SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Asymptotic behavior of the semigroup associated
with the linearized compressible Navier-Stokes
equation 1n an infinite layer

Kagei, Yoshiyuki

Faculty of Mathematics, Kyushu University

https://hdl. handle. net/2324/2953

HiRIEZR : MHF Preprint Series. 2006-23, 2006-06-08
N—o30:

HEFIBAMR



MHF Preprint Series

Kyushu University
21st Century COE Program
Development of Dynamic Mathematics with
High Functionality

Asymptotic behavior
of the semigroup associated with
the linearized compressible
Navier-Stokes equation
in an infinite layer

Y. Kagei
00

MHF 2006-23

( Received June 8, 2006 )

Faculty of Mathematics

Kyushu University
Fukuoka, JAPAN



Asymptotic behavior of the semigroup associated with the
linearized compressible Navier-Stokes equation in
an infinite layer

Yoshiyuki Kagei

Faculty of Mathematics, Kyushu University,
Fukuoka 812-8581, Japan

Abstract

Asymptotic behavior of solutions to the linearized compressible Navier-
Stokes equation around a given constant state is considered in an infi-
nite layer R" ™! x (0,a), n > 2, under the no slip boundary condition
for the momentum. The LP decay estimates of the associated semi-
group are established for all 1 < p < oco. It is also shown that the
time-asymptotic leading part of the semigroup is given by an n — 1
dimensional heat semigroup.

1. Introduction

This paper is concerned with the large time behavior of solutions to the
following system of equations:

(1.1) Owu+ Lu =0,

where © = ( 7?; ) with ¢ = ¢(z,t) € R and m = T(m!(z,t), -, m"(x, 1)) €

R"™, n > 2, and L is an operator defined by

0 ydiv
L pu—
vV  —vAl, — vVdiv

with positive constants v and + and a nonnegative constant v. Here ¢ >
0 denotes the time variable and x € R" denotes the space variable; the
superscript 7+ stands for the transposition; I,, is the n x n identity matrix;



and div, V and A are the usual divergence, gradient and Laplacian with
respect to x. We consider (1.1) in an infinite layer

/

n

Q:R”_lx(O,a):{x:<$ );x’eR”_1,0<xn<a}

under the boundary condition
(1.2) m|y, =0,

together with the initial condition

(1.3) ul,_y = uo = ( %0 ) .

mo

Problem (1.1)—(1.3) is obtained by the linearization of the compressible Navier-
Stokes equation around a motionless state with a positive constant density,
where ¢ is the perturbation of the density and m is the momentum.

In [6] we showed that — L generates the analytic semigroup % (t) in W» x
LP for 1 < p < co. In this paper we establish the L” decay estimates of %(t)
for all 1 < p < oo and derive an asymptotic state of Z(t) as t — oo.

One of the primary factors affecting the large time behavior of solutions
to (1.1)—(1.3) is that (1.1) is a symmetric hyperbolic-parabolic system. Due
to this structure, solutions of (1.1) exhibit characters of solutions of both
wave and heat equations. In the case of the Cauchy problem on the whole
space R", detailed descriptions of large time behavior of solutions have been
obtained ([4, 5, 10, 12, 13]). Hoff and Zumbrun [4, 5] showed that there
appears some interesting interaction of hyperbolic and parabolic aspects of
(1.1) in the decay properties of LP norms with 1 < p < co. It was shown in
[4, 5] that the solution is asymptotically written in the sum of two terms, one
is the solution of the heat equation and the other is given by the convolution
of the heat kernel and the fundamental solution of the wave equation. The
latter one is called the diffusion wave and it decays faster than the heat
kernel in LP norm for p > 2 while slower for p < 2. This decay property of
the diffusion wave also appears in the exterior domain problem ([11]). In the
case of the half space problem, it was shown in [7, 8] that not only the above
mentioned behavior of the diffusion wave appears but also some difference to
the Cauchy problem appears in the decay property of the spatial derivatives
due to the presence of the unbounded boundary.

There is one more factor that affects the large time behavior of solutions
to (1.1)—(1.3). In contrast to the domains mentioned above, the infinite layer
{2 has a finite thickness in the x,, direction. This implies that the Poincaré



inequality holds. If one considers, for example, the incompressible Navier-
Stokes equation under the no slip boundary condition (1.2), then it is easy
to see that, by the Poincaré inequality, the L? norm of the solution tends to
zero exponentially as t — co. In the case of the compressible problem (1.1)-
(1.3), the Poincaré inequality still holds for m but not for ¢. Therefore, some
different behavior could be expected to happen.

In this paper we will show that the solution u = %/ (t)uy of (1.1)—(1.3)
satisfies

(14)  u(®)le = OG99, Ju(t) — u® (1)) = O 709 )

for any 1 < p < oo as t — oo. Here ul® = (¢ (2/,¢),0) and ¢© (2/,¢) is a
function satisfying

1 a
0,00 — kA =, ¢(0)‘ = _/ oo(2', ) day,
t=0 a Jo

where xk = “12275 and A" = 02 +---+ 02 . We note that the leading part
is given by the density component and no hyperbolic feature appears in the
leading part. The precise statement will be given in section 2.

The proof of (1.4) is based on a detailed analysis of the resolvent (A+L)™*
associated with (1.1)—(1.3). The resolvent problem in an infinite layer was
studied in [1, 2, 3| for the incompressible Stokes equation. They established
L? estimates of the resolvent for 1 < p < oo, which yields the exponential
decay of the Stokes semigroup in L” norms as t — co. To obtain the resolvent
estimates, they considered the Fourier transform of the resolvent in 2’ € R"~*
and applied the Fourier multiplier theorem.

In order to analyze the compressible problem (1.1)—(1.3) we also consider
the Fourier transform (A 4 Lg/)~" of the resolvent in 2/ € R™ !, where ¢ €
R"~! denotes the dual variable. The semigroup % (t) generated by —L is then

written as Z(t) = ,35571 [2%” Jp M\ 4 Le )™ d)\}. In contrast to the case of

the incompressible problem, (A + Eg/)_l has different characters between the
cases [¢'| >> 1 and |¢'| << 1. We thus decompose the semigroup % (t) into
the two parts according to the partition: [£'| > 7 and || < 7o for some
ro > 0.

In [6] we established the estimates of (A+ Le/) ™" with €| > 7, which will
lead to the exponential decay of the corresponding part of %/(t). In this paper
we study (X + Le/) ™! with |¢/] << 1. We regard L as a perturbation from
Eo to investigate the spectrum of —L near A = 0. Combining the spectral
analysis for |{'| << 1 and the results in [6], we prove the asymptotic behavior
of u(t) = % (t)ug described in (1.4).




This paper is organized as follows. In section 2 we introduce some no-
tation and state the main result of this paper. In section 3 we investigate
(A + Leg )~ with |¢'] << 1. Section 4 is devoted to the proof of the main
result.

2. Main Result

We first introduce some notation which will be used throughout the paper.
For a domain D and 1 < p < oo we denote by LP(D) the usual Lebesgue
space on D and its norm is denoted by || - ||z»(p). Let ¢ be a nonnegative
integer. The symbol W%?(D) denotes the ¢ th order LP Sobolev space on
D with norm || - lyes(p). When p = 2, the space W*2(D) is denoted by
HY(D) and its norm is denoted by || - ||ge(py. C§(D) stands for the set of
all C* functions which have compact support in D. We denote by W,?(D)
the completion of C}(D) in W'?(D). In particular, Wy*(D) is denoted by
H; (D).

We simply denote by LP(D) (resp., W4P(D), H*(D)) the set of all vector
fields m = T(m!,---,m™) on D with m’ € LP(D) (resp., W5(D), HY(D)),
j = 1,---,n, and its norm is also denoted by || - ||zr(py (resp., || - [[wer(p),

I o). Foru = () with 6 € WAo(D) and = Tt ) €

WD), we define [[ullyrrp)xweapy bY lullwrrpyxwesy = @llwrroy +
|m||weapy. When k = £ and p = ¢, we simply write ||u|yr.e(p)xwrs(p) =
[wllwr(p)-
In case D = (2 we abbreviate LP(§2) (resp., W P(£2), H*(£2)) as L? (resp.,
Wt H*). In particular, the norm || - ||zr() = || - || z» is denoted by || - ||,
In case D = (0,a) we denote the norm of L”(0,a) by |- |,. The inner
product of L?(0,a) is denoted by

(£.9)= [ f@)glen) dra, f.g€ L2(0.a).

Here g denotes the complex conjugate of g. Furthermore, we define (-, -) and
() by ) X
(fog) = ~(f.9) and () = () =~ [ fla)da,

aJo
for f,g € L?(0,a), respectively.
The norms of W4?(0,a) and H*(0,a) are denoted by | - |yyer and | - |ge,

respectively.

/
. x _
We often write z € 2 as x = (3: c ' = T(wy, 20 ) € RVL

n
Partial derivatives of a function « in z, 2’, x,, and ¢ are denoted by 0,u, O, u,
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0., u and Oyu, respectively. We also write higher order partial derivatives of
uin z as Ofu = (0%u; |a| = k).

We denote the k x k identity matrix by I. In particular, when &k = n+1,
we simply write I for ;1. We also define (n+1) x (n+1) diagonal matrices

Qo and @ by

Qo = diag (1,0,---,0), Q =diag(0,1,---,1).

We then have, for u = ( Ti ) € R,

o (). o= (1)

We next introduce some notation about integral operators. For a function
f = f(@) (' € R"!), we denote its Fourier transform by f or .Z f:

F=(ZnE) = [ e ar

The inverse Fourier transform is denoted by .% ~*:

(F7 @) = @r) D [ pe)e e

Rr—1

For a function K (z,,y,) on (0,a) x (0,a) we will denote by K f the integral

operator Jg' K (2n, yn) f(yn) dyn-

We denote the resolvent set of a closed operator A by p(A) and the
spectrum of A by o(A). For A € R and 0 € (5, 7) we will denote the subset
{A € C; Jarg (A = A)] < 0} by X(A,0):

2(A,0) ={X € C; arg (A — A)| < 0}.
We now state the main result of this paper. In [6] we showed that —L
generates the analytic semigroup % (t) and established the estimates of %(t)

for 0 <t < 1. As for the large time behavior of % (t), we have the following
result.

Theorem 2.1. Let Z(t) be the semigroup generated by —L. Then the
solution u = % (t)ug of problem (1.1)—(1.3) is decomposed as

U (tyuo = U (t)ug + % (t)u,,

where each term on the right-hand side has the following properties.

>



(i) 2 (t)ug is written in the form

YO (tyuo = #O (t)uo + 29 (t)uo.

0) ¢ (2',1) ©) (1Y L
Here 91 (up = 0 and ¢\9) (2’ t) is a function independent of

x, and satisfies the following heat equation on R"':
0,6 — kA9 =0, 6O)izg = (go(',)),

where kK = %2 and A = 2, + - + 02 . The function 2% (t)uy satisfies

the following estimate. For any 1 < p < oo and ¢ = 0,1, there exists a
positive constant C' such that

_n—lq_1y_1
1052 © (tyuoll, < Ct = 47972 |lug |y
holds for t > 1. Furthermore, it holds that
10,2 () Quall, < Ct~"= 77| Quolx

U,nd ~ n—1 1 1 ~
12 (£)[0:Qualll, < "= 17272 Quol 1.

(ii) There exists a positive constant ¢ such that %' (t)uy satisfies
1052 EYuolly < Ce~luollerxzss 1< p< o0, €=0,1,
for allt > 1. Furthermore, the following estimates
102 (ol < Ce ol yegronse, etroe

1052 (tuolly < Ce™[luollwerioxwen, p= 1,00,

hold for all t > 1. Here [q] denotes the greatest integer less than or equal to
q.

Remark 2.2. We have the optimal decay estimate
12 tyuoll, < O 5 ol

since ||# (t)uo|, decays exactly in the order "7 (=) We also note that
# O (t)Quo = 0. Therefore, we have the estimate

10,2 (1) Quoll, < Ct= 7 97| Quo|x

6



for t > 1.

We will prove Theorem 2.1 in section 4.

3. Spectral analysis for —L

The proof of Theorem 2.1 is based on the analysis of the resolvent problem
associated with (1.1)—(1.3), which takes the form

(3.1) A+ Lu = f,

where L is the operator on H' x L? defined in (1.1) with domain of definition
D(L) = H' x (H?NH}). To investigate (3.1) we take the Fourier transform in
2’ € R 1. We then have the following boundary value problem for functions
¢(zy,) and m(x,) on the interval (0,a):

(3.2) Au + Eg/u = f,
P(n) fO(@n) .
where u = [ m/(z,) |, f = f'(zn) |, and Lg is the operator of the
form
0 "¢ YOr,,
Lo = | ive v(|¢? =2 ), + €€ —ivE' D, :
10, i€, W2 - 32) - e,

which is a closed operator on H'(0,a) x L?(0,a) with domain of definition
D(Le) = HY(0,a) x (H2(0,a) N HE(0,a)).

In [6] we studied (X + Le¢)~! with |¢'| > 7 for any r > 0. In this section
we investigate the spectrum of —Iig/ for |¢'| << 1. We analyze it regarding
the problem as a perturbation from the one with £ = 0.

We write Eg/ in the following form:

n—1 n—1
Lo =Lo+ S &1 + 3 6,15,

j=1 jk=1
where & =7(&1, -+, 1),
0 0 VOe,
Eo = 0 —V@%nIn_l 0 , MW =V+7U,
YOe, 0 —110z



0 i"e] 0

LW =1 ive, 0 —iv€}0,, |,
0 —iv"eo,, 0
0 0 0
Eﬁ): 0 vijrln1+ve;Te, 0
0 0 1z

We will treat Eg/ as a perturbation from L. We begin with the analysis of
(3.2) with & = 0:

A+ Lo)u = f.
We introduce some quantities. For k = 1,2,---, we set ay, = kn/a. We
define A, and Ay by
Mg = —Vai
and
Adk = —%ai L %\/m
for k =1,2,---. An elementary observation shows that A ; are the two roots

of A +viai) +~%ai = 0; A_p = Ay g with Tm Ay p = yagy/1 — %ai when
ap < 2y/v; and Ay i € R when a; > 2v/1v1; and it holds that
42

151

(3.3) Mr=——+0k2), A\ =—va;+0(1)

as k — oo. (See [6, Remarks 3.2 and 3.5].)
Lemma 3.1. (i) The spectrum a(—lio) is given by
(—Lo) = {0} U {Aa 122 Uk As b2 U{-2 ).

Here 0 is an eigenvalue.

(ii) There exist positive numbers 1y and 0y with Oy € (5, m) such that the
following estimates hold uniformly for A € p(—lio) N X (—no, o)

~ C
A+ Lo, gmyfymxp, 0=0,1,

S C
9% QN+ L) 1f‘2 < W;fym_lm, (=1,2,

8



C

07,QoA + Lo) |, < | f 2.
: (1A +1)2

Proof. We write (3.2) with ¢ =0 as

(3.4) ' — v m' = f', m'|, =0,
and

A+ P)/aacnmn = fO’
(3.5)
A — 1102 m" + 0,0 = [, m"| =0.

xn=0,a
It is easy to see that (3.4) has a unique solution m’ € H%(0,a) N H}(0,a)

for any f € L*(0,a) if and only if A # Ay, for any k = 1,2, - --. Furthermore,

it is also possible to deduce the estimates

C

Si‘f’ ) 62071727
SRR

Y4 !

In

V7T'2

uniformly in A = =5 + ne®? with n > 0 and 6 € [0,6,). Here 6, is any
fixed constant in (7, 7) and C is a positive constant depending only on 6.

We next consider (3.5). Let A =0 and f° = f* =0 in (3.5). We see from
the first equation of (3.5) that d,,m™ = 0. Then the boundary condition
mn’xn:O,a = 0 implies that m™ = 0. It follows from the second equation of
(3.5) that ¢ is a constant. Therefore, 0 is an eigenvalue and the geometric
eigenspace is spanned by ¢ =T7(1,0,---,0).

Let A # 0 in (3.5). We then see that problem (3.5) is equivalent to

(3.6 6= {f*10em"}

(3.7) Nm® = (A + 9702 m" = Af" =70, f°, m"| = 0.

xn=0,a

In case 1\ + % = 0, it is easy to see that problem (3.6)-(3.7) has only the
trivial solution ¢ = m™ = 0 for f° = f* = 0. For general f° € H'(0,a)
and f" € L*(0,a), (3.7) implies that m™ = A=2 {\f" — ~0,,, f°} which is not
necessarily in H'(0,a). This implies that —% € o(—Ly).

Let us consider the case A # 0 and v;A + 72 # 0. In this case, (3.7) is
equivalent to

1

3.8 "Rt ——
(38) om0 m" =

M =900, ), m", . =0,



where o = /\+ —2— . Since A\f" —~0,, f° € L*(0,a), problem (3.8) has a unique
solution m" € HQ(O, a)N H}(0,a) if and only if o # —ak for any k = 1,2,
namely, (A — Ay x)(A —A_j) # 0 for any k = 1,2,---. If (3.8) has a solu—
tion m" € H*(0,a) N H}(0,a), then (3.6) determines ¢ which is in H(0,a).
Consequently we see that o(—Lo) = {0} U{ A x}22, U{ A Ak}, U{—%}.

We next derive estimates for ¢ and m™ uniformly in A € p(—Lg) N
X (—no,6o) with suitable 7y and 6y. To do so, we expand the solution m”
of (3.8) into the Fourier sine series m" = Y32, m} sinaxz,. It is easy to see
that the Fourier coefficients mj, are given by

1 1

no__ )\ n 0
my J—i—a%l/l)\—i—’yQ{ Ir +”mkfk}

for k = 1,2,---, where f{ and f' are the coefficients of the Fourier cosine
and sine series expansion of f° and f”, respectively.
Since (o + a3) (A +9%) = (A — Apx)(A — A_x), we have

N2+ a2 02}.
kil’()\_)\-l—,k)()\_)\_’k)ﬁ {’ ‘ ’fk’ k‘fk‘

It then follows from (3.3) that there are positive numbers 7y and 6y € (5, 7)
such that, for A with |arg (A + )| < 6,

1 . 2
m < O mremEreEe (MR i)

C!fb
(D

This, together with (3.8), then implies that

DIy 2
T+ e

o2m"| < ol m", +

2 a"’"fo‘2

< C|flmrxre

uniformly in A with |arg (A + )| < 6p. Taking the L? inner product of (3.8)
with m™ and integrating by parts, we have

n12 n|2 n n 0
. me2 < c{roum B Ll 4 g 1 o

C!fb
- ]/\\+1

’aﬂfn n’2

10



Clfl2 ,
(JAl+1)2

uniformly in A\ with |arg (A +10)| < 6o, and hence, [9,,m"|, <

Consequently, we have

(3.9)

ot ], < S
2T (A

for £ = 0,1,2 uniformly in A with |arg (A4 no)| < 6y. It then follows from
(3.6) and (3.9) that

C
<

9], < ’i—‘ {177, + 7102, m"1,)

We next estimate the derivatives of ¢. Differentiating the first equation
of (3.5) we have

(3.10) AOy, ¢ + 702 m" = Oy, f°
We see from the second equation of (3.5) that
(3.11) —1102 m" + 40y, = [ — Am™.

By adding (3.11) x ;- to (3.10) we obtain
7 gl
()\ + —) Oy =0 0+ — {aﬁ,nf” — Aaﬁnm”} . 0=0,1.
121 V1

This, together with (3.9), implies that

c
%l < et

C
W’f’mﬂxma =01,

oL 1", + N

4 n
af"’"m ‘2}

o0+

for A with |arg (A +19)| < 6o, by changing 79 > 0 and 6y € (5, 7) suitably if
necessary. This completes the proof.

We next investigate the eigenvalue 0 of —Lo.

Lemma 3.2. The eigenvalue 0 of —Lo is simple and the associated eigen-
projection is given by

o [ @ (0
H()U—( 0 ) for u-(m).

11



Proof. To show the simplicity of the eigenvalue 0, let us first consider the
problem Lou = ¢© where ¢ = 7(1,0,---,0) is an eigenfunction for the
eigenvalue 0. This problem is equivalent to (3.4)-(3.5) with A =0, f' = 0,
fP=1, f*=0. By (3.4), we have m’ = 0, and by the first equation of (3.5),
we have m" = %xn + ¢ for some constant c. There is no such m™ satisfying
the boundary condition mn’xn:O,a = 0. Therefore, 0 is a simple eigenvalue.

Let us prove that the eigenprojection 1 has the desired form. Since
dim Range 17" = 1, we have II©v = ¢, for some ¢, € C. It then follows
that

(3.12) (IO, ) = ¢

Consider now the formal adjoint problem

Au+ Liu =0,
where
0 0 —70s,
L= 0 —vPI,, 0
—0,,, 0 —110z

with domain of definition D(L) = D(Lo). Similarly to above, we can see
that o(—L{) = o(—Lo), and, in particular, 0 is a simple eigenvalue and
L*w(o) = 0. Furthermore, let I 11O be the eigenprojection for the eigenvalue
0 of L* Then we have

_ 1 R _ 1 R
o :—/ A+ Do) tdn, IO :—/ A+ D5t an
Y 271 F( + 0> ’ Y 271 F( + 0> ’

where I"is a circle with center 0 and sufficiently small radius. Let GO (A, Tny Yn)
be the integral kernel of (A+Lg) ™. Then it is easy to see that GV*(\, z,,, y,,) =

T (@(0) (A, T, yn)> is the integral kernel of (A + Lg)™*. We then obtain

P 1 a 1 a __
w5 @) = = (= [ [ GO0 w0,y )ulyn) dydA ) 602 d,

a

_ ! [t )(27” [ GO O, )9O ) dnd )

a

= (u, IO = (u,v0) = (9)

12



for u = ( Ti ) This, together with (3.12), gives the desired expression of
I This completes the proof.

We next estimate (A+ Iig/)_l for small ¢’. Based on Lemma 3.1 we obtain
the following estimates.

Theorem 3.3. Let 1y and 0y be the numbers given in Lemma 3.1. Then
there ezists a positive number 7o = 79(n9,00) such that the set X(—no,0y) N

{)\; |A| > %O} is in p(—=Le) for |€'] < Fo. Furthermore, the following esti-
mates hold for any multi-index o/ with |o/| < n uniformly in A € X(—ng, 0o)N
(N A= 2} and & with €] < 7o

08" (A + L)' f

’A"f’H[XLQ 620717

H¢x

C
<t £=1,2,
C

‘ 07 Qo A+ Le) 1f‘2 < ﬁ’f’HQXHI'

0g°0% QN+ L)' f|

Proof. In the following we will write

LW(¢ Z@L(” and LO(¢ Z @@Lﬁ)

J,k=1

We first observe that

(1 ~
(3.13) ‘Lﬁ u eege-ny =€ {’QOU!H<Z—1>+ + ’QU\H<14—1>++1}
and

) ~
(3.14) ‘L( ) HZXH(['_I)JF < C’QU‘H(£—1)+.

It then follows from Lemma 3.1 and (3.14) that
(3.15) LR+ Lo) ], . < ClROA+ L)™' ], < CIfls

for £ = 0,1 and A € X(—no,00) N{A;[A| > %} with C' = C(,6) > 0. Also,
by Lemma 3.1 and (3.13), we have

(3.16) LN+ Lo) 7' f

Clfl2

Hlx

13



for £ = 0,1 and A € X(—n,00) N {\; |\| > B} with C = C(no,6) > 0. It
then follows that there exists a positive number 7 such that if |¢'| < 7, then

(M) +L2(€)) (A + Lo) ' f <31

HEx

for £ = 0,1 and A € X(—no,0) N {)\; |A| > 1722} By the Neumann series
expansion, we see that I + (E(l)(f’) + E(Q)(ﬁ’)) (A + Lo)~" is invertible on
HY(0,a) x L*(0,a), £ = 0,1, for A\ € X(—no,00) N {X;|A\| > 2} and ¢ with
€'l < 7. In particular, we conclude that X(—ng,6y) N {)\; |A| > ’72—0} C
p(—Lg) and

()N [(ZOE) + L)) A+ Lo) ']

hE

(317) (\+L¢)™' = (A+Lo) !

2
I

for A € X(—no,6p) N {)\; |A| > ’72—0} and & with ['| < 7y. Furthermore, we see
from Lemma 3.1, (3.13) and (3.14) that

08" (A + Ler) ' f

Htx L2
< < o > (1) [(Z0E) + L)) A+ Lo) ] 1
’é" N=0 H¢x L2

< — 12, £ =0,1.
= p\‘ ’f’H[XL
Similarly, we have, for £ =1, 2,

\ag/ 8. QA+ L) 1f\

C - 1 F(2) (¢t > =11
NG Z DY [EDE) +L2E) A+ Lo |
7/][1{1’ IxL2-

(A +1)t=2 d

Let us estimate 82 Qo(A + Ler)~'f. We see from Lemma 3.1, (3.13) and
(3.14) that

LN+ Lo) ' f

C’f’HleQ

H2
and
T(2 N
L (A + Lo)

- <C|fl2

14



uniformly for A € X(—no,60) N {)\; Al > %O} Therefore, taking 7o smaller if
necessary, we have

1
- < 5’f’Hle?

[(ZM(€) + L)) (A + Lo) ' f

for A € £(=n0,00) N {X;[A] > %} and ¢ with [¢'] < 7. Tt then follows from
Lemma 3.1 and (3.17) that

0802, QoA + Le) ™ f|,

o0

C ) ~ - ~ N
— 108 DN (ZOEY + L)) (A + Lo) ™!
EEET K 2 (Gl SRt L A
(i E e

This completes the proof.
We next investigate the spectrum of —Iig/ near \ = 0.

Theorem 3.4. Let ny and ro be the numbers given in Theorem 3.3. Then
there exists a positive number ro with rq < 7o such that for each & with
|&'| < ro it holds that

o(—Le) N {X A <o} = {ho(€)},
where M\o(&') € R and \o(&') is a simple eigenvalue of —Eg/ that has the form
a2y?

M(€) = —SLIg P+ 0(¢

as |€'| — 0.

Proof. By Theorem 3.3, (3.13) and (3.14), we see that if [\| = no, then
A € p(—Lg) for || < 7. In particular,

_— 1 ~
(e = —/ At Do)t dr
(€> 2me |>\|:770( * §>

is the eigenprojection for the eigenvalues of —Eg/ lying inside the circle
|IA| = mo. The perturbation theory then implies that dim Range 17l &) =
dim Range II® = 1. Therefore, we see from Lemma 3.2 that o(—Le) N
{A\; |A| < mo} consists of only one simple eigenvalue, say Ao(§').

15



To show that Ao(¢') has the desired asymptotic form, we first observe that
A is an eigenvalue of Lg/ if and only if it is an elgenvalue of LT/g/ for any
(n —1) x (n — 1) orthogonal matrix 7", since Les = T~ Lyve/T, where

1 0 O
T=101T7T 0
0 0 1

It then follows that A\o(£') is a function of |¢'|, and hence, it suffices to consider
Le with & = ne’, where n € R and |n| = [¢'].

We write L with & = e as L,, and L, = Lo + nL{" + 772L(1?1). We
also denote the corresponding eigenvalue by )\0(77) With this Lm taking
1" = —I,-1, we see that )\0( ) = Ao(—n) since A\g(§') is simple. Furthermore,

we have a relation Lnu — L_,u, which implies that Xo(17) = Ao(—7) = Ao (7).
This means that A\o(n) € R.

In view of (3.13) and (3.14) we can apply the analytic perturbation theory
[9, Chap. 2 and 7] to see that

Ao(m) = A 4+ AW £ 2A@ 4 P AE 1 oY)

with A® = 0. Since A\o(n) = Xo(—n), we have A1) = \®) = 0. The coefficient
A2 of n? is given by

A = (L2, ) + (LVSL 9, 0 ),

— ~ — —1 ~
where S = [(I — TN Lo(I — H(O))} . Tt is easy to see that L(fl)w(o) =0

0
Let us compute (LY SLPp© @) Since L@ =iy | €, |, we have
1 1 1 v 1
0
R i 0
SLp© =2 | ey | (=02 )71,
o

and hence,
(=02 )1
L{VSL{Vp© = - 0
Here (—02 )~' denotes the inverse of —92 under the 0-Dirichlet boundary
condition at x, = 0,a. We thus obtain

2
- - _ a
ELPSLP0, 60) = ~T((-a2) 7 1) = -5



Consequently, we obtain

GQ”YQ 2
— O(nh).
T (n°)

Ao(n) =
This completes the proof.

We next investigate the eigenprojection 17l (&) associated with \o(&'). To
do so, we will consider the formal adjoint problem

Au+ Ez/u =f,
where iz/ is an operator of the form
N N n—1 ~ (1) n—1 @)
Ly = L5+ Y &L+ Y &6 Ly,
j=1 Jk=1

with domain of definition D(liz/) = D(]ig/). Here & =T(&, -+, &n1),

0 0 —70s,
L= 0 —vdl,. 0 :
—0,,, 0 —1102
0 —iy"e) 0
LW = | —ive, 0 —ive;0,, |,
0 —iv'eo,, 0
0 0 0
Eﬁ) = | 0 vipln1+vee; 0
0 0 237

Theorem 3.5. Let ﬁ(f’) be the eigenprojection associated with A\o(§'). Then
there exists a positive number ro such that, for any & with |&'| < rg, (') is
written in the form

a

ﬁ(f’)u:/o T1(E, Ty Y)u(Yn) dyn

with

n—1
T T yn) = T + 3 &I (20, y0) + T (€, 20, yn).
J

1
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Here II© = LQo; ]/Y\j(»l) € Wh>((0,a) x (0,a)), j = 1,---,n — 1; and
I 20, yn) satisfies

05T (E )] Cle*

Wleo((0,a)x(0,a) ) -

for any multi-index o' with [o/| < n uniformly in & with |§'| < ro. Further-
more, H(f’) has the properties

() [0,00] = - 5 & (2,7 () [@1] - (2, 770(©) [21]

and

0p, I1(E)Qu = 8, T (€)Qu.

Proof. By (3.13)(3.17) we see that (A + Le)~! has the form

n—1

A+ Le) = A+ Lo) 7+ X6+ Lo) 'L (A + Lo) ™t + R(N, €),
7=1
where
R\ €
(3.18) = (A +Lo) ' LOE)(\ + Lo) ™!

FO+ Lo) S ()N [(ED(E) + B2+ o) ]

N=2

and R(\,¢) satisfies
(3.19) 08 RO €S|,

Similarly, one can prove that

< CIEV1N fl s

n—1

A+ L)'=\ +L) +Z§j)\+L*) LY O+ L)+ RA (M€,

where
R*(\, &)
ooy = OHLOTLONEO+L)T
FOH T 0 ()Y (B + 2@+ 1]
N=2

18



and R*(\, &) satisfies

(3.21) 08" R\ ) f

o < CIEPT bz

We now define (&', x,,) and J*(f’,xn) by

1 -
e ) = 5 [ (L)

271

and

1 _
V() = s— /M“7 A+ Lg) @ d,

271

where ¢¥(© =T(1,0,---,0). It then follows from (3.18)(3.21) that ) and ¢*
have the form

n—1
(€ ) =@+ 3 (@,) + @ 1),
(3.22) =1

n—1
D€ x,) =@ + 3 GO (@) + PP @),
j=1

where wj(»l), 1%(»1)*, @ and Y@+ satisfy

(1) ~(1)x .
‘¢j H2+‘wj H2§C7 j_la"'an_la
05 W@ . + [0 0O (©) 0 < ClEP
Therefore, we have
‘¢§1)‘W1700 - ‘Jﬁl)* Wl00 < C’ j = 17 e, N — 17
and
(3.23) ‘ag‘//w@)(g’) i + ‘agé//qz(Q)*(gl) . < 0’5/’2—|a/|'

We note that (¢(£'),¥*(¢')) is analytic in £ and
. n—1 _ _
(W(E),97(€)) =1+ 3 & {45 + ()", o)} + 7 (¢),
=1

where W) (&) satisfies ‘356“/![7(2) (&)
smaller if necessary, we see that

< C|¢)> 1l In particular, taking rg




for €] < ro.
We set

Then we have

and
n—1

(3.24) VA 1) =00 + 3 Ui () + 0P 1),
j=1

where wj(»l)* and ¢?* satisfy

957y <

08 v (¢)

(3.25)
< C|E Pl

Whoo —

It is not difficult to see that (u,*(&'))w(€') is the eigenprojection IT(¢)
associated with A\o(&').
Setting

oo = 19,
1LY (@) = O (@) 05 (yn) + 05 () 0O (ga),
OO, yn) = Y€ 20) VP, yn) + (€, 20) (€ )
we see from (3.22)-(3.25) that the integral kernel II(€', z,,yn) of II(€') is

written as

— — TL—l —~ —
T 20, yn) = V(€ 2) T (€ yn) = TOFS G (2, y) TP (€, 20, yn)

j=1
with 77, € Wb ((0,a) x (0,a)), j =1,--+,n — 1, and

‘a?//ﬁ(Q)(éf”.7.>‘ | < 0’5/’2—|o/|'

Wloo((0,a)x(0,a

We thus conclude that I7(€') is written in the desired form.
We finally show that I7(£') [3% Qu} (2,,) and 8, IT(€")Qu have the desired

=0,

yn=0,a

forms. Since ¥*(£',y,) is an eigenfunction of Eg/, we have Qu*

20



which implies that 17 (& ,xn,yn)@‘
yields

o = 0. An integration by parts then
Yn=V,a

]/Y\(f’) [amn@u} (xn> = /Oa ﬁ(élaxnayn)ayn@u(yn) dyn
=~ [0 T 20 9) Quiya) dy
= — (0, 11(£)) [Qu] ().

Since 0, I© = 0, we have the desired form of IT (&) [&Cn @u} Furthermore,
since 9, 1 = 0 and Qy© = 0, we have 6xnﬁj(1)(xn,yn)@ = 0, and hence,
Gxnﬁ(f’)@u = 85,;"]/7\(2) (f’)@u. This completes the proof.

We next consider (X + L)™' with |€'| > 7. The analysis of (A + Le/) ™!
with |¢'| > r for any r > 0 is given in [6]. Applying [6, Theorems 2.5-2.7],
we obtain the following estimates.

Let 7o be the number given in Theorem 3.5. We take a cut-off function
x(§) € C*(R" ) satisfying 0 < x < 1on R" 0 x(¢) =1 for [¢/| <2 and
x(&) =0 for ['| > ro. We set

(3.26) XOE) =x@&), xW(€)=1-x(&).
We define the operators RY)()\), 7 = 0,1, by
(3.27) RONf =Zg' xD(E) A+ Le) '], 5=0,1.

By [6, Theorems 2.5-2.7] we have the following estimates.

Theorem 3.6. Let rg be the positive number given in Theorem 3.5.
(i) There exist positive numbers 7 and 6 with 6 € (5, 7m) such that X(—1, 0) C
p(=Lg:) for [&'] = 3.

(i) Let 1 < p < oo and define R(Nl)()\) as above. Then the following
estimates hold uniformly in A € X(—1,0):

HQOfHWk’p H@f“p } E=0.1
AL yEfT

|EROW) £, < {

Theorem 3.7 Let n and 6 be the numbers as in Theorem 3.6. Then the

following estimates hold uniformly in A € X (—1,0):

HQOfHH[%H'l+k + HQfHH[%]'gk ’ k= 0’ 17
Al +1 (IA[+1)%

105Q0R™M (N) flloo < c{
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and

105QRV (N fllw < € { 9o/t N i-rre } , k=0,1.

(A+DT A+ )T
Here € 1s some number satisfying 0 < € < %

Theorem 3.8. Let p = 1,00 and let n and 6 be the numbers as in Theorem

3.6. Then the following estimates hold uniformly in X\ € X(—n,0):

C
10FQoRM (N) fl, < m”f”wkﬂ,pxww, k=0,1,

and

[Qofllwer , Q11 } =01

IFQRW (A p<c{ .
10; QR (M) fllp < N+l

4. Proof of Theorem 2.1
In this section we prove Theorem 2.1 by applying Theorems 3.3-3.8.

Proof of Theorem 2.1. Let > 0 be a positive number. By Theorem 2.1
in [6] there exists a number 6 € (5, 7) such that % (t)uo is written as

1
U(tuo = 3~ /F MO+ L) g d,

where I' = {\ = + se*?; s > 0}.
We decompose % (t)ug into the following form:

U (t)ug = U (t)ug + UD (t)uo,

where UY)(t)ug, j = 0,1, are defined by
. 1 . ~
09ty =7 [ [0+ Ty ], j=0.1
2mi Jr

with x()(¢) defined in (3.26).
We first consider UM (#)ug. In view of Theorem 3.6, we can deform the

contour I into Iy, = {\ = —5j+se*?; s > 0}, where 77 and 0 are the numbers
given in Theorem 3.6. We then obtain

1
UD (t)up = — / MR (A)ug dA,

271 J s
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where RV (M) is the operator defined in (3.27). It follows from Theorems
3.6-3.8 that

|0 @], < CemUluollwencrss 1< p <00, £=0,1,

H@ﬁU(l)(t)uon < Ce_CtHUOHH[%]HMXH[%H@: =0,1,

|LUM (yuo|| < Ceugllwesroswen, p=1,00, £=0,1,
p

for t > 1.
We next consider U ©)(#)ug. By Theorem 3.3, we can deform the contour
I into 5 U I', where

Io={X=—no+is; |s| < so}, f:{)\:n—l—seiw; s> 50}

Here we choose positive numbers sg and sy so that [ connects with I at
the end points of I5. It then follows from Theorems 3.4, 3.5 and the residue
theorem that U (t)ug is written as

Ut ug = WO ug + WD (t)uo,

where .
WOty = F 7 [XO €)M T ("))
and |
WO (g = F [— [ O+ Le) g dA] .
21t Jrour

Similarly to the case of UM (t)ug, by using the integral representation of
(A4 L)™' given in [6, Theorem 3.8], one can see that W®(t)uy has the
same estimates as those for UM (#)u.

Let us consider WO (t)uy. We write it as

WO (t)ug = #O (t)uo + 2O (t)uo,

where
0) — FL [ R PO _ ey
VA& (Hug = F [e uo}, R=—5
and
ZO (tug = 7V O)uo + " (tyuo + ZY (t)uo + %L (t)ue.
Here

PO (o = F 7 (V€)= e T |
2 (o = 7 [XO()e TV (¢ )ag)
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# (tuo = F 7 YO T & i

and
A (1o = 77 [ — T )
with kK = —“12;5.
(0)
Clearly, #? (t)up = ( ¢ O(t) ) and ¢ satisfies
3t¢(0) _ A'¢(0) =0, (0)‘ = (¢).

It is easy to see that

WO (tu| < Ceuolly, £=0,1.

By Theorem 3.5, we easily deduce that

L2 (ol < OO ugh, £=0,1.

Let us consider # go)(t)uo. We will estimate it based on the Riemann-
Lebesgue lemma as in the estimates for solutions of the Cauchy problem
given in [12]. Since

25 (t)uo = /Rn_l/o B (t, 2" =y 20,y Uy, yn) dy'dyn

with
R (4,2 2 yn) = T 1[X<°>(5) PO )] (o)
(4.1) . oy »
- O E PO (¢ y )€ de,
Rn 1
we have
0
‘ (t)UOH sup a{%( )( 7 Y Un H HUOHI
0<yn<a

By Theorem 3.5, we see that

sup a?// (flﬁ/ai X(O)(é'/)e—n‘g/thﬁ(Q)(é—/’xn’yn)) S 0’5/’2_|0¢/|6—%|f/|2t
0<yn<a " Lalcn
il ! ol X, 1o
for |5'| + 7 < 1. Therefore, since et — Z : 31235] Ewr:’ we perform the
1|
7=1

integration by parts in (4.1) to obtain, for any £ =0,1,2,---,

0 _ o |—k —E|e2
SUPo<y,, <a aﬁ aj ‘%( )( t,x : 7yn)‘ < 0’33/’ kAn_l ’5/’2+| | ke 2 1€l tdf’
< Cl/[ a7t | +5 <1
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This implies that

sup aﬁ‘%g)) (ta Ty yn>H1
0<yn<a
< C T N e e
|z/|<t2 /[ >t2
< Ct!

for / = 0,1. Similarly, one can estimate % go) (t)up. In fact, by Theorem
3.4, we have \o(&') = —k|¢'|2 + XD (&), where AP (¢') is analytic in & and
XD(E)] < Clé" Since

AN _ =rIE P \(4) (g1 rlE / " @ gy
0
we see from Theorem 3.5 that

’ I~ ’ _kle _ —laf| —Elg2
sup (08 [670] xOE) (M — e HEFOTIE -, )| < Cle e w1

0<yn<a

for |3'[+j < 1. Similarly to above, one can obtain supy<,, <,

8€%(0)( 7 BN yn)H
Ct~! for ¢ = 0,1. Consequently, we have

< Ct77|uglly, ¢=0,1.

2O (o,

On the other hand, it is easy to see that

(o < O Hjuglls, €=0,1.

Therefore, by interpolation, we have

L) (| < Ct 0D 5 uglh, =0, 1.
p

By Theorem 3.5, we have II0Q = 0, 8,, 11 = 0 and 8,, IIM(¢)Q = 0.
It then follows that

0. % (t)@uoHp —

Os, (%5 (1) + 2 (1)) Qua||
< o,
Since I10)(¢) [3%@?70} = — (8 o) )) [Quo} j =1,2, we see that

|29 @®) 02, Qu | = {02 ®)) Quo

< ot "T )3 QuoH
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Clearly, 0,2 " (t)@uo =20(1) [@/@uo} and

052 O (1) Quo|| < Ct TP Quo
p 1

The desired results of Theorem 2.1 are thus obtained by setting %) (t) =
2O +2 O (t) and % (t) = UD(t) + WO (t). This completes the proof.
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