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Abstract

This paper provides a notion of Zadeh categories as a categorical structure formed
by fuzzy relations with sup-min composition, and proves two representation theorems for
Dedekind categories (relation categories) with a unit object analogous to one-point set,
and for Zadeh categories without unit objects.
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1 Introduction

Since Zadeh’s invention the concept of fuzzy sets has been extensively investigated in mathe-
matics, science and engineering. The notion of fuzzy relations is also a basic one in processing
fuzzy information in relational structures, see e.g. Pedrycz [10]. Goguen [2] generalized the
concepts of fuzzy sets and relations taking values on partially ordered sets. Fuzzy relational
equations were initiated and applied to medical models of diagnosis by Sanchez [12].

On the other hand theory of relations, namely relational calculus, has a long history, see
[8, 13, 14] for more details on the history. Almost modern formalizations of relation algebras
are affected by the work of Tarski [15]. Mac Lane [7] and Puppe [11] exposed a categorical
basis for calculus of additive relations. Freyd and Scedrov [1] developed and summarized
categorical relational calculus, which they called allegories. Concerning with applications to
the relational theory of graphs and programs, Schmidt and Strohlein [13] gave a simple proof of
a representation theorem for Boolean relation algebras satisfying Tarski rule and point axiom.
Also they wrote an excellent text book [14] on relations and graphs with many useful examples
in computer science. Also Kawahara and Mizoguchi [3, 6, 4] developed relational methodology
for assertion semantics of programs, theory of graph transformations (or graph grammars) and
categorical set theory.

A representation theorem for (homogeneous) fuzzy relation algebras satisfying a point ax-
iom has been given by Kawahara and Furusawa. The aim of the paper is to provide a categorical
formalization for fuzzy relations. Fuzzy relations are set-fuctions with values in the unit in-
terval [0, 1], that is, functions R : X x Y — [0,1]. The set of all such fuzzy relations on X
constitutes a fuzzy relation category. An algebra of fuzzy relations are naturally equipped
with semi-scalar multiplication by scalars in the unit interval. Also, unlike Boolean relation
categories, fuzzy relation categories are not Schroder ones. Instead of Schroder categories we
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need to adopt Dedekind categories, named after Jean-Pierre Olivier and Dany Serrato [9], in
order to study fuzzy relation categories. This paper is organized as follows:

In section 2 we first recall the fundamentals on relation category, which we will call Dedekind
categories following to Jean-Pierre Olivier and Dany Serrato [9], and show a simple representa-
tion theorem for Dedekind categories with a unit object satisfying a condition, called the strict
point axiom. The section 3 provides a notion and some the basic properties of fuzzy algebras,
which are a generalization of algebras formed by set-functions with values in the unit interval
[0,1]. In section 4 we first state the definition of Zadeh categories as a categorical structure
formed by fuzzy relations with sup-min composition. Then some useful properties on point
relations, due to G. Schmidt and T. Strohlein [13], and a point axiom will be introduced to
prove a representation theorem for morphisms in Zadeh categories. In particular, the point
axiom induces a function assigning a concrete fuzzy relation between the sets of point relations
to an abstract relation in Zadeh categories. In section 5 we show a representation theorem for
Zadeh categories satisfying a point axiom without the assumption of existence of unit objects.
And it is proved that the representation function is a bijection preserving all operations of
Zadeh categories. Therefore the representation function turns out to be a functor. However
this functor is generally not an isomorphisms of categories since it maps all objects with no
points to the empty set. Finally we prove that the representation theorem coincides with
the simple representation theorem in section 2, when the Zadeh category has a unit object
satisfying the strict point axiom.

2 Complete Dedekind Categories

In this section we first recall the fundamentals on relation category, which we will call Dedekind
categories following to Jean-Pierre Olivier and Dany Serrato [9], and show a simple represen-
tation theorem for Dedekind categories with a unit object satisfying the strict point axiom.

Definition 2.1 A complete Dedekind category D is a category satisfying the following:

D1. [Complete Distributive Lattice] For all pairs of objects X and Y the homo-set D(X,Y)
consisting of all morphisms of X into Y is a complete distributive lattice with the least mor-
phism Oxy and the greatest morphism Vxy-.

D2. [Involution] An involution * : D — D is a monotone contravariant functor. That is, for all
morphisms a, o’ : X — Y, 3:Y — Z,

(a) (aB) = B, (b) () = a, (c) If a C o, then o C o,

D3. [Dedekind Formula] For all morphisms o : X — Y, §:Y — Z and v : X — Z the
Dedekind formula a3 M~ C a8 M afy) holds.

D4. [Quotient Morphisms] For all morphsms 3:Y — Z and v : X — Z a quotient morphism
v+ : X — Y is a morphism such that af C ~ if and only if o C ~ + 3 for all morphisms
a: X =Y. O

Note that complete distributive lattices are equivalent to complete Brouwerian lattices or
complete Heyting algebras.

Throughout the section all discussions will be done in a fixed complete Dedekind category
D. We denote the identity morphism on an object X of D by idy. The greatest morphism
Vxy is called the universal morphism and the least morphism Oxy the zero morphism. A
morphism is nonzero if it is not equal to the zero morphism.

Proposition 2.2 Let a,a’: X — Y and 3,8':Y — Z be morphisms in D.
(a) O%y = Oyx, Viy = Vyx and id% = idy.
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(b VXXVXY = VXYvYY = VXY

(c) (aUB)f =o' U and (a1 ) = of M1 5%
(d OXyﬂ OXZ and OéOyz—OXZ

(6 (|_|/\Oé/\) —u/\Oé/\ﬂ.
(f

g) Ifalad =Vyxy, alld =0xy and Vyxa = a, then Vxxa' = a'.

(
(h) Ifidx C aat and o'fa C idy, then o C o implies a = o'.

)

)

)

)

) [faC o and TG, then aff C o',

)

)

(i) If oo Cidy, then a(31 §) = afMaff.
)

() IfuCidx and v Cidx, then u* = uu = u and vvo = uMwv.

Proof. (a) OXY C OYX = Oyyx since Oy x C Og(y, and Vyyx = V@X C VAﬁXY since VAﬁXY C
Vyx, and 1dg( = 1dg(1dX = id&idgg = (idlAﬁXile)u = idgg = idx. (b) Immediate from Vyy =
idxVxy C VxxVxy. (c) First note that o*LU3* C (aUB)*. Hence alf = o US% C (o'l S
and (alUB)? C (ofUB")™ = o*LBh. (d) It is trivial that Oxy C OXZ B3. Hence Oxy 3 C Oxz by
7.3. Using this result we have aOy, = (Og/zozﬁ)ﬁ = (Ozyat)f = OZX = Oxyz. (e) It follows from
(u/\Oé/\)ﬂE’}/ <— Lhay E’y—ﬂ <~ VA:a E’y—ﬂ — VA: Oé/\ﬂ L~y < |_|/\Oé/\ﬂ C 7.
() If p C 3, then aff C aflUap’ = a(SUS) = af’ by (d). (g) Note that o/ =idxa’ C Vxxd/,
and VXXO/HOé E VXX(O/HV&XOJ) == VXX(O/HVXXO() == VXX(O/HOé) == VXXOXY == OXy.
Hence Vyxa' = Vxxa'MVyxy = Vxxa' M(ala') = (Vxxod' Ma)U (Vxxa' Ma')=a'. O

The statement (b) in the last proposition indicates that if Vxy # Oxy then both of X
and Y are nonempty.

Proposition 2.3 Let o : X — Y be a morphism such that Vyxa = a. Then the following
three conditions are equivalent: (a) idx C ao?, (b) Vxx = ad”, (¢) Vxx = aVyx.

Proof. (a)=(b) If idy C acof, then Vyx = Vxxidy T Vxyxaa® = aaf. (b)=(c) If
VXX == OéOéﬁ, then VXX == OéOéﬁ E aVYX. (C):>(EL) If VXX == aVYX, then ldX == ldX M VXX ==
iXm_lonYX Eoz(ozﬁiXm_IVYX) :OéOéﬁ. O

We now introduce three notions of unit objects, I-crisp relations and [-points in Dedekind
categories. A unit object is an abstrction of the notion of singleton (or one-point) sets. Two
distinct univalent and total relation from a unit object are not mutually disjoint. To this end
the notion of I-points are in addition assumed to be [-crisp.

Definition 2.4 Let D be a complete Dedekind category.
(a) An object [ in D is called a unit object if Oy #id; = V.

b) A morphism Tl — X is ]-CI’iSp if up C o7 1mphes P C 7 for a nonzero morphism
u:]ﬁ]andamorphismp:]ﬁX.

(c) An I-point p of X is an [-crisp morphism p: [ — X such that p'p C idy, id; = pp®.

(d) A unit object I satisfies the strict point axiom if upeg(X)pﬁp = idy for all objects X,
where £(X) denotes the set of all I-points of X. O
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Note that an I-point p of X is nonempty from its totality condition id; = pp*. Thus if an
object has at least one I-point then it is nonempty.

Proposition 2.5 Let I be a unit object in D.

(a) If T C p for an I-point p: [ — X and a morphism 7 : [ — X, then 7 = wp for a unique
morphism w : [ — 1.

(b) If po # p1 for I-points po,p1 : I — X, then po T p1 = Orx and pop’ = Orr.

(¢) (wNwv)r =urNor for morphisms u,v: [ — [ and 7: 1 — X.

Proof. (a) 7p'p C 7 = 7MMp C (7p*Mid;)p = 7p*p by D3. (b) First we show that if poMpy # Orx
then po = p1. As po M p1 C po, by (a) there is a unique w : I — [ such that po M p; = wpe. If
po M py # Ojpx, then w # Op; and so py C py, because wpy C py and py is [-crisp. Finally if

po M p1 = Orx, then popi = popl Mid; T (po Midsp1)pt = (po M p1)pi = Opr by D3 and 2.2(a).
(c) (unov)r CurNor C (uMovrr)r E (uMo)r. O

Set L = D(I,1) and let @ : X — Y be a morphism. Then L is a complete disributive
lattice by D1. A function &(a) : (X)) x £(Y) — L assgining &(a)(p, ¢) = pag’ : [ — I to a pair
of I-points p: I — X and ¢ : I — Y, gives an L-fuzzy relation of £(X) into £(Y') in the sense
of [2]. The infimum (the greatest lower bound) and the supremum (the least upper bound) of
L-tuzzy relations will be denoted by the symbols N and U. We write the category of sets and
L-fuzzy relations as Rely,.

Theorem 2.6 (Representation Theorem) Let I be a unit object satisfying the strict point ax-
iom. Then every morphism o : X — Y has a unique representation

a = Upee(x) Ugee(r) P f( )(p,q)g,
where £(a)(p, q) = pag* for I-pointsp: [ — X and q: [ — Y.
Proof. Since idy = upeg(X)pﬁp and idy = I_Iqeg(y)qﬁq by the strict point axiom we have

o = idXOéidY
= (Upeexyp'p)a(U] qes<Y>qﬁq)
= Upee(x) Ugeer) Plpaglq
= Upeg() q€E(Y) ﬁf( )( )

Finally we show the uniqueness of the representation. Assume o = Uy (x)Ugee(v)p 'k, qq Then

for all po € £(X),q0 € E(Y) we have £(a)(po, go) = Poaqh = Upee(x) Usee(r) PoP kpaddh = Fpo o
by 2.5(b). O

Corollary 2.7 Let I be a unit object satisfying the strict point aziom.
The function € : D(X,Y) — Rel,(£(X),E(Y)) is bijective.
£(Oxy) = Ogxyerr), E(Vxy) = Vexer) and (idx) = idg(y),
fala’) = f(a) UEa’) and E(a M o’) = £(a) N E(),

{(af) = {(a)t,

a

(
(b

C

)
)
)
d)

(
(



(e) &(af) = E()E(B).

Proof. (b) It is immediate that £(Oxy)(p,q) = pOxyqd = Op. It follows from id; =

idid; = pplag" T pVxyd' that &(Vxy)(p,¢) = id;, and £(idx)(p,q) = pidxq" = pg*. (c

{(aUd)(p,q) = plaU Oé)qﬁ = paq' U pd'd" = [£(a) U &(a)](p,q) and &(a T a)(p,q) =

X(a T o/gq = pag' N pd'q = [((a) N E(a")](p,q). (d) £(a¥)(q,p) = qap* = (pag’)F = paq’ =
)

~—

{(a)(p E(@) (q,p). (e) E(ap)(p,r) = pafrt = Ugeevypagiqfrt = Ugeer)(pag® M gBrt) =
[E(@)E(B)](p, ) since pagh, qfrf Eid;. O

From the proof of 2.7(b) it is easy to see that Vxy # Oxy for all nonempty objects X and
Y (Cf. a condition P1 in Definition 4.4) if D has a unit object I satisfying the strict point
axiom.

Corollary 2.8 Let I be a unit object satisfying the strict point axiom. Then the following
holds:

(a) Upeexyp = Vix,
(b) Vxy = Vx/Vyy,
(¢) IfY has at least one I-point, then VxyVyz = Vxz.

Proof. (a) For each I-point p: I — X we have pVx; = V;; = id; by 2.3(¢). Hence using the
strict point axiom V;xy = V;xidy = I_Ipeg(X)VIXpﬁp = upeg(X)(vaI)ﬁp = Upee(x)p- (b) By
2.7(b) we have {(Vxy)(p, q) = id; and so

Vv = Upee(x) Ugeerr) P'a = (Upee(x)p) (Ugeeryq) = Vix Viy

by the representation theorem 2.6 and (a). (c) Let ¢ be an I-point of Y. Then V;x = ¢¢"Vx
q¢Vyx and Viz = q¢'V1z C qVyz. Hence by using (b) Vxz = VﬁIXVIZ C (¢Vyx)'qVyz
Vxvd'¢Vyz E VxyVyz. O

[

As a result we have proved that a Dedekind category with a unit object satisfying the strict
point axiom is equivalent to a subcategory of a category of L-fuzzy relations.

3 Fuzzy Algebras

This section introduces a notion of fuzzy algebras as a mathematical strucutre formed by
fuzzy sets, and some basic properties of fuzzy algebras are described. Roughly speaking fuzzy
algebras are complete distributive lattices with semi-multiplcation and semi-Boolean property.
Throughout of the paper the unit interval of reals & with 0 < k£ < 1 will be denoted by a
symbol [0, 1] and reals k& € [0, 1] will be called scalars.

Definition 3.1 A fuzzy algebra F = (F,C,U,M,-,0,V) is an algebraic structure over a
nonempty set F satisfying the following:

F1. [Complete Distributive Lattice] A hexad (F,C,U,M,0,V) is a complete distributive
lattice with the least element O and the greatest element V.

F2. [Semi-Scalar Multiplication] An operation - : [0, 1] x F — F is a semi-scalar multiplication
on F. That is,

(a) 0a = O and la = a, (b) k(Ka) = (kk)a, (¢) k(Uyay) = Uykay and k(Myay) = Myka,,

(d) (Avkr)a = Thkya, (e) If ka C kb and k& > 0, then a C b.
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(The multiplication k - a of a € F by a scalar k € [0,1] will be written as ka, unless confusion
occurs. )

F3. [Semi-Boolean Algebra] If a M kV = ka for all scalars k, then there is an element b such
thataUb=V and aMb=0. O

Throughout the rest of the section all discussions will be done in a fixed fuzzy algebra F.

Proposition 3.2 Let a,b be elements of a fuzzy algebra F and k, k' scalars.
(a) If a T b, then ka C kb.

(b) If k <K, then ka C Ka. In particular, ka C a and kO = O.

(
(

)
)
¢) kaUka=(kVE)a.
Q) IfEV =V and k 2 1, then V = O.
)
)

(e) If kV =V and V #£ O, then k = 1.
(f) If EVC KV and V # O, then k < k.

Proof. (a) If @ C b, then ka = k(aT1b) = ka1 kb C kb by F2(c). (b) If & < k', then
ka = (kAK)a = kak'a C k'a by F2(d). (c) Assume k& < k’. Then ka Uk'a = Ka=(kVEK)a
by (b). (d) Assume £V = V and 0 < k < 1. Then by F2(b) it is trivial that £"V = V for
all natural numbers n. Hence V = M,50k"V = (Ap>0k™)V = 0V = O by F2(d) and F2(a).
(e) This statement is obviously equivalent to (d). (f) Assume kV C k'V and k' < k. Then
0<K/k<1and kV C E[(K'/k)V]. Therefore V C (k'/k)V by F2(e) and so V = O by (d). O

Following to [5] the concept of crisp elements in fuzzy algebras is defined as follows:

Definition 3.3 An element a of a fuzzy algebra F is crisp if a M kV = ka for all scalars
kelo,1]. O

In the above definition of crisp elements of fuzzy algebras it is trivial that ka C a1 £V
by 3.2(a) and 3.2(b). Note that ViV = £V from £V C V by F1(b). This means that the

universal element V is crisp. Also the zero element O is clearly crisp.

Proposition 3.4 Let a,b be elements of F and k a scalar.
(a) If a and b are crisp, then so are a Ub and aTb.
(b) If aUb =V and aT1b= O, then both of a and b are crisp.

(c¢) If b is crisp and ka T b for k> 0, then a C b.

Proof. (a) Let @ and b be crisp. Then (aUb)MEV = (aMAV)U (bMEV) = ka U kb= k(allb)
by F1 and F2(c). (aMb)MMAV = (¢ TMEV)TI (6N AV) = ka Tl kb = k(a1 b) by F2(c).
(b) Assume a Ub = V and aMb = O. First by 3.2(b) ka C o and oM kB = O. Then
aNkV =alk(alUp)=(aNka)U (aMkp) =ka by F2(c) and F1. (c¢) Note that ka C kV
by 3.2(a). As b is crisp we have ka T b1 kV = kb. Hence a C b by F2(e). O

From the last proposition 3.4(a) and 3.4(b) it is immediate that the set of all crisp elements
in a fuzzy algebra F forms a Boolean algebra.



4 Zadeh Categories

In this section we first state the definition of Zadeh categories as a categorical structure formed
by fuzzy relations with sup-min composition. Then some useful properties on point relations,
due to G. Schmidt and T. Stréhlein [13], and a point axiom will be introduced to prove a
representation theorem for morphisms in Zadeh categories. In particular, the point axiom
induces a function assigning a concrete fuzzy relation between the sets of point relations to an
abstract relation in Zadeh categories.

Definition 4.1 A Zadeh category Z is a complete Dedekind category satisfying the following:
71. [Fuzzy Algebra] For all objects X and Y the homo-set Z(X,Y’) consisting of all morphisms
of X into Y is a fuzzy algebra. Its fuzzy algebra structure will be denoted by

Z(X7 Y) = (Z(va)v Ev |—|7|_|7 ) OXY7 vXY)-

72. [Compatibility with Semi-Scalar Multiplication]

(a) k(ap) = (ka)(kB), (b) (ka)! = ka®, (c) (ka)B = (ka)(B M kVyz)
for morphisms a: X — Y, 3:Y — Z, and a scalar k. O

Throughout the rest of the paper all discussions will be done in a fixed Zadeh category Z.

Proposition 4.2 Let o : X — Y and 3:Y — Z be morphisms and k a scalar.

(a) (ka)BC kVxz and a(kB) C kVxy.

(b) If 5 is crisp, then (ka)B = k(afB). (If a is erisp, then a(kB) = k(af)).
¢) If a and B are crisp, then so are o and af.
)

(
(d) The identity morphism idx is crisp.

Proof. (a) From Z2(c), Z2(a) it follows that (ka)p = (ka)(8 1 kVyz) C (ka)(kVyz) =
k(aVyz) C kVxz. (b) Assume that 3 is crisp. Then (ka)p = (ka)(B T kVyz) = (ka)(kp) =
k(aB) by 72(c) and Z2(a). (c) o MkVyy = (a M kVxy)' = (ka)¥ = ka' by 2.2(a),
2.2(b) and Z2(b). af M kVxz C o[ Mo (kVxz)] CE (BN kVyz) = a(kB) = k(ajB) by
Dg, 32(&), ZQ(C) and (b) (d) ldX M kVXX == ldX M k(ldXvXX) == ldX M (kldX)vXX E
(kidx)[(kidx)*dy M Vxx] = kidx. O

In view of [5, 13] the concept of points in Zadeh categories is defined as follows:

Definition 4.3 A point z of an object X is a crisp morphism « : X — X such that 2f2 Cidy,
idy C 22! and Vyyz = 2. O

Note that a point = of X is automatically nonzero from the totality idy T za? if X is
nonempty. An empty object has no points because points are nonzero by the definition.

By making use of the last definition of points in Zadeh categories we add the following
axiom:

Definition 4.4 A Zadeh category Z satisfies the point axiom if:

P1. For all objects X and Y the universal morphism Vxy is nonzero (that is, Vxy # Oxy).
P2. For a nonzero morphism a : X — Y there is a scalar £ > 0 and points  : X — X and
y:Y — Y such that taMVyxyy = kVxyy. O
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In what follows we assume that a fixed Zadeh category Z satisfies the point axiom above.

Proposition 4.5 Let xg, 21 : X — X, y, 50,941 : Y — Y points, and k and k' scalars. Then
the following holds:

(a) If xg # @1, then 2o MM ay = Oxx and xoxﬁl =Oxx.

b
(c

(b) If Vxyyo C Vxyyi, then yo = y.
)

(d) If « is a nonzero crisp morphism and ka T ko', then k < k.
)

If :L'gVnyo C xﬁlvxyyl, then xg = x1 and yo = y1.

(e) If vy C Vxyy and Vxx~y =7, then there is a unique scalar k such that v = kVxyy.

Proof. (a) First we show that if xoMay # Oxx then o = 1. Assume that xoMay # Oxx. Then
by the point axiom there are a scalar k > 0 and points zq, 2 such that zo(zg May) Mz = kzy.
Hence z; C zo(xg M) & Vxxao M Vyxa = 29 M ay. Therefore v = 2y = xy by 2.2(h).
Finally, if o M a; = Oxx, then xoxﬁl = xoxﬁl MVxx C (20N VXXxl)xﬁl = (2o N xl)xﬁl =
Oxx. (b) Assume that Vxyy C Vxyyo. Then Vxy T Vxyyy* = Vxyyoy® and so yoy# #
Oyy from Vxy # Oyy. Hence y = yo by (a). (c) First note that Vxy = VAﬁXXVXY =
(zVxx)*Vxy = Vxx*Vxy by 2.2(g) and 2.3(c). Assume that z*Vyxyy C :L'gVnyo. Then
Viyy = Vxx'Vyyy C VixehVyyyo = Vyyyo. Hencey = yo by (b). Similarly @ = z. (d)
By the point axiom there are a scalar 2 > 0 and points =,y such that za 1 Vxyy = AV xyy.
Then thY == thYvYY == thyvay E J}Oéva. But VXY E J}OévYY by 34(C) since
zaVyy is crisp by 4.2(c). Hence kVyy C kVxyaVyy = x(ka)Vyy C z(k'a') C K'Vxy.
Therefore k < k' by 3.2(f). (e) It is trivial that if v = Oxy then v = 0Vxyy by F2(a).
Next assume v # 0. Then by the point axiom there are a scalar & > 0 and points ¢,y such
that 207 M Vxyyo = kVxyyoe. Note that v = Vyxv = 20Vxxy = 2y by 2.3(c). Hence
kEVxyyo C 2oy = v C Vxyy, which implies yo = y by 4.3(b) and so v = kVxyy. The
uniqueness of k follows from (d). O

Proposition 4.6 Let x(X) be the set of all points of an object X in Z. Then the following
holds:

(EL) vXX = uxEX(X)x;
(b) idx = Upey(x)z'e.

Proof. (a) Set o = Urey(xy. It is clear that o E Vxx and Vyya = a. As points are crisp
by the definition, « is also crisp by 2.2(d) and by the axiom F3 there is a morphism @ such
that a U@ = Vxy and al@ = Oxy. Then Vxya = @ by 3.4(d). Assume @ # Oxy.
By the point axiom P2 there are a scalar & > 0 and points zg,2; : X — X such that
zoa May = kxy. Hence kxy C zoar C Vyxxa = @. But @ is crisp by 3.4(c) and so v C @
by 3.4(e). Therefore 2y C a M@ = Oxx, which contradicts to a3 # Oxx. This proves
@ = Oxyx. (b) It is clear that I_IxEX(X):I;ﬁ:I; C idx. Using Vxx = Uyeyx)z by (a) we have
idX == ldX M VXX == I_IxeX(X)(idX M l’) E uxGX(X)(iXm'ﬁ M ldX)l' E I_IxeX(X)xﬁx. O

Thus from the point axiom P2 and 4.5(e) there exists a unique scalar y(«)(x,y) such that

ra N Vyxyy = x(o)(z,y)Vxyy.

Thus y(«) defines a fuzzy relation from the set of all points of X into the set of all points of
Y. In the next section we will prove that the function x : Z — Relj;] is an embedding of
Zadeh categories.



5 Representation Theorem

First we prove the representation theorem for Zadeh categories asserting that every morphism
in a Zadeh category satisfying the point axiom, can be represented as a union of pair morphisms
with semi-scalar weights.

Theorem 5.1 (Representation Theorem) Every morphism o : X — Y in a Zadeh category Z
satisfying the point axiom has a unique representation

a = uxEx(X) |—|y€><(Y) X(Oé)(l‘, y)xﬁvXvi
where x(a)(x,y) is a unique scalar such that xa N Vxyy = x(a)(z,y)Vxyy.
Proof. Since Vyy = Uyeyv)y by 4.6(a) we have

ra = zallVyy
= zalVxyVyy
= zall va(uyeX(y)y)
= uyex(y)(xa 1 vay)
- '—'yex(Y)X(Oé)(% Y)Vxyy

and so
a = idxo
= I_IxeX(X)xﬁxoz
= UxEx(X)xﬁ[uyEMY)X(O‘)(wv y)Vxyy]
= uxEx(X) |—|y€><(Y) J}ﬁ[X(Oé)(l’,y)vay]
= uxEx(X) |—|y€><(Y) X(Oé)(l‘, y)xﬁvXYy
using idy = I_IxEX(X):I;ﬁ:I; by 4.6(b). Finally we show the uniqueness of the representation.

Assume a = Uyey(x) Uyey(v) k2y2*Vxyy. Then for all 29 € x(X),y0 € x(Y) we have

To = uxEx(X) |—|y€><(Y) kx,ywowﬁvXYy = uyEx(Y)kxo,vaYy

and
oo M Vxyyo = Uyex(v) [Frow Vxyy T Vxy o] = Koo Vxy bo

Hence k., = x(a)(x,y) by 4.5(e). O

Corollary 5.2 Forall objects X and Y in Z the function x : Z(X,Y) — Relp1(x(X), x(Y))

is a bijection.
Proof. If y(a) = x(a'), then by the last theorem we have

o = Upey(x) Uyex(vy x(@)(z, y)l’uvxyy = ey (x) Uyex(vy x(a')(z, y)xﬁvay =,

which shows that y is injective. Given a fuzzy relation R : x(X) x x(Y) — [0,1] we set
ar = Ugey(x) Uyex(v) R(z,y)x*Vxyy. Then by the uniqueness of representation in the last
theorem we have R(xz,y) = x(ar)(x,y), which means that y is surjective. O

Theorem 5.3 For a morphism « and a set {k\}\ of scalars the identity Uykra = (Vaky)a
holds.



Proof. First we show that Uykyz!Vyxyy = (\/AkA)xﬁVny for points  : X — X and v :
Y — Y. It is obvious that Lk z!Vxyy C (\/AkA)xﬁVny and so there is a scalar £ such that
u/\k/\(l’ﬁvay) == kl’ﬁvay. Then k S \//\k/\ by kl’ﬁvay E (\//\k/\)l'ﬁvay and 45(b) On
the other hand ky < k from k\2'Vxyy C k2'Vxyy and so Vyky < k. Therefore this proves
k = V\ky. We are ready to prove the general case. Since a = L, ,ex x(a)(2,y)2*Vxyy by the
representability theorem 5.1 we have

LUike = UAkA['—'xex(X yex(Y (04)(51?731) uvny]
U Uaex(x) Uyex(y [ X(O‘)(xvy) uvXY?J]
Urex(x) Hyex(y UA[’CAX(Q)( )2 Vxyy]
Uzex(x) Uyex(v) [(kax)x( )2, 4)2'V vy
(VAkA)[Uxex(X yex(Y (04)(51?7 y)xﬁVny]
(\//\k/\)Oé.D

The following theorem is known as Tarski rule for Boolean morphism algebras [13, 15].

Theorem 5.4 For a nonzero morphism o : X — Y in Z there is a scalar k > 0 such that

VXXOéva = kva.

Proof. By means of the representation theorem 5.1 we have

VxxaVyy = Ueyx) Uperny) Vxx[x(a)(z )2 VxyyVyy
= Useyx) Uyexry X(@)(z,9)[Vxx2*VxyyVyy]
= Usrex(x) Uyexry X(@) (2, ) VxxVxyVyy
= Usey(x) Uyex(r) X(a))( z,y)Vxy

Set k= Voeyx) Vyexv) X(@)(z,y). Then VxxaVyy = kVxy. By the way there exist points
x,y such that y(a)(x,y) > 0 by the point axiom P2. Hence k > 0, which completes the proof.
O

The following proposition shows that x : Z — Rely;) preserves all operations of fuzzy
morphisms, that is, y is a homomorphism of fuzzy relation algebras.

Proposition 5.5 Let o, : X — Y. 3 :Y — Z be morphisms and k a scalar. Then the
following holds :

(a) X(Oxv) = Oy, X(Vay) = Vi) and x(idx) = idy(x).

Proof. (a) The fist follows from Oxy MV xyy = Oxy = Oy, the second follows from 'V xy M
Vny = VXY ([ Vny = Vny by J?VXY = vaXvXY = VXXVXY = va, and the LELSt
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follows from zidx M Vxxa' =« Ma’ and 4.5(e).
(b) It follows from

X(eUB)(z,y)Vxyy = x(alUB)NVxyy

(raUzp) M Vxyy

(xaMVxyy)U (2T Vxyy)

x(a)(z,y)Vxyy Ux(B)(z,y)Vxvy
[x(a)(z,y) V x(8) (2, y)]Vxyy

= [x(a) Ux(B)](z,y)Vxyy.

(c) First note that z(aMa’) = raMza’. It follows from zfz C idy that z(aMa’) E zaMza’ C
z(aMNa*za’) C z(aMa’). Hence we have

(e )z, y)Vxyy = a(ala)NVxyy

(zaNzad )N Vxyy

(xaMNMVxyy) N (za' MV xyy)

x(a)(@,y)Vxyy 0 x(a')(z,y)Vxyy
[x(e)(z,y) A x(e') (2, )]V xyy

= (o) N x(a))(z,y)Vxyy.

(d) aMa*Vxyy = kax*Vxyy if and only if za M Vxyy = kVxyy.

First note that xa M Vxyy = 2(aMa2fVxyy) and a M2 Vxyy = 2 (za M Vxyy), because
za N Vxyy C 2(aNa'Vxyy) C z2*(za N Vyyy) C V(za N Vxyy) C 2a M Vxyy, and
afz'Vyyy C 2¥(za M Vyxyy) C 2fz(a N 2*Vyxyy) C a M 2'Vxyy by 2z C idx. Now
assume a M 2*Vyxyy = kx*Vyyy. Then za M Vxyy = z(a N 2*Vxyy) = 2[k(2*Vxyy)] =
klz(z"Vxyy)] = kVxyy. Conversely assume za M Vyyy = kVxyy. Then a M 2*Vyyy =
2 (xaMVxyy) = @ (kVxyy) = kx*Vxyy (since z¥ is crisp).

An identity x(a*) = y(a)* follows from

ralVyyy = kVyyy <= aNafVyyy =k2fVyyy
= I NyY'Vyxr = kyfVyxa
<~ yOéﬁHVYXl' = kaXl'.

(e) It follows from

kOé) M Vny
J}Oé) M kVXy M Vny ( k(l‘Oé) L kvXY )

x(ka)(z,y)Vxyy = x(
k(
k(xa) M EVxyy
k(
k[

zall Vny)

x(a@)(z,y)Vxyy]
[kx(a)(z, y)]Vxyy
[kx(a)](z, y)Vxyy.

(f) When Vzz = Ogyz, it is trivial that the equality x(af) = x(a)x(5). Therefore we may
assume that 7 is nonempty. First note that y(a3)(z,2) = V,x(ay*y3)(z, 2) from

x(ap)(x,2)Vxzz = 2afMNVxzz

J}Oéidyﬂ (I VXZ,Z

za(Uyy*y) M Vyzz

Uy (rayfyBN Vxz2)

Uyx(ay'yB)(z, 2)Vx 2z
Vyx(ay*yB)(x,2)]Vxzz. ( by 5.3)
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To complete the proof it suffices to show y(ay*y3)(z,z) = x(a)(x,y) A x(B)(y, 2). Note that
za N Vxyy = zay'y from zayty C 2a N Vyxyy C (zay® N Vyy )y = zayly, and Vxz(z3 1
Vavy) = VxzzB NV xyy from Vx 7 (28MV 2yy) C V223 MV x 7V 2yy C V72NV xyy C
Vxz(z8° M VzxVxyy) E Vxz(28 M Vzyy). Then we have

(@), 2) Ax(B)(y, ) Vxvy = x(e)(z,y)Vxyy Tx(B)(y,2)Vxyy ( by F2(d) )
= x(a)(2,y)Vxyy T x(B)y, 2)VxzV vy
= (zaNVxyy) M Vxz(z6' NV yy)
= (zaMVxyy) N (Vxzzf N Vxyy)
= zayly N Vxzzph

Set r = x(ay*yB)(z,2) and s = x(a)(x,y) A X(B)(y,2). Then zay*yBN Vyzz = rVxzz and
royly MVyxz28" = sVyxyy. We have r < s from

rVyzz = :L'ozyﬁyﬂ MVxzz C (:L'ozyﬁy M szzﬂﬁ)ﬂ C (sVxyy)s C sVxyg,
and s < r from

sVxyy = zay'y MVxz28' C (vaz'28MVxz2)# C (rVxzz)3* CrVxy.
Therefore r = s. O

The following is immediately deduced from the last proposition.

Corollary 5.6 (Insertion Theorem) Let o : X — Y and §:Y — 7 be morphisms and let
x: X — X and z : Z — 7 be points. If x(af)(x,z) > 0, then there is a point y: Y — Y such
that x(a)(x,y) > 0 and x(8)(y,z) > 0. O

Proposition 5.7 Let Z be a Zadeh category satisfying the point axiom and I a unit object in
Z.

a) Ifu: I — I is a morphism, then there is a scalar k such that u = kid;.

(
(b) A morphism 7 : I — X is crisp if and only if it is [-crisp.

c) The unit object I satisfies the strict point axiom.

)

)
()
(d) £(a)(Vixa,Vivy) = x(a)(x,y)id; for I-points x of X and y of Y.
Proof. (a) Recall that id; = V7 and a unit object [ has just one point id;. If v is nonzero,
then by the point axiom P1 we have u Mid; = kid; for a scalar k > 0. (b) First we show that
a crisp morphism 7 : [ — X is [-crisp. Assume that 7 is crisp and ut’ C 7 for 7' : I — X and
u# O o [ — I. By (a) there is a scalar & > 0 such that v = kid; and so k7' = k(id;7’) =
(kid;)(k7") Cur’ C 7. As 7 is crisp we have 7/ C 7 by 3.4(c), which indicates that 7 is [-crisp.
Conversely we show that an [-crisp morphism is crisp. Assume that 7 : I — X is [-crisp.
Note that 7 = 1idy = I_IQUGX(X)T:I;% by 4.6(b) If u = rat is nonzero, then @ C 7 because T is
I-crisp, and so u = id;. Hence 7 = U, # and consequently 7 is crisp by 3.4(a).
(c) Let # : X — X be a point of X and set p = V;xz. Then pip = 2*Vx;Vixz C 2fVxxz =
zfr Cidy, idy = Vi = VixVx; C VixzzfVx; = pp? (since X has a point z). As x and
Vix are crisp, p is crisp by 4.2(c) and so p is [-crisp by (b). This proves that p = Vyxa is an
]—pOth of X. Hence VIX == vIXidX == VIX(I_IxEX(X)xﬁx) == I_IxeX(X)VIXxﬁx E I_IxeX(X)VIXx E
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Upee(x)p, which means Vix = Uyee(x)p-
(d) Set k = x(a)(x,y). As has been seen in (¢) Vixx and Vyyy are [-points and so we have

f(a)(vIanvIYy) = VIXSJCOé(VIYy)ﬁ
VIX(:Jcozyﬁ NMVxy)Vyr
Vix(zay* N Vxyyy" ) Vy;
Vix(za N Vxyy)y'Vyr
VIX(kvXYy)yﬁvYI
kaXvXYyyﬁvYI
EVixVxyVyr

= kid[.D

Consequently we have proved that a Zadeh category satistying the point axiom is equivalent
to a subcategory of the category of sets and (ordinary) fuzzy relations. It is an open problem
whether a Dedekind category D with a unit object [ satisfying the strict point axiom and with
D(1,1I)=10,1] is a Zadeh category.
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