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On the Asymptotic Mean Square Error
of Multi-step Ahead Prediction for
the Bilinear Time Series Model

By Kazutoshi Yamada

1. Introduction

In this paper we shall consider the asymptotic mean square error
(AM.S.E.) of multi-step ahead prediction for the bilinear time series
BL(p, 0, p,1) model, defined by (1.1) below, with estimated parameters,
and, in the same way as in Yamamoto[11] and Baillie[ 11, we shall
derive an explicit formula for the asymtotic mean square multi-step
ahead prediction error of the BL(p,0,p,1) model. The autoregressive
model (AR(p)), which has been considered in Yamamoto[11] and Bail-
lie[ 11, is linear time series model. On the contrary, the BL(p, 0, p,
1) model is an non-linear time series model and includes the AR(p)
process as a special case. In this sense, the BL(p, 0, p, 1) model which
is the object of our consideration may be somewhat a generalized model.

Box and Jénkins[S] have derived the A.M.S.E. of multi-step ahead
prediction for the univariate AR(1) process. As for the univariate
autoregressive-moving average model (ARMA(b, ¢)), Bloomfield[ 2] has
derived the A.M.S.E. of one-step ahead prediction, but his approach is
too intractable to apply to a more general model. Applicable approach
has been developed by Yamamoto[11], for the univariate AR(p) process.
This approach using a theorem by Neudecker[7] and the Taylor

expansion of the predictor is simple and tractable. In fact, by directly



%
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applying the approach of Yamamoto, Baillie[ 1] has successfully derived
the AM.S.E. of predicting more than one-step ahead for the general
multivariate AR(p) process. For the fnultivariate AR(p) process, Foto-
poulos‘and Ray[ 5] and Reinsel[ 8 ], have recently offered alternative
approaches and respectively derived the same result as Baillie’s. Yama-
moto[12] has also succeeded in deriving thbe AMS.E. of multi-step
ahead prediction for the general multivariate ARMA(p, q) process.
Adopting the notations in the manner of Subba Rao[ 9 ], the bilinear
time series model BL(p, v, m, k) is defined by the following difference

equation:

x: +élajx¢_,~ =jz;:00jet_j —i—i:1 Jé:lbijxt_iet_j, co=1, a.1n
where {e:} is an independent white noise process. In this paper, we
restrict ourselves to the BL(p, 0,5, 1) model, and further suppose that
each e: is distributed N(0, o), where o2 is a known constant variance.
In section 2, the BL(p,0,p,1) model is represented in the state space
and some main assumptions are introduced. Section 3 presents the
multi-step ahead prediction of the BL(p, 0, p, 1) model with the estimated

parameters. Finally, in section 4, an explicit expression of the AM.S.E.

for the multi-step ahead prediction is derived.

2. The state space representation of the BL (p, 0,p, 1)

model and some assumptions

We shall consider the BL(p,0, p,1) model

? »

xt+Zlajx¢_j=et+_Zlbjxt_jet_l. 2.1
j= J=

It will be convienient to express the model (2.1) in the state space

form, therefore we will introduce the matrices and the vectors as

follows :
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—Q1— Q3 —Qp bl bZ ‘e bp
4= Ip._1 o B= 7] s 2.2

H =(1,0,..,0), C'=(1,0,.. 0), X;=(&t,%t-1, 0, Xt-p41),
where Ip_; is the identity matrix of rank p-1. Thus the state space
representation of the model (2.1) is given by
x;=Ax; 1+ Bx;_je:_1+Ce;, 2.3)
and we can get x: by multiplying xX: by H’, i.e. x:=H’x;.
We shall here assume the following three conditions to be satisfied.
They are
(1) pALL,
(i) p(ARA+BRB ],
(i) H'BE(x:x;)B'H(H'C)?,
where p(4) =m$zx[|7w(A) |7, A: (A4) is the ith eigenvalue of 4, and &
denotes the Kronecker product. As shown by Subba Rao and Gabr[10],
condition (i) is the sufficient condition for asymptotic first-order
stationary; condition (i) is the sufficient condition for asymptotic
second-order stationary; and condition (jii) is the sufficient condition
for invertibility of the BL(p,0.p,1) model. Hence, the condition (i)
implies that the mean value of the time series process {x:} satisfying
(2.1) is asymptopically independent from time ¢, and the condition (i)
means that variance-covariance of x: depend on only difference in time.
The model (2.1) said to be invertible if thﬂ E {e;—¢é.:}2=0, where é:
is an estimate of e:(see Granger and Andersen[ 6 1). Thus the condition
(i) ensures that an estimate of e¢: obtained from the model (2.1)
tends to true value as {->co,
For the convenience in the following sections, let us consider some
expectations of x: and e: under the above conditions, and let
m=E(x,;), '=E(x;x}), S=E(x:x}e:), W=E(x:xe?). (2.4)
Noting E(x:e:)=0¢2C and E(e})=3c*(e.g. see Cramér[ 4], chap. 17);
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we obtain from 2.3)
S=¢2Cm’ A’ +s24AmC’ +*BCC’ ++CC' B’ , (2.5)
W=024'A’ +c2ASB’ +¢2BSA’ +s2BWDB’ +3¢:CC’
=2+ 954CC" , ) ’ 2.6)

3. The multi-step ahead predictioﬁ

We are concerned with forecasting a future value x».x, £>>0, based
on the given » observations x;, %3, ...; %», at time #n. It is well known
that the best of such predictions is the conditional mean of xs.s given
all information of x’s up to time xn. From (2.3), xz.z can be written
as ,

H' (A+Be)x,+~H Cey., for h=1,

Xngh= h
\HI {n1<A+Ben+h—j)}xn+ chen+h
i=

3.D

-1 i
Sy g {n (A+B€n+h_j)}09n+h-i for B>9,
j=1

i=1
where n>p. Hence, denoting by x»,» the conditional expectation of xu,z

at time », from (3.1) we have

Xn0=E(Xnin|%1, %o oy Xu, €n)
{H’Ax,,-l—H’Bx”en for h=1,
= P 3.2
' Abx,+ H' A1Bxnen+ o2H' 52 AiBC  for h>9.

j=0
Xu,n i the multi-step ahead predictor when all parameters are known.

However, the parameters are generally not given, therefore, they must
be inferred. Fortunately, we can estimate the parameters of the model
(2.3) by the maximum likelihood estimation method (see Subba Rao
[91), and let us denote the estimators of 4 and B as A and B. Thus;
an estimate of xu,n, say #a.x, are obtained by substituting Aand B in

place of 4 and B in (3.2), i.e.
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H' Ax,+H' Bx e, ‘ for h=1,
}?n,h :{ - - ~ B2 . A .
H Atx,+H AviBx,e,+c2H' 3 AiBC for h>2.

i=0
Here, note that o2 is assumed as a known parameter for simplicity, but

(3.3)

this assumption is not substantial.
4. The A.M.S. E. of the multi-step ahead prediction

In this section, we will derive an explicit formula of the AM.S.E.
of the multi-step ahead prediction. We will begin by presenting the
following important result, which was proved by using a theorem of

Neudecker[ 7], and this result will be used of our advantage in our

problem.

My =" 41/00) = L[ 5 (4’ @i} L, “.D
where Ly=I3,0,...,0): pxp? a=(—ay, —a,, ..., —ap)’. The proof
of (4.1) is found in Yamamoto[11].

Let

V(@=E{(@—a)@—a)'}, V(O=E{(b—b)(b-b)'},

Cov(@, by=E{(G—a)(—b)'}, 4.2
where @=(—dy, —Gp ..., —4s) ", b=(by, by, ..., b3)", b=(01, by . %, b5)".

By deriving the information matrix from the second differentiation of
the likelihood, the variance covariance matrix of (@, 3) is obtained
(e. g. see Sﬁbba Rao[ 9]; Box and Jenkins[ 3], etc.). By the Taylor
expansion of H ' Ahx, about =@, we have

H' Arx,=H' Arx,+ (G—a) M(B)X. (4.3)
Similarly, we have also

H' A1Bx,e,~H' Av"1Bx,e,+ (G—a)' M(h—1) Bx,e,

+H AVIH(b—b)’ X s, ‘.4
H’ AiBC=H' AiBC+ (d—a)’ M(j;) BC+H' AiH(b—b)'C. (4.5)

Here, we shall consider a particular case =1, i e., the AM.S.E. of
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the one-step ahead prediction.  Now there is a need to introduce an
assumption that is often made in the AM.S.E. of the prediction (e.g.
Yamamoto[11]; Reinsel[ 8 1), and the assumption is that d@—a and
b—b are independent of X.. From (3.2), (3.3), (4.3), (4.4) and the
above assumption, the mean squared prediction error due to the use of
the estimated parameters is approximately as follows:
E(&ny—%ny)2=EH' Ax,+H Bx,e,—H Ax,—H' Bx,¢,)?

~=E((@—a)’ Xu+ (b—b)' x,e,)2

=tr[ V(@I +tr[V(5) W]+ 2tr[Cov(&, B)S]. (4.6)
On the other hand, the mean squared prediction error due to the
random innovations is from (3.1) and (3.2)

E(xny~—%np1)?=02 4.7
Thus, from (4.6) and (4.7), an explicit formula of the A.M.S.E. of the
one-step ahead prediction for the BL(p, 0, p, 1) model is given by

AMSE. (2,0~ +tr[V(@IT+tc[ V(B W+ 2tr[Cov (@, ) ST, (4.8)

We will proceed to deduce the formula for 22>2. The formula can
be obtained in the same way as the above case 2=1, though somewhat
complicatedly. What corresponds to (4.6) in case A>2 is as follows:

n=E(&n,n—%n,1)?

:E{(&——a}’M(h)xn—i- (G—a) M(h—1)Bxyen+H A Hb—b) x,en

P B .
o2 (@—a) X M(j) BC+oH' zzAfH(b—b)'c}z
i=0 i=o

e[ M (B V@MW) +tr[B M’ (h—1) V(d)M(h 1) BW]
(ko )Ztr[V(b)W]—i-o-‘*C’B’{Z ZM’ (z)V(a)M(j)}BC

i=0 j=
+o-4(2 a*) c V(b)C+2tr[M’ DV Mh— 1)BS]
+207m’ M (K) {V<a) 3 M (j)BC+Cov(@, b)C )5 a*}
roak. 1{tr[M’ (W) Cov(@, b)S] LB M (b DCov(@ by Wi
+otC' B’ 2 M’ (5)Cov(@, b)C+otC" V(b)CZ a*}
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+204C" B! {M (h—1)Cov (@, b)CZa*+M' (h— 1)V(a)2M(])BC
+ EM’ (HCov(a, b)Cz: a*} (4.9)

where a%=H’'A/H in the last relation.
Secondly, let us derive a relation corresponding to (4.7). From
(3.1) and (3.2), we have the following relation first:
=B (%n,h—%nih)?

=F {H/ (Ah'f'Ah 1Ben - H (A+Ben+h J))xn+0'2H, > AJBC

i=0

_m cg“,,_H' 5 (n (At+Bewon)) Cencims |, (4.10)
i=1

i=1
Developing the right hand side of this relation, and taking expectation
on each term, each term is as follows:
k
D. zlsE{H’ (Ah+Ah—1Be,,— I (A+ Be,,+,,_j>)x,,}2
i=1
et ) [A=h—1— A=h—1—j
—tr[4’ 202 P 42177 P[g2h1T] 4T

j=1

= , A=h—1—j
+2tr[A Z 2ipr [A=h=1-]] p[4=h BSiI
ZouP [ Pl
'St ip [A=h—1-7] p[A=h—1—j
4 2 /7 4 l
e[ B E oup [Zh V] PIT B, wan
H' AiBj
; "Ai-IBABI1 | . .
where P[ } g’A'“lBﬁlIél—z Gty b matrix. For example
B=j 7! : p
H B A
P[ﬁ:%}:(BZ’AZ'H,B'A’B’A’H,A’Bz'A’H,B’AZ’B’H,A’B’A'B’H
A*BYH)

2. 2 E{H ;_1 <n (A+Ben.n_ ])) Cem_,-}z

,_h ’ i ) [A=j—1 A= ]"‘Z
=3o goewpe [§ZIF52
hep hep—j ~ ’
+o2) o0 (L3 @ yQHH)Q;4:B)C}. 4.12)
j=t =
Here §(4:4) is O for A<, 1 for A=i+1, i+2, ... Further, @; and

Q j are, respectively,
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Ja{ ‘g] for j=1,
Q=
A®Qj—1] - _
l[o-zB@Q,-_l for /=2, 3,..., b—2,
(4] e
Q= ~ )
A@Qi—l] f i h—
[B@Qj_l or 7=2,3,..,8—2,
where, let R; (1=1,2,..,8) be pxXp matrices and let R=(R{, Rj,
: - (AR,
.., R})’, the operator is then defined by A@RE[ ] Also,
_; (P _.1 (D% :
let v=Gi -+l P[jé;ﬂ:( sl], P{3=%]="" |, and let pr, p¥
.p‘l' p‘t‘

(r=1, 2,.., 7) be 1Xp row vectors. The new matrix P*[‘éiﬂ is
defined by
3p- if the last matrix of matrices defining the row
p’f=J vector p, in p(-) is matrix B,

pr  otherwise,

FA—1 3H' AB:?

for »=1, 2, .., . For instance, P* B;2]= 3H’' BAB|. It should
H' B2A.

be noted that, in case h=2, the second term of (4.12) does not

appear.
h
3). 235—2E{H’ (Ah+Ah-1Be,,— m (A+Be,,+h_j))an'

h—1 i

b (jT:II(AA-i-Be n+h_j)) C€n+h_i}

i=1

=902(m’ A’ +52C’ B') A~ B' HH' AC

h—.
+8(h:0) | —202(m A’ +07C' B AV HH' S AiBC
j=1
+202(m’ A’ +52C' B')
oy P ghmi i, o [A=i-1-7] p[A=i-1-7
o) T (4" s oo P [ =i {1 RO

AT z;;: = P[gzj"l‘f]fw)

g [l e
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k-2 — L0 —h_o_. -
+ A Zzloaer, [g;il 2 fil P[ﬁ:? 2 7’i|B }:I (4.13)
Here also, it is to be noted that, in case A=2, only the first term
of (4.13) appears.
k-2 k-1 i
0. z45—2o-2E{(H' 5 AJ‘BC)H’ b3 [n (A+Ben+;,_,-)} Ce,,+;,_;}

i=o i=1

i=1

=-204{ fhi;zAch}z _ 4.14

j=0

k-3 2 h—g 2
5). 2=B{s*H 5 A/BC}" + E{(H' Ceros)=ot{H' 5 4/BC}" +02
7= i (4.15)

Noting that the other terms disappear by taking expectations, by
means of (4.11), (4.12), (4.13), (4.14) and (4.15), 5, is given by
ne=281+2;+23+2,+2s. (4.16)
Consequently from (4.9) and (4.16), the A.M.S.E. of the multi-step
ahead prediction for the BL(p, 0, p. 1) model is finally expressed as
A M.S.E. (£n, 1) ~n1+72 for A>2. 4.17)
As it has been mentioned in the introduction, the BL(p, 0, #, 1)
model includes the AR(p) process as a special case. Setting the matrix
B to O in (2.3), from (4.8) we have
AMSE. (£, ~a? +tr[V(@T].
Since (@—a) ~N(0, n'e2I'"?) in the AR(p) process (see Box and
Jenkins[ 3 1), it follows that
A M.S.E. (£n, )~c2(1+p/n), (4.18)
which is the same result as Bloomfield[ 2]. Furthermore, in this case,
n=trDM () V@ M) I), 51=0, 5= 5 (C'ATHD?, 2,0, 2,0,
2s=02, we thus find that

| -
A M.S.E. (£n, 1) ~te[ M’ () V(@) MW +02 3 (C' AT H) 2+ 52
j=1

. N
et [ M (T M ()M +02 5 (C' ATH) 4o, (4.19)
i=

which is also equal to the AM.S.E. of the multi-step ashead prediction
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for the AR(p) process given by Yamamoto[11].
5. Concluding remarks

In the cause of non-linearity, an explicit formula (4.17) has in
some degree become a tedious form, but it is found that the approach
applying to the linear time series AR(p) process is also useful to the
non-linear time series model BL(p, 0, p, 1) process. Moreover, we infer
that it may be possible to apply this approach to a more general
bilinear model.

There are some points which need to be pointed out. Firstly, we
didn’t refer to the structures of V(&), V(b) and Cov(d, b), however
the properties of their structures need to be understood in detail.
Secondly, for simplicity, the variance of e¢:, o2 is assumed as a known
parameter. Even if o2 is an unknown parameter, the formula (4.17) will
be slightly modified and our approach will be still available. Finally,
in the case of relatively small sample size, the accuracy of approximate
naturally become dull, thus we must be careful of the use of the

formula (4.17).
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