y),2) € (£ +€|6)*

~— —

rue

It is clear that if ¢ is antisymmetric then Vg is univalent.
C (€= €l6)Ele) N (Ele)F(e +€le)
C ¢ng

C idx

Vive

As usual we say ¢ has joins (least upper bounds) if Vo = (£ + £|€)* M €|¢
is total, and ¢ has meets (greatest lower bounds) if Ag = (&F + &¥|¢F)% M &gt
is total.

Theorem 4.1. Let £ : X — X be an ordering on X, Vo = (€ + &[N ¢|¢
and No = (&8 + EE|EDE M &8¢k, If € has least upper bounds and greatest lower
bounds, then

(a) VO& = €|€}



t\/o = \/0 and t/\o = /\0,
(pTVo)Ao =p and (pTAg)Vo = p,
(e) (\/0 X idx)\/o = (L(idX X \/0)\/0.

Proof. (a) By the transitivity £ C & of £ we have (£]|€)¢ C £|€. Hence an
equality Vo& = £|¢ follows from the definition of Vo and Lemma 4.1(b).

(b) Tt is trivial that pfVo C pf(£]€) T pipé C €. Recall that & = p*(pé M q)
by Lemma 2.3(a). So it suffices to show that p£ M q C V. First p€ Mq C ¢[¢
follows from péMq = pEMq(EMEP) T péMgé. Now note that péMq T (€=€|€)*
if and only if (p€ M q)*(¢|€) T &. However, the latter condition follows from
(€M @)*(€6) = (€M q)* (PE M g€) T ¢*g€ T &

(c) First note that ¢(£|€) = tp€ Mtg€ = ¢€ N pé = £|€. By Lemma 4.1(a) we
have

tVo = {€ + t(€)}F Nt(€le) = (€ + €[€)* N Ele = Vo

(d) An inequality p&f T Vo&! follows from péf C vy \/g P&t = Vo (pfve)iet
Volfet = vott (since ¢ is transitive). Then we have (pTVo)(£%|€F)
(PTVo)pE* M (pTVo)at = p€f MVoéf = pef, and so

(pTVo)Ao = (pTVo){(&* + & |¢h)F ned|er}
(€ + QTVO)(EIE)) 1 (pTVo) & { Lemma 41(a) )
= (& +peh)npet

Therefore Lemma 4.1(b) proves p C (pTVg)Ag, and so p = (pT Vo) Ao.
(e) Define two relations Vq : (X x X) x X — X and Vo : X X (X x X) — X
by

Vi = {€+ (€)1} N (€16)]€ and Vo = {€ + £[(€1€)}F ME(€]S).
First we will prove that (Vo X idx)Ve = Vi and (idx X Vo)Vo = Va, which
follows from (Vo x idx)Ve E V; and (idx X Vo)V E Vs, respectively, since
(Vo xidx)Ve and (idx x Vo) Vg are total functions, and V; and Vs are partial
functions. Hence, by Lemma 4.1(b) we have to see that (Vo X idx) Vo & =
(€1§)€ and (idx x Vo) Vo £ = £|(£]€). But we have

(Vo x idx) Vo & (Vo x idx)(£]€)

(Vo x idx)(p€ M gf)

(Vo xidx)p€ M (Vo x idx)gé
po(€1€) Mqoé

= poVo &M qo

(€l9)1E,

and
(idx x Vo) Vo & = (idx x Vo)(£[§)
(idx x Vo)(p& M qf)
(idX X Vo)pf M (ldX X \/0)q£
Po& T qo Vo &
€1(816).
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This proves that (Vo xidx)Ve = V; and (idx X Vo)V = Va. Finally we have
(Vo x idx)Vo = a(idx x Vo)Vo from a{¢|(£|€)} = (£|€)§ and

a(idX X \/0)\/0 = aVs

a{& + &|(€1€)}* Ma{](€l6)}
[€ + a{€](£]€)1]F M a{€](€16)}
{&+ (€Ol n(glole

= Vv

= (\/0 X idx)\/g,

which completes the proof. a

Theorem 4.2. Let (X,V,A) be a lattice in a Dedekind category D. If £ =
P (VI q) and Vo = (€ = £|€)FME|E, then V = V.

Proof. Since V is a function and Vg is univalent, it suffices to show that
V C Vp. To see this we have to show that V C £|¢ and £|¢ C V¢ by Lemma
4.1(b). (Note that £ is an ordering on X by the result in Section 2.) First
V =VnV C pp* VNggtVv = pé Mgé = ¢|¢. Noticing that (p x idx)g = o and
(¢ x idx)q = qo and idx x f = pop® M qo f¢* T popt, it follows that

e = ppf(VMg) Nap*(vNg)
= ph(p xidx)(Vg) Nph(g x idx)(V M)
{ Lemma 2.2 }
= ph{lp x idx)(VMq) M (g x idx)(VMq)}
{ Lemma 2.3(b) }
pi{(p x idx) V(g x idx) VMgo}
pg{a(idx x q) VNa(idx x V)gMa(idx x q)q}
= pha{(idx x ¢) V N(idx x V) (idx x g)g}
pha{(idx x ¢) VN((idx x V)M (idx x q))q}
{ Lemma 2.3(c) }
pga{(idx x V)M (idx x ¢)H((idx x V) N (idx x 9))f(idx x q) V Mg}
pga(idx x V)V
pg(\/ X idx)\/
{ (L1v) }
Vptv
{ Lemma 2.2 }
VE.

1 in

O

Note. The following four diagrams may help to understand the proof of the
last theorem.
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(X x X)x X 7 yyx
Pol (PB) lp
X xX ; X
Xx(XxX) Y yyx
fhl (PB) lq
X xX 7 X
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