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Analyzing the Average-Case Behavior of ConjunctiveLearning AlgorithmsR�udiger Reischuk�Institut f�ur Theoretische InformatikMed. Universit�at zu L�ubeckWallstra�e 4023560 L�ubeck, Germanyreischuk@informatik.mu-luebeck.de
Thomas ZeugmannyDepartment of InformaticsKyushu UniversityKasuga 816-8580Japanthomas@i.kyushu-u.ac.jpAbstractWe advocate to analyze the average complexity of learning problems. An appropri-ate framework for this purpose is introduced. Based on it we consider the problem oflearning monomials and the special case of learning monotone monomials in the limitand for on-line predictions in two variants: from positive data only, and from positiveand negative examples. The well-known Wholist algorithm is completely analyzed withrespect to its average-case behavior with respect to the class of binomial distributions.We consider di�erent complexity measures: the number of mind changes, the numberof prediction errors, and the total learning time. Tight bounds are obtained implyingthat worst case bounds are too pessimistic. On the average learning can be achievedexponentially faster.Furthermore, we study a new learning model, stochastic �nite learning, in which, incontrast to PAC learning, some information about the underlying distribution is givenand the goal is to �nd a correct (not only approximatively correct) hypothesis. Wedevelop techniques to obtain good bounds for stochastic �nite learning from a preciseaverage case analysis of strategies for learning in the limit and illustrate our approachfor the case of learning monomials.1. IntroductionLearning concepts e�ciently has attracted considerable attention during the last decade.There are several points of concern to be addressed when dealing with this problem. Re-search following the traditional lines of inductive inference has mainly considered the updatetime, that is the e�ort to compute a single new hypothesis after having seen one more exam-ple of the target concept. Starting with Valiant's pioneering paper [22], the total amount of�Part of this work was performed while the author visited the Department of Informatics at KyushuUniversity and was supported by the Japan Society for the Promotion of Science under Grant JSPS 29716102.yThis author has been supported by the Grant-in-Aid for Scienti�c Research in Fundamental Areas fromthe Japanese Ministry of Education, Science, Sports, and Culture under grant no. 10558047.



2 R�udiger Reischuk and Thomas Zeugmanntime needed to solve a given learning problem has been investigated as well. The complexitybounds established within the PAC model are usually worst-case bounds. In experimentalstudies large gaps have often been observed between the time bounds obtained by a mathe-matical analysis and the actual runtime of a learner on typical data. This phenomenon caneasily be explained. Data from running tests provide information about the average-caseperformance of a learner, rather than its worst-case behavior unless the number of tests isextremely large or test examples are drawn from very speci�c distributions that favor di�-cult inputs for the algorithm to be tested. Since algorithmic learning has a lot of practicalapplications it is of great interest to analyze the average-case performance, too, and toobtain tight bounds that say something about the typical behavior in practice.Pazzani and Sarrett [17] have proposed a framework for analyzing the average-case behav-ior of learning algorithms. Several authors have followed their approach (cf., e.g., [15, 16]).Their main goal is to predict the expected accuracy of the hypothesis produced with re-spect to the number of training examples. However, the results obtained so far are notsatisfactory. Typically, the probability that an example uniformly drawn at random is mis-classi�ed by the current hypothesis is estimated by a complicated formula. The evaluationof this formula, however, as well as the computation of the corresponding expectation hasbeen done by Monte-Carlo simulations. Clearly, such an approach does not provide generalresults about the average-case behavior for broader classes of distributions. Moreover, suchan approach makes it hard { if not impossible { to compare the bounds obtained with thoseproved for the PAC model.In this paper we outline a new setting to study the average-case behavior of learningalgorithms that overcomes these drawbacks and illustrate it for the problem of learningmonomials. In Section 3 we will introduce the learning models. Section 4 describes analgorithm for learning monomials. The average case behavior of this learner is then analyzedin the following sections.2. PreliminariesLet N = f0; 1; 2; : : :g denote the set of all natural numbers, and let N+ := N nf0g . If Mis a set jM j will be used for its cardinality. For an in�nite sequence d and j 2 N+ let d[j]denote the initial segment of d of length j . (0; 1) will be used to denote the real intervalfrom 0 to 1 excluding both endpoints.For n 2 N+ , let Xn = f0; 1gn be the learning domain and }(Xn) the power setof Xn . A subset c of Xn will be called a concept, and a subset C of }(Xn) a conceptclass. The notation c will also be used to denote the characteristic function of a subset,that is for b 2 Xn : c(b) = 1 i� b 2 c . To de�ne the particular classes of concept we wantto deal with in this paper let Ln = fx1; �x1; x2; �x2 : : : ; xn; �xng be a set of literals. xi is apositive literal and �xi a negative one. A conjunction of literals de�nes a monomial. For amonomial m let #(m) denote its length, that is the number of literals in it.m describes a subset L(m) of Xn , in other words a concept, in the obvious way: the



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 3concept contains exactly those binary vectors for which the monomial evaluates to 1, that isL(m) := fb 2 Xn m(b) = 1g . The collection of objects we are going to learn is the set Cnof all concepts that are describable by monomials over Xn . There are two trivial concepts,the empty subset and Xn itself. Xn , which will also be called \TRUE", can be representedby the empty monomial, while \FALSE", the empty concept, can be represented by, e.g.,x1�x1 .Note that there is a slight di�erence between the class Cn of all concepts describable bymonomials and the set of all monomials itself. The concept \FALSE" has several descriptions,for example x2�x2 or x1�x1 : : : xn�xn as well. However, it is the only one. In order to avoidambiguity, we shall always represent \FALSE" by the monomial x1�x1 : : : xn�xn . Therefore,in the following we often identify the set of all monomials over Ln and the concept class Cn .Note that jCnj = 3n+1 . We will also consider the subclass MCn of Cn consisting of thoseconcepts that can be described by monotone monomials, i.e., by monomials containingpositive literals only. It holds jMCnj = 2n .3. Learning Models and Complexity MeasuresTo de�ne a learning model one has to specify additionally a machine model for the learningalgorithm, the source of information, the hypotheses spaces used, and the criteria of success.A learning algorithm will simply be called learner.The �rst learning model we are going to deal with is the on-line prediction modelgoing back to Barzdin and Freivald [1] and Littlestone [13]. In this setting the source ofinformation is speci�ed as follows. The learner is given a sequence of labeled examplesd = (dj)j2N+ = hb1; c(b1); b2; c(b2); b3; c(b3); : : :i from the concept c , where the bj 2 Xn ,and c(bj) = 1 if bj 2 c and c(bj) = 0 otherwise. The examples bj are picked arbitrarily andthe information provided is assumed to be without any errors. We refer to such sequencesas data sequences and use data(c) to denote the set of all data sequences for concept c .In the on-line model the hypothesis space is not de�ned explicitly; it is left to the learnerto choose an appropriate representation. For j = 1; 2; 3; : : : , a learner P must predict c(bj)after having seen d[2j� 1] = hb1; c(b1); : : : ; bj�1; c(bj�1); bji . We will denote this hypothesisby P (d[2j � 1]) . Then it receives the true value c(bj) and the next Boolean vector bj+1 .The learner has successfully learned if it eventually reaches a point beyond which it alwayspredicts correctly. More formally, we de�ne:Definition 1. A concept class C is called on-line predictable if there is a learner Psuch that for all concepts c 2 C and all data sequences d = (dj)j2N+ 2 data(c)(1) P (d[2j � 1]) is de�ned for all j , and(2) P (d[2j � 1]) = d2j for all but �nitely many j .For on-line prediction, the complexity measure considered is the number of predictionerrors made. Note that the prediction goal can always be achieved trivially if the learningdomain is �nite. Therefore, we aim to minimize the number of prediction errors whenlearning monomials.



4 R�udiger Reischuk and Thomas ZeugmannNext, let us de�ne Gold-style [6] learning in the limit. One distinguishes between learn-ing from positive and negative data and learning from positive data only. For a concept c ,let info(c) be the set of those data sequences hb1; c(b1); b2; c(b2); b3; c(b3); : : :i in data(c)that contain each element b of the learning domain Xn at least once. Such a sequence iscalled informant. For ease of notation let us pair each element bj with its classi�cationc(bj) . Then the j -th entry of an informant sequence d will be dj := (bj; c(bj)) .A positive presentation of c is a data sequence that contains only elements of c andeach one at least once. Thus all the values c(bj) are equal to 1 and thus could be omitted. Inthis case we will denote the sequence simply by d = b1; b2; b3; ::: . Let d[j]+ := fbi 1 � i � jgbe the set of all examples contained in the pre�x of d of length j , and let pos(c) denote theset of all positive presentations of c . The elements of pos(c) are also called a text for c .A limit learner is an inductive inference machine (abbr. IIM). Such a machine Mworks as follows. As inputs it gets incrementally growing segments of a positive presentation(resp. of an informant) d . After each new input, it outputs a hypothesis M(d[j]) from aprede�ned hypothesis space H . Each hypothesis refers to a unique element of the conceptclass. Note that the hypothesis space and the concept class can coincide.Definition 2. Let C be a concept class and let H be a hypothesis space for it. C iscalled learnable in the limit from positive presentation (resp. from informant) if there isan IIM M such that for every c 2 C and every d 2 pos(c) (resp. d 2 info(c) ),(1) M(d[j]) is de�ned for all j ,(2) M(d[j]) = h for all but �nitely many j , where h 2 H is a hypothesis referring to c .For the concept class Cn the hypothesis space Hn will be chosen as the set of all mono-mials over Ln , whereas for MCn it is the set of all monotone monomials. Again, learningin the limit of Cn and MCn can always be achieved due to the �nite learning domain. Thequestion remains how e�ciently this can be done.The �rst complexity measure we will consider is the mind change complexity. A mindchange occurs i� M(d[j]) 6= M(d[j + 1]) . Clearly, this measure is closely related to thenumber of prediction errors. Both complexity measures say little about the total amount ofdata and time needed until a concept is guessed correctly. Thus, for learning in the limitwe will also measure the time complexity. Following Daley and Smith [4] we de�ne the totallearning time as follows. Let M be any IIM that learns a concept class C in the limit.Then, for c 2 C and a text or informant d for c , letConv(M;d) =df the least number i 2 N+ such that for all j � i; M(d[j]) =M(d[i])denote the stage of convergence of M on d . Moreover, by TM(dj) we denote the numberof steps to compute M(d[j]) . We measure this quantity as a function of the length of theinput and refer to it as the update time. Finally, the total learning time taken by the IIMM on a sequence d is de�ned asTT (M;d) := Conv(M;d)Xj=1 TM(d[j]) :



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 5Given a probability distribution D on the data sequences d we like to evaluate the expec-tation of TT (M; d) with respect to D , the average total learning time.4. The Wholist Algorithm Learning MonomialsIn this section we present Haussler's Wholist algorithm for on-line prediction of mono-mials [8]. For learning in the limit this algorithm can be modi�ed in a straightforward way.The limit learner computes a new hypothesis using only the most recent example receivedand his old hypothesis. Such learners are called iterative (cf. [3, 10]).Let c 2 Cn and d = hb1; c(b1); b2; c(b2); b3; : : : ; i be a data sequence for c . Furthermore,let bi = b1i b2i : : : bni denote the i -th Boolean vector in d . Remember that a monomial hwithout any literals represents the concept \TRUE", that is h(b) = 1 for all b 2 Xn .Algorithm P:On input sequence hb1; c(b1); b2; c(b2); : : :i do the following:Initialize h0 := x1�x1 : : : xn�xn .for i = 1; 2; : : : dolet hi�1 denote P's internal prediction hypothesis produced before receiving bi ;when receiving bi predict hi�1(bi) ;read c(bi) ;if hi�1(bi) = c(bi) then hi := hi�1else for j := 1 to n doif bji = 1 then delete �xj in hi�1 else delete xj in hi�1 ;let hi be the resulting monomialend.Before analyzing P we give an illustration with the following example. Let n = 7 andc 2 Cn be described by m = x1�x2x4x7 . Suppose the input data sequence starts as follows:h1001111; 1; 0110110; 0; 1011101; 1; 1011001; 1; : : :i .Initially, P always predicts h0(1001111) = 0 . However, the true value is 1 , andthus P executes the loop described above resulting in h1 = x1�x2�x3x4x5x6x7 .After having read b2 = 0110110 , P predicts h1(0110110) = 0 , which is true.Hence, h2 = h1 . Next, P reads 1011101 and predicts h2(1011101) = 0 , whichis wrong. Thus, P executes the loop and computes h3 = x1�x2x4x5x7 . Now,P reads 1011001 and predicts 0 , which again is wrong. P executes the loopagain generating h4 = x1�x2x4x7 . Since this internal hypothesis equals the targetmonomial, P makes no more prediction errors. Consequently, it does not changeits internal hypothesis any further.Note that the algorithm is monotone with respect to the sequence of its internal hypothe-ses: hi � hi�1 when considered as function on Xn . The following theorem establishes thecorrectness and worst-case bound of the above prediction algorithm.



6 R�udiger Reischuk and Thomas ZeugmannTheorem 1. Algorithm P learns the set of all monomials within the prediction model.It makes at most n + 1 prediction errors.Proof. For the sake of completeness, we give a correctness proof here, which goes essentiallyback to Valiant [22].Clearly, if the concept to be learned is \FALSE," no prediction error occurs and we aredone. Otherwise, let m = `i1 � � � `ik , be the unique monomial describing the target conceptc , where each `ij is either xij or �xij . Since P computes all its internal hypotheses bypossibly removing literals from h0 , it su�ces to show that all the literals in the targetmonomial m survive and that every prediction error results in removing at least one literalfrom P's current internal hypothesis. This is done via the following claims.Claim 1. No literal in the target concept m is ever removed from h0 .Suppose the converse, i.e., there is a literal, say `i , in the target monomial m whichat some stage is removed from h0 . Let `i be the �rst such literal. Consequently, before`i is removed, all literals in m are still contained in P's internal hypothesis h . Thus,every example b satisfying P's internal hypothesis satis�es m , too, i.e., h(b) = 1 impliesm(b) = 1 . Thus, the removal must happen on an example b such that m(b) = 1 , buth(b) = 0 . However, while processing its loop P removes only those literals `j for which`j(bj) = 0 . But for all literals `k in m we have `k(bk) = 1 , and hence they survive. Thiscontradiction proves Claim 1.Claim 2. Prediction errors are made on positive examples exclusively.By construction, P performs all its predictions by its internal hypotheses, which arebased on monomials. The value of a monomial is 1 i� all its literals evaluate to 1 . Hence,if m(b) = 0 at least one of its literals must evaluate to 0 . By Claim 1, all literals containedin m are contained in all of P's internal hypotheses. Thus, at least one of the literals in P'sactual internal hypothesis also evaluates to 0 causing P to predict 0 . Hence, no predictionerror can occur on a negative example.Claim 3. Each prediction error causes P to remove at least one literal from its actualinternal hypothesis.Suppose the converse, i.e., after some prediction error no literal is removed. Thus, theexample on which the prediction error occurred must satisfy all literals in P's actual internalhypothesis, since otherwise at least one literal is removed. Consequently, P has predicted1 , but since we had a prediction error, the true value of the target must be 0 . Therefore,the prediction error had to occur on a negative example. This contradicts Claim 2.Finally, we have to prove that at most n + 1 prediction errors can occur. Initially, P'sinternal hypothesis h0 contains 2n literals. For each example exactly n literals evaluate to1 and exactly n literals evaluate to 0 . Hence, the �rst prediction error causes P to removeprecisely n literals from its �rst internal hypothesis h0 . The worst-case obviously occurs ifall literals must be eliminated from h0 , i.e., if m is the constant monomial 1 (= TRUE).Now, the assertion directly follows by Claim 3. This proves the theorem.



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 7To learn the monotone concept class MCn , we use the following modi�ed algorithmMPgiven a data sequence d = hb1; c(b1); b2; c(b2); b3; c(b3); : : :i for c 2 MCn .AlgorithmMP:Initialize h0 := x1 : : : xn .for i = 1; 2; : : : dolet hi�1 denoteMP's internal hypothesis produced before receiving bi ;when receiving bi predict hi�1(bi) ;read c(bi) ;if hi�1(bi) = c(bi) then hi := hi�1else for j := 1 to n doif bji = 0 then delete xj in hi�1 ;let hi be the resulting monomialend.Clearly, Theorem 1 can be directly reproved forMP with the only di�erence that nowthe worst-case bound for the number of prediction errors is n instead of n+ 1 .5. Complexity Analysis: Best and Worst CaseFor the learning models introduced above we want to estimate the best-case complex-ity, the worst-case complexity, and the expectation of algorithm P and MP. Let us startconsidering the best and the worst case.5.1. On-line Prediction: Error ComplexityP and MP do not make any prediciton errors i� the initial hypothesis h0 equals thetarget monomial. For P this means that the concept to be learned is \FALSE", while forMP the concept is the all-1 vector. These special concepts can be considered asminimal intheir corresponding class. For them the best-case and the worst-case number of predictionserrors obviously do coincide since both algorithms are monotone and start with the minimalconcept as their �rst internal hypothesis.To study the general case, let us call the literals appearing in a monomial m relevant.All the other literals in Ln (resp. in fx1; x2; : : : ; xng in the monotone case) will be calledirrelevant for m . There are 2n�#(m) irrelevant literals in the general case, and n�#(m)in the monotone setting. We call bit i relevant for m if xi or �xi is relevant for m anduse k := k(m) := n�#(m)throughout the rest of the paper to denote the number of irrelevant bits.Now we can expresses the best-case and worst-case number of prediction errors made bythe Wholist algorithm as follows:



8 R�udiger Reischuk and Thomas ZeugmannTheorem 2. Let c = L(m) be a non-minimal concept in MCn . Then algorithmMPmakes 1 prediction error in the best case, and k(m) prediction errors in the worst-case.If c is a non-minimal concept of Cn algorithm P makes 2 prediction errors in the best caseand 1 + k(m) prediction errors in the worst-case.Proof. ForMP the worst-case occurs for a data sequences that forces the algorithm todelete irrelevant literals one at a time. Algorithm P gets rid of n irrelevant literals when itmakes the �rst prediction error. Then n�#(m) irrelevant literals remains.The best-case happens when the data sequences is such that by a single errorMP canremove all irrelevant literals from h0 (this requires that in the example all irrelevant variablesget the value 0 ). For P, it is required that after its �rst prediction error, it can remove theremaining irrelevant literals in a single step.As the proof of Theorem 2 shows, the gap between the best-case and worst-case behaviorcan become quite large. Thus, it is natural to ask what are the expected bounds for thenumber of prediction errors on randomly generated data sequences. Before answering thisquestion let us estimate the worst-case number of prediction errors averaged over the wholeconcept class MCn , resp. Cn . Thus we get a complexity bound with respect to the problemparameter n , instead of the individual value #(m) as in Theorem 2. This averaging clearlydepends on the underlying probability distribution for selecting the target concepts (notethat for the corresponding data sequences we consider the worst input). The average will beshown to be linear in n if the literals are binomially distributed.Basic knowledge with discrete probability theory will be assumed for the following anal-ysis. Let us recall some analytic notions that will be used in several proofs. For a randomvariable X that takes natural numbers as its values it is often convenient to study itsprobability generating function (abbr. pgf) GX de�ned as follows:GX(z) := X̀�0Pr[X = `] z` : (1)Note that all the coe�cients in (1) are nonnegative, and that they sum to 1, i.e., GX(1) = 1 .Thus, the power series (1) is absolutely convergent for all z with jzj � 1 , where jzj denotesthe absolute value of z . Consequently, we may compute the �rst derivative of GX bydi�erentiating its summands, i.e.,G0X(z) = X̀�0Pr[X = `] � ` � z`�1 : (2)Moreover, G0X(z) is also absolutely convergent, and the radius of convergence of GX andG0X coincide. Thus, the expectation and variance of X can be computed as follows:E[X] = G0X(1) ; (3)V [X] = G00X(1) +G0X(1)�G0X(1)2 ; (4)provided the power series obtained still do converge for z = 1 . Furthermore, if X is anyrandom variable that takes only nonnegative integer values, we can decompose its pgf into



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 9a sum of conditional pgf's with respect to any other discrete random variable Y as follows(cf. Graham, Knuth, Patashnik [7]):GX(z) = Xy2rg(Y )Pr[Y = y] gXjy(z) : (5)Here rg(Y ) denotes the range of Y , and gXjy is the pgf for the random variable Xjy ,i.e., X under the knowledge that Y = y . Hence gXjy represents all the probabilitiesPr[X = x j Y = y] , x 2 rg(X) . For further details concerning random variables andprobability generating functions the reader is referred to [7].To generate the probability distributions we assume for the class MCn that the relevantpositive literals are drawn independently at random with probability p for some 0 < p < 1 .Thus, with probability q := 1�p a positive literal is irrelevant. The length of the monomialsdrawn according to this distribution is binomially distributed with parameter p . Thus wewill call such a distribution on the concept class a binomial distribution.Theorem 3. Let the concepts in MCn be binomially distributed with parameter p . Thenthe average number of prediction errors ofMP for the worst data sequences is n(1� p) .Proof. Let Wn be the random variable for the worst-case number of prediction errorsthat may occur. Thus, the range of Wn is f0; : : : ; ng . To compute Pr[Wn = k] we haveto determine the probability to draw a target monomial having k irrelevant literals. Thisprobability is clearly  nn� k!pn�k(1� p)k: (6)Thus, according to Theorem 2 the number of prediction errors is binomially distributed withparameter 1� p . It is well known that in this case the expectation equals n(1� p) .To illustrate the use of pgf, which we will need later in the more complicated cases, letus also perform an estimation of this expectation explicitly. One can write down the pgf forWn as follows:GWn(z) = nXk=0Pr[Wn = k] � zk = nXk=0 nn� k!pn�k(1� p)kzk= (p+ (1� p)z)nNow, it remains to compute G0Wn(1) which is n � (1� p) .For the particular case p = 1=2 , the bound says that the maximal number of predictionerrors when uniformly averaged over all concepts in MCn equals n=2 .Next, we turn our attention to the class Cn . In order to compare it to the monotonecase we have to clarify what it means for concepts in Cn to be binomially distributed. Sincethere are 3n + 1 many concepts in Cn for a uniform distribution each concept must haveprobability 1=(3n + 1) . For each position i = 1; : : : ; n three options are possible, i.e., wemay choose xi , �xi or neither of them. This suggests the formula nk1; k2; k3!pk11 pk22 pk33 ; (7)



10 R�udiger Reischuk and Thomas Zeugmannwhere p1 is the probability to take xi , p2 the probability to choose �xi and p3 the prob-ability to choose none, and p1 + p2 + p3 = 1 and k1 + k2 + k3 = n . k1 + k2 counts thenumber of relevant literals, resp. bits. However, this formula does not include the concept\FALSE." Thus, let us introduce pf 2 (0; 1) for the probability to choose \FALSE." Then,Formula (7) becomes (1� pf) nk1; k2; k3!pk11 pk22 pk33 : (8)We call such a probability distribution a weighted multinomial distribution with pa-rameters (pf ; p1; p2; p3) .Theorem 4. Let the concepts in Cn occur according to a weighted multinomial distri-bution with parameters (pf ; p1; p2; p3) . Then the average number of prediction errors of Pfor the worst data sequences is (1� pf)(1 + np3) .Proof. Let Wn be the random variable for the worst-case number of prediction errorsthat may occur. Thus, the range of Wn is f0; : : : ; n + 1g . Since the �rst prediction erroralways causes the algorithm P to delete precisely n literals, the worst-case k + 1 occursi� there are k irrelevant literals in h1 . Thus, for computing Pr[Wn = k + 1] , it su�cesto determine the probability of monomials in Cn that have n � k relevant literals. Eachsuch monomial not representing the concept \FALSE" must contain precisely n�k pairwisedi�erent literals such that no literal is the negation of any other. Thus, Formula (8) applies,and hence, the pgf for Wn can be written asGWn(z) = n+1Xk=0Pr[Wn = k] � zk = pf + n+1Xk=1Pr[Wn = k] � zk= pf + nXk=0Pr[Wn = k + 1] � zk+1= pf + (1� pf) � Xk1+k2+k3=nk1;k2;k3�0  nk1; k2; k3!pk11 pk22 pk33 � zk+1= pf + z � (1� pf )(p1 + p2 + p3z)nNow, by Equation (3), we directly obtain E[Wn] by computing G0Wn(1) , i.e.,E[Wn] = (1� pf )(1 + np3) :For the particular case that all concepts from Cn are equally likely, i.e., p1 = p2 = p3 =1=3 and pf = 1=(3n + 1) , we directly get that on the average3n�13n + 1 � (3 + n) < n3 + 1



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 11errors are to be expected given the worst data sequences. Hence, in this case the class Cnseems to be easier to learn than MCn with respect to the complexity measure predictionerrors. However, this impression is a bit misleading, since the probabilities to generatean irrelevant literal are di�erent, i.e., 1=3 for Cn and 1=2 for MCn . If we assume theprobabilities to generate an irrelevant literal to be equal, say q , and make the meaningfulassumption that \FALSE" has the same probability than \TRUE" (that is, the minimal andthe maximal concept in Cn are equally likely) then the average complexity is11 + qn (1 + nq) for Cn and nq for MCn .Note that for Cn it holds q = 1 � (p1 + p2) , and for MCn q = 1 � p . Thus, underthese assumptions MCn is easier to learn than Cn . We think this insight is interesting,since it clearly shows the in
uence of the underlying distribution. In contrast, previouswork has expressed these bounds in terms of the VC-dimension which is the same for bothclasses, i.e., n .5.2. Learning in the Limit: Mind Changes and Total Learning TimeThe results presented above directly translate to learning in the limit from informantfor the complexity measure number of mind changes. This is also true for learning frompositive presentations because only positive examples guide the algorithm and may cause anerror/mind change.What can be said about the total learning time? On the one hand, the best-case can behandled as above. That is, 1 good example is su�cient for learning MCn , and 2 for Cn .For both algorithmsMP and P the update time is linear in n . Thus, in the best case thetotal learning time is linear.The worst-case total learning time is unbounded for both algorithms, since every positivepresentation and every informant may contain as many repetitions of data that do not possessenough information to achieve the learning goal. Let us summarize:Theorem 5. For every concept c 2 Cn (resp. c 2 MCn ) it holds:(1) There exists a positive presentation d 2 pos(c) such that TT (P; d) = O(n)(resp. TT (MP; d) = O(n) ).(2) There exists an informant d 2 info(c) such that TT (P; d) = O(n)(resp. TT (MP; d) = O(n) ).(3) For every u 2 N there exists a positive presentation d 2 pos(c) such thatTT (P; d) > u (resp. TT (MP; d) > u ), i.e., the worst-case total learning time isunbounded.(4) For every u 2 N there exists an informant d 2 info(c) such thatTT (P; d) > u (resp. TT (MP; d) > u ).



12 R�udiger Reischuk and Thomas ZeugmannHence, as far as learning in the limit and the complexity measure total learning time areconcerned, there is a huge gap between the best-case and the worst-case behavior. Since theworst-case is unbounded, it does not make sense to ask for an analogue to Theorem 3 and 4.Instead, we continue by studying the average-case behavior of the limit learner P andMPand start with learning from positive presentations only.6. Average-Case Analysis for Learning in the Limit from Pos-itive PresentationsFor the following average case analysis we assume that the data sequences are generated atrandom with respect to some probability distribution D taken from some class of admissibledistributions D , which will be speci�ed later.We are interested in the average number of positive examples necessary to achieve con-vergence. Let d be a positive presentation of the concept c to be learned that is generatedat random according to D .If the concept to be learned is \FALSE" no examples are needed (and none exist). Oth-erwise, if the target concept contains precisely n literals then one positive example su�ces(note that this one is unique). Thus, for these two cases everything is clear and the proba-bility distributions D on the set of positive examples for c are trivial.Thus it remains to analyze the nontrivial cases. Let c = L(m) 2 Cn be a concept withmonomial m = V#(m)j=1 `ij . Let k := k(m) = n�#(m) > 0 . Note that there are 2k positiveexamples for c . First, we consider the special distribution D where all positive examplesare equally likely. That is, we study P's behavior on data sequences d = (bj)j2N+ 2 pos(c)where the bj are drawn independently and each bj takes each of the possible 2k values withprobability 2�k . We would like to compute the expected number of examples taken by Puntil convergence.The �rst example received forces P to delete precisely n of the 2n literals in h0 . Thus,this example always plays a special role. Note that the resulting hypothesis h1 depends onb1 , but the number k of literals that remain to be deleted from h1 until convergence isindependent of b1 . It is therefore convenient to compute the expectation by considering P'sbehavior after having read the �rst example.The next example will allow P to delete s irrelevant literals, where s can be any numberbetween 0 and the total number k of remaining irrelevant literals. This observation suggeststo look at the whole learning process as a Markov process. The states of the Markov processare de�ned by the number of irrelevant literals in P's internal hypothesis that remain to bedeleted; let us call them �0; �1; : : : ; �k . We have to determine the transition probabilitiesp(r; s) to go from state �r to state �s in one step. Clearly, p(r; s) = 0 for r < s .Lemma 1. Let c = L(m) be a nontrivial concept in Ln . If all positive examples for mare equally likely then the transition probabilities p(r; s) with 0 � s � r � k are given byp(r; s) = 2�r�rs� .Proof. If the Markov process is in state r there are still r irrelevant literals to be deleted.



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 13Let k0 := k � r be the number of irrelevant literals already deleted before having enteredstate �r . All these literals can take any value without a�ecting P's internal hypothesis instate �r . If state �s has to be reached in one step the algorithm must delete r � s manyliterals. Thus, there are � rr�s� many possibilities to choose the literals to be deleted andp(r; s) = � rr�s� � 2k02k = �rs� � 2k�r2k = 12r �  rs! :
Let �k be the expected number of steps to reach �0 starting in �k . Then, the followingrecursion formula holds:�0 = 0 and �k = 1 + kX�=0 p(k; �) � �� for k > 0 :One can easily show an upper bound �k � 2(1+log2 k) . However, solving the recurrenceexactly in closed form seems complicated. We can obtain a su�ciently good estimate on �kby using tail bounds.Theorem 6. �k � dlog2 ke+ 3 for all k 2 N+ .Proof. Let us compute the probability that after having processed � positive examplesthere is still at least one irrelevant literal in P's internal hypothesis. After the �rst example,there are k irrelevant literals left in h1 . On each positive example with probability 1=2 anirrelevant literal evaluates to 0 , and thus gets deleted. Consequently, for each remainingirrelevant literal the probability to survive �+1 examples is 2�� , and the probability thatat least one irrelevant literal survives all � + 1 examples can be bounded by k 2�� . Thisbound is of interest only for � > log k , otherwise we can use the trivial upper bound 1 .Now, let S be a random variable for the number of positive examples needed untilconvergence after having read the �rst example. Then, E[S] can be computed asE[S] = X��0Pr[S > �] :Then we obtainE[S] = 1X�=0Pr[S > �] � �+ 1X�=�Pr[S > �] � �+ k � 1X�=� 2�� = �+ k2��1 :Choosing � = dlog2 ke yields E[S] � dlog2 ke+2 . After adding the �rst example the boundclaimed in the theorem follows.The generalization to larger classes of distributions is obvious. We shall exemplify it forthe class of binomial distributions, where in a random positive example all entries corre-sponding to irrelevant bits are selected independently to one another. With some probabilityp this will be a 1 , and with probability q := 1 � p a 0 . We will consider only nontrivialdistributions where 0 < p < 1 . Note that otherwise the data sequence does not contain all



14 R�udiger Reischuk and Thomas Zeugmannpositive examples. For the following analysis, we will denote by CONV a random variablethat counts the number of examples till the algorithm has converged to a correct hypothesis.Theorem 7. Let c = L(m) be a non-minimal concept in Cn , and let the positiveexamples for c be binomially distributed with parameter p . De�ne  := minf 11�p ; 1pg .Then the expected number of positive examples needed by algorithm P until convergence canbe bounded by E[CONV] � dlog k(m)e + 3 :Proof. Let k := k(m) . The �rst positive example contains � times a 1 and k� � many0 with probability �k��p�qk�� at the positions not corresponding to a literal in the targetmonomial m . Now, assuming any such vector, we easily see that h1 contains � positiveirrelevant literals and k � � negative literals. Therefore, in order to achieve convergence,the algorithm P now needs positive examples that contain at least one 0 for each positiveirrelevant literal and at least one 1 for each negative irrelevant literal. Thus, the probabilitythat at least one irrelevant literal survives � subsequent positive examples is bounded by�q� + (k � �)p� . Therefore,Pr[CONV � 1 > �] � kX�=0 k�!p�qk�� � (�q� + (k � �)p�) :Next, we derive a closed formula for the sum given above.Claim 1. kX�=0 k�!p�qk�� � � = kp and kX�=0 k�!p�qk�� � (k � �) = kqThe �rst equality can be shown as follows.kX�=0 k�!p�qk�� � � = kX�=1 k�!p�qk�� � � = k�1X�=0 k� + 1!p�+1qk�1�� � (� + 1)= k�1X�=0 k �  k � 1� !p�+1qk�(�+1) = k p � k�1X�=0 k � 1� !p�q(k�1)��= k p � (p + q)k�1 = k p :The other equality can be proved analogously, which yields Claim 1.Now, proceeding as above, we obtainE[CONV � 1 ] = 1X�=0Pr[CONV � 1 > �] � � + 1X�=� kX�=0 k�!p�qk�� � (�q� + (k � �)p�)= �+ 1X�=� kX�=0 k�!p�qk�� � �q� + 1X�=� kX�=0 k�!p�qk�� � (k � �)p�= �+ 1X�=� q� � kX�=0 k�!p�qk�� � �| {z }=kp by Claim 1 + 1X�=� p� � kX�=0 k�!p�qk�� � (k � �)| {z }=kq by Claim 1



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 15= �+ kp � 1X�=� q� + kq � 1X�=� p� = �+ k � [q� + p�] � �+ k 2  �� :Finally, choosing � = dlog ke gives the statement of the theorem.Note that the bound of Theorem 7 coincides with the bound given in Theorem 6 for thespecial case p = 1=2 . A similar analysis can be given in the monotone setting for algorithmMP. As a corollary we getCorollary 8. For every binomially distributed positive presentation with parameter0 < p < 1 the average total learning time of algorithm P for concepts in Cn is at mostO(n logn) . More precisely, a concept c = L(m) requires time O(n log(n �#(m) + 2)) onthe average.The expectation alone does not provide complete information about the average case be-havior of an algorithm. It is helpful to know larger moments, too, in particular the variance.Then one can deduce bounds how often the algorithm exceeds the average considerably byapplying, for example, Chebyshev's inequality. The Wholist algorithm possesses two favor-able properties that simplify the analysis considerably, it is set-driven and conservative.They allow to establish good bounds for the tail probabilities.Set-driven means that the output depends only on the range of the input sequence. Moreformally, for all c 2 Cn all d; h 2 pos(c) and all i; j 2 N+ the equality d[i]+ = h[j]+ ofthe range of the two pre�ces implies P(d[i]) = P(h[j]) . It is easy to see that the Wholistalgorithm ful�lls this property.Furthermore, a learner is said to be conservative if every mind change is caused by aninconsistency with the data seen so far. The Wholist algorithm satis�es this condition, too,i.e., for all c 2 Cn , all d 2 pos(c) and all i; j 2 N+ it holds: if P(d[i]) 6= P(d[i + j]) thend[i+ j]+ 6� L(P(d[i])) .Now, we can apply the following theorem to establish exponentially shrinking tail boundsfor the expected number of examples needed in order to achieve convergence.Theorem 9. (Rossmanith and Zeugmann [19])Let CONV be the sample complexity of a conservative and set-driven learning algorithm.Then for arbitrary t 2 N it holdsPr[CONV > 2 t � E[CONV] ] � 2�t :A simple calculation shows that in case of exponentially shrinking tail bounds the varianceis bounded by O(E[CONV]2) .7. Stochastic Finite LearningOne can also convert the Wholist algorithm into a learner that from positive data iden-ti�es all concepts in Cn stochastically in a bounded number of rounds with high con�dence.A certain amount of additional knowledge concerning the underlying class of probability dis-tributions is required. Thus, in contrast to the PAC model, the resulting learning model is



16 R�udiger Reischuk and Thomas Zeugmannnot distribution-free. On the other hand, it is stronger than the PAC model by requiringthe output to be probably exactly correct rather than probably approximately correct. Butthe main advantage is the usage of the additional knowledge to reduce the sample size, andhence the total learning time drastically. This nicely contrasts to previous work undertakenin the area of PAC learning (cf., e.g., [2, 5, 9, 12, 14, 20, 21]. These papers have showncertain concepts classes to be PAC learnable from a polynomial number of examples given aknown distribution or class of distributions, while the general PAC learnability of these con-cepts classes cannot be achieved or remains open. As a matter of fact, our general approach,i.e., performing a thorough average-case analysis and proving exponentially shrinking tailbounds for the expected total learning time, can be applied to obtain results along thisline, too. That is, we can design algorithms learning pattern languages and subsets thereofstochastically with high con�dence in a constant number of rounds (cf. [18, 19]).Definition 3. Let D be a set of probability distributions on the learning domain,C a concept class, H a hypothesis space for C , and � 2 (0; 1) . (C;D) is said to bestochastically �nite learnable with � -con�dence with respect to H i� there is anIIM M that for every c 2 C and every D 2 D performs as follows. Given a randompresentation d for c generated according to D , M stops after having seen a �nite numberof examples and outputs a single hypothesis h 2 H . With probability at least 1 � � (withrespect to distribution D ) h has to be correct, that is L(h) = c in case of monomials.If stochastic �nite learning can be achieved with � -con�dence for every � > 0 then wesay that (C;D) can be learned stochastically �nite with high con�dence.Again, we will study the case that the positive examples are binomially distributed withparameter p . However, we do not require precise knowledge about the underlying distri-bution. But it is reasonable to assume that at least some information is available. Letprior knowledge be provided by two parameters plow and pup such that the true param-eter p satis�es plow � p � pup . Binomial distributions ful�lling this requirement will becalled (plow; pup) {admissible distributions. Let Dn[plow; pup] denote the set of suchdistributions on the learning domain Xn .If probability bounds plow and pup are available the Wholist algorithm can be trans-formed into a stochastical �nite learner that identi�es all concepts with high con�dence.Theorem 10. Let 0 < plow � pup < 1 and de�ne  := minf 11�plow ; 1pup g . Then(Cn;Dn[plow; pup]) is stochastically �nitely learnable with high con�dence from positive pre-sentations using O(log2 1=� � log n) many examples.Proof. The learner is based on the Wholist algorithm and a counter for the number ofexamples already processed. If the Wholist algorithm is run for � := dlog ne + 3 manyexamples Theorem 7 implies that � is at least as large as the expected convergence stageE[CONV] .In order to achieve the desired con�dence, the learner sets 
 := dlog 1� e and runs theWholist algorithm for a total of 2 
 � � examples. The algorithm outputs the last hypothesish2 
�� produced by the Wholist algorithm and stops thereafter. The reliability follows fromthe tail bounds established in Theorem 9.



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 17In practice, often one is given a �xed set of examples from which a best guess has to becomputed. Thus, we would also like to have a converse estimation that, based on the numberl of examples, provides a bound on the error probability of the hypothesis computed. Letus denote this quantity by error(l) . From the analysis of the Wholist algorithm above itfollows that the error is monotonically decreasing with l . If one stops after the l -th examplean error occurs i� the algorithm has not converged yet, that is CONV > l . Thus,error(l) = Pr[CONV > l] :For an irrelevant bit i the probability that not both xi and �xi are eliminated within lsteps equals pl + ql . If the monomial has k irrelevant bits the probability that exactly rirrelevant bits survive and hence the l -th hypothesis has r additional literals in comparisonto the correct hypothesis is given by  kr! (pl + ql) r :By the inclusion exclusion principle,error(l) = kXr=1(�1)r+1  kr! (pl + ql) r :Taking only the �rst two terms, we get upper and lower boundsk (pl + ql) �  k2! (pl + ql) 2 � error(l) � k (pl + ql) :Let �p := maxfp; qg and l = dlog1=�p ke+ a with a 2 N . Thenerror(l) � 2 k �p l � 2 �p a :Thus, if the number of examples exceeds the (upper bound on the) expectation (Theorem 7)the error probability drops down exponentially.Calculating the lower bound shows that the upper bound estimation is close to bestpossible. error(l) � k �p l � k 2 �p 2l � �p a � �p 2a :Thus we getTheorem 11. For every concept c = L(m) , a hypothesis computed by the Wholistalgorithm after having processed l = dlog1=�p k(m)e + a examples satis�es the error bound�p a � �p 2a � error(l) � �p a :In particular, for all j � dlog1=�p k(m)e + 1 it holds: error(j) � �p� �p2 .In general, the learner does not know the number of irrelevant bits k(m) of the monomialm he has to learn. Bounding k(m) by the trivial value n gives



18 R�udiger Reischuk and Thomas ZeugmannCorollary 12. If the Wholist algorithm outputs a hypothesis after having seen l =dlog1=�p ne + a examples the error probability is guaranteed to be not larger than �pa .The lower bound on the error probability implies a lower bound for the expectation forthe round of convergence as follows:E[CONV] = 1Xl=0 error(l) � (�p� �p2) dlog1=�p k(m)e:Thus, the upper bound log1=�p k(m) +O(1) in Theorem 7 is asymptotically tight.The upper bound on the error probability also provides a direct and better estimate forstochastic �nite learning for learning monomials (Theorem 10).Corollary 13. Let 0 < plow � pup < 1 ,  := minf 11�plow ; 1pup g , and � > 0 .Then (Cn;Dn[plow; pup]) is stochastically �nite learnable from positive presentations with � -con�dence using log n + log 1=� +O(1) many examples.Thus, for learning monomials the con�dence requirement increases the sample size by anadditive term log 1=� only, instead of a multiplicative one in general.8. Average-case Analysis for Learning in the Limit from In-formantFinally, let us consider how the results obtained so far translate to the case of learning frominformant. Since the Wholist algorithm does not learn anything from negative examples, onemay expect that it behaves much poorer in this setting. Let us �rst investigate the uniformdistribution over Xn . Again, we have the trivial cases that the target concept is \FALSE"or m is a monomial without irrelevant bits. In the �rst case, no example is needed at all,while in the latter one, there is only one positive example having probability 2�n . Thus theexpected number of examples needed until successful learning is 2n = 2#(m) .Theorem 14. Let c = L(m) 2 Cn be a nontrivial concept. If a data sequence for c isgenerated from the uniform distribution on the learning domain by independent draws theexpected number of examples needed by algorithm P until convergence is bounded byE[CONV] � 2#(m) (dlog2 k(m)e + 3) :Proof. Let CONV+ be a random variable for the number of positive examples neededuntil convergence. Every positive example is preceded by a possibly empty block of negativeexamples. Thus, we can partition the initial segment of any randomly drawn informant readuntil convergence into CONV+ many blocks Bj containing a certain number of negativeexamples followed by precisely one positive example. Let �j be a random variable for thelength of block Bj . Then CONV = �1+�2+� � �+�CONV+ , where the �j are independentlyidentically distributed. In order to compute the distribution of �j , it su�ces to calculatethe probabilities to draw a negative and a positive example, respectively. Since the overallnumber of positive examples for c is 2k with k = k(m) , the probability to generate a



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 19positive example is 2k�n . Hence, the probability to draw a negative example is 1 � 2k�n .Consequently, Pr[�j = �+ 1] = �1� 2k�n� � � 2k�n :Therefore,E[CONV] = E[�1 + �2 + � � �+ �CONV+]= 1X�=0E[�1 + �2 + � � �+ �� j CONV+ = �] � Pr[CONV+ = �]= 1X�=0 � � E[�1] � Pr[CONV+ = �]= E[CONV+] � E[�1]By Theorem 6, we have E[CONV+] � dlog2 ke+3 , and thus it remains to estimate E[�1] .A simple calculation showsLemma 2. For every 0 < a < 1 holds:1X�=0(�+ 1) � a� = (1� a)�2 :Using this estimation we can concludeE[�1] = 1X�=0(�+ 1) � Pr[�1 = �+ 1]= 2k�n 1X�=0(�+ 1) � �1� 2k�n� � = 2n�k ;and thus the theorem follows.Hence, as long as the length of m is constant, and therefore k(m) = n � O(1) , westill achieve an expected total learning time of order n logn . But if #(m) grows linearlythe expected total learning becomes exponential. On the other hand, if there are manyrelevant literals then even h0 may be considered as a not too bad approximation for c .Consequently, it is natural at this point to introduce an error parameter " 2 (0; 1) as inthe PAC model, and to ask whether one can achieve an expected sample complexity forcomputing an " -approximation that is bounded by a function depending on logn and 1=" .To answer this question, let us formally de�ne errorm(hj) = D(L(hj) 4 L(m)) to bethe error made by hypothesis hj with respect to monomial m . Here L(hj)4L(m) standsfor the symmetric di�erence of L(hj) and L(m) and D for the underlying probabilitydistribution with respect to which the examples are drawn. Note that by Theorem 1 wecan conclude errorm(hj) = D(L(m) n L(hj)) . We call hj an " {approximation for mif errorm(hj) � " . Finally, we rede�ne the stage of convergence. Let d = (dj)j2N+ be aninformant for L(m) , thenCONV"(d) =df the least number j such that errorm(P (d[i])) � " for all i � j .



20 R�udiger Reischuk and Thomas ZeugmannNote that once the Wholist algorithm has reached an " -approximate hypothesis all furtherhypotheses will also be at least that close to the target monomial.The following theorem gives an a�rmative answer to the question posed above.Theorem 15. Let c = L(m) 2 Cn be a nontrivial concept. Assuming that examples aredrawn independently from the uniform distribution, the expected number of examples neededby algorithm P until converging to an " -approximation for c can be bounded byE[CONV"] � 1" � (dlog2 k(m)e + 3) :Proof. It holds errorm(h0) = 2k(m)�n , since h0 misclassi�es exactly the positive exam-ples. Therefore, if errorm(h0) � " , we are already done. Now suppose errorm(h0) > " .Consequently, 1=" > 2n�k(m) , and thus the bound stated in the theorem is larger than2n�k(m)(dlog2 k(m)e+3) , which, by Theorem 14 is the expected number of examples neededuntil convergence to a correct hypothesis.Thus, additional knowledge concerning the underlying probability distribution pays o�again. Applying Theorem 9 and modifying Section 7 mutatis mutandis, we get a learneridentifying " -approximations for all concepts in Cn stochastically with high con�dence usingO(1" � log 1� � logn) many examples. Comparing this bound with the sample complexity givenin the PAC model, we see that it is reduced exponentially, i.e., instead of a factor n now wehave the factor logn .Finally, we can generalize the last results to the case that the data sequences are bino-mially distributed for some parameter p 2 (0; 1) . This means that any particular vectorcontaining � times a 1 and n�� a 0 has probability p�(1�p)n�� since a 1 is drawn withprobability p and a 0 with probability 1� p . First, Theorem 14 generalizes as follows.Theorem 16. Let c = L(m) 2 Cn be a nontrivial concept. Let m contain precisely� positive literals and � negative literals. If the labeled examples for c are independentlybinomially distributed with parameter p and  := minf 11�p ; 1pg then the expected numberof examples needed by algorithm P until convergence can be bounded byE[CONV] � 1p�(1� p)� �dlog k(m)e+ 3� :Proof. Assuming the same notation as in the proof of Theorem 14, it is easy to see that weonly have to recompute E[�1] , and thus Pr[�1 = �+1] , too. Since m contains precisely �positive literals and � negative literals, the probability to draw a positive example is clearlyp�(1�p)� , and thus the probability to randomly draw a negative example is 1�p�(1�p)� .Consequently, Pr[�1 = �+ 1] = (1� p�(1� p)� )� � p�(1� p)� ;and Lemma 2 gives E[�1] = 1p�(1�p)� .



Analyzing the Average-Case Behavior of Conjunctive Learning Algorithms 21Theorem 15 directly translates into the setting of binomially distributed inputs, too.Theorem 17. Let c = L(m) 2 Cn be a nontrivial concept. Assume that the examples aredrawn with respect to a binomial distribution with parameter p , and let  = minf 11�p ; 1pg .Then the expected number of examples needed by algorithm P until converging to an " -approximation for c can be bounded byE[CONV] � 1" � (dlog k(m)e + 3) :Finally, one can also get stochastic �nite approximations with high con�dence from in-formant with an exponentially smaller sample complexity.Theorem 18. Let 0 < plow� pup < 1 and  := minf 11�plow ; 1pup g . For (Cn;Dn[plow; pup])" -approximations are stochastically �nitely learnable with � -con�dence from informant forany "; � 2 (0; 1) . For this purpose, O(1" � log2 1=� � log n) many examples su�ce.9. ConclusionsA new framework for analyzing the average-case behavior of the well-known Wholistalgorithm has been introduced. Based on it, we have studied the problem of learning conceptsdescribable by monomials from positive presentations only, from positive and negative datawithin the setting of learning in the limit and on-line prediction. The complexity measuresconsidered comprise the number of prediction errors, the number of mind changes as well asthe total learning time. Tight bounds have been obtained showing that worst-case boundsdi�er exponentially from the average-case behavior in the particular setting of learning underbinomially distributed input data.Within our framework, we could completely overcome the drawbacks of the approachundertaken by Pazzani and Sarrett [17]. In particular, our analysis is fully analytical and doesnot involve any computer simulation. The results obtained provide a general overview aboutthe average-case behavior of the Wholist algorithm for the class of binomial distributions.The in
uence of the parameter p determining the particular binomial distribution on handto the sample complexity has been elaborated (cf. Theorems 7 and 16).Moreover, our approach has established exponentially shrinking tail bounds for the ex-pected number of examples needed until convergence for both settings learning from positivedata and from informant. These tail bounds in a natural way translate into stochastic �nitelearning in case of inference from text and PAC learning in case of informant. In case ofbinomial distributions with additional knowledge given by lower and upper bounds for theprobability to set a variable to value 1 , nicely reduces the sample complexity for stochastic�nite inference and PAC learning to an amount that is exponentially smaller than previouslyobtained bounds (cf. Theorems 10 and 18). Clearly, these results directly translate into themonotone setting, i.e., to the class MCn .Furthermore, by duality, our results imply the same exponential improvement for learn-ing concepts over Xn that are describable by a disjunction of literals from Ln . If the



22 R�udiger Reischuk and Thomas Zeugmannconcept class is restricted to monotone disjunctions m the smallest worst-case bound forthe number of prediction errors is achieved by Littlestone's Winnow algorithm [13], which isO(#(m) logn) (#(m) denoting the number of literals in the target disjunction), while ourmethods achieve O(log(n�#(m))) many prediction errors on average. Hence, if the lengthof the target is a constant, Winnow gives roughly the same bound as our learner. Note thatO(#(m) logn) is a worst-case bound, but on the other hand Winnow cannot gain muchon average. Even in the most favourable case of #(m) being a constant and a uniformdistribution on the input data it will make �(logn) many prediction errors on average.Finally, it should be noted that our general technique to obtain very e�cient stochastic�nite learning, that is performing a thorough average-case analysis and proving exponentiallyshrinking tail bounds for the expected sample complexity, has a large range of potentialapplications. As far as Boolean concepts are concerned, promising candidates are k -CNF,k -DNF, k -Decision lists as well as k -term DNF, and k -term CNF.Last but not least, one can also perform experiments using an implementation of theWholist algorithm by visiting our WEB-page:http://www.i.kyushu-u.ac.jp/ thomas/BOOLE/menue2.htmlto convince oneself that the upper bounds obtained in this paper predict the actual behaviourof the Wholist algorithm quite well.References[1] J.M. Barzdin and R.V. Freivald, On the prediction of general recursive functions. SovietMath. Doklady 13:1224-1228, 1972.[2] G. Benedek and A. Itai. Learnability by �xed distributions. in \Proc. of the 1988 Work-shop on Computational Learning Theory," pp. 81{90, Morgan Kaufmann 1988.[3] J. Case, S. Jain, S. Lange and T. Zeugmann. Incremental concept learning for boundeddata mining. to appear in Information and Computation.[4] R. Daley and C.H. Smith. On the complexity of inductive inference. Information andControl, 69:12{40, 1986.[5] F. Denis and R. Gilleron. PAC learning under helpful distributions. in \Proc. 8thInternational Workshop on Algorithmic Learning Theory - ALT'97," (M. Li and A.Maruoka, Eds.), Lecture Notes in Arti�cial Intelligence 1316, pp. 132{145, Springer-Verlag 1997.[6] E. M. Gold, Language identi�cation in the limit. Information and Control 10:447{474,1967.[7] R.L. Graham, D.E. Knuth and O. Patashnik. Concrete Mathematics, Addison-Wesley,Reading, Massachusetts, 1989.
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